CALCULUS
Newton’s method




Goal: Solve f(xz) = 0.

[dea: Make an “initial guess’ .
Find it on the x-axis.
Go up to graph.

Follow tangent line
back down to z-axis.

Repeat.

Can we find a
formula for xo

in terms of 17 2
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Restatement: Find tﬁis number.
Goal: Solve f(xz) = 0.

”‘S|Ope — fl(.ill'l)
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Can we solve F(x1) - f,(m :
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Can we find a
formula for xo o)
in terms of x17 | To = x1 — 3
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Goal: Solve f(xz) = 0.
I[dea: Make an “initial guess’.

Call it x1.

. f(x1)
Let o i1= xq (1)
. J(z2)
Let z3 i1= x» 1(2)
. f(z1)
Lo — I 4

a’; —_—
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NEWTON'S METHOD:

B f(zn)
f(xn)

vintegers n > 1,

Tn41 — In

WARNING: Doesn’t always work!
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Goal: Solve f(xz) = 0.

I[dea: Make an “initial guess’.

Call it @1.

Let 2o 1= 21 — ;,((211))
Let 3= xo — ;,((222))
Let x4 := @3 — J{’((Z))




NEWTON'S METHOD:

Tpdt1 - = Tn — S @n)
T ' (zn)

vintegers n > 1,

WARNING: Doesn’t always work!

Initial guess

Sometimes the denominator, f/'(xn), is zero.
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NEWTON'S METHOD:

Tpdt1 - = Tn — S @n)
T ' (zn)

vintegers n > 1,

WARNING: Doesn’t always work!

Initial guess

Sometimes the denominator, f/'(xn), is zero.
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May repeat.




vintegers n > 1,

NEWTON'S METHOD:

Tpdt1 - = Tn — S @n)
T ' (zn)

WARNING: Doesn’t always work!
Sometimes the denominator, f/'(xn), is zero.
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May repeat. May not have a limit.

\/J |

Initial guess




vintegers n > 1,

NEWTON'S METHOD:

T, 11 = Ty — f(zn)
T f!(xn)

WARNING: Doesn't always work!
Sometimes the denominator, f/'(xn), is zero.

May repeat. May not have a limit.

However, for many (if not most) functions,

Newton’'s method works incredibly well. ..

Vintegers n > 1,

NEWTON'S METHOD:
f(xn)

LT Pan)

WARNING: Doesn’t always work!
Sometimes the denominator, f'(zy), is zero.
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May repeat. May not have a limit.




vVintegers n > 1,

NEWTON'S METHOD:

T, 11 = Ty — f(zn)
T ()

WARNING: Doesn’'t always work!

Sometimes the denominator, f/'(xn), is zero.

May repeat. May not have a limit.

However, for many (if not most) functions,

Newton’'s method works incredibly well. ..

For example, to compute /2,

we can find roots of f(z) = z2 — 2.

In this instance, the number of decimal places of accuracy

So, If we start with an inital guess of 1.414,

DOUBLES with each iteration!

then, after 20 iterations,
we'll have more than one million

decimal places of accuracy!

86.3

More on this later. ..
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NEWTON'S METHOD: Advice: Formulas are hard

vintegers n > 1. Flan) to remember; perhaps
Tpi1 i= n algorithms are easier. . .

()

In

To get z,4 1,

take
reciprocaie
evaluate a
and then subtract fro

mic derivative of f(z) w.r.t. z,

%[ la(f(x))]= f(:c)><f’(?v Tpt1 = Tn— o)
the reciprocated
logarithmic derivative
6 3 of f(xz) w.r.t. z 11
30.




EXAMPLE: Starting at 1 = 2, find the third approximation
3

- _______m3tothe root of th Wfﬂ —4r+2=0.__

3 — 4z + 2

322 — 4

RECIPROCATED
LOGARITHMIC
DERIVATIVE

(w.r.t. =)

EVALUATE
at x . — xn,

d _ '@~ _f@ S G
HRU@N=Z= 0 o= ans e

the reciprocated
logarithmic derivative

of f(xz) w.r.t. z 12
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EXAMPLE: Starting at 1 = 2, find the third approximation

f(xn)

d f(x) f(x) .
—la(f(2))]= >< Tyl = T oS

f'(z)

the reciprocated
logarithmic derivative
of f(xz) w.r.t. z

f (@)

§6.3
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EXAMPLE: Starting at 1 = 2, find the third approximation
z3 to the root of the equation 23 — 4z + 2 =

(1.75)3 — 4(1.75) 42
3(1.75)2 — 4

— 1.75 — = 1.6807[ 14
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EXAMPLE: Find 7.
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EXAMPLE: Find 7.

1 4
Tp4l = 3 (xn + —)

2 In

r,41 Average together
7
rn and —.
In

atD) T
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EXAMPLE: Find 7.

1 4
Tp4l = 3 (xn + —)

2 In

Average together

~
rn and —.
In

.
NOTE: —= = V7
V7

So, if £,BE2V7,

then z,11 E2VT.

This is probably how
your calculator's /e
button works.
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EXAMPLE: Find 7.

1 4
Tnt+l = 3 (xn + —)

2 Tn
Average together This is probably how
7 your calculator's /e
rn and —. b
Tn utton works.

o r Number of decimals
NOTE: ﬁ = V7 of accuracy DOUBLES
with each iteration!
If Tn ~ \/?,

The method is ‘“stable”.
then z,11 =~ V7.

Exercise for you: Starting with 1 = 3,
do a few iterations.

18
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EXAMPLE: Use Newton's method to find /3
correct to eight decimal places.

2 — 3
5z

Ln+1 — In —

r1 =1

x> = 1.40000000
x3=1.27618492
xq=1.24715013
rs = 1.24573426

z6 = 1.24573094 @
7 =1.24573094

63| 1.245730935 < V/3 < 1.24573094
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EXAMPLE: Find, correct to six decimal places,
the root of the equation cosx = 2x.

(cosz) —2x =0

(cosz) — 2z 1=
(_ sin CC) —2 L2 — 0.486288
r3=0.450419
(cosxn) — 2xn xqa = 0.450184
bl = T (+sinzp) + 2 rs = 0.450184 l
_, (coszn) — 2zn Jz € [0.4501835,0.450184)
o (sinzp) + 2 s.t. coszx = 2x.

20
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EXAMPLE: Use Newton’'s method with the initial approx.

x1 = —3 to find x3, the third approximation to the root of
5> 4+ 222 — 1, = 0. (Give your answer to four decimal places.)
Y —-1.9771
g(x)

rr== — 2.424936387
3= — 1.977061357

rqg = — 1.635537781
rs = — 1.384022483
re= — 1.208593933
r7= — 1.095922158
rg= — 1.032720787
rg= — 1.005964689
xr10= — 1.000263458
r11 = — 1.000000553 g(—=1) =0 21
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EXAMPLE: Use Newton's method to approximate *%/150
correct to nine decimal places.

100
x — 150 1.5
n

100229

1.00000 1 = 1.100000000
. r5=1.089119733
r3=1.078548871
r4=1.068604677
r5=1.060023384
TOO SLOW!! re=1.054099017
r7=1.051701916

(1.1)190=13780.61234 rg=1.051387651
rg9=1.051382909

100
(1.1)°¥ > 150 10 = 1.051382908
1.1 > /150 r11 = 1.051382908

22

100/150 =1.051382908 B
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EXAMPLE: Explain why Newton's method fails when
applied to the eq'n /x = 0 with any initial approximation
x1 # 0. Illustrate your explanation with a sketch.

Each answekds twice as far
from the cokrect answer (which is 0) ]
as the one befsre it.

y= Jx
—2x1 K[ -
R
p— _jjl —
x3 = —2x> = 411 (1/3)z; 2/3

etc.
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Whitman problems
86.3, p. 130, #1-4
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