CALCULUS
Implicit differentiation




cf. 34.9, p. 85 EXAMPLE 4.16

d
If 22 4+ 42 = 25, find d—y.
€ZT

y = f(x), whereeither f(z) = \/25 — 22 0r f(x) = _\/25 _ 2

22 4 y2 = 25 y=1/25 — 22 y = —/25 — 22
Yyt U4

RN VAL :
% |
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cf. 34.9, p. 85 EXAMPLE 4.16

d
(a) If 2 4+ y2 = 25, find d—y
x

y = f(x), where either‘f(;c) — \/25 _ $2‘or f(x) = _\/25 _ 22
but we don't know which.

LET'S PEEK AHEAD. ..

(b) Find an equation to the tangent line to
2 4+ y2 = 25 at the point (3,4).

4= /25— 32

EVEN IF WE DON'T PEEK AHEAD, 3

s4.9] WE CANSTILL DO SOME OF THE WORK. ..




cf. 34.9, p. 85 EXAMPLE 4.16

: dy dy T
If 22 4+ y2 = 25, find —=.
\ dx /dm Y

THIS FOWULA IS TRUE IN EITHEI:Q CASE!

y= f(x), whereleither f(.:c)xs\\/25 —z2or f(z) = —1/25 g2

§4.9

|22+ @2 |-

o

but We\g]’t know which.
d d
£[25]
|

N
24 2[R/ ()] 0

R[f (@) =%

EVEN IF WE DON'T PEEK Ak f(ac) J 4
WE CAN STILL DO SOME OF THE WORK. .




cf. 34.9, p. 85 EXAMPLE 4.16

d
(a) If 2 4+ y2 = 25, find il = = —
dx dx

§4.9

3
EQUATION: y—4 = —Z(w -3) .




cf. 34.9, p. 85 EXAMPLE 4.16

d
If 22 4+ 42 = 25, find =2,
dx

THIS IS AN (UNKNOWN) EXPRESSION, NAMELY f(z),

INSIDE A FUNCTION, NAMELY SQUARING.

d d

B, P2 2l=—|25

2 (o2 @] = 2 [2s)
| |

22+ 2[f (@)][f'(z)] 0

CHAIN RULE

2[f (@)]Lf' ()]

—2x

—X

)~y

fi(z) =

TO SAVE WRITING, WRITE

y INSTEAD OF f(x) 6
7 9]AND [y] INSTEAD OF f(z) ©' QL5375




cf. 4.9, p. 85 EXAMPLE 4.16
d
If 22 4+ 42 = 25, find =2,

dx
THIS IS AN (UNKNOWN) EXPRESSION, NAMELY vy,
INSIDE A FUNCTION, NAMELY SQUARING.

d d
. 2 2 __[25]
T =
dx Y ] dx
| |
2eP2[ v 1 [V] 0
HAIN RULE
2[ylly'] = —2x
WHEN YOU DIFFERENTMATE
y2 WITH RESPECT TOJ[y y = -x _Z
YOU GET 2y. Ty Y

TO SAVE WRITING, WRITE

y INSTEAD OF f(z) =

54 9]AND vy’ INSTEAD OF f/(x)




cf. 4.9, p. 85 EXAMPLE 4.16
d
If 22 4+ 42 = 25, find =2,

dx
THIS IS AN (UNKNOWN) EXPRESSION, NAMELY vy,
INSIDE A FUNCTION, NAMELY SQUARING.

d d
| |
2z 2] v 1 [V] 0
HAIN RULE
2[ylly] = —22

WHEN YOU DIFFERENTMTE
y2 WITH RESPECT TO[z / —T
YOU DO NOT GET 2y,

BUT RATHER 2yy'.

TO SAVE WRITING, WRITE

y INSTEAD OF f(z) ”

54 9]AND vy’ INSTEAD OF f/(x)




cf. 34.9, p. 85 EXAMPLE 4.16

d
If 2 4+ y2 = 25, find d—y.
X

THIS IS AN (UNKNOWN) EXPRESSION, NAMELY y,
INSIDE A FUNCTION, NAMELY SQUARING.

2z+2[ v ] [y)] = O [LINEARIN ¢/
2[ylly'] = —2x
WHEN YOU DIFFERENTIATE
y2 WITH RESPECT TO =z Y = -x _Z
YOU DO NOT GET 2y, Y Y

BUT RATHER 2yy'.
TO SAVE WRITING, WRITE

y INSTEAD OF f(z) 5

2 9|AND 3/ INSTEAD OF f/(x)
§




cf. 34.9, p. 85 EXAMPLE 4.16

d
If 22 4+ 42 = 25, find =2,
dx
THIS IS AN (UNKNOWN) EXPRESSION, NAMELY vy,
INSIDE A FUNCTION, NAMELY SQUARING.

2z+2[ v ] [y)] = O [LINEARIN ¢/
2[ylly'] = -2z
WI—2IEN YOU DIFFERENTIATE

y* WITH RESPECT TO ¢ p v _ 7T

YOU DO NOT GET 2y, Y ” g POV TON
BUT RATHER 2yy'.

Next: Review how to
TO SAVE WRITING, WRITE solve linear equations.

y INSTEAD OF f(z) o

2 9|AND 3/ INSTEAD OF f/(x)
§




—x terms no x terms——
BASIC ALGEBRA PROBLEM:

2r — 6

Solve 7(4x 4+ 8) = for .

(M @)z+ (7)(8) =2z -8

N XN

(DA =3 z=(N)(@)z— 22 = ~(7)(8) - 6

N

_—m®-§

GO m

§4.9




EXAMPLE: (a)Find ¢ if 3 4 2y3 = 15zy.
(b)Find the slope of the tangent line to

342y =15
(c) At what/points|is the
:C3—|- y3=

at the point (6,3).
angent line t

§4.9

d/dmj

, lﬁNEARIw'
(a) 3w

6y%y = 15y

_ —3-6°415-3 7

6

.32-15.6 4

12




EXAMPLE: (a)Find ¢ if 3 4 2y3 = 15zy.
(b)Find the slope of the tangent line to
z3 4+ 2y3 = 152y at the point (6, 3).
(c) At what points is the tangent line to
z3 + 2y3 = 15zy horizontal?

,  —322 4+ 15y

C — —
() Y 6y2 — 15z

13

§4.9




EXAMPLE: (a)Find ¢ if 3 4 2y3 = 15zy.
(b)Find the slope f the tangent line to

C 0=
() -0 # 6y2 — 15z
}
3x2>=<15y
z3 + 2(%332)3 = 15z(g 2) z(x —5) = ¢2 -5z =0
+ =20 = 303"
53 2 6 _
5 X_’¥CIZ6 — QCU

6 = 5343

34.9 2'=[Bz




EXAMPLE: (a)Find ¢ if 3 4 2y3 = 15zy.
(b)Find the slope of the tangent line to
z3 4+ 2y3 = 152y at the point (6, 3).
(c) At what points is the tangent line to
z3 + 2y3 = 15zy horizontal?

~ 322+ 15
(c) 0=y = 5 7 2
6y — 15z 0# 6y~ — 15x
0 = —3z2 4 15y
y = gz
r=>5

15

§4.9




EXAMPLE: (a)Find ¢ if 3 4 2y3 = 15zy.
(b)Find the slope of the tangent line to
z3 4+ 2y3 = 152y at the point (6, 3).
(c) At what points is the tangent line to
z3 + 2y3 = 15zy horizontal?
2
(©) 0=y = 3x- 4+ 15y .
6y2 — 15z 0# 6y2 — 15z

0 = —3z2 4 15y

y = g’
r—=—2>5
y=1(5%) =5

(z,y) = (5,5) W

16

§4.9




EXAMPLE: Find ¢/ if / 4y’ = 3.

LINEAR IN 3/
1
Z X —— 720 4+ 795/ =0

28+ 45y =0

YO = —25

6

, :C
y=-—% B
y6

§4.9

Y

no y—

17




EXAMPLE: cosz + /y = 5

0 get v in terms of z.

ur solutions to parts (a) and (b)
by substituting the expression
into you}( solution for part (a).

‘ d/dm _ ‘
a)—sinz 4+ (1 2) 1/2y0 = y = SN = 2y1/2sing
() _______ / _L_INE_A:R_I_N_U_I _____ @yt

(b)COS$+\/__5 = (5 — cos z)?

(0)y' =2./y 2\/(5—cos:c)25|nx = 2(5—-cosz)sinz B

18
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EXAMPLE: 622 4 5y2 =

plicit differentiation.
quation explicitly for y and

/d/d:c :

| _12¢  —
(a) 12 10 | y = z _ —6z
_______ e RINv L

> _ N1/2
(b) by =2 — 612 x ) EC}UAL
y =3 )_1/2
—6x —1/2
(c) =& 5 (29
59" 5 [i (3 - %932)1/2]’ 52 (5~ 82%) 19.
T4.9




Yy
EXAMPLE: tan 2y) =
(z + 2y) R

Find dy/dx by implicit differentiation.

/ (1+22)( o )—y( 2z )
2, N — J J
Isec 2l I2_gIJI\I]EAR IN o/ (14 22)?

- (1+x2)]
(1+22)2]"

Nl 2[sec®(z + 29[y

2x
, —lsec?(@ 4+ 2y)] — 755 -

(1422) | 20
§4.9 T (1422)2 7 2[SeC2($—|—2y)]

[ (1+2%) \




Yy
1+ 22
Find dy/dx by implicit differentiation.

EXAMPLE: tan(z + 2y) =

ALTERNATE BOOKKEEPING SYTEM. ..
—2 termsl Ino r terms——

BASIC ALGEBRA PROBLEM:

2x — 6

Solve 7(4x + 8) = for x.

(M @)z+ (7)(8) =2z -8

N KN

(D@ = 3)a= (D)@ —2=-(7)(8) - §

N

—(7)(8) -2
b= 2 L 21
— (7)(4) -2




Yy
1+ 22
Find dy/dx by implicit differentiation.

EXAMPLE: tan(z + 2y) =

ALTERNATE BOOKKEEPING SYTEM. ..
—2 termsl Ino r terms——

BASIC ALGEBRA PROBLEM:

Solve 7

e+
(7)(4) - 2

(M) -2

T @ -2 7

§4.9




Yy
1+ 22
Find dy/dx by implicit differentiation.

EXAMPLE: tan(z + 2y) =

ALTERNATE BOOKKEEPING SYTEM:

—y termsl Ino y' terms—
o : ~ jr
Oy n
h_ 2Dy D2z )
[sec? (z+2y)] [@+2l'] = (1y_|_ $2|)_'2/y l

23

§4.9




Yy
1+ 22
Find dy/dx by implicit differentiation.

EXAMPLE: tan(z + 2y) =

ALTERNATE BOOKKEEPING SYTEM:
—1y/ terms no vy’ terms—

t t
_I_
f{\_k (& /[

|
2 / T v A2 )
[sec(x-+2y)] [TH+2') = / At \

2 | —2x
et + 2
2[sec?(z + 2y)] - {557

24

§4.9




EXAMPLE: If [g(x)] + «3[sin(g(z))] = «>, find ¢'(0).

d
dx

[¢'(x)] + [3Tw2]['_




EXAMPLE: Use implicit differentiation to find an equation
of the tangent line to the hyperbola
d/da x? 4 Aoy 4+ 3y2 + 22 + 4y = —1
at the point (2,3).

xy +6yy +2+ 4y’ =0

—2(2) — 4(-3) -2
4(2) +6(-3)+4

—4412-2 | 6

8—184+4 | -6

!
y—(-3)=(CFDE-2)N %

§4.9




EXAMPLE: Use implicit differentiation to find an equation

of the tangent line to the hyperbola

d/dx =:c2—|-4a:y—|—3y2—|-23:—|-4y=—1
at the point (2, -3).

Alternate solution:y — ( 3) wW(x —2)
\

\ ™ ™
22/t 4y/+ Ay +€yy +2+4y =0
4 —12+8m —-\18m +2+4m =0

—6—-—06m=2~0

m = —1

y—(-3)=(-1-2)N

— y-(-3)= (-1 - 2)

27




EXAMPLE: Use implicit differentiation to find an equation
of the tangent line to the “devil's curve”

d/dx y?(y? — 9) = z%(? — 3)
at the point (0, -3).

N

y — (=3) = m(z —0)

y2( 2yy' ) 2yy’ (y2—9) = 22( 2z )+ 2x(z?-3)
d a
@ dx

28

§4.9




EXAMPLE: Use implicit differentiation to find an equation
of the tangent line to the “devil's curve”

y?(y? — 9) = z?(z? — 3)
at the point (0,-3).

y — (=3) = m(z — 0)

2( 2z )+ 2z(z?-3)
0 0 0 0

29

§4.9




EXAMPLE: Find an equation of the tangent line to the

22 2
hyperbola — — =5 = 1 at the point (zg,yg).

2 p2
2z Ryy / \

=0 y —yo = m(x — xg)

30

§4.9




EXAMPLE: How long is the shadow cast by the
‘ \elliptical object below?
a4+ 4(b-3)2=1 t

a _6—b

— o =
4(b—3) b5-—-a L
]
I_
1N
1N
id
|_
A }
shadew A}‘ e Z ‘
T i— a — b e, X
dfdr——a? + 4y = 3)2 = 1 N/ o b
- _
2z +8(y—3)y’' =0 T —a S(ﬂpe 5—a
y = — X a
4(y — 3) 4(b — 3)

31

§4.9




EXAMPLE: How long is the shadow cast by the

LET'S WORK ON THESE FIRST: \elliptical object below?
a®+4(b-3)2=1 t
a 6—0>

_4(6—3)25—0,

STREET LIGHT

shadow

2+ 4(t—3)2=1
S 6t
4(t—3) 5-—s

32

§4.9




EXAMPLE: How long is the shadow cast by the
‘ \elliptical object below?
a4+ 4(b-3)2=1 t

_
a _ ¢

a(pl > 5_

Bk
T ,\

STREET LIGHT

—a) =4(b—3)(6—b)
—a(a—5)=4(b—-3)(b—6)
—a? 4+ 5a = 4(b%2 — 9b + 18)

—a(5

—d? — M7 +5a+36b=72 7  _42 4 50,=[4p2 360+ 72
(I) —I—(I) + 5a + 12b = 37
2 QUADRATICS IN 2 VARIABLES 33

84.9] HOPE FOR CANCELING QUADRATIC PARTS




EXAMPLE: How long is the shadow cast by the

TO SOLVE \elliptical object below?
QUADRATIC EQ'N & LINEAR EQ'N $
IN TWO VARIABLES:
SOLVE THE LINEAR,

EXPRESSING ONE VARIABLE
IN TERMS OF THE OTHER
PLUG INTO THE QUADRATIC

OBTAINING A QUADRATIC
IN ONE VARIABLE

STREET LIGHT

v

shadow

QUADRATIC EQ'N & LINEAR EQ’N
IN TWO VARIABLES:

a? + 4b? _ 24b = —35

5a + 12b = 37

37 — 12b Y
a =

54.9 5




EXAMPLE: How long is the shadow cast by the
TO SOLVE \elliptical object below?

QUADRATIC EQ'N & LINEAR EQ'N
IN TWO VARIABLES:
SOLVE THE LINEAR,
EXPRESSING ONE VARIABLE
IN TERMS OF THE OTHER
PLUG INTO THE QUADRATIC
OBTAINING A QUADRATIC
IN ONE VARIABLE
USE THE QUADRATIC EQ'N

STREET LIGHT

shadow
(37 — 12b)2 + 4b2 — 24h = —35
a2 + 4b2 _ 24h = —35
12b = 37
37 — 126 -

84.9 5




EXAMPLE: How long is the shadow cast by the
TO SOLVE \elliptical object below?

QUADRATIC EQ'N & LINEAR EQ'N
IN TWO VARIABLES:
SOLVE THE LINEAR,
EXPRESSING ONE VARIABLE
IN TERMS OF THE OTHER
PLUG INTO THE QUADRATIC
OBTAINING A QUADRATIC
IN ONE VARIABLE
USE THE QUADRATIC EQ'N

STREET LIGHT

shadow

2«—DISTRIBUTE SQUARING OVER DIVISION

37 — 12b
( - )—|—4b2—24b=—35

37 — 12b)2
[( e ) - 4b2 — 24bh = —35] x 25
(37 —126)2 """ 410082 — 6006 = —875

37 — 12b 36
a =

54.9 5




EXAMPLE: How long is the shadow cast by the

TO SOLVE \eIIiPticaI object below?

QUADRATIC EQ'N & LINEAR EQ'N
IN TWO VARIABLES:
SOLVE THE LINEAR,

EXPRESSING ONE VARIABLE =
IN TERMS OF THE OTHER %
PLUG INTO THE QUADRATIC =
OBTAINING A QUADRATIC —
IN ONE VARIABLE -
USE THE QUADRATIC EQ'N HJJ
|
N
U
- 37 — 12b
v 5 shadow 1 = 5
37 — 12b\ 2
( - ) 1+ 4b° — 24b = —35
37 — 12b)2
( ) L 4b2 — 24h = —35
25
«—EXPAND
(37 — 12b)2 + 10062 — 600b = —875

(1369 —888b- _ 37— 12b00b? — 600b = —875 37

§4.9 5 .T TERMS




EXAMPLE: How long is the shadow cast by the
TO SOLVE \elliptical object below?

QUADRATIC EQ'N & LINEAR EQ'N
IN TWO VARIABLES:
SOLVE THE LINEAR,

EXPRESSING ONE VARIABLE
IN TERMS OF THE OTHER
PLUG INTO THE QUADRATIC

OBTAINING A QUADRATIC
IN ONE VARIABLE
USE THE QUADRATIC EQ'N

STREET LIGHT

(1369 — 888b + 144b2) + 10062 — 600b = —875 38

54.9 COLLECT TERMS




EXAMPLE: How long is the shadow cast by the

61t2 — 372t + 561 =0

37 —12¢

S =

u>SE | r:“lé WUADRATIC EQ'N

6162 — 372b+ 561 = 0O

37 -12b

a =—

§4.9

shadow

\elliptical object below?

STREET LIGHT

5

USE THE QUADRATIC EQ'N

6162 —372b+ 561 =0

39




EXAMPLE: How long is the shadow cast by the
\ 61t2 — 372t +561 =0 \elliptical object below?

\
_ 372()/3722 - 4(61)(561)

t —3.367

STREET LIGHT

shadow

USE THE QUADRATIC EQ'N
6162 — 372b + 561 = 0
2
. 372=1/3722 — 4(61)(561) |

—=9.732 !
2(61) \
37 — 12b

a = 5 —0.8439 61y2 — 372y +561 =0 40
§4.9 has solutions y = b and y =t.




EXAMPLE: How long is the shadow cast by the
\ 61t2 — 372t +561 =0 \elliptical object below?

372 4+ /3722 — 4(61)(561
t= / (OGO 5 367

2(61)
37 — 12t~
s = = _ 0.6799

STREET LIGHT

= 0.4636
5—s5
\ shadow 1 \5
6—b . 6—2.732 \
, = = 0.7684
6162 — 372b 4+ 561 = 0 5—_a\ 5— 0.8439
372 — /3722 — 4(61)(561)_/
h = =2.732
2(61) /
37 —12b
a — 5 — 0.8439 41
54.9




EXAMPLE: How long is the shadow cast by the

shadow

§4.9

\elllptlcal object below?

STREET LIGHT

42




EXAMPLE: How long is the shadow cast by the
‘ \elliptical object below?

length of shadow = c — u
= (—2.630) — (—=7.941)

STREET LIGHT

43

§4.9




EXAMPLE: How long is the shadow cast by the
‘ \elliptical object below?

length of shadow = c — u
= (—2.630) — (—=7.941)
=5.312 8

STREET LIGHT

shadow

Note: You can also work backward —
from the length of the shadow,
you can compute the height of the street light.

44
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Whitman problems
84.9, p. 88—89, #1-20

45




