CALCULUS
Integration by substitution




antiderivative?

f[\/l ——:c2] o] dz =/[\’/E] !Zﬂ dz

Goal:
d Y du
CHAIN RULE:——[E(u)] =F (U)I] !@ﬂ

antiderivative

Goal: F s.t. F/' = /e
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— = 2x
dx
du u3/2
[[Vr+a?] 2aas = [ [va] [3F] &= =5 + ©
d [u3/2 — - du A\
dgp13/2| [ {\/ﬂ m (1 4 22)3/2
+ C
d / du 3/2 I
CHAIN RUME: ——[F(w)] = [F'(w)] |~
Goal: F(x) s.t.
Goal: F s.t. F/ = /e F'(z) = +/x
3/ oy 3/2
32 o= (o) (x) = 32
Flu) = —— 3/2 .
1 3/2




Simpler to remember and recognize,

as follows. . .
u.=1+4 2 Ju
du B du : [—QJ dx

T =2 ‘id
dx

Voo 2] - [T 22 + o
u3/2 [ du ] N
di [3/2] = v ;l_w (14 22)3/2

d (du] 3/2
CHAIN RULE: —[F(w)] = [F'(v)] |—
dx | dx.
Goal: F s.t. F/ = \/e
(.)3/2
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Simpler to remember and recognize,

5 as follows. . .
u:=1-+=x _
du du\:z [j—u dx
ot T |
dax o TQ:{: dx
. W32
Vi = [yl |= 2 +o
dz | 3/2 | — WY |aa.
d p du
CHAIN RULE: —[F(w)] = [F'(v)] |—
dx | dx ]

Goal: F s.t. F/ = /e
_ ()32
3/2
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Simpler to remember and recognize,
as follows. . .

wi=1 4 22

du

du = [2x] dz

/[‘/ﬂdu = 352 TC

True even when « IS a
DEPENDENT variable!
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

sometimes
domain of F'(u) might

Sloppy
not be an interval. .. (F( )) + C.

du Chain Rule implies: i[F(u)] = [F'(w)] du
e da o
= QED
INONS o 2
= 3/2 u.=14=x
3/2

/[‘/ﬂdu = 342 T €

True even when « IS a
DEPENDENT variable!
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of zx,

/ F'(w) du = (F(uw)) + C.

Proof »
du want: [ (7)) [ de = (F) +©
|
{;l_"; dr Chain Rule implies: %[F(u) = [F'(u)] [Z—z]

QED

EXAMPLE: Find /[;c4][ 0s(z5 — 6)] dz.

/ [z} [cos(z> — 6)] daz% du = 1 sinfu) + C
- 5 J o)
=56 ’%

1
= Zsin(z> — 6)

“du= z* d:c du = 5% dx
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EXAMPLE: Calculate ftan x dx.

|
Sinx du = —Sinxz dx
f dx

COSx u .= COSx

|
+ du

LINEARITY OF / /

I|
— [In(juf)] + C
|
—[In(|cosx|)]+ C B

INDEFINITE INTEGRATION BY SUBSTITUTION

For any function F', for any expression u of z,
sometimes

not be an interval. ..

domain of F_(u) might /F’( )dsloppy(F( )
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/tana:daz

Y
— [In(Jcosx|)] + C

~ In(lcos )] + C

INDEFINITE INTEGRATION BY SUBSTITUTION

For any function F,

domain of F(u) might
not be an interval. ..

§8.1

for any expression u of z,

sometimes

[ F(w) duZ (P () -

- (.

10




sloppy//
— [In(|cosz|)] + C

"t Co1 1 [Co

tanxdx

INDEFINITE INTEGRATION BY SUBSTITUTION

For any function F,

domain of F(u) might

not be an interval. ..

§8.1

for any expression u of z,

sometimes

[ F(w) duZ (P () -

- (.
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tanxdx
sloppy,, Neorrect

— [In(Jcosx|)] + C

This has same deriv

i s came s |

] F

—[In(=cosz)]|+Cq, IfZ<z<

1 »
I

| Ky ") INFINITELY MANY
5 T\ i “DEGREES OF FREEDOM”

—[In(—=cosz)] +C_1,If —F5F <z <

—[In(cosz)] 4+ Cp, if -5 <z < T

INDEFINITE INTEGRATION BY SUBSTITUTION

domain of F(u) might
not be an interval. ..

For any function F', for any expression u of «x,
sometimes

[ F(w) di = (F (w)) -

- (.

§8.1

Next: DEFINITE integration via substitution. . .
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INDEFINITE INTEGRATION BY SUBSTITUTION

For any function F', for any expression u of x,

f F'(w) du = (F(u)) + C.

. cos(z3) [32?] dx

INDEFINITE INTEGRATION BY SUBSTITUTION

For any function F', for any expression u of x,

| Py du= (F () -

- (.

§8.1

Next: DEFINITE integration via substitution. . .
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

f F'(w) du = (F(u)) + C.

sin’ = cos

/ [cos(23)] [322] d = / [cos(u)] du = singu) 4+ C

U = x3—

= sin(z3) + C

du = [322] dz //
_ .

et

cos(z3) [322] dz = [sin(z3)

4

= :sin(73)' — [sin(43)].note_ o
= [sin(w)]¥ 27,
73 14
§8.1 :L;% cos(w) dw




INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

/ F'(w) du = (F(u)) + C.

/ " cos(z®) [322] di

4 _ 73
3 20 o
/4 cos(x ,)\[3:1:Y] dx, = A , cos(w) duw
w dw

w IS both independent and dependent.

= /70 cos(w) dw o
=/,
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

/ Fl(w) du = (F(w)) + C.

DEFINITE INTEGRATION BY SUBSTITUTION

For any functions f, g, for any a,b € R,

[w]z:—p = g(b) b q(b)
| Ha@)ld@)]dz = [ ° f(w)dw
a ) X +g(a)
| [w]z:—a = g(a) - aw
[w]ﬂ::—)? — 73 /4 73
3 2 _ ]
A cos(x ,)\[3a:Y] dr, = 43 cos(w) dw
[w]z:—a = 43 ~ dw

w IS independent.
w IS both independent and dependent.
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

f F'(w) du = (F(u)) + C.

DEFINITE INTEGRATION BY SUBSTITUTION

For any functions f, g, for any a,b € R,
[w]z:—p = g(b)

b , g(b)
[ Te@@dg = [ j(w)du
‘ [w]z:—a = g(a) w dw ’

w IS being used
both as a dependent ¥ariable
and as an independent variable.

17
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INDEFINITE INTEGRATION BY SUBSTITUTION
For any function F', for any expression u of x,

f F'(w) du = (F(u)) + C.

DEFINITE INTEGRATION BY SUBSTITUTION

For any functions f, g, for any a,b € R,
[w]z:—p = g(b)

b , g(b)
[ T @dg = [ j(w)du
‘ [w]z:—a = g(a) ) w dw ’

-
EXAMPLE: Evaluatef0 V3z + 2dx.

[w] =23 7/isnow an independent var_iable.
St 7 723 1 w3/2 w.—23

T == dw = = |——
vz k2dy =5 [, vwdw=g [3/2]”_}2
[w]zc —0 — w dw '
- 1 [233/2 93/2
3 . S | T
§8.1 3| 3/2 3/2




23 23 23
REMARK: Jw dw = Vi dt :f Jzdr Next:
2 2 2 Integrating
: : symmetric
=1 L= functions

Can change to other independent variables . . .

DEFINITE INTEGRATION BY SUBSTITUTION

For any functions f,

[w]$:—>b - g(b) b

, for any a,b € R,
(b)
| re@nld@)ds = [ f(w)dw

-
EXAMPLE: Eva\xate/o V3z + 2dx.

w\iS Now an independent var_iabl2e.3
7 1 23 1 [3/21Y 7
3 2dxr = — vwdw = — |——
/o V3T 2de =3 ), 3 [3/2]

| [w]z:—a = g(a)

w.—2

1 233/2 23/2
3

3/2 3/2]. N
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

(b) If f is odd, |i.e., f(—z) = —(f(z)),

then /a’a £(2) do = 2/0“ £(z) da.

then /a f(x)dxr = 0.

_ dw = —dx
w .— —XI

Proof of (a):/_aa f(a:) dr = [J_Oa f(;c) d:i] + [/Oa f(x) da:]

I

f(—w

r — —Ww

20
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then faa £(2) do = 2/0“ £(z) da.

(b) If fis odd, ie., f(—z) = —(f(z)),

a
then /af(a:)da:IO. J — —d

w .= —X

Proof of (a):/_aa f(x)dx =

[w]$:—>0 =0

[/ £(=w) [~du]
[w]x:—>—a) — a dr = —dw
w IS Now an independent variable . ..
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then /_aa £(2) do = 2/ £(z) da.
—(f(z)),

(b) If f is odd, i.e., f(—=x

Proof of (a):/_aa f(x) dx [J_Oa f(x) d:i] + [/Oa f(x) da:]

g
|

0
[ ) bl

| delete

22

’ f(—x)dx = ’ f(—w) dw
0
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then /_ f(.:z:) da:—Q/ f(a:) da.
(b) If fis Odd ie., f(— ﬂ?)‘ —(f(x)),

a
then / f(x)dz = 0.
—a

/Oa f(x) d::c] + [ | " f(z) da:]

/oa £(z) da = Q/OCL f(z)dz QED

Proof of (a):/_aa f(x)dx = [

23
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then faa £(2) do = 2/0“ £(z) da.

(b) If fis odd, ie., f(—z) = —(f(z)),

then /a f(x)dxr = 0.

Proof of (b):/_aa f(x)dx

" x))dz
fo ~¢@)

24

/a f(—x)dx = /Oa f(—w) dw

O
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INTEGRATING SYMMETRIC FUNCTIONS
Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then /a’a £(2) do = 2/0“ £(z) da.

(b) If fis odd, i.e., f(—z) = —(f(z)),
then /a f(xz)dx = 0.

—a ‘ 1
Proof of (b):/_a f(x)dx = \L/OG 7
LINEARITY OF /
DEFINITE INTEGRATIGON a ) a )
/ [/O f(x)dx| + [/O f(z)dx

l
= 0 QED

(f(sc))]d+ [ | 1@ dx)]da:

|~ (@) da

25
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then /aa £(2) do = 2/0“ £(z) da.

(b) If fis odd, i.e., f(dz) = —(f(x)),

then /aa f(x)dx =C+

-
EXAMPLE: Evaluate / . (3:134 + 22 — 4) dz.

even in

|
3.7°> 73 3z° 3
B :3—4-7]:2[5” :“;—433

§8.1

XL

Voorr
2]0 (3z* + 22 — 4) dz

r.—7T

z:—0
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INTEGRATING SYMMETRIC FUNCTIONS

Suppose f is continuous on [—a,a].

(a) If f is even, i.e., f(—x) = f(x),

then /_“a £(2) do = 2/0“ £(z) da.

(b) If fis odd, i.e., f(—z) = —(f(x)),

then f_a'a f(aid;c/zo.

1 tan odd in x
EXAMPLE: Evaluatef dx. _
113 4 224 4+ 518k even in x
odd in x
sin . odd |
tan = ——is , =0
COS  even
which is odd. [ ]
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