CALCULUS
The disk and washer methods




EXAMPLE: Find the volume enclosed in a sphere of radius 7.

Vol(cone) —|— \/ol(hemlsphere) = \/ol(cyllnder)
3:—7
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EXAMPLE: Find the volume enclosed in a sphere of radius 7.

- \'/5|'(c':5r7e')' ¥ 7T Voi(hemisphere) T = Vol zgy‘l.aaé@‘ ]
71-73 3. =7 (W72)7
3 = 773

Vol(generalized cylinder)

In 3-D, Vol(generalized cone) = 3
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EXAMPLE: Find the volume enclosed in a sphere of radius 7.

§9.3 A MORE DIRECT APPROACH ...




EXAMPLE: Find the volume enclosed in a sphere of radius 7.

Solution:

2-D is easier to draw,
but you have to imagine
the 3-D visualization.

§9.3 A MORE DIRECT APPROACH ...




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution: radius
Area \/72 — u? Area

(72 - u?) (72 —u

3-D

! > 2
Goal: / (7 —u®)du 2-D is easier to draw,

—7 but you have to imagine

the 3-D visualization.
DEFINITION:
A solid obtained by revolving, about a line, 6

59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area
(72 —u

—7 0
3 u.—r
3 u:—0
DEFINITION:
A solid obtained by revolving, about a line, 7

59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area
(72 —u

()

2\ _ 11U.—

73\
LT —
3)1—>0

DEFINITION:

A solid obtained by revolving, about a line, 8
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a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:
Area

(72 —u

DEFINITION:
A solid obtained by revolving, about a line, 9
59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area
(72 —u

DEFINITION:
A solid obtained by revolving, about a line, 10
59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area \/72 —ul Area
7T(72 . ’U,2)

Goal: /_77 7r(72 — u2) du = 2 :7r(73) (1 — %)]

=2[x (5)] _, (7% (1-3)]

DEFINITION:
A solid obtained by revolving, about a line, 11
59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area \/72 — ul Area \/72 — ul

disk

y IS traditional.

Goal: /_77 (72 —@2) dy) = 2 _7r(73) (1 — %)]
¢ _

=[]

Could we use vertical disks?

DEFINITION:
A solid obtained by revolving, about a line, 12
59.3|a subset of a plane, is called a solid of revolution.




EXAMPLE: Find the volume enclosed in a sphere of rad|us 7.

Solution:

Area \/72 —ul Area \/72 —ul
7T(72 - ’U,2)

disk A
| A
>
x 1S traditional.
’ ' 1
Goal: / 7r(72 —@2) a@ =2 W(73) (1 — _)]
-7 . I 3
I 2 4
= 2 [x(73 (—)] = 773
_ (7°) 3 3 ]
\ Could we use vertical disks? Yes. Next: Generalization. . .‘
DEFINITION:
A solid obtained by revolving, about a line, 13

59.3|a subset of a plane, is called a solid of revolution.




THE DISK METHOD:
Assume f >0 on [a,b].

Let R be the region between the z-axis and the graph
of y= f(x) from z =a to x = b.

IT S is the solid obtained by revolving R
about the horizontal axis,

b
then the volume of S is / [ f(2)]? dx.

a

area of disk = «[f(x)]?

y = f(x)

DISK:

14
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THE DISK METHOD:
Assume f >0 on [a,b].

Let R be the region between the z-axis and the graph
of y= f(x) from z =a to x = b.

IT S is the solid obtained by revolving R
about the horizontal axis,

T desired/ b
then the volume of S is f' l[f(:c)]Qd:c.
a

DISK:

Next: General setup with
horizontal disks . ..
T >y

15
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THE DISK METHOD:

Assume f >0 on [a,b].
Let R be the region between the y-axis and the graph
of £ = f(y) from y = a to y = b.

IT S is the solid obtained by revolving R
about the vertical axis,

T desired/ rb
then the volume of S is /' %[f(y)]Qdy.
a

r = f(y)

16
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THE DISK METHOD:
Assume f >0 on [a,b].
Let R be the region between the y-axis and the graph
of £ = f(y) from y = a to y = b.
IT S is the solid obtained by revolving R
about the vertical axis,

T desired/ rb
then the volume of S is /' %[f(y)]Qdy.
a

The axis of rotation may be
neither horizontal nor vertical.

It might point left or down.

= f(y)

The variable may be
neither “x” nor “y".

We only require that all
cross-sections be disks.

17
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the z-axis, the region under
the curve y = {/z from 0 to 5. IllUstrate the definition of
volume by sketching |a typical appyroximating cylinder,.

V5
\
1.495

Left endpoints:
1, =0+ (j —1)(5/n),
17=1,...,n

\
CHEY

18
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the z-axis, the region under
the curve y = {/z from 0 to 5. Illustrate the definition of

volume by sketching |a typical approximating cylinder].

2
total volume of solid of revolution|[~ Z 71'(,4/_xj) YA s

2
area_ = m (‘4/$j)

radius = YT
V5

N\

1.495

Left endpoints:
1, =0+ (j —1)(5/n),

5: &J
< Now take limit
L 5 4&58 amit _
| n
89.3




EXAMPLE: Eind the volume of the solid
obtained by revolving, about the z-axis, the region under
the curve y = /= from 0 to 5.

> 2
total volume of solid of revolution zf T ((‘/5) dx

area_=rr (%)2 volume = 7 (%)2 dx

4
A\
*
x

20

89.3| Intuitive: dx




EXAMPLE: Eind the volume of the solid
obtained by revolving, about the z-axis, the region under
the curve y = /= from 0 to 5.

5
total volume of solid of revolution :fo T ({‘/5) dx
\

W/O5 (w1/4)2 dx
|

> 1/2
7r/0 :lcl dx
333/2 xr.—b
”[3/2]
|

53/2
ol [3/2]

==L
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THE DISK METHOD: _ |
Let's try rotating a region

Assume f >0 on [a,b]. petween two functions. . .
Let R be the region |[between the z-axis and the graph

of y = f(z) from x = a to x = b.

IT S is the solid obtained by revolving R
about the horizontal axis,

T desired/ b
then the volume of S is f' l[f(:c)]Qd:c.
a

DISK:

22
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THE WASHER METHOD:

Assume g >+ f > 0 on [a,b]. \
phs of y"= f(x) and

Let R be fhe region |between the gra
y =.g(x) from z = a to x = b.

IT S is the solid obtained by revolving R

about the horizontal axis,

£)]* — [f(2)]?) da.

area of washer = 7([g(2)]? — [f(x)]?)

T desired/ rb
then the/volume of S is / (
a

| |

Horizontal washers . ..
T <>y

y = f(x)-. WASHER

area of inner disk = «[f(z)]?
area of outer disk = w[g(z)]?

23
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THE WASHER METHOD:
Assume g > f > 0 on [a,b].
Let R be the region between the graphs of x = f(y) and
x = ¢g(y) from y =a to y = b.
[T S is the solid obtained by revolving R
about the vertical axis,

then the volume <i)ffd§‘siirsed'lf@([g(y)]2 — [F()]?) dy.

The axis of rotation may be
neither horizontal nor vertical.

It might point left or down.

The variable may be
neither “x” nor “y".

We only require that all
Cross-sections be washers.

> L
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the y-axis, the region bounded

byy=a:2—|—3,y:78nd r=1.
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the y-axis, the region bounded

byy=a:2—|—3,y:78nd r=1.

Vi3
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the y-axis, the region bounded

byy=a:2—|—3,y:78nd r=1.

w2+ 3 [WyQ ]y 7
2 Aqy
Ny —4
2 Y
vol(solid) = [ﬂ _ 47ry]
y.—4
|
72— 42
_ m( ) _4 (7 — 4)
o
vol(solid) =
y— 3
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EXAMPLE: Find the volume of the solid
obtained by revolving, about the y-axis, the region bounded

byy=a:2—|—3,y=7and r=1.

2 4 3
2 y.—r
vol(solid) = [& _ 47ry]
2 y.—4
|
72 . 42
( ) _an(7 - 2)
° |
49 — 16
: : ﬂ-( ) — 127
— I
W E 337 241 97
y—3

2 2 2

§9.3




