CALCULUS
The Mean Value Theorem




Let y = L(x) be the linethrough (3,1).and (9,13).

L 13— 1 \
2 units rise — —
per unit ran ~ SIOP® 0_3 Start here.,
rise Goal: (8,7) T
713 — 1E ! r;H
Problem: Find L(8)= B8-3]l+1=11 |—
9 —3 ] run =
8 . —«x _153|ODel_ g
L(z) = [z 3]+ 1 <
L 9 -3 | 5
13—1 -
L'(x) = =2 I
(z) = 53 n
Question: What is the slope
of the tangenit line o y = L(x) at (8,11)7
13—-1
L, 8) = =
(8) 53

Note: Any tangent line to a line is just the line itself.

The slope of a tangent line
to a line

/

56.5]1S just the slope of the line.

Next: Trip
to Chicago

o




velocity = rate of change in position w.r.t. time
4 speed = |velocity|

A00 M T T :

235 mi-

0O Mi-

O hrs, leave Mi
4 hrs 20 mins, start break

5 hrs;

ve Minneapolis
8 hrs, arrive Chicago

ad back 2

6519 hrs 40 mins, arrive Minneapolis




velocity = rate of change in position w.r.t. time
4 speed = |velocity|

A00 M T :

THERE ARE
CHOICES. ..

D35 Moo .

O{i

Average velocity ower~the eight hrs:\instantaneous

[f/(8)] —[f(0)] 400-0 elocity is 50 mph
S0 =g 20 [|atsgme time (45 min)

Average velocity is 50 mph (4 hrg 19 min 30 sec),

56.5 from O hrs to 8 hrs. (6 hrs 5 sec)




velocity = rate of change in position w.r.t. time

4 speed = |velocity|

Expect: Every avg. velocity is an
Instantaneous velocity.

Expect: Every sec. slope is a
tangent slope.

Average velocity is 50 mph

|§6.5| from O hrs to 8 hrs.

instantaneous
velocity is 50 mph
at some time (45 min)

(4 hrs 19 min 30 sec) ¢
(6 hrs 5 sec)




Let a,b € R and assume that a < b.

Fact: Assume that g is continuous on [a,b], “TAME”
that ¢ is differentiable on (a,b),l HYPOTHESES
that g(a) = ¢g(b) =0

and that ds € (a,b) s.t.
Then Jde € (a,b) s.t. ¢'(c) =

. |Choose , ]
.t. g attains a global maximum at c.

g(c) = g(s) > C g(a) = g(b)=0

c#* a and c¢# b, so g is differentiable at c.
(¢'(c) exists.)

b Fermat: g’(c) = 0. QED

> 0.

Every sec. slope is a
tangent slope.

§6.5




Let a,b € R and assume that a < b.

— 0 a similar

(a,6) Xt g()E0. I Wit
Then Jec € (a,b)/s5.t. ¢'(c)= 0. <
Proof: trvalThm: \Choose ¢ € [a, b]

s.t. g attai{ns a global maximum at c.

g(c) 2 g(s) >0 g(a) =g(b) =0

c#* a and c# b, §0 g is differentiable at c.
(¢'(c) exists.)

b Fermat: g '(c) =0\ QED

Differentiability needed: Continuity needed:

g g

§6.5




Let a,b € R and assume that a < b.

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),
that g(a) = g(b) =0

and that ds € (a,b) s.t. g(s)[K0.
Then Jec € (a,b) s.t. ¢'(c) = 0.

ExtrvValThm: Choose c € [a, b]
s.t. g attains a global minimum at c.

g(c) <g(s) <O g(a) =g(b) =0

c#* a and c# b, sO g is differentiable at c.
, .

Fermat: g '(¢c) = 0. QED (g'(c) exists.)

Continuity needed:
a b

—
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Let a,b € R and assume that a < b.

Fact: Assume that ¢ is continuous on [a, b],

that ¢ is differentiable on (a,b),

that g(a) = g(b) =0
and that Js € (a,b) s.t. g(s) < Q| needed?
Then Jec € (a,b) s.t. ¢'(c) = 0.

ExtrvValThm: Choose c € [a, b]
s.t. g attains a global minimum at c.

g(c) <g(s) <O g(a) =g(b) =0

c#* a and c# b, sO g is differentiable at c.
, .

Fermat: g '(¢c) = 0. QED (g'(c) exists.)

Continuity needed:
a b

—




Let a,b € R and assume that a < b.

Fact: Assume that ¢ is continuous on [a, b],

that ¢ is differentiable on (a,b),

that g(a) = g(b) =0
and that Js € (a,b) s.t. g(s) < 0] needed? no. . .
Then Jec € (a,b) s.t. ¢'(c) = 0.

Proof: ExtrvalThm: Chgose ¢ € [a,b]
t s.t. g attains a global minimum at c.

b
\/“ g(c) <g(s) <Q g(a) =g(b) =0
c# a and c# b, so g is differentiable at c.

. .
Fermat: ¢/¢4) = 0. QED (¢'(c) exists.)

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),
and that g(a) 7= g(b) = 0.

.............................. Then dee (a,b) ot g'(c) = 0.
Proof: Easy if g =0 on/(a,b),
so we may assdme s € (a,b) s.t. g(s) # O. 10

§6.5 Done if g(s) < 0.




Let a,b € R and assume that a < b.

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),
that g(a) = g(b) =0

and that ds € (a,b) s.t. g(s) > 0.
Then Jec € (a,b) s.t. ¢'(c) = 0.

Proof: ExtrValThm: Choose

c# a and ¢ # b, so g is differentiable at c.
/ .
b Fermat: ¢’(¢) = 0. QED (9'(c) exists.)

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b

and that g(a) = g(b) = 0.
Then Je € (a,b) s.t. ¢’(c) = 0.
Proof: Easy if ¢g =0 on (a,b),
so we may assume s € (a,b) s.t/g(s) # O. n

§6.5 Done if g(s) < 0. Done if g(s) > 0. QED




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b], “TAME"
and that f is differentiable on (a,b).| HYPOTHESES

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),
_________ and that g(a) =g¢(b) =0. __________________
Fact: Then dc € (a,b)iss.t. ¢’(c) = 0an [a,b],
that ¢ is differentiable on (a,b),
and that g(a) = g(b) = 0. -

§6.5 Then Jc € (a,b) s.t. ¢'(c) = 0.




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b], ONLY “TAME"”
and that f is differentiable on (a,b).| HYPOTHESES

b)) —

Then Je € (a,b) such that f'(c) = (/€ )?) (f(a)).
BSOSO~ oL L. < A,
SOMETIMES
THERE ARE
CHOICES. ..

(f(b)) — (f(a))
b—a

SLOPE =

a B b " Every sec. slope is a
tangent slope.

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),

— — NO hypothesis
and that g(a) = g(b) = 0| MO tﬁllg on 13

65| Then e € (a,b) s.t. ¢'(¢) =0. in MVT




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Ze € (a,b) such that f(c) = ) = (@)

pf in a special case. .. b—a

SOMETIMES
THERE ARE
CHOICES. ..

(f(b)) — (f(a))
b—a

SLOPE =

a e cc b " Every sec. slope is a
tangent slope.

Fact: Assume that ¢ is continuous on [a, b],
that ¢ is differentiable on (a,b),
and that g(a) = g(b) = 0. 14
§6.5 Then Jec € (a,b) s.t. ¢’(c) = 0.




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],

and that f is differentiable on (a,b).

_ Then Je € (a,b) such that f’(c) — (f(b)) = (f(a)).
pf in a special case. . . b—a

The curve y = f(x) goesthrough (3,1) (9,13).
Let y = L(x) be the linethrough (3,1) and (9,13).
Then L(3) = 1-aad L(9)\= 13.

Define g: [a,b] — R by [g(z) = [J@)] — [L(2)]] Q\
DIFFERENTIATE ?8% _ ?8% : ﬁg% e N
Choose ¢ € (a,b) s.t. ¢’(c) = 0.

Fact: Assume that g is continuc;’is on [a,b],

that ¢ is differentiable on (a,b),
and that|g(a) = g(b) == 0.
§6.5 Then Jc € (a,b) s.t. ¢’(c) = 0.

15




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Ze € (a,b) such that f(c) = ) = (@)

pf in a special case. .. b—a

e.g.:suppose a=3,b=29, f(3)=1 and f(9) = 13.

13 -1

Want: 3¢ € (a,b) such that f'(c) = 5 3"
The curve y = f(x) goesthrough (3,1) and (9,13).
Let y = L(x) be the linethrough (3,1) and (9,13).
Then L(3) =1 and L(9) = 13.
Define g : [a,b] — R by |g(z) = [f(=)] — [L(2)]|
9(3)=1[f(3)] - [L(3)] =1-1=0

DIFFERENTIATE  09Y — (£(9)] — [L(9)] = 13 — 13 = O
Choose c € (a,b) s.t. ¢'(c) = 0. g (x)
\ \
[f'(e)] = [L'(e)] [f'(z)] — [L'(=)]
| F() = L0 :
56.5




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],

and that f is differentiable on (a,b).
Then Je € (a,b) such that f/(c) = (/b)) = (f(a)).

pf in a special case. b—a

e.g.: Suppose a—3 b=209, f(3) =1 and f(9) = 13.

13—-1
Want: 3¢ € (a,b) such that f'(c¢) = .

9_-3
The curve y = f(z) goesthrough (8,1) and (9, 13).

Let y = L(x) be the linethrough (3,1) and (9, 13).
Then L(3) =/1 and L(9) = 13.

Define g : [a,b] — R by g(x) = [fAz)] — [L(x)].
g(3) = ] - [L(3)]=1-1=0
9(9) = [1O)] - [L(®)] = 13- 13 = 0
Choose ¢ € (a,b) s.t. ¢/(
The slope of a tangent I!ne , 13+ 1
to a line L'(z) =
is just the slope of the line. 193_ 31
3:5a 1:— f(a / — I/ — 17
§6.5 9:»b 13:— fgbg file) = L(e) O—-3




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],

and that f is differentiable on (a,b).
Then Je € (a,b) such that f/(c) = (/b)) = (f(a)).

............................................................................................................................................................................. b—a oo
Proof
Want: Je € (a,b) such that f/(¢) = (f(b)z : if(a)).

The curve y = f(x) goes through (a, f(a)) and (b, f(b)).
Let y = L(x) be the line through (a, f(a)) and (b, f(b)).
Then L(a) = f(a) and L(b) = f(b).
Define g : [a,b] — R by g(x) = [f(a:) — L(a:)]
gla) = [f(a)] = [L(a)] =0

g(b) = [f(O)] - [L(b)] =0
Choose ¢ € (a,b) s.t. ¢’(c) = 0.

The slope of a tangent line , (f(b)) — (f(a))
. 1rtoha :ine L'(z) = :
is just the slope of the line. .
b)) — 19
= () = D(e)= L )z_ gf (@)8 T




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b). 20

G®) = G@)

Then Je € (a,b) such that f'(¢) =

- THEOREM (ONE-TO-ONE TEST):
If f'(x) % 0, for all z in an inte
then f is one-to-one on [I.

S THEOREM:

a, bl,
O+0|[1 (c],, b)

Assume that f is continu
that f is diffe

and that f(a) ="f(b). |
Then de € (a,b) such that f'(c) = 0.

Every sec. slope is a
tangent slope. L

[dea: If some secant line is horlzontal 1o
then some tangent line is horlzontal.

9
LL]
0
2
>
O cf. §6.5, p. 134 (TH'M 6.25) ROL
LLJ
0
Z
O
O

Spp




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Je € (a,b) such that f/(¢) = L)) = (f(a))
THEOREM (ONE-TO-ONE TEST): - Wworks for any

If f'(x) . 0, for all z in an interval I, (ODehnélfglgsggj
oo e ape g eenee e (o M

_________________________________ b-a
kind of interval
then f is one-to-one on [I. (bdd, unbdd)
Assume a < b

........................................................................................................................ O
Every sec. slope is a
tangent slope. __ Contradiction.  QED
[dea: It no tangent line is horlzontal ”

then no secant line is horlzontal

Spp




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

b —
Then Je € (a,b) such that f/(c) = (/b)) (f(a)).
works for any
If f/(z) =0, for all z in an interval I, e
Proof: Let a,b € I. Want: f(a) =/[f(b).

b— a
THEOREM (CONSTANT TEST): Kind of interval
(open, closed,
............................... then fis constanton /. ~~ | . .(bdd, unbdd)
Assume a < Assume f(a) A f(b).
Want: Contradiction.

b —
Choose ¢ € (a,b) such that f'(e) (f( )2) (f(a))
— a
Y|~
.................................. EveryseCS|Ope|Sa O
tangent slope. e zONtrAdiction.  QED
[dea: If every tangent line is horlzontal 1

then every secant line is horlzontal

§6.5




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

Then Ze € (a,b) such that f(c) = () = (@)

b—a
__________________________ . 777 7 7 works for any
THEOREM (CONSTANT TEST): works for any
If f/(x) =10, for all z in an interval I, (open, closed,

half-open)
(bdd, unbdd)

works for any
kind of interval

(open, closed,
half-open)
(bdd, unbdd)

) + k()

So f is constant on ose keRs.t. f=kon I.
§6.5 That is, Vx € 1, (g(x)) - (h(z)) = k. QED




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

b _
Then Je € (a,b) such that f(¢) = (f( )?) (f(a)).
—
""""""""" . T T T T T T 77T 7 " works for any
INCREASING TEST: works for any
If f/(x)[>]0, for all = in an interval I, (ODehnélfglgsggj
............................... then fisincreasingon /. |  (bdd, unbdd)
Proof: Let a,b € I. Want: f(a) </[f(b).
Assume a < b Assume f(a) >[f(b).
Want: Contradiction.
b _
Choose ¢ € (a,b) such that f'(c (fC )2) (f(a)).
— a
Al
.................................. EveryseCS|Ope|Sa O
tangent slope. oLontradiction.  QED
Idea: If every tangent line runs uphill, 3

then every secant line runs uphill.

Spp




Let a,b € R and assume that a < b.

cf. §6.5, p. 134 (TH'M 6.26) MEAN VALUE THEOREM:
Assume that f is continuous on [a,b],
and that f is differentiable on (a,b).

b —
Then Je € (a,b) such that f(¢) = (fC )?) (f(a)) .
—
T NECFDEACINC TECT- T T T T T T T 777 7 works for any
DECREASING TEST: works for any
If f/(z) <O, for all = in an interval I, (open, closed,
_ ) half-open)
............................... then f Is decreasingon I. .. (bdd, unbdd) |
Proof: Let a,b € I. wWant: f(a) > f(b).
Assume a < b. Assume f(a) < f(b).
Want: Contradiction.
b —
Choose ¢ € (a,b) such that f'(¢) = (fC )2) (f(a)) .
— a
VI
.................................. EveryseCS|Ope|Sa O
tangent slope. Lsontradiction.  QED
[dea: If every tangent line runs downhill, 4

then every secant line runs downh|ll

Spp




. ks T
NONINCREASING TEST: qoneorany

, open, closed,
If f'(z) K0, for all z in an interval I, ( half-open)

then f is jhonincreasind on I. {~ (bdd, unbdd)
semi-decreasing

no secant line runs uphill

______________________________ "7 Pfis similar.
: ks f
DECREASING TEST: works for any
If f/(z) <O, for all = in an interval I, (open, closed,
. . half-open)
_______________________________ then f is decreasingon . ~ (bdd, unbdd) |
Proof: Let a,b € I. wWant: f(a) > f(b).
Assume a < b. Assume f(a) < f(b).
Want: Contradiction.
b —
Choose ¢ € (a,b) such that f'(¢) = (fC )2) (f(a)).
— a
VI
.................................. EveryseCS|Ope|Sa O
tangent slope. LJLontradiction.  QED
[dea: If every tangent line runs downhill, -

then every secant line runs downh|ll

Spp




. ks T
NONINCREASING TEST: qoneorany

If f/(x) <0, for all z in an interval I, (Opehnéw?lgsggj
then f is [nonincreasing on I. (bdd, unbdd)

semi-decreasing
no secant line runs uphill

Converse for the NONINCREASING TEST. ..

. ks f
NONDECREASING TEST: AL
/ open, closed,
If f'(x)[>]0, for all z in an interval 1, ( n fosed,
then f is |nondecreasmq on 1. /i (bdd, unbdd)
semi-increasing
no secant line runs downhill :
Converse. . . T " Pfis similar.
~ THEOREM:

If f is nondecreasing and differentiable
on an open interval [

then f’(x)| > 0, for all z € 1.

limit of slopes of secant lines
slopes of secant lines > 0 QED 26




. ks T
NONINCREASING TEST: qoneorany

If f/(x) <0, for all z in an interval I, (Opehnélfcgsggj
then f is nonincreasing on 1. (bdd, unbdd)

Converse for the NONINCREASING TEST. ..

THEOREM:

[f f is nonincreasing and differentiable
on an open interval I

then [f'(z) <0, for all z € 1.

limit of slopes of secant lines
slopes of secant lines <0 QED

THEOREM:

[f f is nondecreasing and differentiable
on an open interval [

then f’(x)| > 0, for all z € 1.

limit of slopes of secant lines
slopes of secant lines > 0 QED 27

spp INO perfect converse for the INCREASING TEST. ..




. ks T
NONINCREASING TEST: qoneorany

If f/(x) <0, for all z in an interval I, (Opehnéw?lgsggj
then f is nonincreasing on 1. (bdd, unbdd)
~ THEOREM:

[f f is nonincreasing and differentiable
on an open interval I

then f'(x) <0, for all x € I.

. ks f
INCREASING TEST: oS LAY
If f/(x) >0, for all z in an interval I, (open, closed,
. : half-open)
then f is increasing on I. (bdd, unbdd)

28

spp INO perfect converse for the INCREASING TEST. ..




WARNING: f is increasing and differentiable
on an open interval I

# [f'(@)]>o0, forall z eI

limit of slopes of secant lines
slopes of secant lines >0 # limit of slopes of secant lines > 0

f(z) = 23 is increasing

on I = (—o00,0), | /
but #/(0) = 0. :

An increasing function can /
“level off for an instant’.

f is increasing and differentiable
on an open interval I

= f'(z)[¥]0, for all z € I.

. ks f
INCREASING TEST: oS LAY
If f/(x) >0, for all z in an interval I, (open, closed,
.. : half-open)
then f is increasing on I. (bdd, unbdd)
29

spp INO perfect converse for the DECREASING TEST. ..




WARNING: f is decreasing and differentiable
on an open interval I

4 f(z) <0, for all x € 1.

Next: problems. ..

f(z) = —z3 is decreasing

on I = (—o00,0), |
but f/(0) = 0.

A decreasing function can \f
“level off for an instant’.

f I1s decreasing and differentiable
on an open interval I

= () <0, for all z € I.

: ks f
DECREASING TEST: o AN
If f/(x) <0, for all z in an interval I, (open, closed,
_ . half-open)
then f is decreasing on 1. (bdd, unbdd)
30

spp INO perfect converse for the DECREASING TEST. ..




§6.5

| |
—4 -3 -2 -1

~+ o4

Speed limit: 5 Where can we get to at t = 27




d
EXAMPLE: Assume that d—[(arctan x) + (arccotz)] =.0.
X

(arctanz) 4 (arcCotz) =5 M

sin(3) = Y2 = cos(%)
tan(z) = 1 = cot(Z)
arctan(l) = 7 = arccot (1)
‘ . ks f ‘
THEOREM (CONSTANT TEST): H of Thtarual
If f/(x) =0, for all x in an interval I, (open, closed,
_ half-open)
then f is constant on 1. (bdd, unbdd)

32

56.5




EXAMPLE: Verify that the fn f(z) = 2% — 2322 + 422 + 5
satisfies the three hypotheses of Rolle’'s Theorem on [0, 3].

Find all ¢ that satisfy the conclusion of Rolle's Theorem.
f(x) = z* — 2322 4+ 422+ 5 is contin. on [0, 3],
because polynomials are continuous.
f(0)=5 f(3)=81-(23-9)+126+5
EACTOR —=-212 — 207 =5 =.f(0)
f!(z) =423 — 46z + 42| is defined on (0, 3),
e because polynomials defined everywhere.
F(1)=4—46+42=0 f'(c) =0
f!(x) = 423 — 462 4 42+——divisible by = — 1 c € [0, 3]

= (x — 1) (422 + 4x — 42)«——factor out 4

= 4(z — 1)(z? + = — 221) use the quadratic formula

~1+/14+4-2
2

I
—1++v4
+ 3 = —0.54+3.2787 | 3
§6.5 2

fl(z) =0 Iiff ze€1,

/




EXAMPLE: Verify that the fn f(z) = 2% — 2322 4+ 42z + 5 .
satisfies the three hypotheses of Rolle’'s Theorem on [0, 3].

Find all ¢ that satisfy the conclusion of Rolle's Theorem.
f(x) = «* —23z2 + 42z + 5 is contin. on [0, 3],
because polynomials are continuous.
f(0) =5 f(3) =81 —-(23-9)+126+5
=212 -207 =5 = f(0)
' (z) = 423 — 462 + 42 is defined on (0, 3),
because polynomials defined everywhere.

4 N / _
—14+/1+4-2 f(e)=0
fl(z) =0 iff ze€1, \/2 2\ c € [0, 3]
_HE" =—05i32787
4
_1+.,/1+4 4.21
(2) =0 iff zell, ‘/2 2 %
_HE" = _0.5+3.2787 | %

66.5 2




EXAMPLE: Verify that the fn f(z) = 2% — 2322 4+ 42z + 5 .
satisfies the three hypotheses of Rolle’'s Theorem on [0, 3].

Find all ¢ that satisfy the conclusion of Rolle's Theorem.
f(x) = «* —23z2 + 42z + 5 is contin. on [0, 3],
because polynomials are continuous.
f(0) =5 f(3) =81 —-(23-9)+126+5
=212 -207 =5 = f(0)
' (z) = 423 — 462 + 42 is defined on (0, 3),
because polynomials defined everywhere.

4 N / _
—14+/1+4-2 f(e)=0
fl(z) =0 iff ze€1, \/2 2\ c € [0, 3]
(| )
\ J
_HEQ" = _ 0.5+ 3.2787
—1 — /43 —1+ 43
<0 1, T e [0, 3]
2 2
-1+ v4
- c=1 or c= T 3. 35
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EXAMPLE: Let f(z) =3+ tanz. Show that f(0) = f(x), ©

f(0)=34+tan0=3+tanw = f(x)

1
2 = — is never equal to O.
cos

f' = 0 +t/tan’ = sec

Sin
f=34+tan=3+ o is not continuous at «/2,

so f is not continuous on [0, 7],

and f is not differentiable on (0,7). &
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EXAMPLE: Let f(x) = (x —5)78. Show that

there is no c € (4,6) B.t. f'(c) =/(f(6)) :/(f(4)).
~Why does this not cc F]Eréai_c% Mean Value Theorem?

fEY=(6-5)8=1"%=1
f(@ﬂ;\(—l)ég =1

FE=(U/(#) _

6—4 o

fl(z) = (-8)(x ! 5)79(1) = (2 : 5)9 is never 0.

f(z) =(zx—=5)"8= (2 _15)8 is not defined at x = 5,

so f is not continuous on [4,6],

and f is not differentiable on (4,6). 8

37
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EXAMPLE: Show, Vk € R, that the equation 2* — 52z +k =0
has at most one root in the interval [-1, 1].

Let g(z) = 2% — 52 + k.
Want: g has at most one root on [—1, 1]. ]

We'll show: ¢ is decreasing on [—1,1].

~1<z<1 = [-1<23<1] x 4
= [~4<4s3<4 5

- —9<4x3-5<-1

— 4z3-5<0

Jd(x)=4z3—-5is<0on -1 <z<1.

By the DECREASING TEST,
g is decreasing on [—1,1].
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EXAMPLE: Using calculus, prove, Vo > 0, that
1 2_1
First, check when = :— O. arccotx = Earccos (m )

241

2
rx< — 1 2 1

= —1 arccotO = —arccos(—1
L:Q—I-l]. ‘_'_O' 2! n( )'

0 = Cot (xn/2), so arccot0 = =« /2.

—1 = Cos(w), so arccos(—1) = .

d d [1 x? — 1
Want: Vo > 0, — [arccotz] = — |— arccos
dx dr |2

39
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EXAMPLE: Using calculus, prove, Vo > 0, that

d d [1 x? — 1
Want: Vo > 0, — [arccotz] = — |— arccos
dx dx |2 -+
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EXAMPLE: Using calculus, prove, Vo > 0, that

1 (:cQ _ 1)
arccotx = 5 arccos )

241
expand
+1 21 41 (22 + 1) (2x) — (22 — 1)(2z)
w212 [ 2 ) (22 + 1)?
1~ ()

1|, (221 ? 2 1[23 4 22) + 2 4 24)
241 224+1) 2 /(a:2+
D
- 2 — 1 21& Az (g)z
241) | Raz2+41 b
|
1_(:1:'2—1)21 2x f
— (z2 4+ 1)2 2241 b2 4




EXAMPLE: Using calculus, prove, Vo > 0, that

1 (:cQ _ 1)
arccotx = 5 arccos )

241
dl 2 -1)2| 7 2z

1_(:1:'2—1)21 2x
(z24+1)2 2241 42
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EXAMPLE: Using calculus, prove, Vo > 0, that

1 (:cQ _ 1)
arccotx = 5 arccos )

241
1_(:1:2—1)21 2T
(z241)2 2241

_ 227+ + (P 227+ 1))
B (22 +1)2

422
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EXAMPLE: Using calculus, prove, Vo > 0, that

1 (:cQ _ 1)
arccotx = 5 arccos )

241
1_(:1:2—1)21 2T
(z241)2 2241

B (22 — 1)2 o 412
T (@241)2 7 (224 1)2

dl (22 - 1)?

(a2 +1)?

422
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EXAMPLE: Using calculus, prove, Vo > 0, that

§6.5
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§6.5

Whitman problems
86.5, p. 136—137, #1-13
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