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Hand-graded problems. Show work.

1. (20 pts) Show:

Let f : R 99K R, k P N0. Assume: p f0 “ 0 q& p f 1 P Opkq q.

Then: f P Opk ` 1q.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @h P R,

p |h| ă δ q ñ p |fh| ď ε ¨ |h|k`1 q.

Given ε ą 0. Want: Dδ ą 0 s.t., @h P R,

p |h| ă δ q ñ p |fh| ď ε ¨ |h|k`1 q.

Since f 1 P Opkq, choose δ ą 0 s.t., @h P R,

p |h| ă δ q ñ p |f 1h| ď ε ¨ |h|k q.

Then p´δ; δ Ď D1f . Also, δ ą 0.

Want: @h P R, p |h| ă δ q ñ p |fh| ď ε ¨ |h|k`1 q.

Given h P R. Assume: |h| ă δ. Want: |fh| ď ε ¨ |h|k`1.

We have: 0, h P r´|h| ; |h| s.

So, since r ´|h| ; |h| s is an interval, we get: r0|hs Ď r´|h| ; |h| s.

Since |h| ă δ, we get: r ´|h| ; |h| s Ď p´δ; δq.

Since r0|hs Ď r´|h| ; |h| s Ď p´δ; δq, we get: r0|hs Ď p´δ; δq.

Since r0|hs Ď p´δ; δq Ď D1f , by the quotient-free MVT,

choose c P r0|hs s.t. fh ´ f0 “ f 1c ¨ ph´ 0q.

By hypothesis, f0 “ 0. Then fh “ f 1c ¨ h. Then |fh| “ |f 1c| ¨ |h|.

Since c P r0|hs Ď r´|h| ; |h| s, we get: |c| ď |h|.

Since |c| ď |h| ă δ, by choice of δ, we have: |f 1c| ď ε ¨ |c|k.

Then |fh| “ |f
1
c| ¨ |h| ď ε ¨ |c|k ¨ |h| ď ε ¨ |h|k ¨ |h| “ ε ¨ |h|k`1. QED



2. (20 pts) Show:

Let f : R 99K R. Assume f0 “ f 10 “ f20 “ 0. Then: f P Op2q.

Proof: Let g :“ f 1. Then g0 “ f 10 “ 0 and g10 “ f20 “ 0.

Since g0 “ g10 “ 0, by the First-Order Vanishing Taylor Theorem,

we get: g P Op1q.

Since f0 “ 0 and since f 1 “ g P Op1q, by Problem 1,

we get: f P Op2q. QED



3. (20 pts) Show:

Let f : R 99K R, a P D2f . Assume: p f 1a “ 0 q& p f2a ą 0 q.

Then: f has a local strict-minimum at a.

Proof: Want: fT
a has a local strict-minimum at 0.

Let L “ Daf . Then L “ f 1a ¨ p‚q “ 0 ¨ p‚q “ 0, so L “ 0.

Let ε :“ f2a {4 and Q :“ D2
af .

Then Q “ f2a ¨ p‚q
2{2 “ 2 ¨ ε ¨ p‚q2, so Q “ 2 ¨ ε ¨ p‚q2.

Let R :“ fT
a ´ L´Q.

By the Second-Order Taylor Theorem, we get: R P Op2q.

Let g :“ fT
a . Want: g has a local strict-minimum at 0.

Want: DB P Bp0q s.t., @h P Bˆ0 , gh ą g0.

Since R :“ fT
a ´ L´Q “ g ´ 0´Q “ g ´Q, we get: R “ g ´Q.

Since R P Op2q, choose δ ą 0 s.t., @h P R,

p |h| ă δ q ñ p |Rh| ď ε ¨ |h|2 q.

Let B :“ Bp0, δq. Then B P Bp0q. Want: @h P Bˆ0 , gh ą g0.

Given h P Bˆ0 . Want: gh ą g0.

Since h P Bˆ0 , we get: h P B and h ‰ 0.

Since ε ą 0 and h ‰ 0, we get 2 ¨ ε ¨ h2 ą 0.

Since h P B “ Bp0, δq, we get |h| ă δ.

So, by choice of δ, we get: |Rh| ď ε ¨ |h|2.

Let a :“ Rh and b :“ Qh.

Since R “ g´Q, we get Rh “ gh´Qh, so a “ gh´ b, so gh “ b` a.

Since Q “ 2 ¨ ε ¨ p‚q2, we get Qh “ 2 ¨ ε ¨ h2, so b “ 2 ¨ ε ¨ h2.

We have |a| “ |Rh| ď ε ¨ |h|2 “ p2 ¨ ε ¨ |h|2q{2 “ |b|{2, so |a| ď |b|{2.

So, by robustness of sgn, we get: sgnb`a “ sgnb.

Recall: 2 ¨ ε ¨ h2 ą 0.

Since b “ 2 ¨ ε ¨ h2 ą 0, we get b ą 0, so sgnb “ 1.

Then sgnb`a “ sgnb “ 1, so b` a ą 0. Recall: gh “ b` a.

We have g0 “ pf
T
a q0 “ fa`0 ´ fa “ fa ´ fa “ 0.

Then gh “ b` a ą 0 “ g0. QED



4. (20 pts) Show:

Let f : R 99K R. Assume f is one-to-one. Let g :“ f´1.

Assume: p f0 “ 0 q& p f 10 “ 3 q& p g P Op0q q. Then: g10 “ 1{3.

Proof: Since f0 “ 0 and since g “ f´1, we get: 0 “ g0.

Since f0 “ 0, we get: fT
0 “ f . Since g0 “ 0, we get: gT0 “ g.

Since f 10 “ 3, we get: D0f “ 3 ¨ p‚q.

Let L :“ p‚q. Then L “ idR. Then: @h P R, Lh “ h.

We have: @h P R,

pD0fqh “ pD0fqh¨1 “ h ¨ ppD0fq1q “ h ¨ rD0f s

“ h ¨ f 10 “ h ¨ 3 “ 3 ¨ h “ 3 ¨ Lh “ p3 ¨ Lqh.

Then: D0f “ 3 ¨ L. Then: fT
0 ´ 3 ¨ L P Op1q.

Let R :“ f ´ 3 ¨ L. Then: R “ fT
0 ´ 3 ¨ L. Then: R P Op1q.

We have rp1{3q ¨ Ls “ pp1{3q ¨ Lq1 “ p1{3q ¨ L1 “ p1{3q ¨ 1 “ 1{3.

Also, g10 “ rD0gs. Want: rD0gs “ rp1{3q ¨ Ls.

It suffices to show: D0g “ p1{3q ¨ L.

By uniqueness of linearization, want: p1{3q ¨ L P LINS0g.

Want: gT0 ´ p1{3q ¨ L P Op1q.

Recall: gT0 “ g. Want: g ´ p1{3q ¨ L P Op1q.

We have: L ˝ g “ idR
˝ g “ g.

Then: p3 ¨ Lq ˝ g “ 3 ¨ pL ˝ gq “ 3 ¨ g.

Since R “ f ´ 3 ¨ L, we get: f “ 3 ¨ L`R.

Then: idDg “ f ˝ g “ pp3 ¨ Lq ˝ gq ` pR ˝ gq “ 3 ¨ g ` pR ˝ gq.

Then: idDg “ 3 ¨ g ` pR ˝ gq.

Since g0 “ 0, we get 0 P D1g, so g is defined near 0.

Then idR
“ idDg near 0.

Then idR
“ 3 ¨ g ` pR ˝ gq near 0.

Recall: L “ idR. Then L “ 3 ¨ g ` pR ˝ gq near 0.

Then: p1{3q ¨ L “ g ` p1{3q ¨ pR ˝ gq near 0.

Then: p1{3q ¨ L´ g “ pg ´ gq ` p1{3q ¨ pR ˝ gq near 0.

Since g is defined near 0, we get: g ´ g “ 0 near 0.

Then: p1{3q ¨ L´ g “ p1{3q ¨ pR ˝ gq near 0.

Then: g ´ p1{3q ¨ L “ ´p1{3q ¨ pR ˝ gq near 0.

Want: ´p1{3q ¨ pR ˝ gq P Op1q. Want: R ˝ g P Op1q.

Since R P Op1q, it suffices to show: g P pOp1q.
Want: DC ě 0, Dε ą 0 s.t., @k P R, p|k| ă εq ñ p|gk| ď C ¨ |k|1q.

Let C :“ 1{2. Then C ě 0.

Want: Dε ą 0 s.t., @k P R, p|k| ă εq ñ p|gk| ď C ¨ |k|1q.



Since R P Op1q, choose δ ą 0 s.t., @h P R,

p|h| ă δq ñ p|Rh| ď 1 ¨ |h|1q.

Since g P Op0q, choose ε ą 0 s.t., @k P R,

p|k| ă εq ñ p|gk| ď p1{2q ¨ δ ¨ |k|
0q.

Then ε ą 0. Want: @k P R, p|k| ă εq ñ p|gk| ď C ¨ |k|1q.

Given k P R. Assume: |k| ă ε. Want: |gk| ď C ¨ |k|1.

Recall: C “ 1{2. Want: |gk| ď p1{2q ¨ |k|.

Since |k| ă ε, by choice of ε, we get: |gk| ď p1{2q ¨ δ ¨ |k|
0.

Let h :“ gk. Then |h| “ |gk| ď p1{2q ¨ δ ¨ |k|
0 “ p1{2q ¨ δ ă δ.

Then |h| ă δ. So, by choice of δ, we get: |Rh| ď 1 ¨ |h|1.

We have Rh “ pf ´ 3 ¨ Lqh and Lh “ h, so Rh “ fh ´ 3 ¨ h.

Then |fh ´ 3 ¨ h| “ |Rh| ď 1 ¨ |h|1 “ |h|, so |fh ´ 3 ¨ h| ď |h|.

Since | ‚ | is distance-semidecreasing, we get:

| |fh| ´ |3 ¨ h| | ď | fh ´ 3 ¨ h |.

Since | |fh| ´ |3 ¨ h| | ď | fh ´ 3 ¨ h | ď | h |,

we get: |3 ¨ h| ´ |h| ď |fh| ď |3 ¨ h| ` |h|.

Then: 3 ¨ |h| ´ |h| ď |fh| ď 3 ¨ |h| ` |h|. Then: 2 ¨ |h| ď |fh| ď 4 ¨ |h|.

Then 2 ¨ |h| ď |fh|. Recall: h “ gk. Then: 2 ¨ |gk| ď |fh|.

Since h “ gk and since g “ f´1, we get: fh “ k.

Then 2 ¨ |gk| ď |k|. Then |gk| ď p1{2q ¨ |k|. QED



5. (20 pts) Show:

Let a P R, b ě a, I :“ ra; bs, f, g : R 99K R. Assume: I Ď Df

Ş

Dg.

Assume: on I, f ď g. Then: JLIf ď JLIg.

Proof:

Let S :“ t simple functions s : I Ñ R | s ď f on I u.

Let T :“ t simple functions s : I Ñ R | s ď g on I u.

Then: JLf “ suptJIs | s P Su and JLg “ suptJIs | s P T u.

Since f ď g on I, we get: S Ď T .

Then: tJIs | s P Su Ď tJIs | s P T u.

Then: suptJIs | s P Su ď suptJIs | s P T u.

Then: JLf “ suptJIs | s P Su ď suptJIs | s P T u “ JLg. QED


