CALCULUS
Indeterminate forms




“1/(07) = oo”

“1/(07) = —o0”

“H_00 —

e

— OO” ue—oo — 71

“In(oco) = o0

/0 = 00"

“(0T)>* =0
“1£ js indet.”
“(07)9, 0P indet.”

“O-00 and O-

“(—o0) + oo is indeterminate”

“(=00) + (—o00) = —o0”
Yoo + 0o = 0"’

Yoo — oo IS Indeterminate”
“‘e>0=c-(—o0) = —o0"
“‘ce< 0= c - (—0) = 0"
e >0=c-00= 00"
'ce<O=c-00=—00"

(—o0) are indeterminate”

“0/0, oco/o0, (—0)/o0,

“I"'HOpital indeterminate

00/(—00), (—00)/(—00)

forms”  3|| indeterminate”

“OO:(—C>—O) — —OO”
“(_OO)'OO — _OOH
“(—00) - (—00) = o0

DETERMINATE
AN

INDETERMINATE
" FORMS

O

Yoo+ ¢ = o0
“(—00) + ¢ = —00”
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INDE

—

NATE “(—o0) + oo is indeterminate”

—
M
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'n
O
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Yoo — o0 IS Indeterminate’]

17 js indet.”

1% j5 indet.let.”

“(07)9, o0 indet.”
‘0 - 00 and 0 - (—o0) are indeterminate”

“0/0, o0/00, (—00)/00, co/(—00), (—00)/(—00)

“I'HOpital indeterminate forms” 5|| indeterminate”

INDETERMINATE
FORMS
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INDETERMINATE “(—o00) + oo is indeterminate”
FORMS

INDETERMINATE DIFFERENCES
“oo + (—o0) is indeterminate’]
‘oo — oo is indeterminate’]

INDETERMINATE POWERS
“1%%° js indet.”
“(01)9, o indet.” Ne{f

INDETERMINATE PRODUCTS
“O-00 and 0 - (—oo) are indeterminate”

“0/0, oo/o0, (—00)/00, co/(—00), (—o0)/(—00)
“I'HOpital indeterminate forms” 5|| indeterminate”

Finally

Then

Already discussed




INDETERMINATE PRODUCTS:

Given a problem of the form Iim [f(x2)][g(x)],
i lim f(x) =0 and if | lim g(x) = o0

then the form is [0][£o0], which is indeterminate.

One approach that often works:

Tim](f ()]lg()]
74 N\
. f(x) & g(x)
O
20 T/ ()] HEYTTIes)
0 +00
— |I'H7? I'H? —— MAYBE
0 +00
Similar idea for: lim , Iim , lim, Ilim

:c—>a‘|‘ T—a " L— r——00

64.8




INDETERMINATE PRODUCTS:

Given a problem of the form lim [f(x)][g(x)],

if lim f(x) =0 and if  limg(xz) = o0

then the form is [0][£o0], which is indeterminate.

One approach that often works:

lim [f (x)][g(z)]
g N\
. f(x) & g(z)
| O |
EVITeS) 1 (@)
O h7 "H? = MAYBE
0 +00
lim stands for one of: :J;”—T]a Iim+, Iim_, mli_}m@, xI—i>Too

54.8




cf. §4.8, EXAMPLE 4.15, p. 83:Find lim, [a;Q(ln:c)}.
x—0

First step: Check the form.
(0)(—o0) INDETERMINATE PRODUCT

positive, as x — 0T

. . IN
Answer: lim [mQ(Inm)]z lim {—%] TRANSCENDENTAL
r—O0T r—0T L™
4
tentative
2 = i X
lim L 2 im \/\3\ RATIONAL
z—0+ [(Inz)~1 r—0t [ 20"
Why not this??
[ 32
= |lim |——
r—0t _—2352
2
] £L
= Iim |[—|=0M -
r—0+ | =2
§4.8 -




INDETERMINATE DIFFERENCES:

lim stands for one of: Iim, Iim , Iim , lim, Iim
r—a $—>a+ T—a LI—0 r——00

Given a problem of the form lim [f(x)] — [g(x)],

it lim f(x) =occ and if lim g(x) = oo

then the form is co — oo, which is indeterminate.

Try to do some algebra

(e.g., common denominator, _
rationalize numerator or denominator,
factoring out common factor)

to convert the problem to 0/0 or o0/ + .

54.8




0o 4+ (—o0)
EXAMPLE: Find lim ((cscx) +. (cotz)).

T—T

First step: Check-the form.
_ 1 CoS T _ 14 cosz
lim ( | ) = |Iim ( )

r—m— \SInx Sinx T Sin x
ot ot
tentative i
REWRITE 'H i ( S'”"”)
IN TERMS OF r—m— \ COSxT

sinz and CoSsx

. [—sinx
| cosz

§4.8 —1
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INDETERMINATE POWERS:
Given a problem of the form lim [f(a:)][g(x)]

If  lim f(z)=0% andif limg(z)=0
then the form is (07)9,  which is indeterminate.

If  Iim f(zx) = and if  lim g(x) =0
then the form is oo9, which is indeterminate.

If lim f(x) =1 and it lim g(x) = oo
then the form is 1°°, which is indeterminate.

If  lim f(z) =1 and if  lim g(x) = —c0
then the form is 17°°, which is indeterminate.

If  lim f(z) =0T andif lim g(z) = oo

then the form is (07)>°, which is DETERMINATE.

§4.8 (0T)>® =0
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INDETERMINATE POWERS:
Given a problem of the form lim [f(a:)][g(m)]

(01)0 is indeterminate.

9 is i0T)%minate.  is indeterminate.

1°° is indeterminate.
17°° is indeterminate.

00 IS indeterminate.
Standard approach to indeterminate powers:
[f ()]l
100 IS indeterminate.
1—00 IS indeterminate.

54.8
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INDETERMINATE POWERS:

Given a problem of the form lim [f(2)]9()]
Colloquially:
(01)0 is indeterminate. In((01))%) = 0(In(01))
Y is indeterminate. IN(¢9) = 0(In(0))
1°° is indeterminate. IN(1P°) = co(In(1))
17°° is indeterminate. IN(17°°) = —oo(In(1))

Standard approach to indeterminate pgwers:
imAn([F@)E@T) = 1im [g()]lIn(f ()]
IS an indeterminate Eroduct.

Do that indeterminate product probldm, then exponentiate:

exp(lim n([f(@)]¥Y@)) = lim exo(t([f ()] y)
S |
= lim [f(2)]¥)]

12

§4.8 DON'T forget to exponentiate at the end!




EXAMPLE: Calculate lim (14 (sin(7z)))°t®.

Iirg+'/ln[(1 + (sin(%(a:))@ ]

x—0

(14 (sin(72)))°* = ¢’ B

_>+

ASYMPTOTICS? A MBP T O TICS?

= lim W( (sin(7z)) ])
0t
p05|t|ve as z — 0T
_ im In[1 —R(sm(?:r;))l]
r—0+ tan T

F'el_ll’]tatliivr% [1/[1 4+ (S|ln(7a;'))] ] [COIS(7w)] [7]

r—0~+ sec? ¢

_ [/ 4+ (0)]I1][7]
="

=7

54.8

DON'T forget to exponentiate at the end!

100

Next: another approach
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EXAMPLE: Calculate Iim+ (14 (sin(7z)))cotz,

Fact: ~ . N |
pf omitted p(ﬂ&')w — O+Q(x) :rjO“LO In ;>d 1P(5C))] T — o+Q(x)
(Works for z - a, x > a , x — a™,

T — 00, T — —00.)

Up to asymptotics,
In and 14 cancel,
and sin can be ignored. -

In[1+ (sin(7z))] ~ 7x

r— 0T
- MULTIPLY
COSx 1 cosx ~ 1
cotx = _ ~ = _ z — 0
sint z—0tx | sinz ~ x

(cotz)(In[l+(sin(7z)]) ~ 7 = 7
|

4.8 In[(1+ (sin(7x)))<°t*]

14




EXAMPLE: Calculate Iim+ (14 (sin(7z)))cotz,

~

(cotz)(In[1+4 (sin(7x))]) ~ 7

| —~ 0t r — 0T

T In[(1+ (sin(7x)))<°t*]

15




EXAMPLE: Calculate Iim+ (14 (sin(7z)))cotz,

(14 (sin(7z)))°t* '

x— 0

DON'T forget to exponentiate at the end!

16
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cf. §4.8, EXAMPLE 4.15, p. 83:Find lim, [a;Q(ln:c)}.
x—0

xirng [g;Q(lna;)] -0l

2
EXAMPLE:Find lim z(*°).
r—0T

In [x(xz)] = (:132) (In[z]) — 0, as z — o

lim .:13(582) -9 =11
r—0T

17

T DON'T forget to exponentiate at the end!




EXAMPLE: Find lim 2M5%)
z—0 tan(9x)

sin(5x) [$tative 1cos(52)][5]

lim = |lim

r—0tan(9x) z—0 [sec?(9x)][9]
IN TERMS OF
sinz and cosx _ i L€os(52)][5]

z—0 [1/(cos?(9x))][9]

_ [cos(5x)][5]
[1/(cos2(9x))]9] L5

s s
= /e o

18

§4.8 Next: another approach




EXAMPLE: Find lim 2M5%)
x—0 tan(9az)

50 — 0, as x — 0

r .— bx
sinc. ~ o @ sin(5x) Lo B
DIVIDE
cosz ~ 1 DIVIDE
tanx Mo @ tan(9x) e Ox
T .— 9x
Or — 0, as z — 0
sin(5x) 5 5

~ = =
tan(92) z—~0 9 z—-0 9

19
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1 —sind
EXAMPLE: Find lim DETERMINATE
6—3n/2 CSCO

_2.

ll—sine _1—(—1
csc _ -1

t =37/2

(cos(37/2),sin(37/2)) =
sin(37/2) = —1

csc(3n/2) = L A

sin(3w/2) -

84.8




EXAMPLE: Find lim ”_1(33/2) | 0
z—2 |sin(mx) | 0

positlve as x — 2

In(w/2)’ “tat've[[l/@/z)][l/z]]

m”ﬂ‘z sin(wx) | :;fl;lnz [cos(mx)][~]

_ [[1/<:c/2>][1/2]
[cos(mx)][r] )

cos(27) = cos(0) = 1 _11/(2/2)][1/2]

\:C‘7(2W)][W]
/2 _ 1

T1][~] D

21

§4.8 Next: another approach




EXAMPLE: Find lim ”_1(33/2) | 0
z—2 |sin(mx) | 0

sin is
2m-periodic

@] _ [0+ @/2)]
=2 | sin(@Zz) ~ t50 |Sin—|— 7Tt)|_
x.i— 24t = lim 1+ (¢/2)]
(x =+ 2) (= (t—0) t—0 sin(rt)

ASYMPTOTICS?

2/2:— 14 (t/2)

Tx i — 27 + 7t

84.8

ASYMPTOTICS?




EXAMPLE: Find lim |M&/2)] 0
z—2 |sin(mx) | 0
. _II'.I(x/Q)_ _ i 'Irj[l + (t/2)]
z—2 |sin(rx)|  t—0 :Sln(27r—|—7rt):
_ im In[l- (t/2)]
t—0 sin(mt)

= |im R/QI = |im [1/2]

t—0 ] h t—0 | 7
1/2 1
R VEN
T 27

23
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EXAMPLE:Find lim z3e%. (—o0) -0

T— —00
im z°e¢" = Iim —— —_—
T— — 00 r——00 e & 00

tentative 3 .’132

'H | oC
= |im —
rT——00 —e~ &L — 00
;c’?_lntat!ve 61 50
= lim — E—
r——0c0 e & o0
;c,?_lntatllve 6 6
= |im —
rT——00 —e~ T — 00
DETERMINATE

24
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EXAMPLE:Find Iim (1 —cotxz)(cscax).

x— /4
DETERMINATE FORM
1 —lcotal
Iim (1 —cotx)(CSCxl) = |im ,
ac—>7r/4( )( ) r—7 /4 @

REWRITE IN TERMS OF .
sinz and coszx 1 — [[(cosx)/(sinx)]

lim -
r—m/4 SInNx
|1 —[(cosz)/(sinz)]
- sin z

_1-1(v2/2)/(v2/2)]
— NeTE:

Sil’](7‘r/4) —_— \/5/2 — COS(']T/4)

0 m 2

§4.8 V22




EXAMPLE: Find lim [(secx) — (tanx)].

r—/2
0o — 00, as x — (w/2)~
(—0) — (—o0), as & — (w/2)T
: . 1 Sinx
xi?/Q (sec)—(tanz)] = xi'p/z cCosx COSz

REWRITE IN TERMS OF
Ssinx and CoSx

, 1 —sinz 0
= |im —
r—mw/2 COSXT O
cos(m/2) =0
sin(w/2) =1 .
( / ) It,entatlve + COSx
lim _
w/2 +SInNx
0
] 50 o

84.8




EXAMPLE: Find lim 2/l7={n2)] 0o

L— OO

lim {|n(:c5/[7—l('”$)])] = lim > [In (z)]

=00 7 — (Inx)

positive, as x — oo

— Jim 5[Inz] 00
~ z—00 7 — (In@m) —00
ntative
5
o= —(14T)1

1im_ S/NT=(n2)] — oy Lcli_>m

27
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EXAMPLE:Find lim_ (2% 4 g3/ 0

lim [’{n ((62554-:63)@)] = |im 1[|n(ez’ff-|—.:c3)]

Tr— 00 T—00
LOG DERIV ositive, as £ — oo
] |ﬂ 6233 — CC3) o0
= |im —
Tr—00 T 00
;c,el_rlwta’.cive (28233 + 3332) 623: + .213‘3) - 2€2$ 1 3332 50
= |im = |lim
T—00 1 r—00 2T | 43 0O
;c,?_rﬂtajcive 4623; ‘|‘ 6.1 ;c,?_rlwta’-cive 62;5 _I_ 6 ;c,?_rlwta"cive 16623:
= |lim = |lim = |im

’Icpl_rrta’Flve 32 7
= |lim =

 x—00 16@25

28
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EXAMPLE: Find ||m+(cos:c)1/f 19
x—0

1

— m|_|>n(;1+ 7[In(cosa:)]

RIV-

LOG

positive, as z — 07T
ICOS 7))

+1/2

O
0
(—sin :c)k/(co§ x)
(1/2)%—1/2*

O
COSx

_ F(—sinxxm] _ 2(=0)(0)

1 ’////
84.8 =




Whitman problems
84.8, p. 84, #1-6

Whitman problems
84.8, p. 84, #7
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