CALCULUS
The Integral Mean Value Theorem




Calculate the mean (or average) of|3,.5;9, 7| doesn’t
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Let f(z) = x2. Calculate the mean (or average) of f on [1,3].
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y = f(x)
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DEFINITION: The average (or mean)

of f on [a,b] is ‘Jﬂb f(:c)da:'\:: bia,/ab f(x) dz.

y = f(x)




DEFINITION: The average (or mean)

of f on [a,b] is ‘Jﬂb f(:c)da:'\:: bia,/ab f(x) dz.
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DEFINITION: The average (or mean)

of f on [a,b] is ‘][ () da:\

b—a,/ /(@) dz.

If f is continu
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INTEGRAL MEANX VALUE THEOREM
s on/a, b], then there exists ¢ € (a,b) s.t.
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DEFINITION: The average (or mean)
D 1 b
of f on [a,b] is |{ f@)dz:=—— [ /(@) dz
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INTEGRAL MEAN VALUE THEOREM
If f is continuous on [a,b], then there exists ¢ € (a,b) s.t.
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DEFINITION: The average (or mean)
D 1 b
of £ on [a,b] is ][ F(z) dal = f £(z) da.
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INTEGRAL MEAN VALUE THEOREM
If v is continuous on [a, b], then there exists ¢ € (a,b) s.t.
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INTERPRETATION VIA MOTION ON A LINE
Think of v as the velocity of a particle traveling on a line.

b
/ v(t) dt is the displacement from time a to time b.

a

b
][ v(t) dt is the average velocity from time a to time b.
a

The integral MVVT says that average velocity is AT TAINED
at some time c.

b
On my trip to Chicago, a« =0, b =8 and / v(t) dt = 400,

a

b 400 .
SO f v(t) dt = - — 50 was my avg velocity.

a —

The [MVT says: I ATTAINED that velocity at some time(s).

INTEGRAL MEAN VALUE THEOREM
If v is continuous on [a, b], then there exists ¢ € (a,b) s.t.

1

b
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The [MVT says: I ATTAINED that velocity at some time(s).

A

400 mi7

235 mi-

»
The [MVT says: I AT TAINED thatjvelocrcy at some time(s).—

Expect: Every avg. velocity is an

Instantaneous velocity.

Expect: Every sec. slope is a
tangent slope.
Average velocity is 50 mph

66.5 from O hrs to 8 hrs.

instantaneous
velocity is 50 mph
at some time (45 min)
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The [MVT says: I ATTAINED that velocity at some time(s).

A

400 mi7

235 mi-

Switch to: Graph of velocity . ..

Expect: Every avg. velocity is an

Instantaneous velocity.

Expect: Every sec. slope is a

Average

56.5

tangent slope.
velocity is 50 mph
from O hrs to 8 hrs.

instantaneous
velocity is 50 mph
at some time (45 min)

(4 hrs 19 min 30 sec) |,
(6 hrs 5 sec)




The [MVT says: I ATTAINED that velocity at some time(s).

Switch to: Graph of velocity . ..

(4 hrs 19 min 30 sec)

(6 hrs 5 sec)

§9.4

Ul G-

N
oS0 SL L
)
34 3
o -]
H

Siy 8




EXAMPLE: Find the average value of the
function 2 + z3 on the interval [—1,5].

5
Solution: ][ l(2 + 23) dx =
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EXAMPLE: Find a number ¢ € (—1,5) s.t.

5
3 __ 3
i ][_1(2—|—:L')d:1:_2—|-c.

Solution: ][ 1(2 + 23) dz
Solution: j— 1(2 + x°) doe = 28
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EXAMPLE: Find a number c € (—=1,5) s.t.

5
][1(2—|—x3)d:c — o1 3

5 !
Solution: ][1(2+9:3)d93=28 28 =2+ 3
26 = 3
c = \3/26 []
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EXAMPLE: Find a number ¢ € (—6,6) s.t.

6
][6(4+a§2)da: = 4 4 2.

Solution:
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][ (44 z¢) dx = ][ 4dx| + ][ x< dx
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EXAMPLE: Find a number ¢ € (—6,6) s.t.

6
][6(4—|—:1:'2)da’: = 4 4 2.

§) v
Solution: ][ 6(4 + :1:2) dr = 16 »16 =4 4 ¢2

][_66(4 + 22) dzx

= 16 [,
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EXAMPLE: Find a number ¢ € (—6,6) s.t.

6
][6(4+m2)da: = 4 + ¢°.

Solution: ][_66(4 + 22)dxr = 16 16 =4 4+ 2
12 = ¢2
c= ++12
= +2v/3 W
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EXAMPLE: Find a number ¢ € (0,6) s.t.

6
]{)(44‘:82) = 4 4 2.

. 6 2 v 2
Solution: ]€(4+:c Ydr = 16 18 = 4 + ¢
12| = ¢2
cl= tv12
+24/3
cé (0,6)
c=2v3 B
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EXAMPLE: Find the average value of the function
f(x) = sin(6x) on [-2,2].

odd function miﬁpt
0
Solution: ][_22 sin(6z) dz = [2 _%_2)] [/22 sin(6z) d:c]
_ F] _cos(6.:1r:)r::_>2
LINEAR;TbY 4 6 e
OF lelzi=a [1 ' [cos(6x)]£:§22}
4l | 6
i //O
117 [ [[cos(12)] — [cos(—12)]
Clal | 6
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EXAMPLE: Find the average value of the function
f(x) = cos(6x) on [—2,2].

2 I 1 2
Solution:][ cos(6x) dx = / cos(6x) dx
—2 2—-(—2)] |/-2
B '1] 'sin(6x)]:‘”":_>2
|4 6 :
LINEARITY r—>—2
OF [oliiZa 1 [sin(6x)]% 22,
- [Z] 6 sin is odd

_[Sln(12)] + [5|‘n(/+12)]]
6

:2[sin(12)]
=

:4>.|r—} :4=-||—}

S|n(12)

—0.0447 0 22
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EXAMPLE: Find the average value of the function
f(x) = cos(6x) on [0, ].

Exercise: Graph y = cos(6x)

on [0, x].
Hint: First, graph y = cos(x)
on [0, 67].
™ -] ™
Solution: ][ cos(6x) dr = ] U cos(6x) d:c]
0 T — 0] LJO
B ‘1] _sin(6a_f:)r:_>7T
LINEARITY Lm0 L 6 Jaisg
OF {-]isia: 17 [[sin(62)]%2F
Ll | 6
_ 17 [[sin(67)] — [sin(0)]
v I §)
_ [17 0] - (O] - -
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EXAMPLE: Find the average value of the function

Solution:][ cos(6x) dr =

§9.4

w/12
0

LINEARITY
OF [e]Zih

f(x) = cos(6z) on [0, {5].

1 ] -fﬁ/m cos(6x) dx]

(7/12) — 0] |/o

127 [sin(6z)]% 77/ 12
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EXAMPLE: Find the average value of the function
f(0) = sec?(9/4) on [0, n].

Solution: j{j sec2(6/4) do = Lr i o] UOW sec?(6/4) d@]

LINEARITY
OF [e]3i2g

[1} 'tan(9/4)] 0=

1/4 6:—0

17 [[tan(0/4)15: =22
™ 1/4 ]

~ (17 [[tan(w/4)] — [tan(0)]
x| 1/4 ]
_ 17 ([l —[0]] 4

B H 1/4 ]_}.
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EXAMPLE: Find the average value of the function

h(w) = (5 —”2w)_1 on [—2,2].

1
5 - 2w
2 1 T 1 2 1
Solutlon.][_2 L_) —2w] dw = = (_2)] [/2 [5 _2w] d'w]
— [ 'In<|5—2w|>]’°‘”*2
LINEARITY "L =2 Juisoo
OF [l 11y [ — 201852,
=3 —
1 [P + [In(19))]
-4l +2
117 [In(9)] _ In(9) .
=31 ]_ L =02747
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EXAMPLE: Let f(x) = ¥x.

(a) Find ][ f(z) da.
(b)Find ¢ € (0,8) such that ][ f(z)dx = f(c).

(c) Sketch the graph of f and a rectangle whose area

1 2 327/8 4 5 6 7 8 —
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EXAMPLE: Let f(z) = 2z/(1 4 z2)2.
(a) Find ][ f(z) da.
(b)Find c € (0,2) such that ][ f(x)dz = f(c).

(c) Sketch the graph of f and a rectangle whose area
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online 0ot finder
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§9.4

Whitman problems
89.4, p. 195, #1-6
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