MATH 4603 Fall 2022, Final Exam

Handout date: Tuesday 13 December 2022

Due: Tuesday 20 December 2022 at 11:59pm

Instructor: Scot Adams

PRINT YOUR NAME:

SOLUTIONS

PRINT YOUR @Qumn.edu EMAIL ADDRESS:

NO COLLABORATION.



Hand-graded problems. Show work.

1. (20 pts) Show:
Let f:R-->R, keNy. Assume: (fo=0)&(f €o(k)).
Then: fe€o(k+1).

Proof: Want: Ve > 0, 30 > 0 s.t., Vh € R,

(|hl <d) = ([fal <& [nF1).
Given € > 0. Want: 35 > 0 s.t., Vh e R,

(|hl <d) = ([ful <e-[n[F*1).
Since f’ € o(k), choose 6 > 0 s.t., Vh € R,

(|hl <d) = (Ifil <e-[n]").

Then (—6;0 < D Also, 6 > 0.
Want: Vhe R, (|h| <) = (|fn] <e-|h[F).
Given h € R. Assume: |h| < 0. Want: |f,| <e-|h|F.

We have:  0,h € [—|h|; |h]].
So, since [ —|h|; |h|] is an interval, we get:  [0|h] < [—]|h|; |h|].
Since |h| < 0, we get:  [—|h|; |h|]] € (=9;0).
Since [0|h] < [—]|hl; |h|] € (=§;0), we get:  [0|h] < (—6;9).
Since [0|h] < (—0;6) < DY, by the quotient-free MV'T,

choose ce [0|h] st.  fn—fo = f.- (h—0).
By hypothesis, fo =0. Then f, = f. - h.  Then |fu| = [fl] - |h].
Since ¢ € [0|h] < [—|h|; |h]], we get:  |c] < |h].
Since |¢| < |h| < 8, by choice of §, we have: |f/| <e-|c|".
Then [fu| = |fil - |hl <& -[el* - ] <e-[n]*-[h] = - [n]**. QED



2. (20 pts) Show:
Let f:R--»R. Assume fy = f) = fj =0. Then: f € o(2).

Proof: Let g := f’. Then go = f, =0 and g, = f/ = 0.

Since go = g{, = 0, by the First-Order Vanishing Taylor Theorem,
we get:  geo(l).

Since fo = 0 and since f' = g € o(1), by Problem 1,
we get:  f€o0(2). QED



3. (20 pts) Show:
Let f:R--»R,aeD}. Assume: (f, =0)&(f;>0).

Then: f has a local strict-minimum at a.

Proof: Want: fI has a local strict-minimum at 0.
Let L=D,f. ThenL=f!-(e)=0-(e)=0, solL=0.
Let e:=f'/4 and Q@ := D?f.
Then Q = f7-(0)?/2=2-2-(0)?, s0Q =2-c- (o)
Let R:=fI—L-Q.
By the Second-Order Taylor Theorem, we get: R € 0(2).
Let g := fF.  Want: g has a local strict-minimum at 0.
Want: 3JIBeB(0) s.t., Yhe DB, gn> g-
Since Ri=ff —~L-Q=9g—-0-Q=g—Q,weget: R=g—Q.
Since R € 0(2), choose § > 0 s.t., Vh e R,
(|hl <d) = (|Bu <e-[h*).
Let B := B(0,0). Then Be B(0). Want: Vhe B, gn > go.
Given h e By . Want: g, > go.
Since h e By, we get:  he B and h #0.
Since e > 0 and h # 0, we get 2-¢-h* > 0.
Since h € B = B(0,0), we get  |h| < 0.
So, by choice of §, we get:  |Ry| < e |h|>.
Let a:=R;, and b:=Q.
Since R=g—Q, weget R, =g, —Qn, soa=g,—b, sog,=>b+a.
Since Q =2-¢-(9)?, weget Qy=2-¢-h? sob=2-c-h°
We have |a| = |Rp| <e-|h]> = (2-¢-|h|*)/2 = |b]/2, so|al < |b]/2.
S0, by robustness of sgn, we get:  sgn, , = sgn,.
Recall:  2-e-h%>0.
Sinceb=2-¢-h*>0, wegetb>0, sosgn, =1.
Then sgn,,, =sgn, =1, sob+a>0. Recall: g, = b+ a.
We have Jo = (fg)o = fa+0 - fa = fa - fa = 0.
Then g, =b+a >0 = go. QED



4. (20 pts) Show:
Let f:R--»R. Assume f is one-to-one. Let g := f~L.
Assume: (fo=0)&(f5=3)&(ge0(0)). Then: g = 1/3.
Proof: Since fy = 0 and since g = f~!, we get: 0 = g.
Since fo = 0, we get: fg = f.  Since gy = 0, we get: g} = g.
Since f) =3, we get:  Dof =3 (e).
Let L:=(e). Then L =id®.  Then: Vh e R, L; = h.
We have: Vh e R,
(Dof)n = (Dof)n1 =h-((Dof)1) = h-[Dof]
=h-fo=h-3=3-h=3-L,=(3-L).
Then: Dof =3-L. Then: fi —3-Leo(l).
Let R:= f—3-L. Then: R=fy —3-L. Then: Re o(1).
We have [(1/3)- L] = ((1/3)- L)y = (1/3) - Ly = (1/3) - 1 = 1/3.
Also, g = [Dog]- Want: [Dyg| = [(1/3) - L].
It suffices to show: Dyg = (1/3) - L.
By uniqueness of linearization, want: (1/3) - L € LINSyg.
Want: g5 — (1/3) - L€ o(1).
Recall: g) = g. Want: g — (1/3) - L € o(1).
We have: Log=id®og = g¢.
Then: (3-L)og=3-(Log)=3-g.
Since R=f—3-L, weget: f=3-L+R.
Then: id” = fog=((3-L)og)+ (Rog) =3-g+ (Royg).
Then: id” =3-g+ (Rog).
Since go = 0, we get 0 € D}, so g is defined near 0.
Then id* = id™ near 0.
Then id® = 3. g + (R o g) near 0.
Recall: L = id®. Then L = 3- g+ (Rog) near 0.
Then: (1/3)-L =g+ (1/3)-(Rog) near 0.
Then: (1/3)-L—g=1(9—g)+ (1/3)- (Ro g) near 0.
Since ¢ is defined near 0, we get: g — g = 0 near 0.
Then: (1/3)-L—g=(1/3)-(Rog) near 0.
Then: ¢—(1/3)-L=—(1/3) (R o g) near 0.
Want: —(1/3) - (Rog) € o(1). Want: Roge o(1).
Since R € o(1), it suffices to show: g € (5(1)
Want: 3C > 0, 3e > 0 s.t., VE e R, (|k| <) = (lgr| < C - |K|').
Let C':=1/2. Then C > 0.
Want: Je > 0s.t., Vke R, (k| <e) = (lgr| < C - |k]Y).



Since R € o(1), choose § > 0 s.t., Vh e R,
(1h] < 8) = ([Bal < 1-|h]").
Since g € 0(0), choose € > 0 s.t., Vk € R,
(Ik] <) = (lge| < (1/2) -6 [K]%).

Then ¢ > 0. Want: Vke R, (|k| <) = (lgr] < C - |k|)).
Given ke R.  Assume: |k| <e. Want: |gi| < C - |k]".
Recall: C' = 1/2. Want: |gi| < (1/2) - |k|.
Since |k| < €, by choice of €, we get:  |gr| < (1/2) - § - |k|°.
Let h:=gy. Then |h| = |gr] < (1/2) -6 |k =(1/2)-§ < 4.
Then |h| < §.  So, by choice of §, we get: |R| < 1-|h|.
We have R, = (f —3- L), and L, = h,so Ry, = f, — 3 h.
Then |fr, —3-h| = |Ru| < 1-|h|' = |h|, so|fn—3- h|<]|hl
Since | e | is distance-semidecreasing, we get:

[ fal = 13-l < [fu = 3-R]
Since | [fo| — [3-h[] < [fo = 3-h| < [h]

we get: (3| — bl < |ful <[3- Bl + |Al.
Then: 3 - |h| — |h| < |fn| <3-|h| 4+ |h|. Then: 2-|h] < |fy] <4-|h].
Then 2 - |h| < |fa|. Recall: h = gg.  Then: 2 |gi| < |fal.
Since h = g; and since g = f~!, we get:  f, = k.
Then 2 - |gr| < |k|. Then |gg| < (1/2) - |k QED



5. (20 pts) Show:
Let ae R, b>a, [ :=[a;b], f,g: R-->R. Assume: I < D;[\D,.
Assume: on I, f < g. Then: JL;f < JLjg.

Proof:
Let S = {simple functions s: I > R |s< fonl[ }.
Let T := {simple functions s: I >R |s<gonlT }.

Then: JL; = sup{JI;|se S} and JL, = sup{JI;|seT}.
Since f < g on I, we get: ScT.

Then: {JI;|se S} < {JI;|seT}.
Then: sup{JI;|s e S} < sup{Jl;|seT}.
Then: JL; = sup{Jl;|se S} < sup{Jl;|seT} = JL,. QED



