
4603 HW11

1. Suppose that f : R → R satisfies f(0) = f ′(0) = 0 and f ′′(x)− f(x) = 0 for all x ∈ R. Use
Taylor’s theorem to show that f(x) = 0 for all x ∈ R.

Solution. Note that f ′′′ = (f ′)′′ = f ′, f ′′′′ = (f ′′)′′ = f ′′,... and in general

f (n) =

{
f, n even

f ′, n odd

Since f(0) = f ′(0) = 0, we conclude that every Taylor polynomial for f centered at a = 0 is
the zero function. Let x > 0. For every n,

f(x) =
f (n+1)(c)

(n+ 1)!
xn+1

for some c ∈ (0, x). Since f (n+1) is differentiable, it is continuous, so on the compact set [0, x]
it is bounded, say |f (n+1)| ≤M . Thus,

|f(x)| ≤ Mxn+1

(n+ 1)!
(1)

The limit as n → ∞ of the RHS of (1) is 0. Thus, f(x) = 0. The arguments for x < 0 are
identical.

2. Define f : [0, 1] → R by f(x) = 0 if x ∈ Q and f(x) = 1 if x /∈ Q. Prove that f is not
Riemann integrable.

Solution. Let P = {x0, . . . , xn} be any partition of [0, 1]. Note that each interval [xi−1, xi]
contains both rational and irrational points, so mi = 0 and Mi = 1 for i = 1, . . . , n. Thus,
U(P, f)− L(P, f) = 1. As P was arbitrary, f is not Riemann integrable.

3. Let f : [a, b] → R be a continuous, nonnegative function. Suppose f(c) > 0 for some

c ∈ [a, b]. Prove that then
∫ b
a f dx > 0.

Solution. Suppose for simplicity that c ∈ (a, b). Using continuity of f , pick 0 < δ < min{|c −
a|, |c− b|} such that x ∈ (c− δ, c+ δ) implies f(x) > f(c)/2. Let P = {a, c− δ, c+ δ, b}. Since

f is nonnegative, L(P, f) ≥ (2δ)f(c)/2 = δf(c) > 0. Since L(P, f) ≤
∫ b
a f dx we are done. The

cases where c = a or c = b are similar.
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