Week 4 Homework
1. Let f: R™ — R be differentiable, and assume

(x)  f(tx)=tf(x) forevery x € R" and t € R
(i) Show that! f(z) = V£(0) - z, so that f is linear.

(ii) Assume g : R® — R satisfies (*) but is not linear (i.e. not additive). Show that g has

directional derivatives at 0 but is not differentiable. (Problem 6 of HW3 is a special case of
this.)

Solution. Note that (*) implies f(0) = 0. Let € R™ and compute

Vi) 2 = D7) = T IO ya

This shows f is linear with matrix V f(0). So if g satisfies (*) but is not linear, then g cannot
be differentiable though it has directional derivatives D, f(0) = f(z).

2. Let f:R" - R™, ¢g:R™ — R, and ¢ : R — R" be differentiable, and let h = go fo¢. Show
that
W(t) = Vg(f(6(t)) - Dy f(6(2)).

Solution. By the chain rule,

W(t) =g ((fod)(t) (foe)(t)
= Vg(f((1) - (f (6(1))' (1))

Now observe that
F(o(t)¢'(t) = dfsr)(¢'(t)) = Dy f(0(1))

which gives the desired result.

3. Show that if f,g: R™ — R are differentiable, then V(fg) = ¢V f + fVg.

Solution. We must show that

lim “1” (fla+h)g(a+h) — fla)g(a) — g(a)V f(a) - h = f(a)Vg(a) - h) = 0.

Observe that

fla+h)gla+h) = fla+h)(g(a+h)—g(a)) +g(a) (f(a+h)— f(a))
'Recall Vf = (D1f,...,Dnf).




Substituting the second display into the first, we get
lim - (f(a + Wg(a -+ ) — f(@)g(a) ~ 9(@)V f(a) - h— f(a)Vg(a) - )
— tim — [g(a) (f(a+ h) — f(a) = V(@) - B) + f(a+h) (gla + ) - g(a)) — f(a)Vig(a) - ]
— lim — [f(a+h) (9(a+h) — g(a)) — £(a)Vg(a) - B

h—0 |kl

— lim — [£(a) (g(a+ h) — g(a) — Vg(a) - h) + (f(a+h) — F(a)) (g(a+ h) — g(a))]

h—0 |k

— lim —(f(a+h) — f(a))(g(a+ k) — g(a)

h—0 ]h|

We claim that (f(a + h) — f(a))/|h| is bounded as h — 0. To see this, let

o(h) = |,11, (fla+h) — f(a) — Vf(a) - h)

Then
fla+h) = fla)] _ f(a) -
L = [ot + G
£(@) Bl
< fony + L)

< lo(h)] + [ f(a)]

and since ¢(h) — 0 as h — 0 the claim follows. Now from continuity of ¢ at a the limit in (1)
must be zero.

4. Define f : R? = R by

fa) = ay(a® —y*) /(@ + ), (2,9) # (0,0)
0, (z,y) = (0,0)

Show that D;1f(0,y) = —y and Dyf(x,0) = = for all x,y. Conclude that D;Dsf(0,0) and

DyD; f(0,0) exist but are unequal.

Solution. Compute

1ty(t* — y?)
D =lim->-—-——2 7 =
1f(0,y) = lim - Ry Y
1xt(x? —t2
Dy f(.0) = Tim L 21T =)

t—0t a2 +12
Thus
D2D1 f(0,0) = —1
D1D5f(0,0) = 1.



5(a) For a,r € R? with |z| = 1, show that |a - x| < |a| by finding the maximum and minimum
values of f(z) = a-x on the unit circle.

(b) Use (a) to show |a - b| < |a||b| for a,b € R2.

Solution. Let f(x) = a -z and g(z) = |z|> — 1. We will maximize f on the unit circle
S ={x : g(x) = 0}. To do this we use Lagrange multipliers:

Vi(z) = AVg(x)

which gives

ap = 2)\351
as = 2\T9
and so
ai Tl
ag i)

Using |z|> = 1 and solving for 1, z3 gives

:|:CL1 :t(lQ
1 L2=

T ]

|al
which shows the max/min values of f on S are +1. Now if b € R?, then b/|b| € S and

b
a-—| <1,
g

so |a-b| < [b].



