
Week 8 Homework

1. Consider the function
f(x) =

(

e−x
− 1

) (

tan−1(x)− x
)

.

Show that the 4th order Taylor expansion of f around 0 is

f(x) =
1

3
x4 +R4(x).

(Hint: First compute the Taylor expansions of e−x and tan−1 around zero.) Observe that 0 is
a critical point of f , and show also that limx→0R4(x)/x

4 = 0. What kind of critical point is 0?

2. Let f(x) = (x1 + . . .+ xn)
k.

(a) Show that Dj1
1
. . . Djn

n f(x) = k! if j1 + . . .+ jn = k.

(b) Show that if i1 + . . .+ in = j1 + . . .+ jn = k, then

Dj1
1
. . . Djn

n xi1
1
. . . xinn =

{

j1! . . . jn!, if i1 = j1, . . . , in = jn

0, else

(c) Conclude that
(

k
j1 . . . jn

)

=
k!

j1! . . . jn!
.

Recall that

(

k
j1 . . . jn

)

is defined by the condition

(x1 + . . .+ xn)
k =

∑

j1+...+jn=k

(

k
j1 . . . jn

)

xj1
1
. . . xjnn .

3. Find the third order Taylor polynomial of the following functions at the points given:

(a) f(x, y) = (x+ y)3 at (1, 1).

(b) f(x, y, z) = xy2z3 at (1, 0,−1).

4. Classify the critical point (−1, π/2, 0) of f(x, y, z) = x sin z + z sin y.
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