Week 11 Homework

1. Let G : R? — R be a C* function such that G(a,b) = 0 and D2G(a,b) # 0. Then the implicit
function theorem yields a C! function f such that the graph of y = f(x) agrees with the zero
set of G in a neighborhood of (a,b). Show that

DGz, f(x))

@) == 5,6, f@)

for x in a neighborhood of a.

Solution. Let ¢p(x) = (x, f(x)). Then G o ¢ = 0 on a neighborhood U of a, and we may assume
U is small enough so that DoG(x, f(z)) # 0 for © € U. Thus

0= (Go¢)(x) =VG(¢(x)) ¢(x) = DiG(x, f(x)) + f'(x) DG (2, f ().

The result follows.

2. The p-norm on R" is defined by

jlp = (Jz1f + ...+ |za) 7.

Show that
Tim o], = Jels
where
|z|0o = max{|z1|,...,|zn|}.
Solution. Let |zj| be the greatest of |z1|,..., |zy|. Then
[2lp < (nlax[P)7P = |og] = []oo as p — oo,
and

2l = (Jx[?) /P = |zx] = |2]o

The result follows by the squeeze theorem.

3. Let a € R™ and consider the linear map L, : R™ — R defined by
Ly(z)=a-x.
For a linear map L : R™ — R™ define

Ll|, = L
1Ll = max L(2)],

where DP = {x € R" : |z|, < 1}. Express ||Lq||1 and ||Lg||so in terms of the appropriate norms
of a.



Solution. First consider ||L,||1. Let |ag| be the largest of |a1],...,|an|. Then

[ La|l1 = max |a- x|
x€dD!

max |a1z1 + ... + apy|
xedD!

< max (|la1||lx1]| + ...+ |an||lx
_xeaDl(l 1] |an|zn|)
< lag| = |a]oo-

On the other hand, let = e;,. Then € 9D' and
[L(x)|r = |a- exly = |ak| = |als

which shows that ||Ly||1 > |a|s. We conclude that ||Ly||1 = |a]so-
Now consider ||Ly||oo. Compute

[1Zalloc = max la- o
= max |a1z1 + ...+ apzy
r€QD>®
<
< max (lagflza|+. .. + |an]lzn])

< a1+ ...+ |an| = |a1.

On the other hand, for j =1,...,n,let z; =1 if a; > 0 and z; = =1 if a; < 0. Then x € 9D
and
|L(2)]oo = |a - Z|oo = |a1| + ... + |an]| = |a]1.

which shows ||Lg||co > |a]i. We conclude that ||Lg||eco = |al1-

4. For a linear map L : R™ — R™ define

Lllpg = L(z)l,.
1Lllpq = max |L(z)lq

Show that if A is the matrix of L, then

|| L|[1,00 = max{|a;;| : 1 <i<m,1<j<n}.

Solution. Let x € R™, let y = L(x) and let |yx| be the largest of |yi],...,|ym|. Then
L = max |L(z
Lo = o |2
= max
max [y

n
= e | > ange
xGBDl‘ - ak]x]’
7j=1
n

< max Z Agqil|T;
< s > law o

<max{|a;;| : 1 <i<m,1<j5<n}
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On the other hand assume |ay| is the largest of |a;;|, 1 < i <m, 1 < j <n, and let z = ¢;.
Then 2 € 9D' and

IL(2)|oo = |Az]oo

aqy

Aml 00

lag| = max{|a;;| : 1 <i<m,1 <5 <n},

which shows
[|L|]1,00 > max{|a;;| : 1 <i<m,1<j<n}

The result follows.

5. Show that the linear map L : R — R™ is one-to-one if and only if

M = in |L

Jonin [L(2)]e
is positive. Use this to show that L is one-to-one if and only if there exists M > 0 such that
|L(2)|oo > M|z|s for all x € R™.

Solution. Assume mingeype |L(z)|oc = 0. Then |L(x)|s = 0 for some z, which means L(x) = 0.
Thus Ker L # 0 and L is not one-to-one. Conversely assume L is not one-to-one. Then
Ker L =0, so there is z # 0 such that L(z) = 0. Thus

0=L(z) = |z|oL <x)

7] o0

and since z/|z|s € 0D this shows mingecppe |L(z)]sc = 0.

Now assume there is K > 0 such that |L(z)|e > K|z|x for all z € R". Let z € 9D be
arbitrary. Then |L(x)|oo > K|x|oo = K which shows mingeypes |L(z)|s > K > 0. Conversely,
assume M = mingegpe |L(z)|s > 0, and let € R™ be arbitrary but not zero. Then

T

L)oo = Joloe ]L ()‘ > Ml

|70

If £ = 0 the same equation is trivially true. The result follows.



