MATH 4603 Fall 2022, Midterm #2
Handout date: Thursday 3 November 2022
Instructor: Scot Adams

PRINT YOUR NAME:

SOLUTIONS

PRINT YOUR @umn.edu EMAIL ADDRESS:

Thirty minute exam.

Closed book, closed notes, no calculators/PDAs; no reference materials
of any kind.

Turn off all mobile electronic devices.



I. Definitions

A. (5 pts) Let f:R--»R and a € R.
Then fI:R --» R is defined by: Vhe R, (fF), =---.

fa+h - fa-

B. (5 pts) Let f: R --» R.
By f is uniformly continuous, we mean: ...

Ve >0, 30 > 0 s.t., Yw,z € Dy,
(lw—2[<0) = (|fu—ful <€)

C. (5pts) Let f:R--»R, ScR.
By f is continuous on S, we mean: ...

Va e S, f is continuous at a.



D. (5 pts) Let f :R--»>R, a,z€R.
By asx—a, f > 2, we mean:

Ve >0, 30 > 0 s.t., Vo € Dy,
(O0<|z—a|l<d) = (|fe—2|<e).

E. (5 pts) Let S be a set. By S is countably infinite, we mean: ...

15 <> N.

F. (5 pts) Let f: R --» R. By f is Lipschitz, we mean: ...

3L > 0 s.t. f is L-Lipschitz.



II. True or false (no partial credit):

a. (5pts) VreR, (2?22 2% ...)— 22

True. [[Theorem 2.1.6]]

b. (5 pts) Let p,q € R. Assume p # q.
Then: 3¢ > 0 s.t. (B(p,€)) n (B(g,¢)) = .

False. [[Theorem 1.33.1]]

c. (5 pts) 28 — R.

False. [[Theorem 1.28.20]]

d. (5 pts) Let s,t e RN, a,beR.
Assume s - aand t —b. Thens -t +s+t—-a-b+a+0b.

True. [Theorems 2.1.10 and 2.1.11]]

e. (5 pts) Let f: R — R. Assume f is continuous. Then f is Lipschitz.

False. [[Theorems 3.2.7 and 3.2.15]]



IIT. Hand-graded problems. Show work.

1. (10 pts) Find f,g: R — R s.t.
asr—1, f,—5b and
asy —95, gy,—9 and
asx— 1, (gof).—0.

(No need to prove that your answer is correct; just giving the cor-
rect answer will earn you full credit. However, if you give an incorrect
answer, an explanation might be worth some partial credit.)

(NOTE: Avoid unbound variables. To bind f and g, say,
“Define f:R >R by: VzeR, f, = -7

and
“Define g : R - R by: VyeR, g, =---7 )

Solution:

Define f : R — R by: Vx e R, f, = 5.

9, ify#5

Define g : R — R by: Vy e R, g, =
g v g {0, if y =5.

Then: Vz e R, (go f). = g7, = g5 = 0.



2. (10 pts) Show: Let s,t e RN aeR.
Assume s — —o0 and t — 0. Then s —t — —oo0.

Proof: Want: VN e R, K € N s.t., Vj e N,
(G2 K) = ((s—t); <N).
Given N e R. Want: 14K e Ns.t., VjeN,
(2 K) = ((s—t) <N).
Since s — —o0, choose A € N s.t., Vj e N,
(j=A) = (s;<N)
Since t — o0, choose B € N s.t., Vj e N,
(j=B) = (t;>0).
Let K := max{A, B}. Then K € N.
Want: VjeN, (j=>K)= ((s—t); <N).
Given je N  Assume: j > K. Want: (s —1); < N.
Since j > K > A, by choice of A, we get: s; < N.
Since j > K > B, by choice of B, we get:  ¢; > 0.
Since t; > 0, we get:  s5; —t; < s;.
Then (s —t); =s; —t; <s; < N. QED

\VARW



3. (10 pts) Show: Define f: R — R by: Vz e R, f, = |z|.
Then f is uniformly continuous.

Proof: Want: Ve > 0, 30 > 0 s.t., Yw, z € Dy,

(|w_x| <5) = <|fw_fac| <5)'
Given € > 0.  Want: 36 > 0 s.t., Vw, z € Dy,

(lw—2|<d) = ([fu—fo <e).
Let 6 :=e. Thend =¢ > 0.
Want: Vw,zeDy, (lw—2z|<0) = (|fu—fa] <€)
Given w,z € Dy.  Assume: |w—2z| <d. Want: |f, — f| <e.

By HW#3-5, we have: ||w| — |z|| < |w — x|.

So, since f, = |w| and since f, = |z|, we get: | fu, — fo| < |w — 2|.
Then |fy, — fo| < |lw —z| < § =e. QED



4. (15 pts) Show: Let s e RY.
Assume s — —o0.  Then: 2 + s — 0.

Proof: Want: VM e R, K € N s.t., Vj e N,

(G2 K) = ((s*+5); > M).
Given M € R. Want: 1K € N s.t., Vj e N,

(j=2K)= ((s*+s);>M).
Let A :=max{M,0}. Then A> M and A > 0.
Let N:= —/A—1. Then N+1=—A.
Since s — —o0, choose K € N s.t., Vje N,

(j=K) = (s <N).
Then K eN. Want: VjeN, (j=K) = ((s*+5s); >M).
Given jeN.  Assume: j > K. Want: (s* + s); > M.
Since j > K, by choice of K, we get:  s5; < N.
Thensj+1<N+1=—\/Z,sosj+1<—\/Z.
Then s; < s; +1 < —\/Z, 50 55 < —VA.
Since —(s; +1) > VA >0 and —5; > VA =0,

we get: [~(s; + 1)] - [-s;] > [VA] - [VA].

Then (s; +1)-s; > A.
Then (s* +); =55 +5; = (s; +1)-5; > A= M. QED



