Homework for MATH 4603 (Advanced Calculus I)
Fall 2022

Homework 13: Due on Tuesday 13 December
13-1. Show: Let S, T < R. Then JOg,r < JOg + JO7.

13-2. Show: Vk e N,
VSy,..., S € R, J051u~~-u5k < J051 + -+ JOSk

13-3. Show: Let ke N.  Assume: VaeR, V[ > «, JO]E&;B] > f—a.
Let ae R. Let b>a. LetI:=[a;b]. Then JO5*' > b —a.

13-4. Show: Let T"< R.  Then Int 7" is open.
13-5. Show: Let S € R.  Then CIS is closed.

Homework 12: Due on Tuesday 6 December

12-1. Using the PMI, show: Let a € R. Then:
VieN,  ((&))a—j @’ (s) €0(1).

12-2. Show: Let jeN.  Then ((e)) =j- (o)1

12-3. Show: Let f: R --» R, y e R}
Assume: asx — —, f, — .
Then: as x — —oo, (1/f). — 1/y.

12-4. Show: Let f: R --» R, a € Dy.
Assume:  f has a local strict-maximum at a.
Then: [T has a local strict-maximum at 0.

12-5. Show: Let s,t € RN,
Assume: I and I, are both bounded.
Then: Istrictly-increasing ¢ € NN s.t.
so/f and t o ¢ are both convergent.

Homework 11: Due on Tuesday 29 November
11-1. Show: Define r : R} — R by: Yz e R}, r, = 1/x.
Then: Ya e Ry, 7l = —%.
11-2. Show: Let g : R --» R, a € Dy,

1\’ g
Assume g, # 0.  Then: (—> = —=.
g a ga
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11-3. Show: Let f,g: R --» R,/ae]D)} N Dy
i) _ 9o Jo—Ta 94

Assume g, # 0.  Then: (

9/ 9a
11-4. Show: Let U,V < R both be open. Then:
(i) U vV is open and (ii)) U n V is open.

11-5. Show: Let f: R --» R.  Assume: Yopen U € R, f*U is open.
Then: f is continuous.

Homework 10: Due on Tuesday 22 November

10-1. Show: Let w,z e RY, £ e NN, g e R.

Assume: ( { is strictly-increasing ) & (wol — q).
Assume: Vj e N, |w; —z;] < 1/j5.

Then: zol — q.

10-2. Show: Let f,g: R --+» R.
Assume: as x — o0, f, —> —oo0.
Assume: as x — 0, g, — —00.
Then: as x — o0, (f - g), — .
10-3. Show: Let f := (e)3. Then Dyf = 3-22 - (e).
10-4. Show: Let f := (e)3. Then Vz € R, f! = 322.

10-5. Show: Let f: R --» R, a,ce R.
Then D,(c- f) =* c¢-(Daf).

Homework 9: Due on Tuesday 15 November

9-1. Show: Define f : R --» Rby: VxeR, f, = 1/x.

Then: asxz — —oo, f, — 0.

9-2. Show: Let D € R, se (RP)N, f e RP.
Assume:  Vj e N, s; is continuous.
Assume: s — f uniformly.

Then: f is continuous.

9-3. Show: Let f,g: R --» R, k € Nj.
Assume: ( feo(k)) & (near 0, f=g).
Then: geo(k).



9-4. Show: Let s,t e RN,
Assume: (s—o0 )& (VjeN, t;>s;).
Then: t — o0.

9-5. Show:
Let a i= (1,1/2,1/2,1/4, 1/4,1/4,1/4,1/8,...).
NOTE: The terms of a are, in order:
a single 17, then two “1/2”s,
then four “1/4”s,  then eight “1/8”s,
then sixteen “1/16”s, then thirty-two “1/32"s, etc.
Let b := (1,1/2,1/3,1/4,1/5,1/6,1/7,1/8,...).
Define s,t € RY by: Vj e N,
sj=a+---+a; and t; =0+ --+0;.

Then: (i) I, is unbounded and
(ii) VjeN, t; > s;/2 and
(iif) £ — 0.

Homework 8: Due on Wednesday 9 November
8-1. Show: Let f € 0(3), g€ 0(4). Then: f-ge o(7).

8-2. Show: Let s € RY,
Assume I is bounded.  Then s is subconvergent.

8-3. Show: Let s € RY,
Assume s is convergent.  Then s is Cauchy.

8-4. Show: Let s € RN
Assume s is Cauchy and subconvergent.  Then s is convergent.

8-5. Show: Let s € RY.
Assume s is Cauchy.  Then s is convergent.

Homework 7: Due on Tuesday 1 November

7-1. Show: Let k€ NN, Assume k is strictly-increasing.
Then: VjeN, k; > j.

7-2. Show: Let s,t € R.  Assume s < t.
Then: drxeQst.s<xz<t.

7-3. Show: Let s,t,u e RY, a e R.
Assume: Vje N, s; <t; < uy.
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Assume: s — a and u — a.
Then: ¢t — a.

7-4. Show: Let f,g: R --» R, a e R.
Assume: as r — a, f, > —o0.
Assume: as r — a, g, — —0.
Then: as ¢ — a, (f - g), — .

7-5. Show: Let f,g: R --—» R, ge Dy.,.
Then: (f-9); = fg 94 + fa-9; + 1 95

Homework 6: Due on Tuesday 25 October
6-1. Show: Vae R, Iz e Rs.t. 2° + 23 + = = a.

6-2. Show: Let f,g: R --» R, a,be R.

Assume: as r — a, f, — b. Assume: ¢ is continuous at b.
Then: as z — a, (go f)z — G-

6-3. Show: Let f: R --» R, a,b e Dy.

Assume a # b. Let m := DQ(a,b).

Define g : R --+ R by: VreR, g¢,=f.—mz.

Then: g, = gp.

6-4. Show: Let f: R --» R, a € Dy.
Assume fI is continuous at 0.  Then f is continuous at a.

6-5. Show: Let f,g: R --» R, a € Dyoy. Then (go f)7 = (g7.) o (fa)-

Homework 5: Due on Wednesday 19 October

5-1. Show: Let f,g: R --» R, a e R.
Assume f and g are both continuous at a.
Then f + ¢ is continuous at a.

5-2. Show: Let f,g: R --+ R, aeR.

Assume  f is continuous at ¢ and ¢ is continuous at f,.

Then g o f is continuous at a.

5-3. Show: Let f: R --» R, s e (Dy)N, aeR.

Assume  f is continuous at @ and s — a. Then fos— f,.

5-4. Show: let f: R --» R.
Assume f is Lipschitz.  Then f is uniformly continuous.



5-5. Show: let f: R --» R.

Assume f is uniformly continuous.

Then f is continuous.

Homework 4: Due on Tuesday 11 October

4-1. Show: (1,2,3,...) — .

4-2. Show: Let se RY, ¢ < 0.

Assume s — 0.

Then ¢- s — —o0.

4-3. Show: Let s,t e RN,

Assume s — oo and t — 0.

4-4. Show: Let s € (RY)N.

Assume s — 0.

Then 1/s — 0.

4-5. Show: Let s e (R})N, ce R.

Assume s — —o0.

Then ¢/s — 0.

Then s + ¢t — 0.

Homework 3: Due on Tuesday 4 October

3-1. Using the 0-PMI, show: Let z € R. Then: Vj € Ny, |27| = |z
3-2. Show: Ve > 0, 36 > 0 s.t., Vx € R,
(lr—4<d0) = (|2°—52>+4z| <e).
3-3. Show: Define f : R — R by: Vz e R, f, = 2%
Then: Vae R, Ve > 0, 30 > 0 s.t., Vx € R,
(l[z—al<d) = ([fo—fal<e).
3-4. Show: VM e R, 3K e Ns.t., Vj e N,
(j2K) = (j'"-7-9>M).
3-5. Show: Let z,y e R.  Then: |y — |z|]| < |y — x|
Homework 2: Due on Tuesday 27 September
2-1. Show: Let S < R*. Then: supg =* maxg.
2-2. Show: VM € R, N € R s.t., Vz € R,
(z<N) = (22> M).
2-3. Show: VM e R, 1K € Nj s.t., Vj € Ny,

(j=K) = (¥>M).



. Show: Ve > 0, 3K € Ny s.t., ¥j € Ny,

(j=K) = <%<5).

. Using the 0-PMI, show: Vk € N,

1+2+4+8+- 428 = 2kl 1

1-1.
1-2.
1-3.

1-4.

1-5.

Homework 1: Due on Tuesday 20 September
Show: Ve > 0, 35 > 0 s.t. 36° + 765 + 26* < 6¢.

Show: Let £ > 0. Then 36 > 0 s.t. 368 + 76% + 26* < 6.

Show: YN € R, 46 > 0 s.t. Vo € R,
(=d<x<0)= (1/Jx<N).

Show: Let N € R. Then 30 > 0 s.t. Vx € R,
(=0<z<0)= (1/zr<N).

Using the PMI, show:
k(k+1)(2k+1)

Vk e N, 12+ 274+ k* = :




