
Math 4604 notation.

In the below let D ⊂ Rn be open and F : D → Rm be differentiable at a.

Notation.

(1) We define directional derivatives DvF (a) of F at a in the direction of v by

DvF (a) = lim
t→0

F (a + tv)− F (a)
t

.

(2) We define partial derivatives of F at a by

DiF (a) ≡ DeiF (a) ≡ ∂F

∂xi
(a).

(3) In case m = 1 (so F is real-valued) we define the gradient vector

∇F (a) =
(
D1F (a) . . . DnF (a)

)
.

(4) The differential dFa : Rn → Rm of F at a is the (unique) linear map satisfying

lim
h→0

F (a + h)− F (a)− dFa(h)
|h|

= 0.

(5) F ′(a) is the m× n matrix of dFa, called the derivative matrix of F at a, and

F ′(a) =

D1F1(a) . . . DnF1(a)
...

...
D1Fm(a) . . . DnFm(a)


We write F ′(a) = (DjFi(a)) for shorthand. Here F1, . . . , Fm are the component functions of F .

Relationships.

dFa(h) = F ′(a)h = DhF (a) = h1D1F (a) + . . . + hnDnF (a)

F ′(a) = ∇F (a)t =
(
D1F (a) . . . DnF (a)

)
if m = 1

F ′(a) = D1F (a) =

D1F1(a)
...

D1Fm(a)

 if n = 1
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