CALCULUS
Definite integration and Riemann sum problems




EXAMPLE: Estimate the area under y = f(x)
from x =1 to x = 7 by calculating

(a) qulf (b) szlf (c) R
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EXAMPLE: Estimate the area under y = f(x)
from x =1 to x = 7 by calculating

L3S{f , (b)] M3S{f




EXAMPLE: Estimate the area under y = f(x)
from x =1 to x = 7 by calculating

(a) LSSIJC§ @l M38If§ (C) R35If

| {6 {6
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EXAMPLE: Estimate the area under y = f(x)
from x =1 to x = 7 by calculating

(a) L3S{f« . (b) M3S{f (c)
{6 {6

57.1 ! ! !




EXAMPLE: From the graph of f, given below, compute

6
fo f(x)dx by interpreting it as an area.

SKILL 6

§7.3 Integral as area




EXAMPLE:
(a) Compute/ VI —x 2 dx by interpreting it as an area.

(b) Compute/3 V9 — 22 dx.

Area inside
Area = 97 /2 circle of

radius 3
= 7[32]
= O

Def’n:fba f(x) dx|:= —fa f(x)dx, ifa<b !
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EXAMPLE: Estimate fl f(x) dx by calculating
(a) LaS{f (b) M3S{f (c) R3S{f

1st SUBINT. 2nd SUBINT. 3rd SUBINT.

e [ 2 [ 3] 4 [ sf]e]|7
() 2\\\_1 384 | 7 N2 | o

U L ST BOE Y B TEy T
= 2N((f (1)) + A(3)) + (f(5))]
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EXAMPLE: Estimate fl f(x) dx by calculating

(a) L3S f (b) M3S{f (c) R3STf
1st SUBINT. 2nd SUBINT. 3rd SUBINT.
X 1 4 5 V4

/
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EXAMPLE: Estimate fl f(x) dx by calculating

(a) L3S f (b) M3S{f (c) R3STf
1st SUBINT. 2nd SUBINT. 3rd SUBINT.
% 1 2 3 4 5 6 7

4 7 2

f(x)
C(a) L3S{f = @GO+ @QUR+ @uE)
= [2][((fF)p + (f(3) )+/(f(5))
[2][2 + 3/f 7] = 2/

(b) M3S{f = (2)((f(2)) + U f(4)) ¥ (2)(f(6))

N

|
=
W

= [21(((2D) + (f (@) $reN |
= [2][-1/4 4 +/2] =QD'oc berweon okt and rioht sume.

() R3S{f =@ (UBNA UF(5) + @) (f(7))
= 2I{LfBN +47(5)) + (f(7))]
2][3+7+0]=20M 10
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EXAMPLE: Let f(z) = 23 — 3z, and compute RgS§f.

right endpoint of jth subinterval ...

ReSSF= D> [DAISf(WF 524)] height of jth rectangle . ..
j=1

area of jth rectangle . ..

6
Z ()

= [f(DI+ ]+ [F 3]+ [f ()] + [F(5)] + [F(6)]

=-2+4+2+4+18+4+52+110+4+ 198 =378 W

11

§7.3




6

EXAI\/IPLE:Approximate/2 236e% du

using midpoints and four subintervals.
Le., let f(x) = x3e%, and compute MySSf.

= > [hall£(24[Gha)]

=1 _— 7\ 1
g—1 J— 5
left-endpt midpt

Next: Review Y j*
4
) = > f(G+[1.5)

j=1 =1
= [f(2.5)] + [F(3.5)] + [f(4.5)] + [f(5.5)]
= [(2.5)%¢2%]4((3.5)%35)+((4.5)%¢*5]4((5.5) %]
—_— ... . 12

|
ME
&h
~
_I_
-

|
N|—
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1+14--+1
nte'rms
14+42+---4+n

124024 ... 4 2

134234 ... 4,3

on3 —+ 3n2 +n

n* + on3 -+ n2

13




EXAMPLE: Let f(x) = z?. Recall that lim RnS§f =1/3.
. : 1,
Show, by computation, that |im_LnSgf = 1/3
at lim MpS3f=1/3.

n—oo




EXAMPLE: Let f(x) = z?. Recall that lim RnS§f =1/3.
. : 1,
Show, by computation, that lim LnSgf = 1/3

R TR St and that lim_M,S§f = 1/3("°)
hp = —
T ] N n
@ [ 1\[1
nSo f nglﬁ-l-J 5) ”-—1(3 J+4@
j= j=
A\N
1 2n3 4+ 3n2 +n n? 4+ n M 1] & 2_ 1
n3 6 2 el T In = 114
|
2 3 1 1 1 1 | n—= oo |2 1
— - ) — | — —
(6+6n 6n2> (277, | 2n2)+4n2 6] 3
laSn——-mo l l
O O 0
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EXAMPLE: Let f(x) = z?. Recall that lim RnS§f =1/3.
Show, by computation, that lim LnSgf = 1/3
and that lim MnpSpf = 1/3.

1> 1\112 1 & 1\ 1
J= J=
AN
1 [(2n3 4+ 3n24+n B n?+n ny_ iiJQ_j 1
n3 6 2 4 n3j=1 4
|

1 1 1 n—o00 2 1

_ ! - = == —

( + +6n ) (2?7, | 2n2> 4n2 6 3
[OU: An easier approach, via the Kinda hard. ..

Fundamental Theorem of Calculus
(Later topic.)

16

§7.1




§7.1

17




: _ : (
EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

PR S\_3y 5\ 5]\ °
Rn S5 —nj;1f<2+3n)—nj§13(2+3n +4<2+9n

0 5

5 & 2n + 5j\¢ | 2n + 57

R (i

= ||

5y~ 3(2n 4570 | 4(2n+5)f3

n = [ | )

J
|

5 & 3m(2n + 55)? | 4(2n + 55)3
- n3 | n3

COMMON DENOMINATOR

:

(Y

18

> Y 3n(2n + 55)% + 4(2n + 55)°3
j=1

§7.1




: _ : (
EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

3" 3nf2n 4 57+ 42n + 5)3

5 mn
—~ Y 3n(2n +55)? + 4(2n + 55)3
j=1

19

§7.1




: _ : (
EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

zn: 3nl(2n + 55)3 + 4(2n + 55)3

[
n 3n[(2n)2 + 2(2n) (55) + (5))7]
> +

=14l + 3% 6G) + 3@ BH% + (53],

\

20
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EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

5 - i 3nf(2n) + 2(2n)(55) +[(5)7 A
o +

=t al@n)I+ 3(2n)2(55) + 3(2n) (54)2 + 5D
|

. i 4 3nlan?+2(2n)(55) +[2552 A
= +
=1 \4“@'4- 3(4n?)(55) +[3(2n)(25;2) + 125j3|])

5 o 3n[4n2+P0nj+2557
ot 2 +
I=1{ 4[8n3 + 6012 + [150n;4 + 125;3] y 21
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EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

\

n 3n[4n2 + 20nj + 25;2]
) [
R’RSQ — Z ) ) _l_ ~
I
5 N 4 12n3 4+ 6On2j + 75nj§| A
=p> -
7=1 | [B2n® + 240n2j + 600152 + 500;3

C 3n[4n2 + 20mj + 25;2] A

> +

7=1{ 4[8n3 + 60n2j + 150n;2 4 125;3] 2




: _ : (
EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

pslp 5 Xn: g 3n[4n2 +2_(|3nj 1 2552 A
2] = 7
" =1\ 4[8n3 4 60n2) + 150n;2 + 125;3]

5 - C 2n3+[60n2] +[75n;52 A
A =+

7= 13203 +[240n25 + 600n52 45007 )

23

71 500753 )
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EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

R SIf— 5 z”: 300n4j 5 300n2(n2 + n)/2

675n(2n3 + 3n2 + n) /6
\50(33) QOOl(n4 + 2n3 + n?)/4

T ; 24
§7.1 D007~
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EXAMPLE: Let f(z) = 3z2 4+ 423. Compute lim_ RnS3f.

RnSg _ 2 Z 300N~y 5 300n<(n<+n)/2

n4 “— T — T
=1 675n;° n’) 675n(2n3 —|—3n +n)/6
_|_
\5003'3) \OO(n + 2n3 —I—n2)/4j
|
a4y [ 44(1) D

_|_
300(1)/2 300(1 +[n—1 /
W2720 5 + 5 +

e
675(2)/6 | | | 675(2+ =T +£h=2)/6
e | =
____________\?999)_/2____\§9q<}_+_2@_+_@@____

_ [OU: An easier approach, via the
Kinda hard. .. Fundamental Theorem of Calculus|[ 25
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EXAMPLE: Express / 22 4 7)dz as a limit of

lef ' ndpoint Riemann sums.

For each n=1,2,4, ...

find |right-endpoint of jth
find height of jth rectangle,
find area of jgth rectangle,
find add over 3 =1,...,

Then take |im .
n—oo

26
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EXAMPLE: Express /2 In(x2 + 7) dz as a limit of

midpoint Hleft-endpoint] Riemann sums.
For eachn=1,2)3,..., 6_2=i
(hn) —
find width pf rectangles” 7 n -
find [left-endpoint] of jth subinterval, >
find height of jth rectangle, \ 4
find area of jth rectangle, 24 (5 - (_>
find add over j =1,...,n. | 7
Then take lim . 5 4 —H—5
n—oo I
n
1
2
g4 4(5 —m)1°
i _ | |
M0 2 i ['” ([Q I

27
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EXAMPLE: Express /2 In(x2 + 7) dz as a limit of

midpoint Riemann sums.

For each n:1’2’3""'(h) —
. . n 4
find width of rectangles,” ™ n
find midpoint of jth subinterval,

find height of jth rectangle, \

1N /4
find area of jth rectangle, 2 (3 - 5) (;)
find add over 5 =1,...,n. |

Then take nl|_>moo. 5 - 4 (g — 5)
n

n— oo

J

lim Zlm In {2:4(j_%)}2+7 =

28
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EXAMPLE: Express lim = Y (3 + (2/n)j)e3+(2/”)3
=1

n—00 1, :

as a definite integral.

and right-endpoint =a 4y

Might appear more than once.
Might be left-endpoint (j :(—> 7 — 1)
or midpoint (j :— j — 3).
Figure out @ and b. Figure out f(x), using endpoint :— z

b 5
Answer is: / f(x) dz :[3 xre’ dx
a

. f(z) = xe®
5 = 5
Jim [ (3—|—j)e=/ ve® dz
nl & ——=— 3
b — 2
| a=—, b—a=2, a=3, b=>5 29
87.3 n n
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Whitman problems
§7.1, p. 143, #1-8
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