CALCULUS
The Fundamental Theorems of Calculus,
problems




cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

EXAMPLE: Find the derivative of

xr
the function ¢g(x) =/O V2 + t*dt.
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cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

Example: Use the FTC to find the derivative of
S
g(s) =/O /a3 — 52 + 2dz.

XTr.—S8

= \7/33—53—|—2 L]
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cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

cf. 7.2, p. 145 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.3

Let f be any function, contin. on [a, b].
Let ' be an antiderivative of f on [a,b].

Then [ f@)de = [F@NEZE = (F1) — (F(a).

r.—7r

7 3 3 3
e.g.:/ 22 dp FLC x~ 7__5_ 218.
5 3 3 3

xr.—5b
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cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

cf. 7.2, p. 145 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.3

Let f be any function, contin. on [a, b].
Let ' be an antiderivative of f on [a,b].

Then [ f@)de = [F@NEZE = (F1) — (F(a).

5

EXAMPLE: Evaluate the integral/1 e dx.

5
Sol'n: /1 e’ do
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cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

cf. 7.2, p. 145 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.3

Let f be any function, contin. on [a, b].
Let ' be an antiderivative of f on [a,b].

Then [ f@)de = [F@NEZE = (F1) — (F(a).

5
EXAMPLE: Evaluate the integral/1 e dx.

P2

5
Sol'n: /1 e’ do
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cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is contin. on [a,b], then i/w f@)dt =[] =z = f(2),
dx Ja for x € (a,b).

cf. 7.2, p. 145 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.3

Let f be any function, contin. on [a, b].
Let ' be an antiderivative of f on [a,b].

Then [ f@)de = [F@NEZE = (F1) — (F(a).

5
EXAMPLE: Evaluate the integral/1 e dx.

e/ 7

5 :
Sol'n: /1 e’ dw%te”/?]isz? = (e3/7) — (7/T) M
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2.1 .16 49
EXERCISE: Evaluate /0 (1—5u°—zu?) du.

2 — 1:(128) — £5(1024) | >fe]

14 64 2048 __ 50 2048
7 7 25 — 7 T 25
_ (50)(25)4(2048)(7)
(7)(25)
1250414336
175

15586 8

—~i75 W




5
EXAMPLE: Evaluate /0 (z* — 8z) dz.

||FTC
[335 8.’132] xr.—5

5 2

|
[55_8-52

z:—0

5 2
|
54 _4.25

|
625 — 100
|

525
=

|><

§8.1




8
EXAI\/IPLE:Computefl(3u—5)(5u+2)du.
IEXPAND

f18<3U> (5w)| +|(3u) (2) - [(5) (Buw)| — [(5) (2) du

S L 0
. 15u“ =194/ — 10 du
||FTC
1942 u:—38
5u> — Ju — 10w
2 u:—1
LINEARITbY I
OF [0]Zi
le]%: 20 2 2 19(82 _ 12)
5(8°—-17) — —10(8—1).
WARNING: 10

8.1 | Integration is not multiplicative.




4
EXERCISE: Evaluate/o (V2 4 23 ¥/7) dz.

e
Sol'n:/()4(ir’/§+ac3\7/§

3+ (1/7)

1+ (22/7)

§7.2

dm=/04(€’6+-|51_77)dm

= (21/7) 4+ (1/7) =22/7

4
:/0 (V2 4 222/ da
= (7/7)+ (22/7) =29/7 e
FTC %x | 229/771"
B | 29/7 x.—0
LINEARITbY
XT.—
OF [.]:L'Z—>CL [x29/7}x:—>4
S =4\ x:—0
V2([e1338) + 5 5
I 429/7
= V24 + 5 7 n

11
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2/ 7 1
/1(_108 | 5 dw
|
) _8 —5
fo (o ue)
1

< el ()

2

4

wi—1

12




2
EXERCISE: Evaluate f
1 wS

§7.2

_4wi—2
w
4 w:—1
|

1 1 w:—2
[W B 4w4]w:—>1
_4qwi—2

4 w:—1

13




5l 173

|
1 3

128 4

128

128

14




732+ t2t—1
EXAI\/IPLE:E\/aIuatef2 3t . Vit dt.
|
/7 3t2 tQ\/_ 1

§8.1

|
f; 312-3 4 2+(1/5)-3 _ ;-3 y
|
f =1, ,—4/5 ,—3
/Q 3t 445 3

ae|
1/5 t_2 t:—7
3[In(J¢|)] H
[ /5 —2 t:—2
LINEARITbY I
OF [e]7:3, 1/5 _ 51/5 7-2 _ 52
3[(IN7)— (In2)] 4 — 27" " -2" g

1/5 2

15




EXERCISE: Evaluate /

§7.2

1 3

dt.
0 t24+1
FTc||
3arctant]t—1
LINEARITY [ J#:0
OF [o]4 2} :

3 ([arctan#]{i35)
|
3 ([arctan 1] — [arctan O])

|
3 ([w/4] =t])
|
37 /4
=

16




3 7
EXAMPLE: Find / ( ) dx and describe the result

[7 arctanz] =g

[7 arctan 3] >4

I
8.743
=

I:TC//

33 Problems of the form

b \/
Old school:/ (1/ 2T
a

ea:2/2

as an area under the graph.

/b 1/7T )/dfat—tailed
xZ
a (2 4+ 1

appear frequently in finance.
thin-tailed

)

Fat-tailed distributions make
the world of finance go 'round ...

17




EXAMPLE: Compute /jf(csc 0)(cotd) de.
Frcl| |
- cscal]; 73
|
[—csc(m/3)] — [—csc(n/4)]
|
[—2_ _[-v2|m
V3
7 3
V2 1
/3 /4
1 1 1
2
— csc(m/3) = 7 csc(n/4) =2 10




5 4 5
EXAMPLE: Compute/ dm/ dx, dx.

/ldm _ [ (n@)+A, ifz>0
o= — lUn(=z)+ B, ifz<0
de =

x Setting A =0 and B = 0, we see that
In(|z|) is an antiderivative of 1/xz w.r.t. x

f5 (e 1% 53 = (In5) — (In3)

3 5 dx
Same answers for any choice of A and B. / — DNE
4 dﬂ? FIC - o L
[ S E Dz = (in4) — (In8) ;

§8.1




5 dx 4 dx 5 d
EXAMPLE: Compute / f a [T @
—8 X
dr It's quit% common to| IistC
A— one antiderivative “plus C",
T In(lzD] + ¢ even in cases where it's

technically wrong!
Gives the right answer_here.

1 . — (In(x)) + A, if x >0
ot = {mw—@n— s =

- B, 1L ae< 0

x SettingA = 0 and B = 0, we see that
x|) is ap-antiderivative of 1/x w.r.t. «

f5d£li‘_| T.—=2I __ In5 In 3
. = [In(zD]z=3 = (In5) — (In3) 5 dx
/ — DNE
. -8z |

[ = =n(2DEZ g = (In4) = (in®)

8 20
8.1




cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If fis contin. on [a,b], then i/w f@)de = [f(D)]—e = f(x),
dx Ja for x € (a,b).

[[FTC, THEOREM 7.4, Corollary]]
In(1 4 t®) has an antideriv. (w.r.t. t)

e [FO F/(1) = In(1 +.15)
EXAMPLE: Find d—/2 In(1 = t6) dt.

IN\J T

(F(a*)) —(F(22))
[[FTC THEO

Sol'n:
—[(F(az“‘)) — (F(z*)] = [F'(2®)][423] — [F(2?)][2x]

= [In(1 + (2*)®)][42>] — [In(1 + (2°)®)][2z]
Il

7.3]]

21
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EXAMPLE: Use the FTC to find the derivative of

3 F(s)
h(a:):/o V1428 ds.

F'(s) = /1 + 255
F' = /14 2(e)5

Solution: h'(a:)F;C%[(F(az?’)) _(F(0))]

1%

:F’(lele >

\/ 1+ 2?‘333)6‘ 322] W

22




EXAMPLE: Find the derivative of

F'(t)
cosx 3
9(z) = / dt.
4 §)
z 74t
- Z _J

Frc (F(c

Sol'n: ¢'(z) = % [(F(COSCU)) — (F( ))]

AN L [Fl(ci)][ sipa] — [F ()] [4°]

] ] ! i
[— sin z] \8 [423]

/7 + (cosz)® 7+ 29

23
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2446 LH[677/(4/3)]
EXERCISE: Let g(z) _f (L4 V)t

(a) Compute g(x) in closed form',
then differentiate to get ¢'(x).

(b) Compute ¢'(x) using the FTC.

solm: o rooamEeE®
@@= |+

]
N
_|_
5
4
_|_

4/3
(4/3)(—1 — :v4)1/3(—4x3)]

24

— [(4:c3) |

§7.2




2—|—$6 3
EXERCISE: Let g(z) =/1 L+ YDt
—1—x

(a) Compute g(x) in “closed form',

then differentiate to get ¢'(x).
(b) Compute ¢'(x) using the FTC.

Sol'n: 263)1/3
(a) g’(a:) =[(6x5) +M(2+ ) (63: )]

VEY
3y, (4/3)(—1 — 2M)/3(—423)
|ce 4/3 |
oy sy, (4/3) (242013
/(@) =|(6%) + WAL 605
a3 (4/3)(—1—3:4)1/3(—4563)] -
57 2 [( A7) 7 4/3




2—|—$6 3
EXERCISE: Let g(z) =/1 L+ YDt
—1—x

(a) Compute g(x) in “closed form",
then differentiate to get ¢'(x).

(b) Compute ¢'(x) using the FTC.

Sol'n:

(@) ¢'(z) =

26
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2—|—m6 3
EXERCISE: Let g(z) =/1 L+ YDt
—1—x

(a) Compute g(x) in “closed form",
then differentiate to get ¢'(x).

(b) Compute ¢'(x) using the FTC.

Sornl T TITTTTTTmTooniioemoooooes

(@) ¢d'(z) = {1 + %/2 —|—.:U6J (62°) — [1 + \3/—1 — :194‘ (—4z3)

(b)

[1 + a4 a:6J (62°)

—~ [1 -1 334‘ (—423) 21

§7.2




EXERCISE: Let g(z) =[1

(a) Compute g(x) in “cloj ~

Sorn T

(@) ¢'(z) = {1 + -|-a:6J

() g(x) = [Bf2 + 2°))] - [F (1|~ )]
g (x) = [F'RA 2)]1(62°)—[F/(=1\ 2*)](—423)

_ [1 + \3/; + a:6_ (62°) — [m (—427)

28
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2—|—$6 3
EXERCISE: Let g(z) =/1 L+ YDt
—1—x

(a) Compute g(x) in “closed form",
then differentiate to get ¢'(x).

(b) Compute ¢'(x) using the FTC.

Sol'n: T —
(a) ¢'(z) = |1+ \/2—|—.:U6 (62°) — |14+ V-1 — 2% (—423)

(b) ¢'(z) = 1+ \3/2+a:6 (62°) — |14+ V-1 — 2% (423 m
(b)
9'(x) =

{1 + ot .5136J (625) — [1 L1 394‘ (—423)

29
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EXAMPLE:Let f(s) :=f

G (?“)

S

v3

e dr, G'(r)y=e "

J

e (G(59)) Z (G(3)) = ()

and let F(t) —/ s)ds. Compute F"(8).

Sol'n:

FI'(t) =[f(s )

FI(1) = ') = &

§7.2

dt”

S—>t_f(t)

6t°] >

| [6°]

F'(8) = [e=(®)7] [6(8%)]

30




EXAMPLE: If water pours into a tank at a rate of

r(t) gallons per hour at time ¢,
24

what doesfO r(t) dt represent?

Sol'n: A(t) := amount of water in the tank at time ¢
Al(t) = r(t)

[ v ar = awliz3t

= [A(24)] — [A(O)]
— the change in the amount of

water in the tank between
time 0 and time 248

31




EXERCISE:Let f be the function whose graph is shown
€ZT
below and let g(x) ::/O f(s)ds.

(a) Compute g(0), g(1), 9(2), 9(3), 9(4), 9(5),9(6), g(7).
(b) Where does ¢ attain a maximum value?

(c) Where does g attain a minimum value?
(d) Sketch the graph of g.

(0,0)
(1,-1)
(2,0)
(3,2)
(4,4)
(5,5)
(6,6)
(7,9)

32
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EXERCISE:Let f be the function whose graph is shown

below and let g(x) := /Om f(s)ds.

(a) Compute g(0), g(1), 9(2), 9(3), 9(4), 9(5),9(6), g(7).
(b) Where does ¢ attain a maximum value?

(c) Where does g attain a minbqum value?
(d) Sketch the graph of g.

(@) 9(OX=0
g(1) =0-1=-1 (c)at1
9(2) = N +1 =0
9(3) = 043
£ 9(4) — 4
3- 9 f 9(5) = 4-—% =2
N g() 13— (b)at 7
1- ]
VEPLRE
Bl 33

572 —2




§7.2

Whitman problems
§7.2, p. 150, #1-20

34




