CALCULUS
Variations on the
definition of the definite integral
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Variant: For each partition, pickpoint iIn each subinterval.
e.qg.. The fifth partition. ..
DEFINITION OF A DEFINITE INTEGRAL:

b
/ f(z)dal:= lim L.SPf= lim M,SPf = lim R,Sf
a
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Written form...  THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp ;= (b —a)/n,
et p\ € [a,a 4 hn], P52 € [a 4 hn, a 4+ 2hn],
p$? € la+ 2hn,a + 3hn], ..., p € [a+ (n — 1)hn, b]

Gy DRREND'3Y
and let RSy, :=[ " [hallf(pi’ )] \ J
Then J=1

b _ REMARK: This kind
/a fle)de = lim RSn. |5f sum is a Riemann sum of f.

DEFINITION OF A DEFINITE INTEGRAL:

n—oo n—oo n—~oo

b
/ f(z)dal:= lim L.SPf= lim M,SPf = lim R,Sf
a
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Other limits yield the area. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hn = (b—a)/n,
et pit) € [a,a 4 hn), p$ € [a 4 hn, a + 2hn],

py) € [a+ 2hn,a =+ 3hal, ..., p € [a 4 (n — 1)hn, b]
and let RS, = Z ] [F (S )].
Th%n J=1
/ f(x)dx = n||_>moo RS,,.

Note: True even if f has a finite number
of jump discontinuities.
NOTE: Some functions have infinitely many
jump discontinuities, and some have discontinuities that are

not jump discontinuities. Such functions, in some cases,
are not integrable, i.e., the Iimit of the Riemann sums

might not exist, or it might depend on the choices of the

points pt*). See STEWART §5.2, p. 378 [ 2
§7.1 J Exercises 67-68.




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hn = (b—a)/n,
“e[aa+hn] P& e[a+hn,a+2hn]
p$? € la+ 2hn,a+3hn), ..., p¥ € [a+ (n — 1)hn, b]

and let RS, := Z [hn][f(p(J))].
Then J=

/b f(x)dz = lim RS,,.

n—oo

let p

Buzz phrase:
“The definite integral is the limit of the Riemann sums'.
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THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hyp := (b —a)/n,
et p$ € [a,a 4 hnl, P52 € [a 4 hn,a + 2ha),

p$3 € a4 2hn.a 43kl ... o™ € la+ (n— 1)hn, b]
and let RSy := Y [hal[f (5 )].
Th%n J=1
/ f(z)dz = lim RSp.

Buzz phrase:

“The definite integral is the limit of the Riemann sums'.

Fishing nets with small (fine) mesh

NEXT: J CétCh )more fish. |l.e., the length of
The general theory even allows for .- the longest

subintervals of varying lengths, . subinterval

.

but requires that the mesh®of the partition

tends to zero. 5

67.1 Subintervals can have varying lengths. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

vintegers n 2 1, let kr,?, 2 1 be an integer, nth partition
nth partition (0) (kn) has kn,
leta=xy ' < <xp, "/ = b, subintervals.
“points in subintervals in the nth partition”

ot prgl) c [LC%O)’%(})]' L pgcn) c [xgkn—l)’wgkn)],

“mesh of the nth partition”
S (1)_,.(0)

let up, 1= max{ xp : w%k”)—x%k”_l) }

’ * o @

and let RSy :=| Y [5) — 25 V1Y)
j=1 \

REMARK: This kind
of sum is a Riemann sum of f.

67.1 Subintervals can have varying lengths. ..




THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

vintegers n > 1, let k, > 1 be an integer, nth partition

“nth partition” has kj,
let a = :L'T(LO) - < a:'(k”) = b, subintervals.
“points in subintervals in the nth partltlon
1 1 k kn—1 k
let p( ) [:U(O) :1:7(1 )],---,pgn)E[ﬂf%n )aiUT(zn)]r
“mesh of the nth partition” _
ot = max{ w%l) w%O) L (kn)  (kn—1) )

kn
and Iet RS, = Y [2%) — 2 V1))
j=1

Assume lim up = 0.
n—oeo

67.1 Subintervals can have varying lengths. ..




Visualization. . . THEOREM: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let k, > 1 be an integer,

let a = :L'T(;,O) - < :U(k”) =5
let p(l) [a:'(o) :1:'7(11)], Cy Pfgzkn) S [x%kn—l)’wgkn)],
et pn = max{ 2D 0 k) (k1) )

DEPENDS ON j

and let RSy = 5 [29) — 25 DJir 9.
=1 CANNOT BE FACTORED OouT!

Assume lim pup = 0. Then / f(x)dz = lim RS,,.

n—aoo n—~oo

Note: True even if f has a finite number

of jump discontinuities. 9

67.1 Subintervals can have varying lengths. ..




Visualization. . . , .
e f1 30000 pn3 = the mesh of the third partition

5 . : :
> 2§ — 2§ V17N
j=1

total
» RSz = shaded
1, area
SR :or ;
Wi 31 1 1AL Need a sequence
wgl)"’s w:(%?:) v . RS1, RS>, RS3,RS,, ...
R S "(5) WIth 1, po, p3, pa, ... — 0.
P3 i P3 : 3 Then RS1,RS5, RS3,RS,, ...

s pSY b
| C o / F(z) da.
The third partition a

k3 = 5 subintervals in that partition
with varying lengths

10

67.1 Subintervals can have varying lengths. ..




