
Homework for MATH 4603 (Advanced Calculus I)

Fall 2022

Homework 13: Due on Tuesday 13 December

13-1. Show: Let S, T Ď R. Then JOSYT ď JOS ` JOT .

13-2. Show: @k P N,

@S1, . . . , Sk Ď R, JOS1Y¨¨¨YSk
ď JOS1 ` ¨ ¨ ¨ ` JOSk

.

13-3. Show: Let k P N. Assume: @α P R, @β ě α, JOk
rα;βs ě β´α.

Let a P R. Let b ě a. Let I :“ ra; bs. Then JOk`1
I ě b´ a.

13-4. Show: Let T Ď R. Then IntT is open.

13-5. Show: Let S Ď R. Then ClS is closed.

Homework 12: Due on Tuesday 6 December

12-1. Using the PMI, show: Let a P R. Then:

@j P N, pp‚qjqTa ´ j ¨ a
j´1 ¨ p‚q P Op1q.

12-2. Show: Let j P N. Then pp‚qjq1 “ j ¨ p‚qj´1.

12-3. Show: Let f : R 99K R, y P Rˆ0 .

Assume: as xÑ ´8, fx Ñ y.

Then: as xÑ ´8, p1{fqx Ñ 1{y.

12-4. Show: Let f : R 99K R, a P Df .

Assume: f has a local strict-maximum at a.

Then: fT
a has a local strict-maximum at 0.

12-5. Show: Let s, t P RN.

Assume: Is and It are both bounded.

Then: Dstrictly-increasing ` P NN s.t.

s ˝ ` and t ˝ ` are both convergent.

Homework 11: Due on Tuesday 29 November

11-1. Show: Define r : Rˆ0 Ñ R by: @x P Rˆ0 , rx “ 1{x.

Then: @a P Rˆ0 , r1a “ ´
1

a2
.

11-2. Show: Let g : R 99K R, a P D1g.

Assume ga ‰ 0. Then:

ˆ

1

g

˙1

a

“ ´
g1a
g2a

.
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11-3. Show: Let f, g : R 99K R, a P D1f X D1g.

Assume ga ‰ 0. Then:

ˆ

f

g

˙1

a

“
ga ¨ f

1
a ´ fa ¨ g

1
a

g2a
.

11-4. Show: Let U, V Ď R both be open. Then:

(i) U Y V is open and (ii) U X V is open.

11-5. Show: Let f : R 99K R. Assume: @open U Ď R, f˚U is open.

Then: f is continuous.

Homework 10: Due on Tuesday 22 November

10-1. Show: Let w, x P RN, ` P NN, q P R.

Assume: p ` is strictly-increasing q & pw ˝ `Ñ q q.

Assume: @j P N, |wj ´ xj| ă 1{j.

Then: x ˝ `Ñ q.

10-2. Show: Let f, g : R 99K R.

Assume: as xÑ 8, fx Ñ ´8.

Assume: as xÑ 8, gx Ñ ´8.

Then: as xÑ 8, pf ¨ gqx Ñ 8.

10-3. Show: Let f :“ p‚q3. Then D2f “ 3 ¨ 22 ¨ p‚q.

10-4. Show: Let f :“ p‚q3. Then @x P R, f 1x “ 3x2.

10-5. Show: Let f : R 99K R, a, c P R.

Then Dapc ¨ fq “˚ c ¨ pDafq.

Homework 9: Due on Tuesday 15 November

9-1. Show: Define f : R 99K R by: @x P R, fx “ 1{x.

Then: as xÑ ´8, fx Ñ 0.

9-2. Show: Let D Ď R, s P pRDqN, f P RD.

Assume: @j P N, sj is continuous.

Assume: sÑ f uniformly.

Then: f is continuous.

9-3. Show: Let f, g : R 99K R, k P N0.

Assume: p f P Opkq q & p near 0, f “ g q.

Then: g P Opkq.
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9-4. Show: Let s, t P RN.

Assume: p sÑ 8 q & p @j P N, tj ě sj q.

Then: tÑ 8.

9-5. Show:

Let a :“ p 1 , 1{2 , 1{2 , 1{4 , 1{4 , 1{4 , 1{4 , 1{8 , . . .q.

NOTE: The terms of a are, in order:

a single “1”, then two “1{2”s,

then four “1{4”s, then eight “1{8”s,

then sixteen “1{16”s, then thirty-two “1{32”s, etc.

Let b :“ p 1 , 1{2 , 1{3 , 1{4 , 1{5 , 1{6 , 1{7 , 1{8 , . . .q.

Define s, t P RN by: @j P N,

sj “ a1 ` ¨ ¨ ¨ ` aj and tj “ b1 ` ¨ ¨ ¨ ` bj.

Then: (i) Is is unbounded and

(ii) @j P N, tj ą sj{2 and

(iii) tÑ 8.

Homework 8: Due on Wednesday 9 November

8-1. Show: Let f P Op3q, g P Op4q. Then: f ¨ g P Op7q.

8-2. Show: Let s P RN.

Assume Is is bounded. Then s is subconvergent.

8-3. Show: Let s P RN.

Assume s is convergent. Then s is Cauchy.

8-4. Show: Let s P RN.

Assume s is Cauchy and subconvergent. Then s is convergent.

8-5. Show: Let s P RN.

Assume s is Cauchy. Then s is convergent.

Homework 7: Due on Tuesday 1 November

7-1. Show: Let k P NN. Assume k is strictly-increasing.

Then: @j P N, kj ě j.

7-2. Show: Let s, t P R. Assume s ă t.

Then: Dx P Q s.t. s ă x ă t.

7-3. Show: Let s, t, u P RN, a P R.

Assume: @j P N, sj ď tj ď uj.
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Assume: sÑ a and uÑ a.

Then: tÑ a.

7-4. Show: Let f, g : R 99K R, a P R.

Assume: as xÑ a, fx Ñ ´8.

Assume: as xÑ a, gx Ñ ´8.

Then: as xÑ a, pf ¨ gqx Ñ 8.

7-5. Show: Let f, g : R 99K R, q P Df ¨g.

Then: pf ¨ gqTq “ fT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q .

Homework 6: Due on Tuesday 25 October

6-1. Show: @a P R, Dx P R s.t. x5 ` x3 ` x “ a.

6-2. Show: Let f, g : R 99K R, a, b P R.

Assume: as xÑ a, fx Ñ b. Assume: g is continuous at b.

Then: as xÑ a, pg ˝ fqx Ñ gb.

6-3. Show: Let f : R 99K R, a, b P Df .

Assume a ‰ b. Let m :“ DQf pa, bq.

Define g : R 99K R by: @x P R, gx “ fx ´mx.

Then: ga “ gb.

6-4. Show: Let f : R 99K R, a P Df .

Assume fT
a is continuous at 0. Then f is continuous at a.

6-5. Show: Let f, g : R 99K R, a P Dg˝f . Then pg ˝ fqTa “ pgTfaq ˝ pf
T
a q.

Homework 5: Due on Wednesday 19 October

5-1. Show: Let f, g : R 99K R, a P R.

Assume f and g are both continuous at a.

Then f ` g is continuous at a.

5-2. Show: Let f, g : R 99K R, a P R.

Assume f is continuous at a and g is continuous at fa.

Then g ˝ f is continuous at a.

5-3. Show: Let f : R 99K R, s P pDf q
N, a P R.

Assume f is continuous at a and sÑ a. Then f ˝ sÑ fa.

5-4. Show: let f : R 99K R.

Assume f is Lipschitz. Then f is uniformly continuous.
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5-5. Show: let f : R 99K R.

Assume f is uniformly continuous. Then f is continuous.

Homework 4: Due on Tuesday 11 October

4-1. Show: p1, 2, 3, . . .q Ñ 8.

4-2. Show: Let s P RN, c ă 0.

Assume sÑ 8. Then c ¨ sÑ ´8.

4-3. Show: Let s, t P RN.

Assume sÑ 8 and tÑ 8. Then s` tÑ 8.

4-4. Show: Let s P pRˆ0 qN.

Assume sÑ 8. Then 1{sÑ 0.

4-5. Show: Let s P pRˆ0 qN, c P R.

Assume sÑ ´8. Then c{sÑ 0.

Homework 3: Due on Tuesday 4 October

3-1. Using the 0-PMI, show: Let x P R. Then: @j P N0, |x
j| “ |x|j.

3-2. Show: @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x´ 4| ă δ q ñ p |x3 ´ 5x2 ` 4x| ă ε q.

3-3. Show: Define f : RÑ R by: @x P R, fx “ x2.

Then: @a P R, @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

3-4. Show: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p j4 ´ 7j ´ 9 ąM q.

3-5. Show: Let x, y P R. Then: | |y| ´ |x| | ď | y ´ x |.

Homework 2: Due on Tuesday 27 September

2-1. Show: Let S Ď R˚. Then: supS “˚ maxS.

2-2. Show: @M P R, DN P R s.t., @x P R,

p x ă N q ñ p x2 ąM q.

2-3. Show: @M P R, DK P N0 s.t., @j P N0,

p j ě K q ñ p 2j ąM q.
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2-4. Show: @ε ą 0, DK P N0 s.t., @j P N0,

p j ě K q ñ

ˆ

1

2j
ă ε

˙

.

2-5. Using the 0-PMI, show: @k P N0,

1` 2` 4` 8` ¨ ¨ ¨ ` 2k “ 2k`1 ´ 1.

Homework 1: Due on Tuesday 20 September

1-1. Show: @ε ą 0, Dδ ą 0 s.t. 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

1-2. Show: Let ε ą 0. Then Dδ ą 0 s.t. 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

1-3. Show: @N P R, Dδ ą 0 s.t. @x P R,

p´δ ă x ă 0 q ñ p 1{x ă N q.

1-4. Show: Let N P R. Then Dδ ą 0 s.t. @x P R,

p´δ ă x ă 0 q ñ p 1{x ă N q.

1-5. Using the PMI, show:

@k P N, 12
` 22

` ¨ ¨ ¨ ` k2 “
kpk ` 1qp2k ` 1q

6
.


