Solutions for MATH 4603 (Advanced Calculus I)
Fall 2022

Homework 13: Due on Tuesday 14 December

13-1. Show: Let S, T < R. Then JOg,r < JOg + JOr.

Proof:
Let Q:={TLz|(ZeOI") & (JIz 2 SUT)& (#suppZ < ) }.
Let A:={TLy | (UeOI") & (JIy 2 5) & (#suppU < ) }.
Let B:={TLy [ (Ve OI")& (JIy 2T) & (#suppV < x) }.
Then JOg r =infy and JOg=infy and JOp = infp.
Want: infy < infy + infp.
Exactly one of the following is true:

(1) inf4 +infp = oo or (2) inf 4 + infp # 0.

Case (1):
We have infy € R* < o0 = inf4 + infp.
End of Case (1).

Case (2):
We have inf4, = JOg > 0 and infg = JOr > 0,
so inf, > 0 and infg > 0.
Then inf 4, < inf, + infg and infp < inf 4 + infg.
Also, inf 4 +infg = 0, so inf4 + infg € [0; o0].
So, since inf4 +infp # 00, we get: inf4 + infp € [0; 0]\ {w0}.
Then inf4 + infp € [0; 0]\ {0} = [0;0) < 0,
so inf 4 +infp < 0.
Then inf 4 < inf, +infg < 00 and infg < inf, +infg < oo,
so inf 4 < o0 and infp < oo.
Want: Ve > 0, infgy < infy + infp +e.
Given € > 0. Want: infy < inf, + infp +e.
We have inf4 > 0 > —oo0 and inf4 < oo.
Then —o0 < infy < o0, so inf4 +(g/2) > inf 4.
Since —(inf4 +(¢/2) < inf4), we get —(inf4 +(¢/2) < A).
Since —(inf4 +(¢/2) < A), choose a € A s.t. inf 4 +(g/2) > a.
We have infgz > 0 > —o0 and infp < o0.
Then —c0 < infg < 00, so infg +(g/2) > infp.
Since —(infp +(g/2) < infp), we get —(infp +(£/2) < B).
1
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Since —(infp +(g/2) < B), choose b € B s.t. infg +(g/2) > b.
Since ae A= {TLy | (UeOI") & (|JIy 2 5) & (#suppU < ) },

choose U € OZ" s.t. ULy 2 S and #suppU < 0 and TLy = a.
Since be B = {TLy | (Ve O™ )& (| JIy 2 T) & (#suppV < o) },

choose V e OV s.t. ULy 2T and #suppV < 0 and TLy = b.
Let Z := (U, Vi, Uy, Va,Us, Vs, ...).  Then Z € OT".
Then, by a class theorem, we have:

I, =IyJIy and #suppZ = #suppU + #suppV
and TLz; =TLy + TLy.

Since supp U < o0 and supp V' < o0, we get: #supp U + #supp V' < 0.
Then #supp Z = #supp U + #suppV < o0, so #supp £ < 0.
Since Iy 2 S and Iy 2 T, we get: Iy | Iy 2 SJT.
Then UL, = U (I UTy) = (ULy) U(ULy) 2 SUT.

soJI, 2 SYT.
Since Z € OZ" and ULz 2 SJT and #supp Z < o0, we get:

TLz e {TLz|(Ze OI") & (JIz 2 SUT )& (#supp Z < x) }.
So, by definition of @), we get TL; € Q.
Then a + b = TLy + TLy = TLz € @ = infg, so infg < a +b.
Then infy < a+ b < (inf4 +(¢/2)) + (infp +(£/2)).
Then infg < infs +infp +¢, so infy < infy +infp +e.
End of Case (2). QED

13-2. Show: Vk € N,
VSy,..., S € R, JOSIU...USk < JOgl + -+ JOSk

Proof:

Let A := {/{3 eN | VSy, ..., S € R, JOSlU...USk < JOSl + -+ JOSk}
We have: V5] € R, JOg, <JOg,. Then 1€ A.

By the PMI, want: Vke A, k+ 1€ A.

Given ke A. Want: k£ + 1€ A.

Know: VSi,...,5: € R, JOg,u.vs, < JOg, + -+ + JOg,.
Want: VSy,..., 5.1 € R, J051u~~~u5k+1 < JOsfl + -+ JOSk+1'
Given 51, ..., 5,11 € R. Want: JOS1U~~-uSk+1 < JOSl + -+ ‘]Osk+1'
Know: J051u~-u5k < J051 + -+ JOsk

Then JOSlU...USk +JOSk+1 < (JOSl + -+ JOSk> + JOSkJrl’
Then JOSlu...USIC +JOSk+1 < JOg, + -+ + JOSk+1'

By a class theorem, JOg,o...050)080; = JOs,0-.0s, +J0s,,,-

Then JOSIU...USk+1 = JOslu---usk + JOSk+1'
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Then JOS1U~~-uSk+1 = JOSlU.A.Usk +JOSk+1 < JOSl + -+ JOSk+1'
QED

13-3. Show: Let ke N.  Assume: VaeR, V53> a, JO[,4 = f—a.
Let ae R. Let b>a. LetI:=[a;b]. Then JO4™ >b —a.

Proof: We have: VaeR, VS < a, JOI[“OGB] = JO% =0>p0—a.

Then: Va,BeR, JOa >B—oz
Want: inf(TJOCK!) > b — Want: TJOCY™ > b —a.
Assume: —(TJOCK ! > b — ) Want: Contradiction.

Choose v e TJOCK ! st. v < b —a.
Choose U € JOC¥! s.t. v = T'Ly.
Since U € JOCK™! | we know:

UeOI" and #suppU<k+1 and ly=21.
Since b € [a;b] = I < | Iy, choose W € I; s.t. (if you wish)be W.
Since W € I; and since U € OZ", choose j € N s.t. W = Uj.
Since be W = Uj;, we get: be U;.  Then U; # (5.

Since U; € OZ, choose 3,7 € Rs.t. U; = (B;7).
Then, since U; # &, we get: 8 <v. Then Ly, =y —f.
Since be U; = (B;7), we get: B <b < 7.
Then I\U; = [a;0]\(8;7) = [a; B].
Let a:=a. Then JO'[“a;ﬂ] > —a. Also, \U; = [o; 8]
Let J:=[a;3]. Then JO¥ > 8 —a. Also, I\U; = J.
Uy, ifi#j
o, ifi=j.
Then: VeOIY and #suppV <k and

UHV UHU \U and TLV = TLU - LU]--
We have:  (JIy 2 (UIp)\U; =2 1\U; = J.
Then V € JOC%.  Then TLy € TJOCE.
Then TLy > inf(TJocﬁ) =JO>B—a, soTLy=p—
Then v = TLy = TLy + Ly, = TLy + (v — ) = (8 a)+( B).
Then v > v —a. Recall: b <y and a = a.
Thenv>y—a>b—a=b—a, sov>b-—a.

Define Ve OZIN by: VieN, V, = {

However, by choice of v, we have: v < b—a.  Contradiction. QED

13-4. Show: Let T'< R.  Then Int 7T is open.
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Proof: Want: Ya € IntT, 3B € B(x) s.t. B< IntT.
Given a € Int 7. Want: 3B € B(z) s.t. B < Int 7.
Since a € Int T', choose B € B(x) s.t. B< T.
Then B € B(x). Want: B < IntT.
Since B € B(z) < Bg, by a class theorem,
we conclude that B is open.
Then B = Int B.
Since B < T, by a class theorem,
we conclude that Int B < Int 7.
Then B=Int B< IntT. QED

13-5. Show: Let S € R. Then C1S is closed.

Proof: Let T := R\S.

By a class theorem 0T = 0S.

Then Int T =T\0T = T\0S < (R\S)\0S < R\(S u dS) = R\(C1S),
so Int T =R\(C1S), soR\(IntT) = ClS.

Want: R\(IntT") is closed.

By HW#13-4, we get: IntT is open.

Then, by a class theorem, R\(Int T') is closed. =~ QED

Homework 12: Due on Tuesday 6 December

12-1. Using the PMI, show: Let a € R. Then:
VieN,  ((o))s—j-a"t (o) €0(l).

Proof: Let I :=={j e N|((¢)/)T —j.a/71- (o) € 0(1)}. Want: I = N.
We haves ((o)1)F —1-al=L- (o) = ((a))F = 1-1-(s)
=(o)— (o) =0€0(1). Then 1€ [.
By the PMI, want: Vjel, j+ 1€ l.
Given jelI. Want: j+1€].
Know: ((e)7); —j-a’~" - (e) € o(1).
Want: ((o)*1)7 — (j + 1) - aU*D)=" - (o) € o(1).
Let R :=((¢)7), —j-a’™'- (o).
Let S i= (o)7*1)7 = (j + 1) -al*D-1 - (o).
Know: Reo(l). Want: Seo(l).
We have: Vh e R,
Ry=(a+h)y—a’—j a7t h,
andso (a+h) =a’+j-a" ' h+ Ry



We have: Vh € R,
Sp=(a+hy —at —(j+1)-aUtD71.p
=(a+h)-(a+h)) —a™—(G+1)-a’ h
=(a+h) (& +j- a7V h+Ry) -t —(j+1)-d/ - h
a-a+a-j-a>-h+a- Ry
+h-a’+h-j -V -h+h-Ry
_aj+1_(j+1).aj.h
= a4 j-a-h+a-Ry
+ al - h+ jrad7t - R2+h- Ry
— gt — <]+1)ajh
= a-Ry+j-a ' -h:+h-Ry,
=(a-R+j-a""(e)?+ (o) R)p.
Then S=a-R+j-a’ ' (e)>+ (o) - R.
By algebraic linearity of o(1), want: a-R, j-a’~*-(e)?, (¢)- R € o(1).
Since R € o(1), by algebraic linearaity of o(1),
we conclude: a- R € o(1).
We have j-ai=1- ()2 € Q = Hy < O(2) < o(1).
Want: (o) - R € o(1).
Since (o) € L =H; < O(1) and R e o(1),
we conclude: (o) - R € o(1+1).
Then (o) R € o(1+1) = 02) < o(1). QED

12-2. Show: Let jeN. Then ((¢)/) = j- (o).

Proof: Want: Va e R, ((¢)7), = (j - (¢)771),.

Given a € R.  Want: (()7) = (5 (¢)’71),. |

Want: ((e)/)! =j-a’~!. By HW#12 L (&) —j-a/7t(e) € 0(1).

Then j-a’~'- (o) € LINS,((e)’), so, by uniqueness of linearization,
) =

we get: LINS,( (e)! {j- ajfl-(O)'}.
ThenDa((f)J) = UE(LINS,( (o)) = jrait- (o).
Then (o)), = [Du((o))] = [j-ai-(0)]
= (j-a’™ 1.(.))1 = j-a'1 = j-a/7'. QED

12-3. Show: Let f: R --» R, y e R}
Assume: asz — —o0, f, — .
Then: asz — —0, (1/f): — 1/y.

Proof: Want: Ve > 0, IN e R s.t., Vo e Dy,
(z<N) = (|1/f)a = A/y)| <€)
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Given ¢ > 0. Want: IN e Rs.t., Vo e Dy,
(2 < N) = ([0/e— (/)] < ).
Since y € R, we get |y| > 0.
Then |y[/2 > 0 and (|y|/2) - Jy| > 0 and 1/|y| > 0 and 2/|y| > 0.
Let p := min{|y[/2, e (ly[/2) - [y|}.
Then p > 0 and p < |y|/2 and p < e (|y|/2) - y|.
Since p < [y[/2, we get —p = —[y|/2, and so |y[ — p = [y[ — (|yl/2).
Since p < £ (|yl/2) - ly], we get: p- (2/]yl) - (1/]yl) < e.
Since as r — —oo, f, — v,
choose NeRst.,VreD;, (xz<N)=(|fa—yl<p).

Then NeR.  Want: Ve e Dy, (z<N) = (|(1/f).—(1/y)] <e).
Given x € Dyjp.  Assume: x < N.  Want: |(1/f), — (1/y)| <e.
We have v € D)y € Dy and x < N,

so, by choice of N, we get: |f, —y| < p.
Since | o | is Lipschitz-1, we get: ||f.] — [y|| < |fe — vl
Then ||f2] — lol| < Ife — 4l < p.
Then | |fa| = [yl| < p,solyl—p < [fol < |yl + p.

Then |fo| > [y| — p = [yl = ([yl/2) = lyl/2.
Since | fz| > |y|/2 > 0, it follows that 1/|f.| < 2/|y|.

. o 1 l_y_fx_|y_fx|
We compute: |(1/). = (1/y)| fz Y ‘ fery | fa] - 1y
Then [(1/f). — (1/y)| = [y — fol - (/] fa]) - (1/]y])-
So, since |y — fz| = [fo —yl < p and 1/|f| < 2/|y| and 1/|y| > 0,
we get:  [(1/f)e — (L/y)l < p- (2/Iyl) - (1/|y]).
So, since p- (2/[y|) - (1/]y]) < e, we get [(1/f). — (1/y)| <e.  QED

12-4. Show: Let f : R --» R, a € Dy.
Assume:  f has a local strict-maximum at a.
Then: f¥ has a local strict-maximum at 0.

Proof: Want: 3B € B(0) s.t., Vh e By, (fHn < (f5)o.
Since f has a local strict-maximum at a,
choose C € B(a) s.t., Yo € BY, fi < fa.
Let B:=C —a. Then Be B(a—a) = B(0).
Want: Vhe B, (fDn < (fI)o.
Given h e By . Want: (f5), < (f5),.
Let z:=a+h. Thenze B ,= B).
So, by choice of B, we get: f, < f,.
So, since x = a + h, we get: foin < fo-  Then f,p — fo <O.



Since a € Dy, we get f, — fo = 0.
Then (f(;]r)h = fa+h - fa <0= fa - fa = fa+0 - fa = (fgr)() QED

12-5. Show: Let s,t e RN,
Assume: I, and I; are both bounded.
Then: Istrictly-increasing ¢ € NV s.t.
so/f and t o ¢ are both convergent.

Proof: By properness of R, since I is bounded, s is subconvergent.
Choose a subsequence o of s s.t. o is convergent.
Since o is a subsequence of s,
choose a strictly-increasing p e N¥ s.t. 0 = s o p.
Since I, < I; and since I, is bounded,
it follows that I, is bounded.
Then, by properness of R, we get: t o p is subconvergent.
Choose a subsequence 7 of t o p s.t. 7 is convergent.
Since 7 is a subsequence of t o p,
choose a strictly-increasing g e NN s.t. 7 =topogq.
We have ¢ : N > Nand p: N >N, sopog:N—- N, sopogeN
Since ¢ and p are both strictly-increasing, p o q is strcitly-increasing.
Let £ :=pogq. Then ¢ e NN and / is strictly-increasing.
Want: so/ and t o ¢ are both convergent.
We have T =topog=tol.
So, since T is convergent, we get: t o £ is convergent.
Want: s o/ is convergent.
Since ¢ € NY and since ¢ is strictly-increasing,
it follows that o o ¢ is a subsequence of o.
So, since ¢ is convergent, by a class theorem, ¢ o ¢ is convergent.
So, since sof = sopoq = ogoq, we concude: so/ is convergent. QED

Homework 11: Due on Tuesday 29 November

11-1. Show: Define r : R} — R by: Yz e R}, r, = 1/x.

x 1
Then: Ya e R}, 7/ = -
. y , 1
Proof: Given a € Rj.  Want: r, = ——.
a
1 1
Let L := T2 (o). Then [L] =L, = o Want: r, = [L].
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Want: [D,r] =[L]. Want: D,r = L.

Want: UE(LINS,r) = L.  Want: LINS,r = {L}.

By uniqueness of linearization, want: L € LINS,r.

Want: 7" — L e o(1). Know: O(2) € o(1). Want: rT—Le O(2).
Want: 3C > 0,30 > 0s.t.,, Vhe R, (|h| <) = (|(rF = L),| < C-|h]?).
Since a € R}, we get: |a| > 0.

2
LetC:zw Then C' > 0, so C' = 0.
Let § := %. Then § > 0.
Want: Vhe R, (|h| <d) = (|(rT = L)n| < C - |h]?).
Given he R.  Assume |h| < 6. Want: |(rl — L),| < C - |h%.
Since ||a + h| — |a|| < |(a+h) — a| = |h| <,
we get |a|] — § < |a+h| < |a| + 6.

Then a+ h| > |a] — & = |a| — %‘ _ %

: |a| 1 1
Since |a + h| > — > 0, we get: < .
| | 2 & la + hl la|/2

L
fat A Jaf? = (al/2) - TaP

1 1 1
We have (TZ_L)h:Ta+h_Ta_Lh: ___<——h>

Then

at+h «a a?
~a*—(a+h)-a+(a+h)-h
B (a+h)-a?
_aQ—aZ—h-a—Fa-fH—hQ B h?
a (%—F h) - a? ) B (a+h)2‘a2‘
T Al A 2 |h| 9
Then [(ra = )l = 5 ae < Qa2 P~ P - C M

QED

11-2. Show: Let g : R --» R, a € D}

1\ g
Assume g, # 0.  Then: (—) = —=.
9/ 4 Ya
Proof: Define r : R — R by: Vx e R}, r, = 1/z.

/
Then 1/g =rog. Want: (rog), = —%,



Since g, # 0, by HW#11-1, we get: 7, = ——.

/
Then 75, - g, = —Ja " Then (rog), =*1r g = ~Ja QED

a 2 g 2
9a ‘ 9a

11-3. Show: Let f,g: R --» R,/ae]D)} N Dy
j) _ Yo fo—fa- g,

9/, g2

Assume g, # 0.  Then: (

!/

1
Proof: Since a € D’g and g, # 0, by HW#11-2, we get: <§) -
1 ' 1 ¢
Let h:= —. Then i, = —2%  Also, hy = —.

g g2 Ga

/
Then (i) = (fh); =" fC/L'ha—i_f(l'h;,
9/ a
!/ Al L A4l
_ %_fagéga — ga fag2fa ga' QED

/

_Ya
g2

11-4. Show: Let U,V < R both be open. Then:
(i) U u V is open and (ii)) U n V is open.

Proof: Proof of (1):

Want: Vae Uu V,3BeB(a)st. B U u V.
Givenae U uV. Want: 3B€ B(a)st. B2 U U V.
Since a € U u 'V, choose T € {U,V} st. aeT.

Since T € {U,V'}, it follows that 7" is open and that T < U u V.

Since T is open and a € T, choose B € B(a) s.t. B< T.

Then Be B(a). Want: BcUuV. Wehave BT cUuUYV.

End of proof of (i).

Proof of (i1):
Want: Yae UnV,3BeB(a)st. BSUnV.
GivenaeUnV. Want: 3Be B(a)st. BSUnV.
Since a € U n'V < U and since U is open,

choose A > 0 s.t. B(a,\) < U.
Since a e U n'V < V and since V is open,

choose > 0 s.t. B(a,u) < V.
Let § := min{\, u}. Then d >0 and § < A and § < p.
Let B := B(a,d). Then Be B(a). Want: B UnYV.
Since 0 < A, we get B(a,d) < B(a, \).
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Since § < p, we get B(a,d) < B(a, ).

Since B = B(a,d) < B(a,A\) € U and B = B(a,0) < B(a,u) €V,
we get: B2 UNV.

End of proof of (ii). QED

11-5. Show: Let f: R --» R.  Assume: Yopen U € R, f*U is open.
Then: f is continuous.

Proof: Want: VYa € Dy, f is continuous at a.
Given a € Dy.  Want: f is continuous at a.
Want: Ve > 0, 36 > 0 s.t., Vo € Dy,
(Jx—af <d) = (fa = fal <e).
Given € > 0. Want: 36 > 0 s.t., Vo € Dy,
(|$_a| <5) = (|fx_fa| <5)'
Let U := B(f,,€). By a class theorem, U is open.
Then, by assumption, f*U is open.
Since |fo — fo| = 0 < g, we get: f, € B(fa,2).
Since f, € B(fa,€) = U, we get: a€ f*U.
Since f*U is open and a € f*U, choose B € B(a) s.t. B < f*U.
Since B € B(a), choose § > 0 s.t. B = B(a,d). Then ¢ > 0.
Want: Vex e Dy, (|z—a| <d) = (|fa— fo| <€).
Given x € Dy.  Assume: [z —a| <d. Want: |f, — f,| <e.
Since |z — a| < §, we get: z € B(a,?).
Since x € B(a,d) = B < f*U, we get: f, € U.
Since f, € U = B(f,,¢), we get: |f, — fa| <e.  QED

Homework 10: Due on Tuesday 22 November

10-1. Show: Let w,z e RY, £ e NN, g e R.

Assume: ( / is strictly-increasing ) & (wol — q).
Assume: Vj e N, |w; — z;] < 1/j5.

Then: x o/l — gq.

Proof: Want: Ve > 0, 3K e Ns.t., Vj e N,

(j=2K) = ([(xol); —ql <e).
Given € > 0. Want: 3K € Ns.t., Vj e N,

(j2K) = ([(xol); —ql <e).
Since w o ¢ — q, choose L € N s.t., Vj € N,

(j2K) = ([(wol);—ql <e/2).



By the AP, choose M € N s.t. M > 2/e.
Let K := max{L, M}. Then K > L and K > M and K € N.
Want: VjeN, (j=K)= (|[(xol);—q|<e).
Given j e N.  Assume j > K. Want: |(zo/); —¢| <e.
Since j = K > L, by choice of L, we get: |(wo/{); —q| <¢e/2.
By assumption, |z, —wy,| < 1/¢;.
By a class theorem, ¢; > j. Then (; > j > K > M > 2/¢.
Since ¢; = 2/e > 0, we get: 1/{; < ¢/2.
Then |xy, — wy,| < 1/€; < €/2, 50 |15, — wy,| < /2.
Then [(z0); gl < [(z00); — (we 0] + [we ), — g

= ‘x@j - w5j| + ’(wog)j - Q|

<(e/2)+ (¢/2) = = QED

10-2. Show: Let f,g: R --+ R.
Assume: as x — 0, f, > —o0.
Assume: as x — 0, g, — —0.
Then: as © — o0, (f - g)s — 0.

Proof: Want: VM e R, dL e R s.t., Vx € R,
(z>L) = ((f-9)>M).
Given M e R.  Want: 4L e R s.t., Vx € R,
(2> L) = ((fg)a > M).
Let N := —y/max{M,0}. Then N € R and N <0.
Also, N? = max{M, 0}, so N? > M.
Since asx — o, f, » —o0, choose A€ R s.t., Vxr e R,
(z>A) = (fa <N).
Since as x — o, g, — —0, choose B € R s.t., Vz € R,
(x>B) = (g, <N).
Let L := max{A,B}. Then L > Aand L > B and L€ R.
Want: VzeR, (z>L)= ((f-g9).>M).
Given z € R Assume x > L.  Want: (f-g), > M.
Since x > L > A, by choice of A, we have: f, < N.
Then f, < N <0,s0 —f, >—N = 0.
Since x > L > B, by choice of B, we have: g, < N.
Then g, < N <0,s0 —g, > —N = 0.
Since —f, > —N >0 and —g, > —N > 0,
we get (—fz) - (=gz) > (=N) - (=N), so fi - g, > N2
Then (f - 9)e = fo9s > N> > M. QED
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10-3. Show: Let f := (e)3. Then Dyf = 3-22 - (e).

Proof: Let x :=2. Want: D,f =322 (e).
Since Dy = R, we see that Dyr = R.
We have: Vh € R,
(fg =3-2%-(8))n = foyn— fo—32°h
= (v + h)® — 23 — 32h
= 2% + 32%h + 3zh® + h® — 23 — 32%h
=3zh?+h® = ((3-z-(0)%+ (e)),
and so fI —3-2% () =3-
We have 3 -z - (¢)> € Hy <
Also, (¢)3 € Hsy < O(3) < o1
Since 3-z - (¢)? € 0(1) and ()3 € 0(1),
and since o(1) is linearly closed, we get:
3-x-(0)2+ (o)} €0(1).
Since fI —3-22- (o) =3 -z (o) + (¢)3 € 0(1),
we get 322 - (o) € LINS, f.
Then, by uniqueness of linearization, LINS, f = {3 - 22 - (e)}.
Then D,f = UE(LINS,f) = UE{3-2%-(e)} = 3-2%-(e). QED

10-4. Show: Let f := (e)?. Then Vx € R, f! = 322

Proof: Since Dy = R, we see that Dyr = R.
We have: Vh e R,
(fe =3-2%- () = forn — fo — 32%h
= (v + h)® — 2% — 32h
= 2% + 322h + 3zh® + h® — 23 — 32%h
=3zh?+h® = ((3-z-(e)%+ ()%,
and so ff —3-2% (e)=3-
We have 3 -z - (¢)> € Hy < O(
Also, (¢)3 € Hy < O(3) < o(1).
Since 3 -z - (¢)2 € 0(1) and (o) € (1),
and since o(1) is linearly closed, we get:
3-x-(0)2+ (8)3€0(1).
Since fI —3-22- (o) =3 -z (e)* + (¢)3 € 0(1),
we get 3- 22 - (o) € LINS, f.
Then, by uniqueness of linearization, LINS, f = {3 - 2% - (e)}.
Then D,f = UE(LINS,f) = UE{3-22-(¢)} = 322 (e).



Then f, = [D,f] = [3-2% (o)]
2 (3-22-(e)); = 3-22-1 = 322 QED
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10-5. Show: Let f: R --+ R, a,ce R.
Then D,(c- f) =* ¢ (D.f).

Proof: Want: (¢ (D,f) # ® ) = (
Assume: ¢- (D,f) # ©. Want: D,(c- f) = (D f).

Dao(c-f) = c-(Daf) ).

Since ¢ (D, f)®, we get: D,f # ®.  Then Daf e LINS, f.

Let L:= Dof. Then L e LINS,f, so fT — L e o(1).

So, since o(1) is linearly closed, we get: ¢- (fX — L) € o(1).

Then (c¢- f)f —c- L=c-ff—c-L=c-(ff - L)eo(l),
and so ¢+ L € LINS,(¢- f).

Then, by uniqueness of linearization, we get LINS,(c- f) = {c- L}.
Then D,(c- f) = UE(LINS.(c- f)) = UE{c-L} = c¢- L.
Then Dy(c- f) =c-L=c-(D.f). QED
Homework 9: Due on Tuesday 15 November

9-1. Show: Define f: R --+ R by: VzxeR, f, = 1/zx.
Then: asx — —oo, f, — 0.
Proof: Want: Ve > 0, AN € R s.t., Vo € Dy,

(< N)= (|fe —0|<e).
Given € > 0. Want: dN e R s.t., Vo € Dy,

(z<N)= (|fe —0|<e).
Let N := —1/e. Then —1/N =¢.
Since € > 0, we get: N € R and N < 0.
Want: Vx e Dy, (z<N) = (|fz =0 <¢).
Given x €e Dy.  Assume: z < N. Want: |f, — 0| <e.
We have z < N < 0,0z <0,s0 1/x <0, so |l/z| = —1/z.
Then |f, — 0| = |f.| = |1/2| = —1/x.  Also, e = —1/N.
Want: —1/z < —1/N.
We have z < N <0,s0 —x > —N >0, s0 1/(—z) < 1/(—N).

Then —1/x = 1/(—z) <1/(—=N) =—1/N. QED

9-2. Show: Let D € R, se (RP)N, fe RP.
Assume:  Vj e N, s; is continuous.
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Assume: s — f uniformly.
Then: f is continuous.

Proof: Want: Va € Dy, f is continuous at a.
Given a € Dy, Want: f is continuous at a.
Want: Ve > 0, 30 > 0 s.t., Vo € Dy,

(lz—al <d) = (I[f(x)] = [f(a)]]l <€)
Given € > 0. Want: 36 > 0 s.t., Vo € Dy,

(Jz—al <d) = (I[f(x)] = [f(a)]l <€)
Since s — f uniformly, choose K € Ns.t.,VjeN, Vx e D

(j = K) = ([lsj(@)] - [f(@)] <e/3).
By assumption, s € (RP)N, so s e R, so D, = D.
Also, f e R so Dy = D.
By assumption, Vj € N, s; is continuous. ~ Then sk is continuous.
So, sincea e Dy =D =D
Choose 6 > 0 s.t., Vr € Dy,

(o —al < 8) = ([[sx(@)] — [sx(a)]] < =/3).
Then 6 > 0. Want: Vz € Dy,

(le —al <8) = (I[f@)] - (@]l <e).
Given x € Dy.  Assume: |z —a| <d. Want: |[f(z)] —[f(a)]| <e.
We have v € Dy = D, soxe D. Thenxze D =D, ,soxelD,
Since K > K and x € D, by choice of K, |[sx(z)] — [f(z)]| < 8/3
Since |z — a| < §, by choice of 9, |[sx(z)] — [sx(a)]| < &/3.
Since K > K and a € D, by choice of K, |[sk(a)] — [f(a)]| < e/3.

si s We see that sk is continuous at a.

Then |[f(z)] = [f(a)]]
< |[f(@)] = [sx(@)]] + [[sx(2)] = [sx(a)][[[sx(a)] = [f(a)]|
= [[sx(@)] = [f @) + [[sx (2)] = [sx(a)][[[sx(a)] = [f(a)]|
< (e/3)+ (¢/3) + (¢/3) =e. QED

9-3. Show: Let f,g: R --+ R, k € Ny.
Assume: ( feo(k)) & (near 0, f=g).
Then: ge o(k).

Proof: Want: Ve > 0, 30 > 0 s.t., Vx € R,

(lz <d) = (lga] < [2|*).
Given € > 0. Want: 35 > 0 s.t., Vx e R,

(lzl <d) = (lga] < J2|*).
Since f € o(k), choose a > 0 s.t., Vo € R,

(lz] <) = (Ifl <e-]af*).



Since mnear 0, f =g, choose > 0 s.t.,

on B(0,6), f=uy.
Then Vz € B(0,6), we have f, = g,.
Let 6 := min{c, 8}. Then § > 0.
Want: Vz e R, (|z| <6) = (|g.| <e-|z]*).
Given z € R.  Assume: |z] <. Want: |g,| <e-|z|*
Since |z| < § < «, by choice of a, we get: |f,| < e |zt
Since |r — 0] < § < B, we get: x € B(0, ), and so f, = g,.
Then |g.| = |f.] <e-|z[f. QED
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9-4. Show: Let s,t e RY.
Assume: (s— o0 )& (VjeN, t; > s, ).
Then: t — 0.

Proof: Want: VM € R, 3K € N s.t., Vj e N,
(j=K)= (t;>M).
Given M e R.  Want: JK e Ns.t., Vj e N,
(j=zK) = (t; > M).
Since s — o, choose K € N s.t., Vj e N,
(j=K) = (s;>M).
Then K € N.
Want: VjeN, (j=>K) = (t; > M).
Given j e N.  Assume: j > K. Want: ¢; > M.
Since j € N, by assumption, we get: t; > s;.
Since j > K, by choice of K, we get: s; > M.
Then t; > s; > M. QED

9-5. Show:
Let a := (1,1/2,1/2, 1/4,1/4, 1/4, 1/4,1/8, ...).
NOTE: The terms of a are, in order:
a single “17,  then two “1/2”s,
then four “1/4”s,  then eight “1/8”s,

then sixteen “1/16”s, then thirty-two “1/32”s,

Let b := (1,1/2,1/3,1/4,1/5,1/6,1/7,1/8,...).
Define s,t € RN by: Vj e N,
si=a;+---+a; and t; =0+ -+,
Then: (i) I is unbounded and
(ii) VjeN, t; > s;/2 and
(iif) ¢ — o0

etc.
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Proof: Proof of (i):

Defineme NN by: VjeN,mj =14+2+4+8+ 16+ -+ 2771,

By a class theorem, Vj € N, s,,,. = j.

Then: Vj e N, j = s, €l,.

Since, Vj € N, j € I, it follows that N < 1.

Assume I, is bounded.  Want: Contradiction.

Choose B € B s.t. I, < B.

Choose a € R and r > 0 s.t. B = B(a,r).

By the AP, choose j e Ns.t. 7 >a+r.

Since jeNc ;€ B=B(a,r)=(a—r;a+71)<a+r <],
we conclude that j < 7.  Contradiction.

End of proof of (i).

Proof of (i1):
Given j e N.  Want: ¢, > s;/2.
By a class theorem, Vi € N, b; > s,;/2.
Then all of the following are true:
b1 >CL1/2, b2>a2/2, b3>a3/2, bj>aj/2.
Then b1 + -+ bj > (a1/2) + -+ (CL]/Q)
Thent; = by+---+b; > (a1/2)+- -+ (a;/2) = (a1 +---+a;)/2 = s;/2.
End of proof of (ii).

Proof of (iii):
Since Vj € N, a; > 0, it follows that s is strictly-increasing.
Then s is semi-increasing. By (i), I is unbounded.

Then, by a class theorem, s — 0.
By (ii), we have: Vj e N, t; > (s/2);.
So, by HW#9-4, it suffices to show: s/2 — co.
Want: VM € R, 3K € N s.t., Vj e N,

(= K) = ((s/2); > M).
Given M e R.  Want: dK € Ns.t.,, Vje N,

(5= K) = ((s/2); > M).
Since s — o0, choose K € N s.t., V5 € N,

(j=K)= (s;>2-M).
Then K € N. Want: VjeN, (= K) = ((s/2); > M).
Given j e N.  Assume: j > K. Want: (s/2); > M.
Since j = K, by choice of K, we get: s; > 2- M.
Then s;/2 > (2- M)/2.
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Then (s/2); = s;/2> (2-M)/2 = M.
End of proof of (ii1). QED

Homework 8: Due on Wednesday 9 November

8-1. Show: Let f € 0(3), g€ o(4). Then: f-ge o(7).

Proof: Want: Ve > 0, 30 > 0 s.t., Vo € R,

(Jz]<d) = (I(f-9)l <e-|2[").
Given ¢ > 0. Want: 30 > 0 s.t., Vx € R,

([z] <) = (I(f-9):l <e-[z[").
Since f € 0(3), choose @ > 0 s.t., Yz € R,

(lz] <a) = ([fol <VE-[2).
Since g € 0(4), choose > 0 s.t., Vo € R,

(lz] <8) = (lgal < Ve [2|*).
Let § := min{c, 5}. Then § > 0 and é < o and 6 < S.
Want: Vz e R, (|z] <) = (|(f-9)] <e-|2]").
Given z € R.  Assume |z| < 6. Want: |(f-g).] <e-|z|".
Since |z| < ¢ < a, by choice of «, we get: |f,| < /€ |x]>.
Since |z| < § < 8, by choice of 3, we get: |g.| < /2 - |z|.
Since 0 < |f.| < v/ |z* and 0 < |g.]| < /2 - |z,

we et |ful-|gul < v o -2 1]t
= [fal ool < Ve [P e falt =€ |2 QED

8-2. Show: Let s € RY,
Assume I is bounded.  Then s is subconvergent.

Proof: Want: dsubsequence t of s s.t. t is convergent.
By a class theorem, choose a subsequence t of s s.t. t is semi-monotone.
Then t is a subsequence of s.  Want: t is convergent.
Since t is a subsequence of s, we get: I; < .
So, since I, is bounded, we get: II; is bounded.
Since t is semi-monontone and II; is bounded,
by a class theorem, we get: t is convergent. QED

8-3. Show: Let s € RY.
Assume s is convergent.  Then s is Cauchy.
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Proof: Want: Ve > 0, 3K € N s.t., Vi,j € N,

(i,j = K) = (|si —sj] <e¢).
Given € > 0. Want: dK e Ns.t., Vi,j e N,

(i,j =2 K) = (|si —s4] <e).
Since s is convergent, choose z € R s.t. s — 2.
Since s — z, choose K € N s.t., Vk € N,

(k=K) = (|sg — 2| <g/2).
Then K e N.  Want: Vi,jeN, (i,j > K) = (|s; —s;| <¢).
Giveni,j e N.  Assumei,j > K. Want: |s; —s;| <e.
Since ¢ = K, by choice of K, we get: |s; — z| < &/2.
Since j = K, by choice of K, we get: |s; — 2| <&/2, 50 |z — 5| < ¢/2.
Then |s; — s;| < |s; — 2| + |z — 55| < (¢/2) + (¢/2) = e. QED

8-4. Show: Let s € RY.
Assume s is Cauchy and subconvergent.  Then s is convergent.

Proof: Since s is subconvergent,
choose a subsequence t of s s.t. t is convergent.

Since t is convergent, choose z € R s.t. t — z.  Want: s — z.
Want: Ve > 0, 3K e Ns.t., Vj e N,

(> K) = (ls;—2| <2).
Given ¢ > 0. Want: IK e Ns.t., Vj e N,

(> K) = (ls;— 2| <2).
Since s is Cauchy, choose K € N s.t., Vi,j € N,

(i,j=K) = (|si —s5] <¢/2).
Then K e N. Want: VjeN, (j=>K) = (|s;—z <¢).
Given j e N.  Assume j > K. Want: |s; —z| <e.
Since t — z, choose L € N s.t., Vi e N,

(i=zL)= (|ti—2z|<¢e/2).
Let i := max{K,L}. ThenieNandi:> K andi > L.
Since t is a subsequence of s,

choose a strictly-increasing £ € NY s.t. t = s o /.

Since £/ € N, and i € N, we get: ¢; € N.
By a homework problem, we get:  ¢; > i.
Let m = ¥¢;. Then meN and m >1.
Since m > 1> K, we get: m > K.
Since s, = Sy, = (so0l); = t;, we get s, = t;.
Since ¢ = L, by choice of L, we get: |t; — z| < g/2.
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Since m, j = K, by choice of K, we get: |s,, — s;| < &/2.
Then [s; — ti| = [Sj — sm| = |sm — 55| <€/2, so|s; —t;| <e/2.
Then |s; — z| < |s; —t;| + |ti — 2| < (¢/2) + (¢/2) = . QED

8-5. Show: Let s € RY,
Assume s is Cauchy.  Then s is convergent.

Proof: By a class theorem, since s is Cauchy, I is bounded.
Then, by HW#8-2,  we get: s is subconvergent.
Since s is Cauchy and subconvergent,

by HW#8-4, we get: s is convergent. QED

Homework 7: Due on Tuesday 1 November

7-1. Show: Let k€ NN, Assume k is strictly-increasing.
Then: VjeN, k; > j.

Proof: Let S:={jeN|k; = j}. Want: S =N.

Since k1 e N> 1, we get 1 € S.

By the PMI, it suffice to show: Vke S, k+1€S.

Given ke S. Want: k+1€ 5.

Know: k; > j. Want: k;j; > j + 1.

Since k is strictly increasing, we have: kj.; > k;.

So, since kj, kj11 € Z, we get: kj 1 = k; + 1.

Since k; > j, by adding 1 to both sides, we get: k; +1 > j + 1.
Then kj+1 2 kj + 1 > ] + 1 QED

7-2. Show: Let s,t € R.  Assume s < t.
Then: dreQst.s<x<t.

Proof: We have t —s > 0. By the AP, choose j € Ns.t. j > 1/(t—s).
Then j-(t—s)>1,s0j-t—j-s>1

Leta:=j-sandb:=j5-t. Thenb—a > 1.

Then, by a class theorem, choose k € Z s.t. a < k < b.

Since k € Z and j € N, we get k/j € Q.

Let x :=k/j. Thenxe Q. Want: s <z <t.

We have j-x = k.

Since a < k < b and since j € N > 0, we get a/j < k/j < b/j.

Then (j-8)/j<(j-z)/j<(j-t)/j. Thens<z<t. QED
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7-3. Show: Let s,t,u e RY, a e R.
Assume: Vje N, s; < t; < u,.
Assume: s — a and u — a.

Then: t — a.

Proof: Want: Ve > 0,3K e Ns.t.,,VjeN, (j=K) = (|tj—a| <¢e).
Given € > 0. Want: 3K e Ns.t., Vje N, (j
Since s — a, choose Le Ns.t., VjeN, (j= s
Since u — a, choose M e Ns.t.,VjeN, (j=M) = (Ju;—al <e).
Let K :=max{L,M}. Then K > L and K > M and K € N.
Want: VjeN, (j=K)= (|t;—a|l<e).

Given j e N.  Assume j > K. Want: |t; —a| <e.
Since j = K > L, by choice of L, we get |s; —a| <e.
Thena—e<s; <a+e.

Since j = K > M, by choice of M, we get |u; —a| < e.

Then a —e <wuj; <a+e.

By assumption, s; <t; < u;.

We have a —e < s; <t;, soa—e<tj.

We have t; <uj <a+e, sot;j<a+te.

Thena—e <tj<a+e, solt;—al<e. QED

7-4. Show: Let f,g: R --+ R, a € R.
Assume: as r — a, f, > —oo0.
Assume: as r — a, g, — —0.
Then: as ¢ — a, (f - g), — .

Proof: Want: YM € R, 35 > 0 s.t., Vo € Dy,
(0<fz—al<d) = ((f g)e>M).
Given M e R.  Want: 3§ > 0 s.t., Vo € Dy,

(0<fo—dal<8) = ((fg) > M).
Let N := —y/max{M, 0}.
Then N € R and N < 0 and N? = max{M, 0}.
Since asx —a, fp > —0, choose a > 0 s.t., Vo € Dy,
(O<|z—a|<a)= (f.<N).
Since asx — a, g, — —0, choose 8 > 0 s.t., Vo € Dy,
(O<|x—al<pB) = (g. <N).
Let 6 := min{a,}. Then d < a and § < 5 and § > 0.
Want: Vr e Dy, (0<|z—al]<d) = ((f-9).>M).
Given x € Dy, Assume 0 < |z —a| <d. Want: (f-g), > M.
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Since x € Dy, we get:  x ey and xeD,.
Since 0 < |z —af and |z —a| <0 < o, we get 0 < |z —a| < a.
Then, by choice of o, we get f, < N. Then —f, > —N.
Since 0 < |z —a] and |z —a| <0 < 3, we get 0 < |z — a|] < S.
Then, by choice of 3, we get g, < N.  Then —g, > —N.
Since N < 0, we get —N > 0.
Since —f, > —N >0 and —g, = —N >0,

we get (—fz) - (=gz) > (=N)-(=N).  Then f, - g, > N*.
Then (f - 9)e = fo 9o > N? =max{M,0} > M. QED

7-5. Show: Let f,g: R --—» R, g€ Dy.,.
Then: (f-g)y = f;-9q + fo-95 + f7 94

Proof: Want: Vh € R, ((f-g)?lr)h = (f('f-gq + fq-g;f - f(}r-gg)h.

Given he R. Want: ((f-g)g)h = (f;rogq + fq-g;r + f;r'gg)h.

We have ((fg)g)h = (fg) +h — (f g) = fQ+h 9q+h — fq 9q-

Want: fq+h'gq+h_fq'gq = ( T *q + fq gq + fT gq)

Let a:=f, b:i=g, A =fq+h, B = ggn.

Want: A-B—a-b = (f;r-gq + fq~g;T + f;r‘ggr)h.

We have A —a = foon — fq = () )n-

We have B —b = gon — gq = (gg )n-

By the Naive Product Rule, we have
A-B—a-b=(A—-a)-b+a-(B—b)+(A—a)-(B—0).

Then A-B—a-b = (fn-go+ fo- (600 + (- (6]

(fT gq)h+(fq 9)dn + (fg 94 )n

(fT 9g+ Jq- 95 + 17 - 95 )n- QED

Homework 6: Due on Tuesday 25 October

6-1. Show: Vae R, 3z e Rs.t. 2° + 23 + = = a.

Proof: Given ae R.  Want: 3z e Rs.t. 2° + 2% + 2 = a.

We have —|a| < a and |a| a. Let b:=lal.

Then —b < a and b >

Also, b > 0, so b° + 1)3 = 0.

Then —(b° + b*) —b < —b and (b° + %) + b > b.

Define f : R - Rby: Vx e R, f, = 2°+23+x. Then f is continuous.
We have [, = —(0°+b*)—b< —b<aand f=(°+0°)+b=>b=>a.
Then f, <aand f, = a, and so f_, < a < f,, and so a € [f_p|f3].
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Since f is continuous on [—b|b], by the IVT, we have [ f_,|f,] S f«[—0[0].
Since a € [f_p|fo] € f:[—0|b] choose = € [—b|b] s.t. f. = a.

Then z € [—b[b] € R.  Want 2° + 2° + = = a.

We have 2° + 23 + z = f, = a. QED

6-2. Show: Let f,g: R --+ R, a,be R.
Assume: as r — a, f, — b. Assume: ¢ is continuous at b.
Then: as * — a, (9o f)z — g.

Proof: Want: Ve > 0, 30 > 0 s.t., Vo € Dy,

(0<lfz—al<d) = ([(gofla—gl <€)
Given € > 0. Want: 36 > 0 s.t., Vo € Dy,

(0<lfz—al<d) = ([(gofla—gl <€)
Since g is continuous at b, choose 1 > 0 s.t., Vy € D,

(ly=bl<mn) = (lgy — gl <¢).
Since as * — a, fy — b, choose § > 0 s.t., Vo € Dy,

(0<|z—a|<d) = (|fc—0l<n).
Then 6 > 0. Want: Vz € Dy,

(0<lz—al <) = ([(gof)e—p| <€)
Givenz € Dyop.  Assume 0 < [z—a| <. Want: |(gof).—gq| <e.
Since x € Dyor, we get f, € D,.  Then f, # ®, so x € Dy.
Since 0 < |z — a| < J, by choice of §, we get |f, —b] <.
Let y := f,. Then y = f, € D,.
Since |y — b| = |f» — b| <n, by choice of 1, we get |g, — g < €.
Then |(go fe — gl = 97, — @l = lgy — | <& QED

6-3. Show: Let f: R --» R, a,b e Dy.

Assume a # b. Let m := DQ(a,b).

Define g : R --» R by: VreR, g, % f.—mzx.
Then: g, = gp.

_f—ta Som:fb_fa

Proof: We have m = DQ¢(a, b) 3 , 3
—a —a

Then m - (b—a) = f, — f,.
Then mb —ma = f, — f,.
Then f, — ma = f, — mb.
Then g, = g5. QED

6-4. Show: Let f: R --» R, a € Dy.
Assume fI is continuous at 0.  Then f is continuous at a.
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Proof: Want: Ve > 0, 30 > 0 s.t., Vo € Dy,
(|x*a| <5) = (|fx*fa| <5)'
Given € > 0. Want: 36 > 0 s.t., Vz € Dy,
(|x—a| <5) = (|fw_fa| <5)'
Let g := fI.  Then, by assumption, g is continuous at 0.
Since g is continuous at 0, choose § > 0 s.t., Vh € Dy,
([h=0]<d) = (lgn— g0l <€)
Then 6 > 0. Want: Ve e Dy, (|v —a| <) = (|fa — fo| <€).
Given x € Dy.  Assume |z —a| <. Want: |f, — f,| <e.
Since z,a € Dy, it follows that f, — fo # ®. Let h =z —a.
We have g5, = (f;T)h = forn—fo = fo— fa
So, since f, — f, # ®, we see that g, # @ and g, = [ — fa.
Since g, # ®, we get h e D,.
So, since |h—0| = |h| = |x —a| < d, by choice of §, we get |gr — go| < €.
Since a € Dy, we get for0— fo = 0.
Then 90 = (f(;]r)o = fa-&-O*fa = 0. Then go = 0.
Then fm_fa:gh:gh_QO- Then|fa:_fa| = |gh_90| <E€. QED

= (g7.) o (/D).

6-5. Show: Let f,g: R --» R, a € Dyoy. Then (go f

)a
Proof: Want: YVhe R, ((go f)I), = ((g}ra) o (fI))h-
Given he R.  Want: ((go f)i)n = ((97,) © (f))n-
We have:  ((90 f)D)n = (90 flaxn — (g0 fa-
Want: (9o flagn — (90 fa = ((gfa) (fa))n-
Let k:= ((fa)")n- Then:  ((g}, ) (faDn = (g7 -
Want: (9o flarn — (90 f)a =( k-
We have: (g}ra)k Gfatk — Gfo-
Want: (9o flasn — (90 f)a = Gpark — Y-
We have: k= (fO)n = forn — fa-
Then fa +k = fa + fa+h - fa-
Since a € Dy, we get fo — fo = 0,50 fo + foin — fo = fatn-
Then fa +k = fa + fzz+h - fa = fa+ha
so  fat+k = fayn, sO Gfat+k = Gforn-

Then (go flasn — (90 f)a = 9fasn = Yfa

= Gtk — Yfa- QED

Homework 5: Due on Wednesday 19 October
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5-1. Show: Let f,g: R --+» R, aeR.
Assume f and g are both continuous at a.
Then f + ¢ is continuous at a.

Proof: Want: Ve >0, 30 > 0 s.t., Vo € Dy,

([z—al <d6) = ([(f+9)s—(f+9)al <€)
Given € > 0. Want: 36 > 0 s.t., Vo € Dy,

([z—al <d) = ([(f+9)s—(f+9)al <€)
Since f is continuous at a, choose A > 0 s.t., Vo € Dy,

([z—al <d) = (|fa = fal <&/2).
Since g is continuous at a, choose > 0 s.t., Vo € D,

([z—al <d) = (|92 — gal <€/2).
Let § := min{\, u}. Then 6 > 0.
Want: Vo e Dy, (lz—al <d) = ([(f +9) — (f +9)al <€)
Given x € Dyyy. Assume [z—a| <d. Want: |[(f+9).—(f+9)d] <e.
Since x € Dy, 4, we get: x € Dy and x € D,.
Since 0 = min{\, u}, we get: § < X and A < p.
Since | — a] < § < A, by choice of A\, we get: |f, — fu] <e/2.
Since |z — a] < § < p, by choice of u, we get: |g. — ga| < /2.
Then |(f +9)s = (f +9)al = [(fa + 92) = (fa + a)l
|fz +ga: _fa_ga|
|fr —Jat 9z _ga|
| fo = fal + 192 — 94l
(e/2) + (¢/2) =e. QED

AN

5-2. Show: Let f,g: R --+ R, aeR.
Assume  f is continuous at ¢ and ¢ is continuous at f,.
Then g o f is continuous at a.

Proof: Want: Ve > 0, 30 > 0 s.t., Vo € Dy,

(lz—al <6) = ([(gof)a—(g0f)al <€)
Given € > 0. Want: 36 > 0 s.t., Vo € Dy,

(lz—al <d) = ([(gof)a—(g0f)al <€)
Since g is continuous at f,, choose n > 0 s.t., Vy € D,

(ly = fol <m) = (lgy — 9| <€)
Since f is continuous at a, choose § > 0 s.t., Vo € Dy,

(lr—al<d) = ([fa = fal <)
Then 6 > 0.
Want: Vo e Dgoy,  (lz—al <) = (l(gofla—(g0f)a <2).
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Given = € Dyoy. Assume |z —a| <. Want: |[(go f), —(go f)d] <e.
Since x € Dyor, we get f, € Dy, and so x € Dy.

Since |z — a] < §, by choice of §, we get | f, — fu| <n.

Let y :== f,.  Then |y — fu| <n. Also, y = f, € Dy, so y € D,.

Since |y — fa| <n, by choice of 1, we get |g, — g1.| < €.

Then [(g o f)o = (90 f)al = l97. = 95l = 9y — 9.l <& QED

5-3. Show: Let f: R --+ R, se (D;)V, a e R.
Assume  f is continuous at @ and s — a. Then fos — f,.

Proof: Want: Ve > 0, 3K e N s.t., Vj e N,

(j=K) = ([(fos);— fal <e).
Given € > 0. Want: 3K € Ns.t., Vj e N,

(j=K) = ([(fes);— fu <¢).
Since f is continuous at a, choose § > 0 s.t., Va € Dy,

(lz—al <d6) = (|fa = fal <€)
Since s — a, choose K € N s.t., Vj e N,

(j=K) = (|sj—a|<0d).
Then K € N.
Want: VieN, (j=K)= (|(fos);— fu <e).
Given j € N. Assume j > K. Want: |[(fos); — fa| <e.
Since j = K, by choice of K, we get: |s; —a| <.
Since s € (D), we get: s; € Dy. Let  :=s;. Then x € Dy.
Since | — a| = |s; — a| < 4, by choice of §, we get: |f, — fa| <e.

Then |(f08)j _fa‘ = ’fsj- - fa’ = |fx —fa‘ < E. QED

5-4. Show: let f: R --» R.
Assume f is Lipschitz.  Then f is uniformly continuous.

Proof: Want: Ve > 0, 30 > 0 s.t., Yw, z € Dy,

(|$_w‘ <5> = (’fw_fw‘ <€)’
Given € > 0. Want: 30 > 0 s.t., Yw,z € Dy,

(lz—w| <d) = (Ife = ful <€)
Since f is Lipschitz, choose L > 0 s.t. f is L-Lipschitz.
Let 6 :=¢ /(L +1). Then § > 0.
Want: Vw,z€Ds, (|lz—w|<d) = (|fo — fu] <e).
Want: Given w,z € Dy. Assume |z —w| < 6. Want: |f, — fu| <e.
Since f is L-Lipschitz, we get: |f, — fu| < L - |w — z|.
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Since L > 0 and |w — x| < 6, we get L - |x —w| < L- 6.
Then |fy — fu| < L-|lw—2|<L-6=L-¢/(L+1)<e. QED

5-5. Show: let f: R --» R.

Assume f is uniformly continuous.  Then f is continuous.

Proof: Want: Va € R, f is continuous at a.
Given a € R.  Want: f is continuous at a.
Want: Ve > 0, 36 > 0 s.t., Vo € Dy,
(|a;—a] <5) = (|fx_fa‘ <5)'
Given € > 0. Want: 30 > 0 s.t., Vo € Dy,
(Jx—af <d) = (fa = fal <€)
Since f is uniformly continuous, choose 0 > 0 s.t., Yw, z € Dy,
(|x—w| <5) = (|fx_fw‘ <5)'
Then 6 > 0.
Want: Yz e Dy, (|lz—a| <) = (|fo — fal <e).
Given x € Dy. Assume |z —a| < 0. Want: |f, — f.| <e.
Let w := a. Then w = a € Dy. Recall that x € Dy.
Also, |z —w| = |x —a| <9, so |xr —w| <.
Since |x — w| < §, by choice of §, we get: |f. — fu| <e.
Then |fx_fa‘ = ’fﬂc—fw‘ <E&. QED

Homework 4: Due on Tuesday 11 October

4-1. Show: (1,2,3,...) — .

Proof: Let s :=(1,2,3,...). Want: s — .

We have: Vj e N, s; = j.

Want: VM e R, 3K eNst,VjeN, (j=K) = (s;>M).
Given M e R. Want: 3K e Ns.t.,VjieN, (j=K) = (s;>M).
By the AP, choose K e Ns.t. K > M. Then K € N.

Want: VjeN, (j=>K)= (s;>M).

Given j e N.  Assume j > K. Want: s; > M.

We have s; = 7 > K > M. QED

4-2. Show: Let s € RN, ¢ < 0.
Assume s — 0. Then ¢- s — —c0.

Proof: Want: YN e R, 3K e Nst.,VjeN, (j > K) = ((¢c-s); <
N).
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Given N e R. Want: 3K e Nst,,VjeN, (j > K) = ((c-s); <N).
Let M := N/c. Then M e Rand c¢-M = N.

Since s — o0, choose K e Ns.t., VjeN, (j=>K) = (s;>M).
Then K € N. Want: VjeN, (j=>2K) = ((c-s); <N).
Given j e N.  Assume j > K. Want: (c-s); < N.
Since j = K, by choice of K, we have s; > M.

So, since c <0, wegetc-s; <c-M.

Then (¢-s);j =c-s; <c-M = N. QED

4-3. Show: Let s,t € RN,
Assume s — o0 and ¢t — 0. Then s + ¢t — 0.

Proof: Want: VM e R, K € N s.t., Vj e N,

(j=2K) = ((s+1); > M).
Given M € R. Want: 1K € N s.t., Vj e N,

(j=K)= ((s+t);>M).

Since s — o0, choose Ae Nsit, VjeN, (j=A) = (s; >M/2).
Since t — o0, choose Be Ns.t.,VjeN, (j=B) = (t; > M/2).
Let K := max{A, B}. Then K € {A, B} < N,

Want: VjeN, (j=>2K)= ((s+1);>M).

Given j e N.  Assume j > K. Want: (s+1t); > M.
We have K > A and K > B.

Since j = K > A, by choice of A, we get s; > M/2.

Since j = K > B, by choice of B, we get t; > M /2.

Then (s +t); = s; + t; > (M/2) + (M/2) = M.  QED

=
=

4-4. Show: Let s € (RY)N.
Assume s — o0. Then 1/s — 0.

Proof: Want: Ve > 0, 4K € N s.t., Vj e N,

(7> K) = (1(1/s); 0] <&).
Given € > 0. Want: 3K € Ns.t., Vj e N,

(7> K) = ((1/s); 0] <&).
Let M :=1/e. Sincee >0, we get M € Rand M > 0 and 1/M = e.
Since s — o0, choose K e Ns.t.,,VjeN, (j>K) = (s; > M)
Then K e N.  Want: VjeN, (j>K) = (|(1/s); —0|<e).
Given je N.  Assume j > K. Want: |(1/s);, — 0| <e.
Since j > K, by choice of K, we have s; > M.
We have s; > M >0, s0 s; > 0,50 1/s; >0, s0 |1/s;| =1/s;.
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Since s; > M > 0, we also get 1/s; < 1/M.
Then |(1/s); = 0] = [(1/s);] = |1/s;] = 1/s; <1/M =e. QED

4-5. Show: Let s € (RJ)N, ce R.
Assume s — —o0. Then ¢/s — 0.

Proof: Want: Ve > 0, 4K € N s.t., Vj e N,

(j=K) = (I(¢/s); = 0] <¢).
Given € > 0. Want: 3K e Ns.t., Vj e N,

(j=K) = ([(¢/s); = 0] <e).
Let M :=(|¢|+1)/e. Then M € R and M > 0.
Since s — —, choose K e Ns.t., VjeN, (j > K) = (s; <—M).
Then K e N. Want: VjeN, (j=K) = (|(¢/s); -0 <e).
Given j e N.  Assume j > K. Want: |(¢/s); — 0| <e.
Since j > K, by choice of K, we get s; < —M.
Since s; < —M < 0, it follows that s; < 0, so |s;| = —s;.
Since —s; > M > 0, we get 1/(—s;) < 1/M. Then |c|/(—s;) < |¢|/M.
We have 1/M =¢/(|c| + 1), and so |c¢| - (1/M) < e.
Then |c|/|s;| = [e]/(=s;) < el/M = |c[ - (1/M) <&, so |c|/[s;] <.
Then [(¢/s); — 0] = (¢/o);] = I¢/ss| = lel/Is;| <e.  QED

Below is an alternate proof.

Proof:

Claim: —s — 0.
Proof of Claim: Want: VM € R, 3K € N s.t., Vj e N,
(j=K) = ((—s); > M),
Given M € R. Want: 1K € N s.t., Vj e N,
(j=K) = ((—s); > M),
Since s — —o0, choose K € N s.t., Vj e N|
(j=K) = (s <-M).
Then K € N. Want: VjeN, (j=K) = ((-s); > M).
Given j e N.  Assume j > K. Want: (—s); > M.
Since j > K, by choice of K, we get: s; < =M. Then —s; > M.
Then (—s); = —s; > M.
End of proof of Claim.

Let b := —c, r := —s. By the Claim, r — o0.
So, by HW 4-4, 1/r — 0. So, by HW 4-2, b- (1/r) — b - 0.



29

So, since b-0 = 0, we get: b (1/r) — 0. Want: ¢/s — 0.
Want: b- (1/r) =c¢/s. Want: VjeN, (b-(1/r)); = (¢/s);.
Given je N.  Want: (b-(1/r)); = (¢/s);.

We have r; = (—s); = —s;, sor; =—s;. Also, (¢/s); = ¢/s;.
Then b/rj = (—c)/(=s;) = ¢/sj = (¢/s);, s0 b/rj = (c/s);.

Then (b- (1/r)); =b- (1/r); = b-(1/r;) = b/r; = (c/s);. QED

Homework 3: Due on Tuesday 4 October

3-1. Using the 0-PMI, show: Let z € R. Then: Vj € Ny, |27| = |z|/.
Proof: Let S :={j e N||2’| = |z|7}. Want: S =N.

2% = 1| =1=|z]",;s0 0 € S.

By PMI, want: Vje S, j+1€S.

Given j € S. Want: j+1€S.

Know: |27] = |z Want: |77 = |z,

We have: |27t = |27 - x| = [27] - |z| = |27 - |2| = |2]TTL QED

3-2. Show: Ve >0, 36 > 0 s.t., Vr e R,
(lz—4]<d) = (|z°—bH2*+4z| <¢e).

Proof:
Given € > 0. Want: 36 > 0 s.t., Vo € R,

(lv—4]<8) = (|2° -5z +4x| <e).
Let ¢ := min{1,£/31,¢/30}. Then 6 > 0.
Want: Vz € R, (lz—4]<6) = (|2*—b52%+4x| <e).
Given z € R. Assume |z — 4| < . Want: |23 — 522 + 42| < e.
We have § < 1 and § < ¢/31.
Since |z| = [r—4+4| < |z —4]| + 4] < 0 +4 < 5, we get |z|> + |z| < 30.
Then |2% — z| < |z|? + |z| < 30.
Then |(x —4) - (22 — )| = |z — 4| - |22 — 2| <530 < (¢/31) - 30 < &.
Then |2* — 52? + 4z| = |(x — 4) - (2 — 2)| < e. QED

3-3. Show: Define f : R — R by: Vz e R, f, = 2%
Then: Vae R, Ve > 0, 30 > 0 s.t., Vx € R,
(|I_a’<5) = (|f:c_fa|<5)'
Proof: Given a € R, € > 0.

Want: 30 > 0s.t., Ve eR, (|z—a|<d) = (|fo—fo <e).
Let 6 :=¢/(1+2-]al]). Then ¢ > 0.
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Want: Vz € R, (lx—al<d) = (|fe—fal <e).

Given x € R. Assume |z —a| < §. Want: |f, — f.| <e.

We have |z| = |z —a + a| < |z —al + |a] < + |al, so x| <0 + |a].

Then |z| 4+ |a| <d+2-|a] <142 |al.

Then 6 - (] + |af) = (¢/(1 +2-al)) - ([z[ + |a])
<(e/(1+2-]a])) - (1+2-]a]) <e.

Then [(z—a) - (x+a)| =|x—a| |z +a| <6 |z+a|l <0 (Jz|+]a]) <e.

Then |f, — fu| = |22 —a®| =|(z —a) - (x + a)| <e. QED

3-4. Show: VM e R, 1K € N s.t., Vj € N,
(j=zK) = (j'-7-9>M).

Proof: Given M € R. Want: 1K € Ns.t., Vj e N,
(j=K) = (j*=7—-9>M).

Let L :=max{2,M +9}. Then L<2 and L<M+09.
By the Archimedean Principle,

choose K € N such that K > L. Then K € N.
Want: Vj e N, (j=2K) = (j*=7/-9>M).
Given j € N. Assume j > K. Want: j* —7j — 9 > M.
Wehave j —9>K-9>L—-9>(M+9)—-9=M,s0j—-9> M.
We have j > K > L >2. Then j° > 8.
So, since j € N > 0, we get 52 - j > 8j.
Then j4—7j—9=4%j—-7j-9>8—-7j—9=j-9>M. QED

3-5. Show: Let z,yeR. Then: ||yl — |z|]| < |y — x|
Proof: Let a := |x|and b := |y| and € := |y —z|. Want: [b—a| < e.
Want: a —e<b<a-+e.

Want: (1) a—e<b and (2)b<a+e.

Proof of (1):

We have a = [z| = [y + (z —y)[ < |y[+ |z -yl = [yl + |y —z[ =b+e.
Then a <b+¢c. Thena—e<b.

End of proof of (1).

Proof of (2):

We have b= |y| = [z + (y —2)| < |z| + |y —z| = a + &
Then b < a +e.

End of proof of (2). QED
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Homework 2: Due on Tuesday 27 September

2-1. Show: Let S < R*. Then: supg =* maxg.

Proof: Want: ( maxg # @ ) = ( supg = maxg ).
Assume maxg # ®.  Want: supg = maxg.
We have: maxg = UE(S n UBg) *¢ S n UBg, so maxg € S n UBg.
Since maxg € S < supg, we get maxg < supg.
Since maxg € UBg > supg, we get maxg > supg.
Since maxg < supg and maxg > supg,
we get maxg = supg, SO supg = maxg. QED

2-2. Show: VM € R, AN € R s.t., Vz € R,
(z<N) = (22> M).

Proof: Given M € R. Want: N € R s.t., Vo € R,
(z<N) = (22>M).
Let N := —y/max{M,0}. Then N € R.
Want: VzeR, (z <N ) = (22> M).
Given z € R. Assume < N. Want: 2° > M.
Since N = —y/max{M, 0}, we get N < 0 and N? = max{M, 0}.
Since z < N < 0, we get 22 > N2
Then 22 > N? = max{M,0} > M. QED

2-3. Show: VM e R, 1K € Nj s.t., Vj € Ny,
(j=2K) = (2>M).

Proof: Given M € R. Want: 1K € Ny s.t., Vj € N,
(j=2K) = (2>M).
By the Archimedean Principle, choose K € N such that K > M.
Then K € N < Ny, so K € Ng.
Want: VjeNy, (j>K) = (20> M).
Given j € Ny. Assume j > K. Want: 2/ > M.
By an in class theorem, 27 > j + 1.
Then 2/ > j+1>j>K>M. QED

2-4. Show: Ve > 0, 3K € Nj s.t., Vj € Ny,

(j=2K) = <%<g>.
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Proof: Given € > 0. Want: 3K € Nj s.t., Vj € Ny,

K 1
1
Let M :=1/e. ThenMeRandM>0andM=5.

By HW 2-3, choose K € Nj s.t. Vj € Ny,
(j=K) = (2>M).

1
Then K € Nj. Want: VjeNy, (j > K ) = (§<€).

1
Given j € Ny. Assume j > K. Want: % <e.
By the choice of K, since j > K, we get 2/ > M.
. 1
Si 22> M>0 t— < —.
ince ,We get o5 < o

1 1
Then % < o QED

2-5. Using the 0-PMI, show: Vk € Ny,
1+2+448+--+2F = 2k 1,

Proof: Let S:={jeNg|1+2+4+8+ - 428 = 2k1 _ 1}
Want: S =N;. Since 1 =21 -1 weget0eS.
By the 0-PMI, want: Vje S, j+ 1€ S.
Given j € S. Want: j+1€ 5.
Know: 1 +2+4+8+ .- +2F = 2k+1 1
Want: 1+24+4 48+ +2F p 2kl = ok+D+l
We have 1+2+ 4+ 8+ .-+ 2F 4 2k+l

— 2k+1_1+2k+1

_ 2k+1+2k+1_1

_ 2k+1‘1+2k+1‘1_1

= 2kl (1+1)—1

_ 2k+1‘2_1

— 2k+1_21_1

_ 2(k+1)+1_1‘

QED

Homework 1: Due on Tuesday 20 September

1-1. Show: Ve > 0, 35 > 0 s.t. 30% + 765 4 20* < 6e.



Proof: Given € > 0. Want: 36 > 0 s.t. 36% + 70° + 20* < 6¢.

Let § := min{ /2¢/3 , /2¢/7, /¢ }. Then § > 0.
Want: 3% + 76 + 26* < 6e.

Since 0 < 0 < §/2¢/3, we get 6° < (§/2¢/
Since 0 < § < ¥/2¢/7, we get 0° < ({/2¢/
Since 0 < 6 < /e, we get 6* < (\f)‘1
Then §® < 2¢/3 and 6° < 2¢/7 and §*
Then 36® < 2¢ and 76% < 2¢ and 26*
Then 36% + 765 + 20* < 6. QED

~| W
S~— ~—r
-a.m

€.

<
< 2e.
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1-2. Show: Let € > 0. Then 3§ > 0 s.t. 36% + 76% + 26* < 6e.

Proof: Let 6 := min{ {/2¢/3 , {/2¢/7, /¢ }. Then 6 > 0.
Want: 36% + 76° + 26 < 6e.

Since 0 < § < ¥/2¢/3, we get 6° < ({/2¢/
Since 0 < 0 < 4/2¢/7, we get 6% < (¥/2¢/
Since 0 < 0 < /¢, we get §* < (\f)4
Then 6% < 2¢/3 and §% < 2¢/7 and 6* < e.
Then 36% < 2¢ and 76° < 2¢ and 26* < 2e.
Then 36 + 76% + 26* < 6e.  QED

~J| W
SN~— ~—
.a-m

1-3. Show: YN € R, 36 > 0 s.t. Vz € R,
(=0<z<0)= (1/zr<N).

Proof: Given N e R.  Want: 36 > 0 s.t. Vz € R,

(=d<z<0)= (1/z<N).

Let A:=max{—N,1}. Then A>-N and A>1
We have A >1>0, soA>0.

Let 6 :=1/A.  Then 1/6 = A.  Also, 6 > 0.

Want: VzeR, (-d<zx<0)= (1/z<N).

Given x € R, Assume —) <z <0. Want: 1/z < N.
Since —0 <z <0, we get § > —x > 0,0 1/0 < 1/(—x).
Then —1/§ > —1/(—x) = 1/z, so 1/ < —1/6.

Since 1/6 = A> —N, we get: —1/0 < N

Then 1/z < —1/6 < N. QED

1-4. Show: Let N € R. Then 36 > 0 s.t. Vx € R,
(=0<z<0)= (1/zr<N).
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Proof: Let A := max{—N,1}. Then A>—-N and A>1.
We have A >1>0, soA>0.

Let 6 :=1/A.  Then 1/6 = A.  Also, 6 > 0.

Want: VeeR, (-d<x<0)= (1/x<N).

Given z € R Assume —§ <z <0. Want: 1/z < N.
Since —0 <z <0, we get § > —x >0, s0 1/0 < 1/(—x).

Then —1/6 > —1/(—x) = 1/z, s0 1/x < —1/4.

Since 1/ = A= —N, we get: —1/6 < N.

Then 1/z < —-1/§ < N.  QED

1-5. Using the PMI, show:

1)(2 1
VEeN, 124 2%4...pp2= MEXDEEHD)

6
k(k+1)(2k + 1)}

P+22 4. 4+ k2=

Proof: Let S := {k: eN ;

I-(1+1)-(2-1+1

Want: S = N. Since 12 = G

, we get 1€ S.

By the PMI, we wish to show: Vke S, k+ 1€ S.
Given k€ S. Want: £+ 1€ 5.
s k(k+1)(2k+1)

Know: 12 +22+ ... + k? = 6 )

Want: 124+ 22+ -+ k* + (k+ 1) =

k+D((E+D)+D)(2-(E+1)+1)
5 .

k(k+1)(2k+1)
6

We have 12 + 22 + -+« + K + (k + 1)° = + (k + 1)?

k(k+1)(2k+1) 6-(k+1)2
6 * 6
k(k+1)(2k+1)+6- (k+1)2
6
(k+1)-(k(2k+1)+6-(k+1))
6
(k+1)- (2k* + k + 6k + 6)
6




(k+1)-(2k* + 7k + 6)

6
(k+1) - (E+2)-(2k+3)

6
(k+1)-((k+1)+1)-(2-(k+1)+1)

6

QED
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