
Solutions for MATH 4603 (Advanced Calculus I)

Fall 2022

Homework 13: Due on Tuesday 14 December

13-1. Show: Let S, T Ď R. Then JOSYT ď JOS ` JOT .

Proof:

Let Q :“ tTLZ | pZ P OIN
q& p

Ť

IZ Ě S
Ť

T q& p#suppZ ă 8q u.

Let A :“ tTLU | pU P OIN
q& p

Ť

IU Ě S q& p#suppU ă 8q u.

Let B :“ tTLV | pV P OIN
q& p

Ť

IV Ě T q& p#suppV ă 8q u.

Then JOSYT “ infQ and JOS “ infA and JOT “ infB.

Want: infQ ď infA ` infB.

Exactly one of the following is true:

(1) infA` infB “ 8 or (2) infA` infB ‰ 8.

Case (1):

We have infQ P R˚ ď 8 “ infA` infB.

End of Case (1).

Case (2):

We have infA “ JOS ě 0 and infB “ JOT ě 0,

so infA ě 0 and infB ě 0.

Then infA ď infA` infB and infB ď infA` infB.

Also, infA` infB ě 0, so infA` infB P r0;8s.

So, since infA` infB ‰ 8, we get: infA` infB P r0;8szt8u.

Then infA` infB P r0;8szt8u “ r0;8q ă 8,

so infA` infB ă 8.

Then infA ď infA` infB ă 8 and infB ď infA` infB ă 8,

so infA ă 8 and infB ă 8.

Want: @ε ą 0, infQ ď infA ` infB `ε.

Given ε ą 0. Want: infQ ď infA ` infB `ε.

We have infA ě 0 ą ´8 and infA ă 8.

Then ´8 ă infA ă 8, so infA`pε{2q ą infA.

Since  pinfA`pε{2q ď infAq, we get  pinfA`pε{2q ď Aq.

Since  pinfA`pε{2q ď Aq, choose a P A s.t. infA`pε{2q ą a.

We have infB ě 0 ą ´8 and infB ă 8.

Then ´8 ă infB ă 8, so infB `pε{2q ą infB.

Since  pinfB `pε{2q ď infBq, we get  pinfB `pε{2q ď Bq.
1
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Since  pinfB `pε{2q ď Bq, choose b P B s.t. infB `pε{2q ą b.

Since a P A “ tTLU | pU P OIN
q& p

Ť

IU Ě S q& p#suppU ă 8q u,

choose U P OIN s.t.
Ť

IU Ě S and #suppU ă 8 and TLU “ a.

Since b P B “ tTLV | pV P OIN
q& p

Ť

IV Ě T q& p#suppV ă 8q u,

choose V P OIN s.t.
Ť

IV Ě T and #suppV ă 8 and TLV “ b.

Let Z :“ pU1, V1, U2, V2, U3, V3, . . .q. Then Z P OIN.

Then, by a class theorem, we have:

IZ “ IU
Ť

IV and #suppZ “ #suppU `#suppV

and TLZ “ TLU ` TLV .

Since suppU ă 8 and suppV ă 8, we get: #suppU `#suppV ă 8.

Then #suppZ “ #suppU `#suppV ă 8, so #suppZ ă 8.

Since IU Ě S and IV Ě T , we get: IU
Ť

IV Ě S
Ť

T .

Then
Ť

IZ “
Ť

`

IU
Ť

IV
˘

“
`
Ť

IU
˘
Ť

`
Ť

IV
˘

Ě S
Ť

T ,

so
Ť

IZ Ě S
Ť

T .

Since Z P OIN and
Ť

IZ Ě S
Ť

T and #suppZ ă 8, we get:

TLZ P tTLZ | pZ P OIN
q& p

Ť

IZ Ě S
Ť

T q& p#suppZ ă 8q u.

So, by definition of Q, we get TLZ P Q.

Then a` b “ TLU ` TLV “ TLZ P Q ě infQ, so infQ ď a` b.

Then infQ ď a` b ă pinfA`pε{2qq ` pinfB `pε{2qq.

Then infQ ă infA` infB `ε, so infQ ď infA` infB `ε.

End of Case (2). QED

13-2. Show: @k P N,

@S1, . . . , Sk Ď R, JOS1Y¨¨¨YSk
ď JOS1 ` ¨ ¨ ¨ ` JOSk

.

Proof:

Let A :“ tk P N | @S1, . . . , Sk Ď R, JOS1Y¨¨¨YSk
ď JOS1 ` ¨ ¨ ¨ ` JOSk

u.

We have: @S1 Ď R, JOS1 ď JOS1 . Then 1 P A.

By the PMI, want: @k P A, k ` 1 P A.

Given k P A. Want: k ` 1 P A.

Know: @S1, . . . , Sk Ď R, JOS1Y¨¨¨YSk
ď JOS1 ` ¨ ¨ ¨ ` JOSk

.

Want: @S1, . . . , Sk`1 Ď R, JOS1Y¨¨¨YSk`1
ď JOS1 ` ¨ ¨ ¨ ` JOSk`1

.

Given S1, . . . , Sk`1 Ď R. Want: JOS1Y¨¨¨YSk`1
ď JOS1 ` ¨ ¨ ¨ ` JOSk`1

.

Know: JOS1Y¨¨¨YSk
ď JOS1 ` ¨ ¨ ¨ ` JOSk

.

Then JOS1Y¨¨¨YSk
` JOSk`1

ď p JOS1 ` ¨ ¨ ¨ ` JOSk
q ` JOSk`1

.

Then JOS1Y¨¨¨YSk
` JOSk`1

ď JOS1 ` ¨ ¨ ¨ ` JOSk`1
.

By a class theorem, JOpS1Y¨¨¨YSkqYSk`1
“ JOS1Y¨¨¨YSk

` JOSk`1
.

Then JOS1Y¨¨¨YSk`1
“ JOS1Y¨¨¨YSk

` JOSk`1
.
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Then JOS1Y¨¨¨YSk`1
“ JOS1Y¨¨¨YSk

` JOSk`1
ď JOS1 ` ¨ ¨ ¨ ` JOSk`1

.

QED

13-3. Show: Let k P N. Assume: @α P R, @β ě α, JOk
rα;βs ě β´α.

Let a P R. Let b ě a. Let I :“ ra; bs. Then JOk`1
I ě b´ a.

Proof: We have: @α P R, @β ă α, JOk
rα;βs “ JOk

H “ 0 ą β ´ α.

Then: @α, β P R, JOk
rα;βs ě β ´ α.

Want: infpTJOCk`1
I q ě b´ a. Want: TJOCk`1

I ě b´ a.

Assume:  pTJOCk`1
I ě b´ aq. Want: Contradiction.

Choose v P TJOCk`1
I s.t. v ă b´ a.

Choose U P JOCk`1
I s.t. v “ TLU .

Since U P JOCk`1
I , we know:

U P OIN and #suppU ď k ` 1 and
Ť

IU Ě I.

Since b P ra; bs “ I Ď
Ť

IU , choose W P IU s.t. (if you wish)b P W .

Since W P IU and since U P OIN, choose j P N s.t. W “ Uj.

Since b P W “ Uj, we get: b P Uj. Then Uj ‰ H.

Since Uj P OI, choose β, γ P R s.t. Uj “ pβ; γq.

Then, since Uj ‰ H, we get: β ă γ. Then LUj
“ γ ´ β.

Since b P Uj “ pβ; γq, we get: β ă b ă γ.

Then IzUj “ ra; bszpβ; γq “ ra; βs.

Let α :“ a. Then JOk
rα;βs ě β ´ α. Also, IzUj “ rα; βs.

Let J :“ rα; βs. Then JOk
J ě β ´ α. Also, IzUj “ J .

Define V P OIN by: @i P N, Vi “

#

Ui, if i ‰ j

H, if i “ j.

Then: V P OIN and #suppV ď k and
Ť

IV Ě p
Ť

IUqzUj and TLV “ TLU ´ LUj
.

We have:
Ť

IV Ě p
Ť

IUqzUj Ě IzUj “ J .

Then V P JOCk
J . Then TLV P TJOCk

J .

Then TLV ě infpTJOCk
Jq “ JOk

J ě β ´ α, so TLV ě β ´ α.

Then v “ TLU “ TLV ` LUj
“ TLV ` pγ ´ βq ě pβ ´ αq ` pγ ´ βq.

Then v ě γ ´ α. Recall: b ă γ and a “ α.

Then v ě γ ´ α ą b´ α “ b´ a, so v ą b´ a.

However, by choice of v, we have: v ă b´a. Contradiction. QED

13-4. Show: Let T Ď R. Then IntT is open.
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Proof: Want: @a P IntT , DB P Bpxq s.t. B Ď IntT .

Given a P IntT . Want: DB P Bpxq s.t. B Ď IntT .

Since a P IntT , choose B P Bpxq s.t. B Ď T .

Then B P Bpxq. Want: B Ď IntT .

Since B P Bpxq Ď BR, by a class theorem,

we conclude that B is open.

Then B “ IntB.

Since B Ď T , by a class theorem,

we conclude that IntB Ď IntT .

Then B “ IntB Ď IntT . QED

13-5. Show: Let S Ď R. Then ClS is closed.

Proof: Let T :“ RzS.

By a class theorem BT “ BS.

Then IntT “ T zBT “ T zBS Ď pRzSqzBS Ď RzpS Y BSq “ RzpClSq,

so IntT “ RzpClSq, so RzpIntT q “ ClS.

Want: RzpIntT q is closed.

By HW#13-4, we get: IntT is open.

Then, by a class theorem, RzpIntT q is closed. QED

Homework 12: Due on Tuesday 6 December

12-1. Using the PMI, show: Let a P R. Then:

@j P N, pp‚qjqTa ´ j ¨ a
j´1 ¨ p‚q P Op1q.

Proof: Let I :“ tj P N | pp‚qjqTa ´ j ¨ aj´1 ¨ p‚q P Op1qu. Want: I “ N.

We have: pp‚q1qTa ´ 1 ¨ a1´1 ¨ p‚q “ pp‚qqTa ´ 1 ¨ 1 ¨ p‚q

“ p‚q´p‚q “ 0 P Op1q. Then 1 P I.

By the PMI, want: @j P I, j ` 1 P I.

Given j P I. Want: j ` 1 P I.

Know: pp‚qjqTa ´ j ¨ a
j´1 ¨ p‚q P Op1q.

Want: pp‚qj`1qTa ´ pj ` 1q ¨ apj`1q´1 ¨ p‚q P Op1q.

Let R :“ pp‚qjqTa ´ j ¨ a
j´1 ¨ p‚q.

Let S :“ p‚qj`1qTa ´ pj ` 1q ¨ apj`1q´1 ¨ p‚q.

Know: R P Op1q. Want: S P Op1q.

We have: @h P R,

Rh “ pa` hq
j ´ aj ´ j ¨ aj´1 ¨ h,

and so pa` hqj “ aj ` j ¨ aj´1 ¨ h`Rh.
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We have: @h P R,

Sh “ pa` hq
j`1 ´ aj`1 ´ pj ` 1q ¨ apj`1q´1 ¨ h

“ pa` hq ¨ pa` hqj ´ aj`1 ´ pj ` 1q ¨ aj ¨ h

“ pa` hq ¨ paj ` j ¨ aj´1 ¨ h`Rhq ´ a
j`1 ´ pj ` 1q ¨ aj ¨ h

“ a ¨ aj ` a ¨ j ¨ aj´1 ¨ h` a ¨Rh

`h ¨ aj ` h ¨ j ¨ aj´1 ¨ h` h ¨Rh

´ aj`1 ´ pj ` 1q ¨ aj ¨ h

“ aj`1 ` j ¨ aj ¨ h` a ¨Rh

` aj ¨ h` j ¨ aj´1 ¨ h2 ` h ¨Rh

´ aj`1 ´ pj ` 1q ¨ aj ¨ h

“ a ¨Rh ` j ¨ a
j´1 ¨ h2 ` h ¨Rh

“ pa ¨R ` j ¨ aj´1 ¨ p‚q2 ` p‚q ¨Rqh.

Then S “ a ¨R ` j ¨ aj´1 ¨ p‚q2 ` p‚q ¨R.

By algebraic linearity of Op1q, want: a ¨R , j ¨aj´1 ¨ p‚q2 , p‚q ¨R P Op1q.

Since R P Op1q, by algebraic linearaity of Op1q,

we conclude: a ¨R P Op1q.

We have j ¨ aj´1 ¨ p‚q2 P Q “ H2 Ď pOp2q Ď Op1q.

Want: p‚q ¨R P Op1q.

Since p‚q P L “ H1 Ď pOp1q and R P Op1q,

we conclude: p‚q ¨R P Op1` 1q.

Then p‚q ¨R P Op1` 1q “ Op2q Ď Op1q. QED

12-2. Show: Let j P N. Then pp‚qjq1 “ j ¨ p‚qj´1.

Proof: Want: @a P R, pp‚qjq1a “ pj ¨ p‚q
j´1qa.

Given a P R. Want: pp‚qjq1a “ pj ¨ p‚q
j´1qa.

Want: pp‚qjq1a “ j ¨aj´1. By HW#12-1, pp‚qjqTa ´ j ¨a
j´1 ¨ p‚q P Op1q.

Then j ¨ aj´1 ¨ p‚q P LINSap p‚q
j q, so, by uniqueness of linearization,

we get: LINSap p‚q
j q “ t j ¨ aj´1 ¨ p‚q u.

Then Dap p‚q
j q “ UEpLINSap p‚q

j q “ j ¨ aj´1 ¨ p‚q .

Then pp‚qjq1a “ rDap p‚q
j q s “ r j ¨ aj´1 ¨ p‚q s

“ p j ¨ aj´1 ¨ p‚q q1 “ j ¨ aj´1 ¨ 1 “ j ¨ aj´1. QED

12-3. Show: Let f : R 99K R, y P Rˆ0 .

Assume: as xÑ ´8, fx Ñ y.

Then: as xÑ ´8, p1{fqx Ñ 1{y.

Proof: Want: @ε ą 0, DN P R s.t., @x P D1{f ,

px ă N q ñ p |p1{fqx ´ p1{yq| ă ε q.
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Given ε ą 0. Want: DN P R s.t., @x P D1{f ,

px ă N q ñ p |p1{fqx ´ p1{yq| ă ε q.

Since y P Rˆ0 , we get |y| ą 0.

Then |y|{2 ą 0 and p|y|{2q ¨ |y| ą 0 and 1{|y| ą 0 and 2{|y| ą 0.

Let ρ :“ min t |y|{2 , ε ¨ p|y|{2q ¨ |y| u.

Then ρ ą 0 and ρ ď |y|{2 and ρ ď ε ¨ p|y|{2q ¨ |y|.

Since ρ ď |y|{2, we get ´ρ ě ´|y|{2, and so |y| ´ ρ ě |y| ´ p|y|{2q.

Since ρ ď ε ¨ p|y|{2q ¨ |y|, we get: ρ ¨ p2{|y|q ¨ p1{|y|q ď ε.

Since as xÑ ´8, fx Ñ y,

choose N P R s.t., @x P Df , px ă N q ñ p |fx ´ y| ă ρ q.

Then N P R. Want: @x P D1{f , px ă N q ñ p |p1{fqx´p1{yq| ă ε q.

Given x P D1{f . Assume: x ă N . Want: |p1{fqx ´ p1{yq| ă ε.

We have x P D1{f Ď Df and x ă N ,

so, by choice of N , we get: |fx ´ y| ă ρ.

Since | ‚ | is Lipschitz-1, we get: | |fx| ´ |y| | ď |fx ´ y|.

Then | |fx| ´ |y| | ď |fx ´ y| ă ρ.

Then | |fx| ´ |y| | ă ρ, so |y| ´ ρ ă |fx| ă |y| ` ρ.

Then |fx| ą |y| ´ ρ ě |y| ´ p|y|{2q “ |y|{2.

Since |fx| ą |y|{2 ą 0, it follows that 1{|fx| ă 2{|y|.

We compute: |p1{fqx ´ p1{yq| “

ˇ

ˇ

ˇ

ˇ

1

fx
´

1

y

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

y ´ fx
fx ¨ y

ˇ

ˇ

ˇ

ˇ

“
|y ´ fx|

|fx| ¨ |y|
Then |p1{fqx ´ p1{yq| “ |y ´ fx| ¨ p1{|fx|q ¨ p1{|y|q.

So, since |y ´ fx| “ |fx ´ y| ă ρ and 1{|fx| ă 2{|y| and 1{|y| ą 0,

we get: |p1{fqx ´ p1{yq| ă ρ ¨ p2{|y|q ¨ p1{|y|q.

So, since ρ ¨ p2{|y|q ¨ p1{|y|q ď ε, we get |p1{fqx ´ p1{yq| ă ε. QED

12-4. Show: Let f : R 99K R, a P Df .

Assume: f has a local strict-maximum at a.

Then: fT
a has a local strict-maximum at 0.

Proof: Want: DB P Bp0q s.t., @h P Bˆ0 , pfT
a qh ă pf

T
a q0.

Since f has a local strict-maximum at a,

choose C P Bpaq s.t., @x P Bˆa , fx ă fa.

Let B :“ C ´ a. Then B P Bpa´ aq “ Bp0q.
Want: @h P Bˆ0 , pfT

a qh ă pf
T
a q0.

Given h P Bˆ0 . Want: pfT
a qh ă pf

T
a q0.

Let x :“ a` h. Then x P Bˆa`0 “ Bˆa .

So, by choice of B, we get: fx ă fa.

So, since x “ a` h, we get: fa`h ă fa. Then fa`h ´ fa ă 0.
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Since a P Df , we get fa ´ fa “ 0.

Then pfT
a qh “ fa`h ´ fa ă 0 “ fa ´ fa “ fa`0 ´ fa “ pf

T
a q0. QED

12-5. Show: Let s, t P RN.

Assume: Is and It are both bounded.

Then: Dstrictly-increasing ` P NN s.t.

s ˝ ` and t ˝ ` are both convergent.

Proof: By properness of R, since Is is bounded, s is subconvergent.

Choose a subsequence σ of s s.t. σ is convergent.

Since σ is a subsequence of s,

choose a strictly-increasing p P NN s.t. σ “ s ˝ p.

Since It˝p Ď It and since It is bounded,

it follows that It˝p is bounded.

Then, by properness of R, we get: t ˝ p is subconvergent.

Choose a subsequence τ of t ˝ p s.t. τ is convergent.

Since τ is a subsequence of t ˝ p,

choose a strictly-increasing q P NN s.t. τ “ t ˝ p ˝ q.

We have q : NÑ N and p : NÑ N, so p ˝ q : NÑ N, so p ˝ q P NN.

Since q and p are both strictly-increasing, p ˝ q is strcitly-increasing.

Let ` :“ p ˝ q. Then ` P NN and ` is strictly-increasing.

Want: s ˝ ` and t ˝ ` are both convergent.

We have τ “ t ˝ p ˝ q “ t ˝ `.

So, since τ is convergent, we get: t ˝ ` is convergent.

Want: s ˝ ` is convergent.

Since q P NN and since q is strictly-increasing,

it follows that σ ˝ q is a subsequence of σ.

So, since σ is convergent, by a class theorem, σ ˝ q is convergent.

So, since s˝` “ s˝p˝q “ σ˝q, we concude: s˝` is convergent. QED

Homework 11: Due on Tuesday 29 November

11-1. Show: Define r : Rˆ0 Ñ R by: @x P Rˆ0 , rx “ 1{x.

Then: @a P Rˆ0 , r1a “ ´
1

a2
.

Proof: Given a P Rˆ0 . Want: r1a “ ´
1

a2
.

Let L :“ ´
1

a2
¨ p‚q. Then rLs “ L1 “ ´

1

a2
. Want: r1a “ rLs.
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Want: rDars “ rLs. Want: Dar “ L.

Want: UEpLINSarq “ L. Want: LINSar “ tLu.

By uniqueness of linearization, want: L P LINSar.

Want: rTa ´L P Op1q. Know: pOp2q Ď Op1q. Want: rTa ´L P pOp2q.
Want: DC ě 0, Dδ ą 0 s.t., @h P R, p|h| ă δq ñ p|prTa ´Lqh| ď C ¨ |h|2q.

Since a P Rˆ0 , we get: |a| ą 0.

Let C :“
2

|a|3
Then C ą 0, so C ě 0.

Let δ :“
|a|

2
. Then δ ą 0.

Want: @h P R, p |h| ă δ q ñ p |prTa ´ Lqh| ď C ¨ |h|2 q.

Given h P R. Assume |h| ă δ. Want: |prTa ´ Lqh| ď C ¨ |h|2.

Since | |a` h| ´ |a| | ď | pa` hq ´ a | “ |h| ă δ,

we get |a| ´ δ ă |a` h| ă |a| ` δ.

Then |a` h| ě |a| ´ δ “ |a| ´
|a|

2
“
|a|

2
.

Since |a` h| ą
|a|

2
ą 0, we get:

1

|a` h|
ă

1

|a|{2
.

Then
|h|2

|a` h| ¨ |a|2
ď

|h|2

p|a|{2q ¨ |a|2
.

We have prTa ´ Lqh “ ra`h ´ ra ´ Lh “
1

a` h
´

1

a
´

ˆ

´
1

a2
¨ h

˙

“
a2 ´ pa` hq ¨ a` pa` hq ¨ h

pa` hq ¨ a2

“
a2 ´ a2 ´ h ¨ a` a ¨ h` h2

pa` hq ¨ a2
“

h2

pa` hq ¨ a2
.

Then |prTa ´ Lqh| “
|h|2

|a` h| ¨ |a|2
ď

|h|2

p|a|{2q ¨ |a|2
“

2 ¨ |h|2

|a|3
“ C ¨ |h|2.

QED

11-2. Show: Let g : R 99K R, a P D1g.

Assume ga ‰ 0. Then:

ˆ

1

g

˙1

a

“ ´
g1a
g2a

.

Proof: Define r : Rˆ0 Ñ R by: @x P Rˆ0 , rx “ 1{x.

Then 1{g “ r ˝ g. Want: pr ˝ gq1a “ ´
g1a
g2a

.
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Since ga ‰ 0, by HW#11-1, we get: r1ga “ ´
1

g2a
.

Then r1ga ¨ g
1
a “ ´

g1a
g2a

. Then pr ˝ gq1a “
˚ r1ga ¨ g

1
a “ ´

g1a
g2a

. QED

11-3. Show: Let f, g : R 99K R, a P D1f X D1g.

Assume ga ‰ 0. Then:

ˆ

f

g

˙1

a

“
ga ¨ f

1
a ´ fa ¨ g

1
a

g2a
.

Proof: Since a P D1g and ga ‰ 0, by HW#11-2, we get:

ˆ

1

g

˙1

a

“ ´
g1a
g2a

.

Let h :“
1

g
. Then h1a “ ´

g1a
g2a

. Also, ha “
1

ga
.

Then

ˆ

f

g

˙1

a

“ pf ¨ hq1a “
˚ f 1a ¨ ha ` fa ¨ h

1
a

“
f 1a
ga
´
fa ¨ g

1
a

g2a
“

ga ¨ f
1
a ´ fa ¨ g

1
a

g2a
. QED

11-4. Show: Let U, V Ď R both be open. Then:

(i) U Y V is open and (ii) U X V is open.

Proof: Proof of (i):

Want: @a P U Y V , DB P Bpaq s.t. B Ď U Y V .

Given a P U Y V . Want: DB P Bpaq s.t. B Ď U Y V .

Since a P U Y V , choose T P tU, V u s.t. a P T .

Since T P tU, V u, it follows that T is open and that T Ď U Y V .

Since T is open and a P T , choose B P Bpaq s.t. B Ď T .

Then B P Bpaq. Want: B Ď U Y V . We have B Ď T Ď U Y V .

End of proof of (i).

Proof of (ii):

Want: @a P U X V , DB P Bpaq s.t. B Ď U X V .

Given a P U X V . Want: DB P Bpaq s.t. B Ď U X V .

Since a P U X V Ď U and since U is open,

choose λ ą 0 s.t. Bpa, λq Ď U .

Since a P U X V Ď V and since V is open,

choose µ ą 0 s.t. Bpa, µq Ď V .

Let δ :“ mintλ, µu. Then δ ą 0 and δ ď λ and δ ď µ.

Let B :“ Bpa, δq. Then B P Bpaq. Want: B Ď U X V .

Since δ ď λ, we get Bpa, δq Ď Bpa, λq.
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Since δ ď µ, we get Bpa, δq Ď Bpa, µq.

Since B “ Bpa, δq Ď Bpa, λq Ď U and B “ Bpa, δq Ď Bpa, µq Ď V ,

we get: B Ď U X V .

End of proof of (ii). QED

11-5. Show: Let f : R 99K R. Assume: @open U Ď R, f˚U is open.

Then: f is continuous.

Proof: Want: @a P Df , f is continuous at a.

Given a P Df . Want: f is continuous at a.

Want: @ε ą 0, Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Let U :“ Bpfa, εq. By a class theorem, U is open.

Then, by assumption, f˚U is open.

Since |fa ´ fa| “ 0 ă ε, we get: fa P Bpfa, εq.

Since fa P Bpfa, εq “ U , we get: a P f˚U .

Since f˚U is open and a P f˚U , choose B P Bpaq s.t. B Ď f˚U .

Since B P Bpaq, choose δ ą 0 s.t. B “ Bpa, δq. Then δ ą 0.

Want: @x P Df , p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given x P Df . Assume: |x´ a| ă δ. Want: |fx ´ fa| ă ε.

Since |x´ a| ă δ, we get: x P Bpa, δq.

Since x P Bpa, δq “ B Ď f˚U , we get: fx P U .

Since fx P U “ Bpfa, εq, we get: |fx ´ fa| ă ε. QED

Homework 10: Due on Tuesday 22 November

10-1. Show: Let w, x P RN, ` P NN, q P R.

Assume: p ` is strictly-increasing q & pw ˝ `Ñ q q.

Assume: @j P N, |wj ´ xj| ă 1{j.

Then: x ˝ `Ñ q.

Proof: Want: @ε ą 0, DK P N s.t., @j P N,

p j ě K q ñ p |px ˝ `qj ´ q| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N,

p j ě K q ñ p |px ˝ `qj ´ q| ă ε q.

Since w ˝ `Ñ q, choose L P N s.t., @j P N,

p j ě K q ñ p |pw ˝ `qj ´ q| ă ε{2 q.
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By the AP, choose M P N s.t. M ą 2{ε.

Let K :“ maxtL,Mu. Then K ě L and K ěM and K P N.

Want: @j P N, p j ě K q ñ p |px ˝ `qj ´ q| ă ε q.

Given j P N. Assume j ě K. Want: |px ˝ `qj ´ q| ă ε.

Since j ě K ě L, by choice of L, we get: |pw ˝ `qj ´ q| ă ε{2.

By assumption, |x`j ´ w`j | ă 1{`j.

By a class theorem, `j ě j. Then `j ě j ě K ěM ą 2{ε.

Since `j ě 2{ε ą 0, we get: 1{`j ă ε{2.

Then |x`j ´ w`j | ă 1{`j ă ε{2, so |x`j ´ w`j | ă ε{2.

Then |px ˝ `qj ´ q| ď |px ˝ `qj ´ pw ˝ `qj| ` |pw ˝ `qj ´ q|

“ |x`j ´ w`j | ` |pw ˝ `qj ´ q|

ă pε{2q ` pε{2q “ ε. QED

10-2. Show: Let f, g : R 99K R.

Assume: as xÑ 8, fx Ñ ´8.

Assume: as xÑ 8, gx Ñ ´8.

Then: as xÑ 8, pf ¨ gqx Ñ 8.

Proof: Want: @M P R, DL P R s.t., @x P R,

px ą L q ñ p pf ¨ gqx ąM q.

Given M P R. Want: DL P R s.t., @x P R,

px ą L q ñ p pf ¨ gqx ąM q.

Let N :“ ´
a

maxtM, 0u. Then N P R and N ď 0.

Also, N2 “ maxtM, 0u, so N2 ěM .

Since as xÑ 8, fx Ñ ´8, choose A P R s.t., @x P R,

px ą A q ñ p fx ă N q.

Since as xÑ 8, gx Ñ ´8, choose B P R s.t., @x P R,

px ą B q ñ p gx ă N q.

Let L :“ maxtA,Bu. Then L ě A and L ě B and L P R.

Want: @x P R, px ą L q ñ p pf ¨ gqx ąM q.

Given x P R. Assume x ą L. Want: pf ¨ gqx ąM .

Since x ą L ě A, by choice of A, we have: fx ă N .

Then fx ă N ď 0, so ´fx ą ´N ě 0.

Since x ą L ě B, by choice of B, we have: gx ă N .

Then gx ă N ď 0, so ´gx ą ´N ě 0.

Since ´fx ą ´N ě 0 and ´gx ą ´N ě 0,

we get p´fxq ¨ p´gxq ą p´Nq ¨ p´Nq, so fx ¨ gx ą N2.

Then pf ¨ gqx “ fx ¨ gx ą N2 ěM . QED
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10-3. Show: Let f :“ p‚q3. Then D2f “ 3 ¨ 22 ¨ p‚q.

Proof: Let x :“ 2. Want: Dxf “ 3 ¨ x2 ¨ p‚q.

Since Df “ R, we see that DfTx
“ R.

We have: @h P R,

pfT
x ´ 3 ¨ x2 ¨ p‚qqh “ fx`h ´ fx ´ 3x2h

“ px` hq3 ´ x3 ´ 3x2h

“ x3 ` 3x2h` 3xh2 ` h3 ´ x3 ´ 3x2h

“ 3xh2 ` h3 “ pp3 ¨ x ¨ p‚q2 ` p‚q3qh,

and so fT
x ´ 3 ¨ x2 ¨ p‚q “ 3 ¨ x ¨ p‚q2 ` p‚q3.

We have 3 ¨ x ¨ p‚q2 P H2 Ď pOp2q Ď Op1q.

Also, p‚q3 P H3 Ď pOp3q Ď Op1q.

Since 3 ¨ x ¨ p‚q2 P Op1q and p‚q3 P Op1q,

and since Op1q is linearly closed, we get:

3 ¨ x ¨ p‚q2 ` p‚q3 P Op1q.

Since fT
x ´ 3 ¨ x2 ¨ p‚q “ 3 ¨ x ¨ p‚q2 ` p‚q3 P Op1q,

we get 3 ¨ x2 ¨ p‚q P LINSxf .

Then, by uniqueness of linearization, LINSxf “ t3 ¨ x
2 ¨ p‚qu.

Then Dxf “ UEpLINSxfq “ UEt3 ¨ x2 ¨ p‚qu “ 3 ¨ x2 ¨ p‚q. QED

10-4. Show: Let f :“ p‚q3. Then @x P R, f 1x “ 3x2.

Proof: Since Df “ R, we see that DfTx
“ R.

We have: @h P R,

pfT
x ´ 3 ¨ x2 ¨ p‚qqh “ fx`h ´ fx ´ 3x2h

“ px` hq3 ´ x3 ´ 3x2h

“ x3 ` 3x2h` 3xh2 ` h3 ´ x3 ´ 3x2h

“ 3xh2 ` h3 “ pp3 ¨ x ¨ p‚q2 ` p‚q3qh,

and so fT
x ´ 3 ¨ x2 ¨ p‚q “ 3 ¨ x ¨ p‚q2 ` p‚q3.

We have 3 ¨ x ¨ p‚q2 P H2 Ď pOp2q Ď Op1q.

Also, p‚q3 P H3 Ď pOp3q Ď Op1q.

Since 3 ¨ x ¨ p‚q2 P Op1q and p‚q3 P Op1q,

and since Op1q is linearly closed, we get:

3 ¨ x ¨ p‚q2 ` p‚q3 P Op1q.

Since fT
x ´ 3 ¨ x2 ¨ p‚q “ 3 ¨ x ¨ p‚q2 ` p‚q3 P Op1q,

we get 3 ¨ x2 ¨ p‚q P LINSxf .

Then, by uniqueness of linearization, LINSxf “ t3 ¨ x
2 ¨ p‚qu.

Then Dxf “ UEpLINSxfq “ UEt3 ¨ x2 ¨ p‚qu “ 3 ¨ x2 ¨ p‚q.
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Then f 1x “ rDxf s “ r3 ¨ x2 ¨ p‚qs

“˚ p3 ¨ x2 ¨ p‚qq1 “ 3 ¨ x2 ¨ 1 “ 3x2. QED

10-5. Show: Let f : R 99K R, a, c P R.

Then Dapc ¨ fq “˚ c ¨ pDafq.

Proof: Want: p c ¨ pDafq ‰ / q ñ p Dapc ¨ fq “ c ¨ pDafq q.

Assume: c ¨ pDafq ‰ /. Want: Dapc ¨ fq “ c ¨ pDafq.

Since c ¨ pDafq/, we get: Daf ‰ /. Then Daf P LINSaf .

Let L :“ Daf . Then L P LINSaf , so fT
a ´ L P Op1q.

So, since Op1q is linearly closed, we get: c ¨ pfT
a ´ Lq P Op1q.

Then pc ¨ fqTa ´ c ¨ L “ c ¨ fT
a ´ c ¨ L “ c ¨ pfT

a ´ Lq P Op1q,

and so c ¨ L P LINSapc ¨ fq.

Then, by uniqueness of linearization, we get LINSapc ¨ fq “ tc ¨ Lu.

Then Dapc ¨ fq “ UEpLINSapc ¨ fqq “ UEtc ¨ Lu “ c ¨ L.

Then Dapc ¨ fq “ c ¨ L “ c ¨ pDafq. QED

Homework 9: Due on Tuesday 15 November

9-1. Show: Define f : R 99K R by: @x P R, fx “ 1{x.

Then: as xÑ ´8, fx Ñ 0.

Proof: Want: @ε ą 0, DN P R s.t., @x P Df ,

px ă N q ñ p |fx ´ 0| ă ε q.

Given ε ą 0. Want: DN P R s.t., @x P Df ,

px ă N q ñ p |fx ´ 0| ă ε q.

Let N :“ ´1{ε. Then ´1{N “ ε.

Since ε ą 0, we get: N P R and N ă 0.

Want: @x P Df , px ă N q ñ p |fx ´ 0| ă ε q.

Given x P Df . Assume: x ă N . Want: |fx ´ 0| ă ε.

We have x ă N ă 0, so x ă 0, so 1{x ă 0, so |1{x| “ ´1{x.

Then |fx ´ 0| “ |fx| “ |1{x| “ ´1{x. Also, ε “ ´1{N .

Want: ´1{x ă ´1{N .

We have x ă N ă 0, so ´x ą ´N ą 0, so 1{p´xq ă 1{p´Nq.

Then ´1{x “ 1{p´xq ă 1{p´Nq “ ´1{N . QED

9-2. Show: Let D Ď R, s P pRDqN, f P RD.

Assume: @j P N, sj is continuous.
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Assume: sÑ f uniformly.

Then: f is continuous.

Proof: Want: @a P Df , f is continuous at a.

Given a P Df . Want: f is continuous at a.

Want: @ε ą 0, Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |rfpxqs ´ rfpaqs| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |rfpxqs ´ rfpaqs| ă ε q.

Since sÑ f uniformly, choose K P N s.t., @j P N, @x P D

p j ě K q ñ p |rsjpxqs ´ rfpxqs| ă ε{3 q.

By assumption, s P pRDqN, so sK P RD, so DsK “ D.

Also, f P RD, so Df “ D.

By assumption, @j P N, sj is continuous. Then sK is continuous.

So, since a P Df “ D “ DsK , we see that sK is continuous at a.

Choose δ ą 0 s.t., @x P DsK ,

p |x´ a| ă δ q ñ p |rsKpxqs ´ rsKpaqs| ă ε{3 q.

Then δ ą 0. Want: @x P Df ,

p |x´ a| ă δ q ñ p |rfpxqs ´ rfpaqs| ă ε q.

Given x P Df . Assume: |x´ a| ă δ. Want: |rfpxqs ´ rfpaqs| ă ε.

We have x P Df “ D, so x P D. Then x P D “ DsK , so x P DsK .

Since K ě K and x P D, by choice of K, |rsKpxqs ´ rfpxqs| ă ε{3.

Since |x´ a| ă δ, by choice of δ, |rsKpxqs ´ rsKpaqs| ă ε{3.

Since K ě K and a P D, by choice of K, |rsKpaqs ´ rfpaqs| ă ε{3.

Then |rfpxqs ´ rfpaqs|

ď |rfpxqs ´ rsKpxqs| ` |rsKpxqs ´ rsKpaqs||rsKpaqs ´ rfpaqs|

“ |rsKpxqs ´ rfpxqs| ` |rsKpxqs ´ rsKpaqs||rsKpaqs ´ rfpaqs|

ă pε{3q ` pε{3q ` pε{3q “ ε. QED

9-3. Show: Let f, g : R 99K R, k P N0.

Assume: p f P Opkq q & p near 0, f “ g q.

Then: g P Opkq.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x| ă δ q ñ p |gx| ă ε ¨ |x|k q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P R,

p |x| ă δ q ñ p |gx| ă ε ¨ |x|k q.

Since f P Opkq, choose α ą 0 s.t., @x P R,

p |x| ă α q ñ p |fx| ă ε ¨ |x|k q.
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Since near 0, f “ g, choose β ą 0 s.t.,

on Bp0, δq, f “ g.

Then @x P Bp0, δq, we have fx “ gx.

Let δ :“ mintα, βu. Then δ ą 0.

Want: @x P R, p |x| ă δ q ñ p |gx| ă ε ¨ |x|k q.

Given x P R. Assume: |x| ă δ. Want: |gx| ă ε ¨ |x|k.

Since |x| ă δ ď α, by choice of α, we get: |fx| ă ε ¨ |x|k.

Since |x´ 0| ă δ ď β, we get: x P Bp0, βq, and so fx “ gx.

Then |gx| “ |fx| ă ε ¨ |x|k. QED

9-4. Show: Let s, t P RN.

Assume: p sÑ 8 q & p @j P N, tj ě sj q.

Then: tÑ 8.

Proof: Want: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p tj ąM q.

Given M P R. Want: DK P N s.t., @j P N,

p j ě K q ñ p tj ąM q.

Since sÑ 8, choose K P N s.t., @j P N,

p j ě K q ñ p sj ąM q.

Then K P N.

Want: @j P N, p j ě K q ñ p tj ąM q.

Given j P N. Assume: j ě K. Want: tj ąM .

Since j P N, by assumption, we get: tj ě sj.

Since j ě K, by choice of K, we get: sj ąM .

Then tj ě sj ąM . QED

9-5. Show:

Let a :“ p 1 , 1{2 , 1{2 , 1{4 , 1{4 , 1{4 , 1{4 , 1{8 , . . .q.

NOTE: The terms of a are, in order:

a single “1”, then two “1{2”s,

then four “1{4”s, then eight “1{8”s,

then sixteen “1{16”s, then thirty-two “1{32”s, etc.

Let b :“ p 1 , 1{2 , 1{3 , 1{4 , 1{5 , 1{6 , 1{7 , 1{8 , . . .q.

Define s, t P RN by: @j P N,

sj “ a1 ` ¨ ¨ ¨ ` aj and tj “ b1 ` ¨ ¨ ¨ ` bj.

Then: (i) Is is unbounded and

(ii) @j P N, tj ą sj{2 and

(iii) tÑ 8.
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Proof: Proof of (i):

Define m P NN by: @j P N, mj “ 1` 2` 4` 8` 16` ¨ ¨ ¨ ` 2j´1.

By a class theorem, @j P N, smj
“ j.

Then: @j P N, j “ smj
P Is.

Since, @j P N, j P Is, it follows that N Ď Is.
Assume Is is bounded. Want: Contradiction.

Choose B P BR s.t. Is Ď B.

Choose a P R and r ą 0 s.t. B “ Bpa, rq.

By the AP, choose j P N s.t. j ą a` r.

Since j P N Ď Is Ď B “ Bpa, rq “ pa´ r; a` rq ă a` r ă j,

we conclude that j ă j. Contradiction.

End of proof of (i).

Proof of (ii):

Given j P N. Want: tj ą sj{2.

By a class theorem, @i P N, bi ą si{2.

Then all of the following are true:

b1 ą a1{2, b2 ą a2{2, b3 ą a3{2, ¨ ¨ ¨ bj ą aj{2.

Then b1 ` ¨ ¨ ¨ ` bj ą pa1{2q ` ¨ ¨ ¨ ` paj{2q.

Then tj “ b1`¨ ¨ ¨`bj ą pa1{2q`¨ ¨ ¨`paj{2q “ pa1`¨ ¨ ¨`ajq{2 “ sj{2.

End of proof of (ii).

Proof of (iii):

Since @j P N, aj ą 0, it follows that s is strictly-increasing.

Then s is semi-increasing. By (i), Is is unbounded.

Then, by a class theorem, sÑ 8.

By (ii), we have: @j P N, tj ą ps{2qj.

So, by HW#9-4, it suffices to show: s{2 Ñ 8.

Want: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p ps{2qj ąM q.

Given M P R. Want: DK P N s.t., @j P N,

p j ě K q ñ p ps{2qj ąM q.

Since sÑ 8, choose K P N s.t., @j P N,

p j ě K q ñ p sj ą 2 ¨M q.

Then K P N. Want: @j P N, p j ě K q ñ p ps{2qj ąM q.

Given j P N. Assume: j ě K. Want: ps{2qj ąM .

Since j ě K, by choice of K, we get: sj ą 2 ¨M .

Then sj{2 ą p2 ¨Mq{2.
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Then ps{2qj “ sj{2 ą p2 ¨Mq{2 “M .

End of proof of (iii). QED

Homework 8: Due on Wednesday 9 November

8-1. Show: Let f P Op3q, g P Op4q. Then: f ¨ g P Op7q.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x| ă δ q ñ p |pf ¨ gqx| ď ε ¨ |x|7 q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P R,

p |x| ă δ q ñ p |pf ¨ gqx| ď ε ¨ |x|7 q.

Since f P Op3q, choose α ą 0 s.t., @x P R,

p |x| ă α q ñ p |fx| ď
?
ε ¨ |x|3 q.

Since g P Op4q, choose β ą 0 s.t., @x P R,

p |x| ă β q ñ p |gx| ď
?
ε ¨ |x|4 q.

Let δ :“ mintα, βu. Then δ ą 0 and δ ď α and δ ď β.

Want: @x P R, p |x| ă δ q ñ p |pf ¨ gqx| ď ε ¨ |x|7 q.

Given x P R. Assume |x| ă δ. Want: |pf ¨ gqx| ď ε ¨ |x|7.

Since |x| ă δ ď α, by choice of α, we get: |fx| ď
?
ε ¨ |x|3.

Since |x| ă δ ď β, by choice of β, we get: |gx| ď
?
ε ¨ |x|4.

Since 0 ď |fx| ď
?
ε ¨ |x|3 and 0 ď |gx| ď

?
ε ¨ |x|4,

we get: |fx| ¨ |gx| ď
?
ε ¨ |x|3 ¨

?
ε ¨ |x|4.

Then |pf ¨ gqx| “ |fx ¨ gx|

“ |fx| ¨ |gx| ď
?
ε ¨ |x|3 ¨

?
ε ¨ |x|4 “ ε ¨ |x|7. QED

8-2. Show: Let s P RN.

Assume Is is bounded. Then s is subconvergent.

Proof: Want: Dsubsequence t of s s.t. t is convergent.

By a class theorem, choose a subsequence t of s s.t. t is semi-monotone.

Then t is a subsequence of s. Want: t is convergent.

Since t is a subsequence of s, we get: It Ď Is.
So, since Is is bounded, we get: It is bounded.

Since t is semi-monontone and It is bounded,

by a class theorem, we get: t is convergent. QED

8-3. Show: Let s P RN.

Assume s is convergent. Then s is Cauchy.
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Proof: Want: @ε ą 0, DK P N s.t., @i, j P N,

p i, j ě K q ñ p |si ´ sj| ă ε q.

Given ε ą 0. Want: DK P N s.t., @i, j P N,

p i, j ě K q ñ p |si ´ sj| ă ε q.

Since s is convergent, choose z P R s.t. sÑ z.

Since sÑ z, choose K P N s.t., @k P N,

p k ě K q ñ p |sk ´ z| ă ε{2 q.

Then K P N. Want: @i, j P N, p i, j ě K q ñ p |si ´ sj| ă ε q.

Given i, j P N. Assume i, j ě K. Want: |si ´ sj| ă ε.

Since i ě K, by choice of K, we get: |si ´ z| ă ε{2.

Since j ě K, by choice of K, we get: |sj ´ z| ă ε{2, so |z ´ sj| ă ε{2.

Then |si ´ sj| ď |si ´ z| ` |z ´ sj| ă pε{2q ` pε{2q “ ε. QED

8-4. Show: Let s P RN.

Assume s is Cauchy and subconvergent. Then s is convergent.

Proof: Since s is subconvergent,

choose a subsequence t of s s.t. t is convergent.

Since t is convergent, choose z P R s.t. tÑ z. Want: sÑ z.

Want: @ε ą 0, DK P N s.t., @j P N,

p j ě K q ñ p |sj ´ z| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N,

p j ě K q ñ p |sj ´ z| ă ε q.

Since s is Cauchy, choose K P N s.t., @i, j P N,

p i, j ě K q ñ p |si ´ sj| ă ε{2 q.

Then K P N. Want: @j P N, p j ě K q ñ p |sj ´ z| ă ε q.

Given j P N. Assume j ě K. Want: |sj ´ z| ă ε.

Since tÑ z, choose L P N s.t., @i P N,

p i ě L q ñ p |ti ´ z| ă ε{2 q.

Let i :“ maxtK,Lu. Then i P N and i ě K and i ě L.

Since t is a subsequence of s,

choose a strictly-increasing ` P NN s.t. t “ s ˝ `.

Since ` P NN, and i P N, we get: `i P N.

By a homework problem, we get: `i ě i.

Let m :“ `i. Then m P N and m ě i.

Since m ě i ě K, we get: m ě K.

Since sm “ s`i “ ps ˝ `qi “ ti, we get sm “ ti.

Since i ě L, by choice of L, we get: |ti ´ z| ă ε{2.
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Since m, j ě K, by choice of K, we get: |sm ´ sj| ă ε{2.

Then |sj ´ ti| “ |sj ´ sm| “ |sm ´ sj| ă ε{2, so |sj ´ ti| ă ε{2.

Then |sj ´ z| ď |sj ´ ti| ` |ti ´ z| ă pε{2q ` pε{2q “ ε. QED

8-5. Show: Let s P RN.

Assume s is Cauchy. Then s is convergent.

Proof: By a class theorem, since s is Cauchy, Is is bounded.

Then, by HW#8-2, we get: s is subconvergent.

Since s is Cauchy and subconvergent,

by HW#8-4, we get: s is convergent. QED

Homework 7: Due on Tuesday 1 November

7-1. Show: Let k P NN. Assume k is strictly-increasing.

Then: @j P N, kj ě j.

Proof: Let S :“ tj P N | kj ě ju. Want: S “ N.

Since k1 P N ě 1, we get 1 P S.

By the PMI, it suffice to show: @k P S, k ` 1 P S.

Given k P S. Want: k ` 1 P S.

Know: kj ě j. Want: kj`1 ě j ` 1.

Since k is strictly increasing, we have: kj`1 ą kj.

So, since kj, kj`1 P Z, we get: kj`1 ě kj ` 1.

Since kj ě j, by adding 1 to both sides, we get: kj ` 1 ě j ` 1.

Then kj`1 ě kj ` 1 ě j ` 1. QED

7-2. Show: Let s, t P R. Assume s ă t.

Then: Dx P Q s.t. s ă x ă t.

Proof: We have t´ s ą 0. By the AP, choose j P N s.t. j ą 1{pt´ sq.

Then j ¨ pt´ sq ą 1, so j ¨ t´ j ¨ s ą 1.

Let a :“ j ¨ s and b :“ j ¨ t. Then b´ a ą 1.

Then, by a class theorem, choose k P Z s.t. a ă k ă b.

Since k P Z and j P N, we get k{j P Q.

Let x :“ k{j. Then x P Q. Want: s ă x ă t.

We have j ¨ x “ k.

Since a ă k ă b and since j P N ą 0, we get a{j ă k{j ă b{j.

Then pj ¨ sq{j ă pj ¨ xq{j ă pj ¨ tq{j. Then s ă x ă t. QED
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7-3. Show: Let s, t, u P RN, a P R.

Assume: @j P N, sj ď tj ď uj.

Assume: sÑ a and uÑ a.

Then: tÑ a.

Proof: Want: @ε ą 0, DK P N s.t., @j P N, p j ě K q ñ p |tj´a| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N, p j ě K q ñ p |tj ´ a| ă ε q.

Since sÑ a, choose L P N s.t., @j P N, p j ě L q ñ p |sj ´ a| ă ε q.

Since uÑ a, choose M P N s.t., @j P N, p j ěM q ñ p |uj ´ a| ă ε q.

Let K :“ maxtL,Mu. Then K ě L and K ěM and K P N.

Want: @j P N, p j ě K q ñ p |tj ´ a| ă ε q.

Given j P N. Assume j ě K. Want: |tj ´ a| ă ε.

Since j ě K ě L, by choice of L, we get |sj ´ a| ă ε.

Then a´ ε ă sj ă a` ε.

Since j ě K ěM , by choice of M , we get |uj ´ a| ă ε.

Then a´ ε ă uj ă a` ε.

By assumption, sj ď tj ď uj.

We have a´ ε ă sj ď tj, so a´ ε ă tj.

We have tj ď uj ă a` ε, so tj ă a` ε.

Then a´ ε ă tj ă a` ε, so |tj ´ a| ă ε. QED

7-4. Show: Let f, g : R 99K R, a P R.

Assume: as xÑ a, fx Ñ ´8.

Assume: as xÑ a, gx Ñ ´8.

Then: as xÑ a, pf ¨ gqx Ñ 8.

Proof: Want: @M P R, Dδ ą 0 s.t., @x P Df ¨g,

p 0 ă |x´ a| ă δ q ñ p pf ¨ gqx ąM q.

Given M P R. Want: Dδ ą 0 s.t., @x P Df ¨g,

p 0 ă |x´ a| ă δ q ñ p pf ¨ gqx ąM q.

Let N :“ ´
a

maxtM, 0u.

Then N P R and N ď 0 and N2 “ maxtM, 0u.

Since as xÑ a, fx Ñ ´8, choose α ą 0 s.t., @x P Df ,

p 0 ă |x´ a| ă α q ñ p fx ă N q.

Since as xÑ a, gx Ñ ´8, choose β ą 0 s.t., @x P Dg,

p 0 ă |x´ a| ă β q ñ p gx ă N q.

Let δ :“ mintα, βu. Then δ ď α and δ ď β and δ ą 0.

Want: @x P Df ¨g, p 0 ă |x´ a| ă δ q ñ p pf ¨ gqx ąM q.

Given x P Df ¨g. Assume 0 ă |x´ a| ă δ. Want: pf ¨ gqx ąM .
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Since x P Df ¨g, we get: x P Df and x P Dg.

Since 0 ă |x´ a| and |x´ a| ă δ ď α, we get 0 ă |x´ a| ă α.

Then, by choice of α, we get fx ă N . Then ´fx ą ´N .

Since 0 ă |x´ a| and |x´ a| ă δ ď β, we get 0 ă |x´ a| ă β.

Then, by choice of β, we get gx ă N . Then ´gx ą ´N .

Since N ď 0, we get ´N ě 0.

Since ´fx ą ´N ě 0 and ´gx ě ´N ě 0,

we get p´fxq ¨ p´gxq ą p´Nq ¨ p´Nq. Then fx ¨ gx ą N2.

Then pf ¨ gqx “ fx ¨ gx ą N2 “ maxtM, 0u ěM . QED

7-5. Show: Let f, g : R 99K R, q P Df ¨g.

Then: pf ¨ gqTq “ fT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q .

Proof: Want: @h P R, ppf ¨ gqTq qh “ pfT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q qh.

Given h P R. Want: ppf ¨ gqTq qh “ pfT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q qh.

We have ppf ¨ gqTq qh “ pf ¨ gqq`h ´ pf ¨ gqq “ fq`h ¨ gq`h ´ fq ¨ gq.

Want: fq`h ¨ gq`h ´ fq ¨ gq “ pfT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q qh.

Let a :“ fq, b :“ gq, A :“ fq`h, B :“ gq`h.

Want: A ¨B ´ a ¨ b “ pfT
q ¨ gq ` fq ¨ g

T
q ` fT

q ¨ g
T
q qh.

We have A´ a “ fq`h ´ fq “ pfT
q qh.

We have B ´ b “ gq`h ´ gq “ pgTq qh.

By the Naive Product Rule, we have

A ¨B ´ a ¨ b “ pA´ aq ¨ b` a ¨ pB ´ bq ` pA´ aq ¨ pB ´ bq.

Then A ¨B ´ a ¨ b “ pfT
q qh ¨ gq ` fq ¨ pg

T
q qh ` pf

T
q qh ¨ pg

T
q qh

“ pfT
q ¨ gqqh ` pfq ¨ g

T
q qh ` pf

T
q ¨ g

T
q qh

“ pfT
q ¨ gq ` fq ¨ g

T
q ` f

T
q ¨ g

T
q qh. QED

Homework 6: Due on Tuesday 25 October

6-1. Show: @a P R, Dx P R s.t. x5 ` x3 ` x “ a.

Proof: Given a P R. Want: Dx P R s.t. x5 ` x3 ` x “ a.

We have ´|a| ď a and |a| ě a. Let b :“ |a|.

Then ´b ď a and b ě a.

Also, b ě 0, so b5 ` b3 ě 0.

Then ´pb5 ` b3q ´ b ď ´b and pb5 ` b3q ` b ě b.

Define f : RÑ R by: @x P R, fx “ x5`x3`x. Then f is continuous.

We have f´b “ ´pb
5` b3q ´ b ď ´b ď a and fb “ pb

5` b3q ` b ě b ě a.

Then f´b ď a and fb ě a, and so f´b ď a ď fb, and so a P rf´b|fbs.
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Since f is continuous on r´b|bs, by the IVT, we have rf´b|fbs Ď f˚r´b|bs.

Since a P rf´b|fbs Ď f˚r´b|bs choose x P r´b|bs s.t. fx “ a.

Then x P r´b|bs Ď R. Want x5 ` x3 ` x “ a.

We have x5 ` x3 ` x “ fx “ a. QED

6-2. Show: Let f, g : R 99K R, a, b P R.

Assume: as xÑ a, fx Ñ b. Assume: g is continuous at b.

Then: as xÑ a, pg ˝ fqx Ñ gb.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P Dg˝f ,

p 0 ă |x´a| ă δ q ñ p |pg ˝fqx´gb| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Dg˝f ,

p 0 ă |x´a| ă δ q ñ p |pg ˝fqx´gb| ă ε q.

Since g is continuous at b, choose η ą 0 s.t., @y P Dg,

p |y ´ b| ă η q ñ p |gy ´ gb| ă ε q.

Since as xÑ a, fx Ñ b, choose δ ą 0 s.t., @x P Df ,

p 0 ă |x´ a| ă δ q ñ p |fx ´ b| ă η q.

Then δ ą 0. Want: @x P Dg˝f ,

p 0 ă |x´a| ă δ q ñ p |pg ˝fqx´gb| ă ε q.

Given x P Dg˝f . Assume 0 ă |x´a| ă δ. Want: |pg˝fqx´gb| ă ε.

Since x P Dg˝f , we get fx P Dg. Then fx ‰ /, so x P Df .

Since 0 ă |x´ a| ă δ, by choice of δ, we get |fx ´ b| ă η.

Let y :“ fx. Then y “ fx P Dg.

Since |y ´ b| “ |fx ´ b| ă η, by choice of η, we get |gy ´ gb| ă ε.

Then |pg ˝ fqx ´ gb| “ |gfx ´ gb| “ |gy ´ gb| ă ε. QED

6-3. Show: Let f : R 99K R, a, b P Df .

Assume a ‰ b. Let m :“ DQf pa, bq.

Define g : R 99K R by: @x P R, gx “
˚ fx ´mx.

Then: ga “ gb.

Proof: We have m “ DQf pa, bq “
fb ´ fa
b´ a

, so m “
fb ´ fa
b´ a

.

Then m ¨ pb´ aq “ fb ´ fa.

Then mb´ma “ fb ´ fa.

Then fa ´ma “ fb ´mb.

Then ga “ gb. QED

6-4. Show: Let f : R 99K R, a P Df .

Assume fT
a is continuous at 0. Then f is continuous at a.
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Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Let g :“ fT
a . Then, by assumption, g is continuous at 0.

Since g is continuous at 0, choose δ ą 0 s.t., @h P Dg,

p |h´ 0| ă δ q ñ p |gh ´ g0| ă ε q.

Then δ ą 0. Want: @x P Df , p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given x P Df . Assume |x´ a| ă δ. Want: |fx ´ fa| ă ε.

Since x, a P Df , it follows that fx ´ fa ‰ /. Let h :“ x´ a.

We have gh “ pfT
a qh “ fa`h ´ fa “ fx ´ fa.

So, since fx ´ fa ‰ /, we see that gh ‰ / and gh “ fx ´ fa.

Since gh ‰ /, we get h P Dg.

So, since |h´0| “ |h| “ |x´a| ă δ, by choice of δ, we get |gh´g0| ă ε.

Since a P Df , we get fa`0 ´ fa “ 0.

Then g0 “˚ pfT
a q0 “ fa`0 ´ fa “ 0. Then g0 “ 0.

Then fx´ fa “ gh “ gh´ g0. Then |fx´ fa| “ |gh´ g0| ă ε. QED

6-5. Show: Let f, g : R 99K R, a P Dg˝f . Then pg ˝ fqTa “ pgTfaq ˝ pf
T
a q.

Proof: Want: @h P R, ppg ˝ fqTaqh “ ppgTfaq ˝ pf
T
a qqh.

Given h P R. Want: ppg ˝ fqTaqh “ ppgTfaq ˝ pf
T
a qqh.

We have: ppg ˝ fqTaqh “ pg ˝ fqa`h ´ pg ˝ fqa.

Want: pg ˝ fqa`h ´ pg ˝ fqa “ ppgTfaq ˝ pf
T
a qqh.

Let k :“ ppfaq
Tqh. Then: ppgTfaq ˝ pf

T
a qqh “ pgTfaqk.

Want: pg ˝ fqa`h ´ pg ˝ fqa “ pgTfaqk.

We have: pgTfaqk “ gfa`k ´ gfa .

Want: pg ˝ fqa`h ´ pg ˝ fqa “ gfa`k ´ gfa .

We have: k “ pfT
a qh “ fa`h ´ fa.

Then fa ` k “ fa ` fa`h ´ fa.

Since a P Df , we get fa ´ fa “ 0, so fa ` fa`h ´ fa “ fa`h.

Then fa ` k “ fa ` fa`h ´ fa “ fa`h,

so fa ` k “ fa`h, so gfa`k “ gfa`h
.

Then pg ˝ fqa`h ´ pg ˝ fqa “ gfa`h
´ gfa

“˚ gfa`k ´ gfa . QED

Homework 5: Due on Wednesday 19 October
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5-1. Show: Let f, g : R 99K R, a P R.

Assume f and g are both continuous at a.

Then f ` g is continuous at a.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P Df`g,

p |x´a| ă δ q ñ p |pf`gqx´pf`gqa| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Df`g,

p |x´a| ă δ q ñ p |pf`gqx´pf`gqa| ă ε q.

Since f is continuous at a, choose λ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε{2 q.

Since g is continuous at a, choose µ ą 0 s.t., @x P Dg,

p |x´ a| ă δ q ñ p |gx ´ ga| ă ε{2 q.

Let δ :“ mintλ, µu. Then δ ą 0.

Want: @x P Df`g, p |x´ a| ă δ q ñ p |pf ` gqx ´ pf ` gqa| ă ε q.

Given x P Df`g. Assume |x´a| ă δ. Want: |pf`gqx´pf`gqa| ă ε.

Since x P Df`g, we get: x P Df and x P Dg.

Since δ “ mintλ, µu, we get: δ ď λ and λ ď µ.

Since |x´ a| ă δ ď λ, by choice of λ, we get: |fx ´ fa| ă ε{2.

Since |x´ a| ă δ ď µ, by choice of µ, we get: |gx ´ ga| ă ε{2.

Then |pf ` gqx ´ pf ` gqa| “ |pfx ` gxq ´ pfa ` gaq|

“ |fx ` gx ´ fa ´ ga|

“ |fx ´ fa ` gx ´ ga|

ď |fx ´ fa| ` |gx ´ ga|

ă pε{2q ` pε{2q “ ε. QED

5-2. Show: Let f, g : R 99K R, a P R.

Assume f is continuous at a and g is continuous at fa.

Then g ˝ f is continuous at a.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @x P Dg˝f ,

p |x´a| ă δ q ñ p |pg˝fqx´pg˝fqa| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Dg˝f ,

p |x´a| ă δ q ñ p |pg˝fqx´pg˝fqa| ă ε q.

Since g is continuous at fa, choose η ą 0 s.t., @y P Dg,

p |y ´ fa| ă η q ñ p |gy ´ gfa | ă ε q.

Since f is continuous at a, choose δ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă η q.

Then δ ą 0.

Want: @x P Dg˝f , p |x´ a| ă δ q ñ p |pg ˝ fqx ´ pg ˝ fqa| ă ε q.
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Given x P Dg˝f . Assume |x´ a| ă δ. Want: |pg ˝ fqx ´ pg ˝ fqa| ă ε.

Since x P Dg˝f , we get fx P Dg, and so x P Df .

Since |x´ a| ă δ, by choice of δ, we get |fx ´ fa| ă η.

Let y :“ fx. Then |y ´ fa| ă η. Also, y “ fx P Dg, so y P Dg.

Since |y ´ fa| ă η, by choice of η, we get |gy ´ gfa | ă ε.

Then |pg ˝ fqx ´ pg ˝ fqa| “ |gfx ´ gfa | “ |gy ´ gfa | ă ε. QED

5-3. Show: Let f : R 99K R, s P pDf q
N, a P R.

Assume f is continuous at a and sÑ a. Then f ˝ sÑ fa.

Proof: Want: @ε ą 0, DK P N s.t., @j P N,

p j ě K q ñ p |pf ˝ sqj ´ fa| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N,

p j ě K q ñ p |pf ˝ sqj ´ fa| ă ε q.

Since f is continuous at a, choose δ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Since sÑ a, choose K P N s.t., @j P N,

p j ě K q ñ p |sj ´ a| ă δ q.

Then K P N.

Want: @j P N, p j ě K q ñ p |pf ˝ sqj ´ fa| ă ε q.

Given j P N. Assume j ě K. Want: |pf ˝ sqj ´ fa| ă ε.

Since j ě K, by choice of K, we get: |sj ´ a| ă δ.

Since s P pDf q
N, we get: sj P Df . Let x :“ sj. Then x P Df .

Since |x´ a| “ |sj ´ a| ă δ, by choice of δ, we get: |fx ´ fa| ă ε.

Then |pf ˝ sqj ´ fa| “ |fsj ´ fa| “ |fx ´ fa| ă ε. QED

5-4. Show: let f : R 99K R.

Assume f is Lipschitz. Then f is uniformly continuous.

Proof: Want: @ε ą 0, Dδ ą 0 s.t., @w, x P Df ,

p |x´ w| ă δ q ñ p |fx ´ fw| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @w, x P Df ,

p |x´ w| ă δ q ñ p |fx ´ fw| ă ε q.

Since f is Lipschitz, choose L ě 0 s.t. f is L-Lipschitz.

Let δ :“ ε { pL` 1q. Then δ ą 0.

Want: @w, x P Df , p |x´ w| ă δ q ñ p |fx ´ fw| ă ε q.

Want: Given w, x P Df . Assume |x´ w| ă δ. Want: |fx ´ fw| ă ε.

Since f is L-Lipschitz, we get: |fx ´ fw| ď L ¨ |w ´ x|.
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Since L ě 0 and |w ´ x| ă δ, we get L ¨ |x´ w| ď L ¨ δ.

Then |fx ´ fw| ď L ¨ |w ´ x| ď L ¨ δ “ L ¨ ε { pL` 1q ă ε. QED

5-5. Show: let f : R 99K R.

Assume f is uniformly continuous. Then f is continuous.

Proof: Want: @a P R, f is continuous at a.

Given a P R. Want: f is continuous at a.

Want: @ε ą 0, Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given ε ą 0. Want: Dδ ą 0 s.t., @x P Df ,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Since f is uniformly continuous, choose δ ą 0 s.t., @w, x P Df ,

p |x´ w| ă δ q ñ p |fx ´ fw| ă ε q.

Then δ ą 0.

Want: @x P Df , p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given x P Df . Assume |x´ a| ă δ. Want: |fx ´ fa| ă ε.

Let w :“ a. Then w “ a P Df . Recall that x P Df .

Also, |x´ w| “ |x´ a| ă δ, so |x´ w| ă δ.

Since |x´ w| ă δ, by choice of δ, we get: |fx ´ fw| ă ε.

Then |fx ´ fa| “ |fx ´ fw| ă ε. QED

Homework 4: Due on Tuesday 11 October

4-1. Show: p1, 2, 3, . . .q Ñ 8.

Proof: Let s :“ p1, 2, 3, . . .q. Want: sÑ 8.

We have: @j P N, sj “ j.

Want: @M P R, DK P N s.t., @j P N, p j ě K q ñ p sj ąM q.

Given M P R. Want: DK P N s.t., @j P N, p j ě K q ñ p sj ąM q.

By the AP, choose K P N s.t. K ąM . Then K P N.

Want: @j P N, p j ě K q ñ p sj ąM q.

Given j P N. Assume j ě K. Want: sj ąM .

We have sj “ j ě K ąM . QED

4-2. Show: Let s P RN, c ă 0.

Assume sÑ 8. Then c ¨ sÑ ´8.

Proof: Want: @N P R, DK P N s.t., @j P N, p j ě K q ñ p pc ¨ sqj ă

N q.



27

Given N P R. Want: DK P N s.t., @j P N, p j ě K q ñ p pc ¨sqj ă N q.

Let M :“ N{c. Then M P R and c ¨M “ N .

Since sÑ 8, choose K P N s.t., @j P N, p j ě K q ñ p sj ąM q.

Then K P N. Want: @j P N, p j ě K q ñ p pc ¨ sqj ă N q.

Given j P N. Assume j ě K. Want: pc ¨ sqj ă N .

Since j ě K, by choice of K, we have sj ąM .

So, since c ă 0, we get c ¨ sj ă c ¨M .

Then pc ¨ sqj “ c ¨ sj ă c ¨M “ N . QED

4-3. Show: Let s, t P RN.

Assume sÑ 8 and tÑ 8. Then s` tÑ 8.

Proof: Want: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p ps` tqj ąM q.

Given M P R. Want: DK P N s.t., @j P N,

p j ě K q ñ p ps` tqj ąM q.

Since sÑ 8, choose A P N s.t., @j P N, p j ě A q ñ p sj ąM{2 q.

Since tÑ 8, choose B P N s.t., @j P N, p j ě B q ñ p tj ąM{2 q.

Let K :“ maxtA,Bu. Then K P tA,Bu Ď N.

Want: @j P N, p j ě K q ñ p ps` tqj ąM q.

Given j P N. Assume j ě K. Want: ps` tqj ąM .

We have K ě A and K ě B.

Since j ě K ě A, by choice of A, we get sj ąM{2.

Since j ě K ě B, by choice of B, we get tj ąM{2.

Then ps` tqj “ sj ` tj ą pM{2q ` pM{2q “M . QED

4-4. Show: Let s P pRˆ0 qN.

Assume sÑ 8. Then 1{sÑ 0.

Proof: Want: @ε ą 0, DK P N s.t., @j P N,

p j ě K q ñ p |p1{sqj ´ 0| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N,

p j ě K q ñ p |p1{sqj ´ 0| ă ε q.

Let M :“ 1{ε. Since ε ą 0, we get M P R and M ą 0 and 1{M “ ε.

Since sÑ 8, choose K P N s.t., @j P N, p j ě K q ñ p sj ąM q

Then K P N. Want: @j P N, p j ě K q ñ p |p1{sqj ´ 0| ă ε q.

Given j P N. Assume j ě K. Want: |p1{sqj ´ 0| ă ε.

Since j ě K, by choice of K, we have sj ąM .

We have sj ąM ą 0, so sj ą 0, so 1{sj ą 0, so |1{sj| “ 1{sj.
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Since sj ąM ą 0, we also get 1{sj ă 1{M .

Then |p1{sqj ´ 0| “ |p1{sqj| “ |1{sj| “ 1{sj ă 1{M “ ε. QED

4-5. Show: Let s P pRˆ0 qN, c P R.

Assume sÑ ´8. Then c{sÑ 0.

Proof: Want: @ε ą 0, DK P N s.t., @j P N,

p j ě K q ñ p |pc{sqj ´ 0| ă ε q.

Given ε ą 0. Want: DK P N s.t., @j P N,

p j ě K q ñ p |pc{sqj ´ 0| ă ε q.

Let M :“ p|c| ` 1q{ε. Then M P R and M ą 0.

Since sÑ ´8, choose K P N s.t., @j P N, p j ě K q ñ p sj ă ´M q.

Then K P N. Want: @j P N, p j ě K q ñ p |pc{sqj ´ 0| ă ε q.

Given j P N. Assume j ě K. Want: |pc{sqj ´ 0| ă ε.

Since j ě K, by choice of K, we get sj ă ´M .

Since sj ă ´M ă 0, it follows that sj ă 0, so |sj| “ ´sj.

Since ´sj ąM ą 0, we get 1{p´sjq ă 1{M . Then |c|{p´sjq ď |c|{M .

We have 1{M “ ε{p|c| ` 1q, and so |c| ¨ p1{Mq ă ε.

Then |c|{|sj| “ |c|{p´sjq ď |c|{M “ |c| ¨ p1{Mq ă ε, so |c|{|sj| ă ε.

Then |pc{sqj ´ 0| “ |pc{sqj| “ |c{sj| “ |c|{|sj| ă ε. QED

Below is an alternate proof.

Proof:

Claim: ´sÑ 8.

Proof of Claim: Want: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p p´sqj ąM q.

Given M P R. Want: DK P N s.t., @j P N,

p j ě K q ñ p p´sqj ąM q.

Since sÑ ´8, choose K P N s.t., @j P N,

p j ě K q ñ p sj ă ´M q.

Then K P N. Want: @j P N, p j ě K q ñ p p´sqj ąM q.

Given j P N. Assume j ě K. Want: p´sqj ąM .

Since j ě K, by choice of K, we get: sj ă ´M . Then ´sj ąM .

Then p´sqj “ ´sj ąM .

End of proof of Claim.

Let b :“ ´c, r :“ ´s. By the Claim, r Ñ 8.

So, by HW 4-4, 1{r Ñ 0. So, by HW 4-2, b ¨ p1{rq Ñ b ¨ 0.
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So, since b ¨ 0 “ 0, we get: b ¨ p1{rq Ñ 0. Want: c{sÑ 0.

Want: b ¨ p1{rq “ c{s. Want: @j P N, pb ¨ p1{rqqj “ pc{sqj.

Given j P N. Want: pb ¨ p1{rqqj “ pc{sqj.

We have rj “ p´sqj “ ´sj, so rj “ ´sj. Also, pc{sqj “ c{sj.

Then b{rj “ p´cq{p´sjq “ c{sj “ pc{sqj, so b{rj “ pc{sqj.

Then pb ¨ p1{rqqj “ b ¨ p1{rqj “ b ¨ p1{rjq “ b{rj “ pc{sqj. QED

Homework 3: Due on Tuesday 4 October

3-1. Using the 0-PMI, show: Let x P R. Then: @j P N0, |x
j| “ |x|j.

Proof: Let S :“ tj P N | |xj| “ |x|ju. Want: S “ N.

|x0| “ |1| “ 1 “ |x|0, so 0 P S.

By PMI, want: @j P S, j ` 1 P S.

Given j P S. Want: j ` 1 P S.

Know: |xj| “ |x|j. Want: |xj`1| “ |x|j`1.

We have: |xj`1| “ |xj ¨ x| “ |xj| ¨ |x| “ |x|j ¨ |x| “ |x|j`1. QED

3-2. Show: @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x´ 4| ă δ q ñ p |x3 ´ 5x2 ` 4x| ă ε q.

Proof:

Given ε ą 0. Want: Dδ ą 0 s.t., @x P R,

p |x´ 4| ă δ q ñ p |x3 ´ 5x2 ` 4x| ă ε q.

Let δ :“ mint1, ε{31, ε{30u. Then δ ą 0.

Want: @x P R, p |x´ 4| ă δ q ñ p |x3 ´ 5x2 ` 4x| ă ε q.

Given x P R. Assume |x´ 4| ă δ. Want: |x3 ´ 5x2 ` 4x| ă ε.

We have δ ď 1 and δ ď ε{31.

Since |x| “ |x´4`4| ď |x´4|` |4| ă δ`4 ď 5, we get |x|2`|x| ă 30.

Then |x2 ´ x| ď |x|2 ` |x| ă 30.

Then |px´ 4q ¨ px2 ´ xq| “ |x´ 4| ¨ |x2 ´ x| ď δ ¨ 30 ď pε{31q ¨ 30 ă ε.

Then |x3 ´ 5x2 ` 4x| “ |px´ 4q ¨ px2 ´ xq| ă ε. QED

3-3. Show: Define f : RÑ R by: @x P R, fx “ x2.

Then: @a P R, @ε ą 0, Dδ ą 0 s.t., @x P R,

p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Proof: Given a P R, ε ą 0.

Want: Dδ ą 0 s.t., @x P R, p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Let δ :“ ε{p1` 2 ¨ |a|q. Then δ ą 0.



30

Want: @x P R, p |x´ a| ă δ q ñ p |fx ´ fa| ă ε q.

Given x P R. Assume |x´ a| ă δ. Want: |fx ´ fa| ă ε.

We have |x| “ |x´ a` a| ď |x´ a| ` |a| ă δ ` |a|, so |x| ă δ ` |a|.

Then |x| ` |a| ă δ ` 2 ¨ |a| ď 1` 2 ¨ |a|.

Then δ ¨ p|x| ` |a|q “ pε{p1` 2 ¨ |a|qq ¨ p|x| ` |a|q

ď pε{p1` 2 ¨ |a|qq ¨ p1` 2 ¨ |a|q ă ε.

Then |px´aq ¨ px`aq| “ |x´a| ¨ |x`a| ď δ ¨ |x`a| ď δ ¨ p|x|` |a|q ă ε.

Then |fx ´ fa| “ |x
2 ´ a2| “ |px´ aq ¨ px` aq| ă ε. QED

3-4. Show: @M P R, DK P N s.t., @j P N,

p j ě K q ñ p j4 ´ 7j ´ 9 ąM q.

Proof: Given M P R. Want: DK P N s.t., @j P N,

p j ě K q ñ p j4 ´ 7j ´ 9 ąM q.

Let L :“ maxt2,M ` 9u. Then L ď 2 and L ďM ` 9.

By the Archimedean Principle,

choose K P N such that K ą L. Then K P N.

Want: @j P N, p j ě K q ñ p j4 ´ 7j ´ 9 ąM q.

Given j P N. Assume j ě K. Want: j4 ´ 7j ´ 9 ąM .

We have j ´ 9 ě K ´ 9 ą L´ 9 ě pM ` 9q ´ 9 “M , so j ´ 9 ąM .

We have j ě K ą L ě 2. Then j3 ą 8.

So, since j P N ą 0, we get j3 ¨ j ą 8j.

Then j4 ´ 7j ´ 9 “ j3 ¨ j ´ 7j ´ 9 ą 8j ´ 7j ´ 9 “ j ´ 9 ąM . QED

3-5. Show: Let x, y P R. Then: | |y| ´ |x| | ď | y ´ x |.

Proof: Let a :“ |x| and b :“ |y| and ε :“ |y´x|. Want: |b´a| ď ε.

Want: a´ ε ď b ď a` ε.

Want: (1) a´ ε ď b and (2) b ď a` ε.

Proof of (1):

We have a “ |x| “ |y ` px´ yq| ď |y| ` |x´ y| “ |y| ` |y ´ x| “ b` ε.

Then a ď b` ε. Then a´ ε ď b.

End of proof of (1).

Proof of (2):

We have b “ |y| “ |x` py ´ xq| ď |x| ` |y ´ x| “ a` ε.

Then b ď a` ε.

End of proof of (2). QED
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Homework 2: Due on Tuesday 27 September

2-1. Show: Let S Ď R˚. Then: supS “˚ maxS.

Proof: Want: p maxS ‰ / q ñ p supS “ maxS q.

Assume maxS ‰ /. Want: supS “ maxS.

We have: maxS “ UEpS X UBSq
˚P S X UBS, so maxS P S X UBS.

Since maxS P S ď supS, we get maxS ď supS.

Since maxS P UBS ě supS, we get maxS ě supS.

Since maxS ď supS and maxS ě supS,

we get maxS “ supS, so supS “ maxS. QED

2-2. Show: @M P R, DN P R s.t., @x P R,

p x ă N q ñ p x2 ąM q.

Proof: Given M P R. Want: DN P R s.t., @x P R,

p x ă N q ñ p x2 ąM q.

Let N :“ ´
a

maxtM, 0u. Then N P R.

Want: @x P R, p x ă N q ñ p x2 ąM q.

Given x P R. Assume x ă N . Want: x2 ąM .

Since N “ ´
a

maxtM, 0u, we get N ď 0 and N2 “ maxtM, 0u.

Since x ă N ď 0, we get x2 ą N2.

Then x2 ą N2 “ maxtM, 0u ěM . QED

2-3. Show: @M P R, DK P N0 s.t., @j P N0,

p j ě K q ñ p 2j ąM q.

Proof: Given M P R. Want: DK P N0 s.t., @j P N0,

p j ě K q ñ p 2j ąM q.

By the Archimedean Principle, choose K P N such that K ąM .

Then K P N Ď N0, so K P N0.

Want: @j P N0, p j ě K q ñ p 2j ąM q.

Given j P N0. Assume j ě K. Want: 2j ąM .

By an in class theorem, 2j ě j ` 1.

Then 2j ě j ` 1 ą j ě K ąM . QED

2-4. Show: @ε ą 0, DK P N0 s.t., @j P N0,

p j ě K q ñ

ˆ

1

2j
ă ε

˙

.
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Proof: Given ε ą 0. Want: DK P N0 s.t., @j P N0,

p j ě K q ñ

ˆ

1

2j
ă ε

˙

.

Let M :“ 1{ε. Then M P R and M ą 0 and
1

M
“ ε.

By HW 2-3, choose K P N0 s.t. @j P N0,

p j ě K q ñ p 2j ąM q.

Then K P N0. Want: @j P N0, p j ě K q ñ

ˆ

1

2j
ă ε

˙

.

Given j P N0. Assume j ě K. Want:
1

2j
ă ε.

By the choice of K, since j ě K, we get 2j ąM .

Since 2j ąM ą 0, we get
1

2j
ă

1

M
.

Then
1

2j
ă

1

M
“ ε. QED

2-5. Using the 0-PMI, show: @k P N0,

1` 2` 4` 8` ¨ ¨ ¨ ` 2k “ 2k`1 ´ 1.

Proof: Let S :“ tj P N0 | 1` 2` 4` 8` ¨ ¨ ¨ ` 2k “ 2k`1 ´ 1u.

Want: S “ N0. Since 1 “ 20`1 ´ 1, we get 0 P S.

By the 0-PMI, want: @j P S, j ` 1 P S.

Given j P S. Want: j ` 1 P S.

Know: 1` 2` 4` 8` ¨ ¨ ¨ ` 2k “ 2k`1 ´ 1.

Want: 1` 2` 4` 8` ¨ ¨ ¨ ` 2k ` 2k`1 “ 2pk`1q`1 ´ 1.

We have 1` 2` 4` 8` ¨ ¨ ¨ ` 2k ` 2k`1

“ 2k`1 ´ 1` 2k`1

“ 2k`1 ` 2k`1 ´ 1

“ 2k`1 ¨ 1` 2k`1 ¨ 1´ 1

“ 2k`1 ¨ p1` 1q ´ 1

“ 2k`1 ¨ 2´ 1

“ 2k`1 ¨ 21 ´ 1

“ 2pk`1q`1 ´ 1.

QED

Homework 1: Due on Tuesday 20 September

1-1. Show: @ε ą 0, Dδ ą 0 s.t. 3δ8 ` 7δ6 ` 2δ4 ď 6ε.
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Proof: Given ε ą 0. Want: Dδ ą 0 s.t. 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

Let δ :“ mint 8
a

2ε{3 , 6
a

2ε{7 , 4
?
ε u. Then δ ą 0.

Want: 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

Since 0 ď δ ď 8
a

2ε{3, we get δ8 ď p 8
a

2ε{3q8.

Since 0 ď δ ď 6
a

2ε{7, we get δ6 ď p 6
a

2ε{7q6.

Since 0 ď δ ď 4
?
ε, we get δ4 ď p 4

?
εq4.

Then δ8 ď 2ε{3 and δ6 ď 2ε{7 and δ4 ď ε.

Then 3δ8 ď 2ε and 7δ6 ď 2ε and 2δ4 ď 2ε.

Then 3δ8 ` 7δ6 ` 2δ4 ď 6ε. QED

1-2. Show: Let ε ą 0. Then Dδ ą 0 s.t. 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

Proof: Let δ :“ mint 8
a

2ε{3 , 6
a

2ε{7 , 4
?
ε u. Then δ ą 0.

Want: 3δ8 ` 7δ6 ` 2δ4 ď 6ε.

Since 0 ď δ ď 8
a

2ε{3, we get δ8 ď p 8
a

2ε{3q8.

Since 0 ď δ ď 6
a

2ε{7, we get δ6 ď p 6
a

2ε{7q6.

Since 0 ď δ ď 4
?
ε, we get δ4 ď p 4

?
εq4.

Then δ8 ď 2ε{3 and δ6 ď 2ε{7 and δ4 ď ε.

Then 3δ8 ď 2ε and 7δ6 ď 2ε and 2δ4 ď 2ε.

Then 3δ8 ` 7δ6 ` 2δ4 ď 6ε. QED

1-3. Show: @N P R, Dδ ą 0 s.t. @x P R,

p´δ ă x ă 0 q ñ p 1{x ă N q.

Proof: Given N P R. Want: Dδ ą 0 s.t. @x P R,

p´δ ă x ă 0 q ñ p 1{x ă N q.

Let A :“ maxt´N, 1u. Then A ě ´N and A ě 1.

We have A ě 1 ą 0, so A ą 0.

Let δ :“ 1{A. Then 1{δ “ A. Also, δ ą 0.

Want: @x P R, p´δ ă x ă 0 q ñ p 1{x ă N q.

Given x P R. Assume ´δ ă x ă 0. Want: 1{x ă N .

Since ´δ ă x ă 0, we get δ ą ´x ą 0, so 1{δ ă 1{p´xq.

Then ´1{δ ą ´1{p´xq “ 1{x, so 1{x ă ´1{δ.

Since 1{δ “ A ě ´N , we get: ´1{δ ď N .

Then 1{x ă ´1{δ ď N . QED

1-4. Show: Let N P R. Then Dδ ą 0 s.t. @x P R,

p´δ ă x ă 0 q ñ p 1{x ă N q.
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Proof: Let A :“ maxt´N, 1u. Then A ě ´N and A ě 1.

We have A ě 1 ą 0, so A ą 0.

Let δ :“ 1{A. Then 1{δ “ A. Also, δ ą 0.

Want: @x P R, p´δ ă x ă 0 q ñ p 1{x ă N q.

Given x P R. Assume ´δ ă x ă 0. Want: 1{x ă N .

Since ´δ ă x ă 0, we get δ ą ´x ą 0, so 1{δ ă 1{p´xq.

Then ´1{δ ą ´1{p´xq “ 1{x, so 1{x ă ´1{δ.

Since 1{δ “ A ě ´N , we get: ´1{δ ď N .

Then 1{x ă ´1{δ ď N . QED

1-5. Using the PMI, show:

@k P N, 12
` 22

` ¨ ¨ ¨ ` k2 “
kpk ` 1qp2k ` 1q

6
.

Proof: Let S :“

"

k P N
ˇ

ˇ

ˇ

ˇ

12
` 22

` ¨ ¨ ¨ ` k2 “
kpk ` 1qp2k ` 1q

6

*

.

Want: S “ N. Since 12
“

1 ¨ p1` 1q ¨ p2 ¨ 1` 1

6
, we get 1 P S.

By the PMI, we wish to show: @k P S, k ` 1 P S.

Given k P S. Want: k ` 1 P S.

Know: 12
` 22

` ¨ ¨ ¨ ` k2 “
kpk ` 1qp2k ` 1q

6
.

Want: 12 ` 22 ` ¨ ¨ ¨ ` k2 ` pk ` 1q2 “

pk ` 1qppk ` 1q ` 1qp2 ¨ pk ` 1q ` 1q

6
.

We have 12
` 22

` ¨ ¨ ¨ ` k2 ` pk ` 1q2 “
kpk ` 1qp2k ` 1q

6
` pk ` 1q2

“
kpk ` 1qp2k ` 1q

6
`

6 ¨ pk ` 1q2

6

“
kpk ` 1qp2k ` 1q ` 6 ¨ pk ` 1q2

6

“
pk ` 1q ¨ pkp2k ` 1q ` 6 ¨ pk ` 1qq

6

“
pk ` 1q ¨ p2k2 ` k ` 6k ` 6q

6
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“
pk ` 1q ¨ p2k2 ` 7k ` 6q

6

“
pk ` 1q ¨ pk ` 2q ¨ p2k ` 3q

6

“
pk ` 1q ¨ ppk ` 1q ` 1q ¨ p2 ¨ pk ` 1q ` 1q

6
. QED


