CALCULUS
Area between curves




REMARK:
Suppose f(x) > g(x), for all = € [a,b].
Then the area of the region bounded
by the curves y = f(x) and y = g(x)
and by the lines * = a and = = b
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REMARK:
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REMARK:
Suppose f(x) > g(x), for all = € [a,b].
Then the area of the region bounded
by the curves y = f(x) and y = g(x)
and by the lines = a and x = b

is equal to 77
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REMARK: - .
Suppose f(z) > g(x), for all @ € [a, b] YIS 0o heticr
T hen the area of the region bounded
by the curves y = f(x) and y = g(x)
and by the lines © = a and . = b

b
s equal to / [((f(2)) = (g(x))] da.

r=a r=0>b

»
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REMARK:
The area of the region bounded
by the curves y = f(x) and y = g(x)

andbby the lines * = a and =z = b

is equal to/ Imax{f(z),9(z)}] — [min{f(z),g(z)}] da.

a

| @) = lo(a)] ]

*

* - *
““““
* *

2 -5 |%= [max{2,5}] — [min{2,5}]

S—T | = [max{S,T}] — [min{S,T}]
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REMARK:
The area of the region bounded
by the curves y = f(x) and y = g(x)
andbby the Iine% r=—a and r =25
is equal to] equal tof [f(@)] — [9(x)] | de.

a a
| 1v@i - wen |

r=a r=>b
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EXAMPLE: Find the area enclosed by

the parabolas y = z2 and 2

= 4x — x~.

Solution:

/2 — (222 — 4z2) dx

2
o o = |,
2
£ D12 — Ax dx

0
T—2

2~ 4=
3 2

x:—0
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EXAMPLE: Find the area enclosed by
the curves y = z° + 2% and y = 22% + 223.

Solution:

(x° + )=

w3(x —2)(z + 1

COCYCLE[ 1 [ .2

IDENTILY | 25 _ 4 5.3 dz |+ | 5 _
—11 t t

—_ 5 4 3 - (2 5 4 3
—[/1 T(m —x" —2x )dx——l-_/o (x> —x —Qx)dx]
|_ 2

0]
— [f1x5—x4—2333da:]—
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EXAMPLE: Find the area enclosed by
the curves y = z° + 2% and y = 2z2% + 2z3.

Solution:

2
/ 22—z — 223 | dx

—1
0 2
— [/1x5—x4—2$3da:]—[/0 a?5—:1c4—2;c3dx]

—0 —2
|_m6 :1:5 :1:‘4]&:_> [:)36 :135 2:124]$_>

O 2
=[/ x5—x4—2$3da:]—[f a?5—:c4—2:c3da?] 13
—1 0




EXAMPLE: Find the area enclosed by
the curves y = z° + 2% and y = 2z2% + 2z3.

0 2
— [/1x5—x4—2$3d33]—[/0 x5—x4—2x3d5€]

_ !:r:6 x> x4r:_>o [:13‘6 2 2:1:'4]:8:_)2
6 5 4| . .4 |6 5 4 . o

~1)0  (=1)° —1)4 26 25 4
_lo_ (—=1)°> ( )_2( )\ | AP W

6 5 4 6 b5 4

_[ 1 1 + 1 64 32 32]

" le 5 2/ e 5 4
81 | 224

— [%_ | 60] . 14




EXAMPLE: Find the area enclosed by the line

y = %a': — 1 and the parabola y2 =x + 6|.

not hard to solve for z: z =y2 — 6
hard to solve for y

15
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EXAMPLE: Find the area enclosed by the line

Yy = %a: — 1 and the parabola y2 = x + 6.

Solution: /QU + 2 r=y2—6
Ry+2)=w?-6)=—y?+2y+8=—(y+2)(y—4)

(v +2)(y —4) neg 0 POS 0 neg
y 2 4

We'll work this problem with expressions of y
instead of expressions of x.

Slightly uncommon, but doable . ..
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EXAMPLE: Find the area enclosed by the line

Yy = %m — 1 and the parabola y2 = x + 6.

Solution: r =2y + 2 r=1y%2—6
2y+2)— W2 -6)=—y?+2y+8=—(y+2)(y — 4)

—(y+2)(y —4) neg” 0 POS 0 neg
' 4

4 2
+ [ v +2y+8dy

el

= 343 +42+8-4|-|-3(-2)3 4 (-2)2 4+ 8(-2)]
— [_%+16+3z] - [§+4— 16] =36 M

“You might choose to | 17
§9.1 interchange = and y. ..




EXAMPLE: Find the area enclosed by the line
r = 2y — 1 and the parabola 22 = y + 6.

Solution: y = 2x + 2 y=3:2—6
(2z42) — (2?2 —6)= —2°+ 22+ 8= —(z + 2)(z — 4)
—(z+2)(z —4) neg 0 POS 0 neg
. . /

4 4
/ \—x2+2x+8\d:c:+/ —22 4 24+ 8dx
—2 —2

= [~1a3 + 22 + 83:}3;:_)4

ri——2
= 343+ 42+ 84| [+3(+2)3 4 (+2)2 4+ 8(-2)]
— [_%+16+32] - [§+4— 16] =36 M
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EXAMPLE Find the area enclosed in a circle of radius 7.

g2 =72 _ y = +1/72 — 22

LY
M

<+ vy
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EXAMPLE Find the area enclosed in a circle of radius 7.

g2 =72 _ g2 y = +1/72 — 22

A [ -
N

[ (7= “ (+/7—?)

UNNEEDED /7 2\/72—:1:2da: UNNEEDED
4

LINEARITY 7~
OF DEFINITE |
INTEGRATION

dx

-
2/7 \/72—a:2d:c

20

§8.1




EXAMPLE Find the area enclosed in a circle of radius 7.

-
2/ \/72—:1:2d:r;
—7
\

-
2/ \/72—:U2d:r:
—7
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EXAMPLE Find the area enclosed in a circle of radius 7.

>
dx :4/0 \/72—$c2d:c

INTEGRATING SYMMETRIC FUNCTIONS
Suppose f is cohtinuous on [—a,a].
(a) If fis even, i.e., f(—x)= f(x),
then /a’a F(z) do = 2/: f(z) dz.

(b) If fis odd, i.e., f(—z) = —(f(x)),

a
then / f(x)dxz = 0. 22
8.1 —a




EXAMPLE Find the area enclosed in a circle of radius 7.
0<0<7m/2

Vi T .
2[ \/72—:1:'2d:c=4 \/72—:172(133 37:75'”9\
_7 0—' _ /;ﬂngT

r=7sin6
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EXAMPLE Find the area enclosed in a circle of radius 7.

x? oy =77
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EXAMPLE Find the area enclosed in a circle of radlus 7.
7 COS 0))2

72 cos? 62
2[ \/72—;1: d:c—4/ \/72_33 dx //7 2(1 —sin?9)

/72 725sin20
W/Q 2 i >
=4/ Ve —(7 9)|7C059_d9

/2
=4 / W/T cos 0] [7 cos 0]do 1 —\(c052 0)

2 D __ =2
o cos(20) =

co0s29de  |(cos?e) —(sinZ0) =

0<6<w/2 = cosfO>0
= T7cosf >0
= /(7cos)? =7cos0

25
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EXAMPLE Find the area enclosed in a circle of radius 7.
7 7
2[7\/72—332d.:r;=4/0 \/72—:132da:

/2
:4/0/ \/72—(75in9)2[7c059]d9

7/ 2
— 4/ / [7 cos 0] [T cos 0]do 1 — (cos?0)
0 |

/2 cqs(20) =
=4(7%) [ cos? 0 do <c3§9>—<sin29> =

22y =77
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EXAMPLE Find the area enclosed in a circle of radius 7.
7 7
2[7\/72—w2d$=4/0 \/72—:132(133

/2
:4/0/ \/72—(75in9)2[7c059]d9

w/2
=4 /0 [7 cos 0] [7 cos 0]db

/2 '
— 4(72)fO 12 co0s20dp 9+S'”(229)
> /2 [L+ (cos(260))
= 4(7° do
a7 | -
: 0:—m/2
— 2(72) [9 I SII’](29)-|:
2 J91—>O
oy [[T  SinT sin0
— 2(7 ) ”— I ] — [0 i ” 27
58.1 2 2 2




EXAMPLE Find the area enclosed in a circle of radius 7.

o[ 7= = [+ o ]
-z +5)-

22y =77

2[5+ - o450 [
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EXAMPLE Find the area enclosed in a circle of radius 7.

’
2/7 \/72—;1:20!3; =2(72)

22 +y? =77

§8.1

= 2(72)

= 2(7?)

45

[5+4]-[o3]

7T

R

sin O

[=m@E)m

2

|
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