Ramagrog
Eigenvalues and eigenvectors




Ifv:=(aq,..

The Dot Product

.,an) and w = (bl,,bn) are

ntuples then the dot product of v and w,

written

V- W

- is defined by:

v-w i =aiby + -+ anbn.

£.g.:(2,3,4) (56,7)=2-54+3.-64+4-7

= 10+ 18 + 28 = 56

REFERENCE TOP OF P. 1
Note: ntuples are often called vectors.

SKILL: Vector dot product ’




(ala”'aa’n)'(blv'”ab?’b) .= a’lbl_l_“'_l_anbn'

Game: I pick and tell you an integer n > 0.
I pick a secret vector u € R™.
Your goal is to find wu.

You pick and tell me finite sequence
v1,...,0p € R"?
and I tell you u-vq,...,u- vp.

How can you figure out u?




I'm thinking of a secret vector
u= (a,b,c,d) € R*.

Then u- (w,x,y,z) is equal to
aw + bx + cy + dz

PLAY GAME ...

Then v-(1,0,0,0) = a, so you can find

the first entry of w.

he other three entries

can be found by asking for
v-(0,1,0,0), v-(0,0,1,0), u-(0,0,0,1).
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Linear Relationships

Suppose we regularly measure six quantities
u, v, w, xr, Y, 2.

[T, after every measurement, we find that
y= 2u +5v + 3w — 9z
z = Tu — 6V T+ 4w — bz,

then we can simplify our work.




Linear Relationshi

PS

Suppose we regularly measure six quantities

w, v, w, xr, Y, 2.
We say that

y and z depend linearly on u, v, w and x

T there are constants
a, b, ¢, d,
e, [, g, h

such that, whenever we do a measurement,

we find that

Y= au + bv + cw A

- dx

z=eu + fv 4+ gw-

- hx.




E.g., y= 2u +5v+ 3w — 9z
7z = Tu — 6v T+ 4w — bz

JC 39 (

Lo : R* — R? is defined by
Lo(u,v,w,z) = (2u 4+ 5v + 3w — 9z,

7Tu — 6v + 4w — 5x)




E.g., y= 2u + 5v -

- 3w — 9x

z = Tu — 6v T

- 4w — bx

Lo : R* — R? is defined by

Lo(u,v,w,z) = (2u 4+ 5v 4+ 3w — 9=z,
7u— 6v+ 4w — 5x)

Definition: A matrix is a two-dimensional
rectangular array of numbers.

Lo : R* — R?2 is defined by

Lo(u,v,w,z) = (2u +

(U —

5v + 3w — 9z,

6v + 4w — Bx)




E.g., y= 2u +5v+ 3w — 9z
7z = Tu — 6v T+ 4w — bz

Lo : R* — R? is defined by
Lo(u,v,w,z) = (2u 4+ 5v 4+ 3w — 9=z,

7u— 6v+ 4w — 5x)

rectangular array of numbers.

Definitio\xA matrix is a two-dimensional

-

2

|
- IDimensions
3 -9

S :Ofﬂﬂy

-6 4 -5 : 2% 4

-
y

k X n matrix M,

E.g., M
\ \ |
Key point: To
there\is a function L,; : R" — R¥.
E.g

)]
LRXO = Lo BOT TOM

REFERENCE [ 4

OF P. 1




E.g., y= 2u + 5v -

- 3w — 9x

z = Tu — 6v T

- 4w — bx

Lo : R* — R? is defined by

Lo(u,v,w,z) = (2u 4+ 5v 4+ 3w — 9=z,

// 7Tu— 6v+ 4w — 5x)
LMO(ujvjw)x) — ((27573,_9) . (U,U,W,x),
(7}——6,43——5)‘(ﬁ%1%10,$))
- 7 :Dimensions
Eg. A40: 2 5 3 —9 :Ofﬂﬂy
7 -6 4 -5| | 2 X 4

Key point: To ai;y k X n matrix M,

ther

is a function L,; : R* — Rk,

\
E.g., LM():LO

REFERENCE [ 4o
BOTTOM
OF P. 1




2 5 3 -9

MO —
7 -6 4 -5

LMO(’UJ,U,’UJ,CC) — ((2357 37 _9) ' (U,’U,w,ﬂf),
(77 _67 47 _5) ) (’LL, v, W, ZC))

L (u,v, w, x) ({95 39y \
= — g Ty Dy s Uy s L)y
To get the ith entry in Ly (u,v,w,x),

dot the ith row of My with (u,v,w,x)
2 O S —VY
MO —
7 -6 4 -5
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2 5 3 -9

MO —
7 -6 4 -5

LMO(U,U,’(U,CIZ‘) — ((2357 37 _9) ' (U,”U,”LU,.CC),
(77 _67 47 _5) ) (’LL, v, W, ZU))

To get the ith entry in Ly (u,v,w,x),
dot the ith row of My with (u,v,w,x)

M € RExn p e R" REFERENCE
TOP OF P. 2

To get the ith entry in Ly (p),
dot the :th row of M  with »p

SKILL: Compute Lys(p). 2




Definition: Lps Is called the
linear function corresponding to M.

M € RExn p e R" REFERENCE
TOP OF P. 2

To get the ith entry in Ly (p),
dot the :th row of M  with »p

SKILL: Compute Lys(p). '




E.g.: I'm thinking of a secret 3 x 4 matrix

‘a b ¢ d
M= 1|le f g h
7 k1]

Definition: Ly is called the
linear function corresponding to M.

Game: I pick and tell you integers k,n > O.
I pick a secret matrix M e RkXn

Your goal is to find M.

You pick and tell me finite sequence
’Ul,...,’UPERn

and I tell you Lps(v1),..., Lys(vp).

How can you figure out M7 1




E.g.: I'm thinking of a secret 3 x 4 matrix

M= |e f g h

‘a b ¢ d

v g k1

Then Ly (w,x,y,z) is equal to

(aw -
ew -

-bx + cy + dz,

LW —

- jz + ky + 1z)

Then Ly (1,0,0,0) = (a,e, i), so you can find
the first column of M. The other three
columns can be found by asking for

LM(O: 1: Ov O)

r LM(ana 170)1 LM(Ov 0,0, 1)

- fe 4+ gy + hz, PLAY GAME ...

15




Key point to remember:
The entries in the 5th column of M

are the sa
Ly

me as the entries In
(O,...,O,:%,O,...,O).

7th entry

Then Ly (w,x,y,z) is equal to

(aw -
ew -

-bx + cy + dz,

LW —

- jz + ky + 1z)

Then Ly (1,0,0,0) = (a,e, i), so you can find
the first column of M. The other three
columns can be found by asking for

LM(O: 1: Ov O)

r LM(ana 170)1 LM(Ov 0,0, 1)

- fe 4+ gy + hz, PLAY GAME ...

16




Problem of general interest:
Given A ecREX"  gnd B e R"Xq,
form L,:R*—RF and Lp:R?—R"”
and then compose:
LioLp:R?I— Rk Lp then Ly

and try to find C e RFx4
such that Lo :RY — RF is equal to Ly o Lp.

E.g. k=2, n=3, q=4,

Want: C € R?X4 st. Lo=LjoLp. [




A=

Want: C € R2*4 st. L

4
0

—2
5

.-

9

and B =

Recall: The first column of C

L~(1,0,0,0) is horizontal,
with commas and parentheses.

The first column of C' is vertical,

Same entries, though!

-

—2
5

1
9

}and B =

4
O

N4

1S

-2 1 27
5 O 1
3 8 2
— LA OLB.
" L~(1,0,0,0).

4
O

N4

—2
5
3

Want: C e R2*4 st. Lo =L oLp. [

with no commas and no parentheses.

1 27
O 1
3 2




A= ——2"and B /g _52;i
0o 5 9" g
- 7 3 8 2
Want: C e R&**GS K Lg =L o0 Lp.

Recall: The first colu \\ “is" Lc(1,0,0,0).

LA(LB(l,Cl)l,O 0)) = La((4.07))

LC(]'?O?O?O) ((4707 | (47 _271) y
1S COMMUTATIVE 4,0,7)-(0,5,9) )
7\

(4,0,7) -(4, -2 ’?? 7?7 777

(4,0,7) - . 277 777
i ~_

( =




A—_4 2 1 d g 5 ; i
| and B=
- . : 7 8 2

Want: ¢ e R2*4 st. LAd= Lo Lpg.

Recall: The flr\st column of/C "is" L(1,0,0,0).

(4,42,1) - (4,(7) 77 777 277
[0, 5 9)-[@,0,7) 777 e 777

C =

DOT PRODUCT
IS COMMUTATIVE

—_ /\ —
(4,-2.1)-(4,0,7) 7727 7727 7277

(' =
 (0,5,9)-(4,0,7) 777 777 777
'\_/'




A—_4 2 1 d g 5 ; i
| and B=
- . 7 8 2

Want: ¢ e R2*4 st. LAd= Lo Lpg.

Recall: The fir\st column of/C "is" L(1,0,0,0).

(4,42,1) - (4,007) cer wvv 7w
(0,5,9)-[(4,0,7)| 777 v 777

(C =

Note: The |(2,1) entry of C
IS equal to

the [second row of A
dotted against

the |first column of B 21




A=l* 2 Yo 5elo & o 1
o 5 of " =
: 7 3 8 2

Want: C e R2*4 st. Lo = Lo Lp.

Recall: The first column of C “is" L~(1,0,0,0).

(4,-2,1)-(4,0,7) 7727 7727 777

C =
' (0,5,9)-(4,0,7) 777 777 777

Note: The (4,k) entry of C
IS equal to

the jth row of A
dotted against

the kth column of B 22




a=[* 2 Yana5=lo 5 o 1
=|, & g|and B=
- 7 3 8 2.

Want: C e R2*4 st. Lo = Lo Lp.
Recall: The first column of C' “is" L~(1,0,0,0).

23 777 777 777

( =
63 777 777 777

Note: The (4,k) entry of C
IS equal to

the jth row of A

dotted against
the kth column of B 23




A= oa 5=lo 5 b 1
=10 o and B =
) - 7 3 8B 2.
Want:[|C € R#*4 st. Lo =Ly oLp.
Recall: The first column of C' "is; Lo(l 0,0,0).

4 —184,8 -

ry of C

1:Ols’c

the jth row of A
dotted against

the kth column of B 24

3rd




4
0

A=

Want: C € R?*4 s.t. Lo

Def’n: When LZ = Lx o Ly, we say that

—2
5

C =

. 4 -2 1
9 and B=10 5 O
- 7 3 8
:LAOLB.
23 —-15 -6 8
117 M2 |
23 —15 —6 3

N = N

7 is the product of X by Y,

25




4 -2 1
A__O . o and B =

1 2
O 1
3 2

Want: C € R2*4 s.t. LC:LAoLB

23 —15

AB = C =
=" 163 52

4 -2
0 5
7 3

-6 8

117 23

Def'n: When L, = Lx o Ly, we say that
Z is the product of X by Y,

and we write Z =

XY

The (j,k) entry of XY
IS equal to

the 5th row of X

dotted against
the kth column of Y

26




Matrix multiplication

Matrices can only be multiplied if the number
of columns in the first matrix is the same as
the number of rows in the second.

[fAispxqgand Bisgxr, then AB is p X r.

wWarning:
Matrix multiplication is not commutative:
0 1][2 o] [0 3
0 of|l0 3| |0 O
.
2 0ollo 1 0 2

0 3||0 O] 0 0 -




Matrix multiplication

Matrices can only be multiplied if the number
of columns in the first matrix is the same as

the number of rows in the second.
[fAispxqgand Bisgxr, then AB is p X r.

wWarning:
Matrix multiplication is not commutative.

However, It Is associative:
VA € RPXY VB € RI*" VC € R"*S,
(LpoLg)oLp=Lygo(LgolLg),
so (AB)C = A(BC).

28

Let's practice ...




Matrix multiplication

4 3 2 1 ] ! >
3 x4 5 6 7 S . 6 —4 X 2
-1 -3
12 1 O —1__2 0
|

28+ 15 -2+42 12+ 18—-6+4+0 |
35+30—-7+16 15+36—-21+0

144+5+0-2 6+6+0+0
|
43 247
3 x 2 o 74 30
|17 12 Let's practice ...




Next: The world of Ramagrog

SKILL:
Given two matrices, find their product.

e.g.: _ _
o 7 0 O
0 O O O O1l=4 6 0O O
5 -2 4 © —3 3 3 0 0
o 9 2 -8 3 ]| 2 O O O
0 4 0 O
Discussion: SEFERENCE
Shape of answer?? BOTTOM OF P. 2
First row of answer?? REFERENCE P. 3

lLast two columns?? 30




The world of Ramagrog

On Ramagrog, there live
Ramatins and Grogali.

Ramatins and Grogali take
one year to mature. No old age deathl

Each spring, each Ramatin produces
14 Ramatins and 28 Grogali.
Each fall, each mature Grogalus eats
6 Ramatins and 11 Grogali.

Current population (just before production):
35 Ramatins and 79 Grogali.

Questions:

How many Ramatins and Grogali
one year from now?

31

and ten years from now?




Each spring, each Ramatin produces
14 Ramatins and 28 Grogali.
Each fall, each mature Grogalus eats
6 Ramatins and 11 Grogali.

Current population (just before production):

35 Ramatins and 79 Grogali.
Each spring, each Ramatin produces

Questil4 Ramatins and 28 Grogali.
Each/fall, each mature Grogalus eatdl
6 Ramatins and 11 Grogali.

g/urrent population (just before production): '
35 Ramatinskamatins and 79 Grogali.

Questions:
How many Ramatins and Grogali

one year from now?

32




Each spring, each Ramatin produces
14 Ramatins and 28 Grogali.
Each fall, each mature Grogalus eats
6 Ramatins and 11 Grogali.

Current population (just before production):
35 Ramatins and 79 Grogali.

atins and Grogali
year from now?

. ( 15-35 Ramatins,
35 Ram 2835 Grogali

. — 6-79 Ramatins,
79 Grogall "—11-79 Grogali

mature 33




mature

. 15 .35 Ramatins,

35 Ramatins —’{ 28 - 35 Grogali
— 6 -79 Ramatins,

79 Grogali '{—11 .79 Grogali
. mature
35 Ramatins,}
79 Grogali

. (15 -35 Ramatins,
35 Ramatins —1 23.35 Grogali

. — 6-79 Ramatins,
9 Grogal "\ 11-79 Grogali

34




. 15.

35 Ramatins —>{ 22
— 6

79 Grogalu —»{_11.

. mature

35 Ramatins,
35 Grogali

| 79 Ramatins,

Grogali

35 Ramatins,} { 15
79 Grogali 28 -

135 \ 6 -79 Ramatins,

35—11-79 Grogali

Exercise: Do the arithmetic.

rn Ramatins,} 15rp  — 6gn  Ramatins,
gn Grogali 28rp,  —11lgn  Grogali
T?’L——]_ — 157“7), o 6gn

35




T?’L——l — 15?“77,— 6gn
dn+1 — 28rn —1lgn
B 15 —6
|28 -—11
T?’L——l — 157“7), o 6gn
gn——l — 287"” — 1].gn

36




'n+1 — 15rn_ 6gn
gn“ 1 = 28rp — 11gn
— _ _
= n+1 B 15 —6
In+1 _28 11
ik ] ]
Pn \—= " Bpn = 157"?1 6gn
_gn_ _287°n—1]_gn_
\
Pn — Bpn

37




15  —6 | T,
P 1 — B B = —
r bn 28 —11| | " |gn
Current population \
(just before production):
35 Ramatins and 59 Grogali. —¢ |
- [28 —11
e
Pn .=
L 9n _
Pn+1 — Bpn

38




15 —6 | T
Pn+1 = B B = =
nr pn 28 —11| | " |gn
Current population 35 ]
(just before production): Py =
35 Ramatins and 79 Grogali. 79
Question: How many Ramatins and Grogali

ten years from now??

10
1910 |

= P10 :Bp9:B2p8 :B3p7:

= B10pq

Exercise: Com

Com
Com

oute B2, (B2)2, ((B%)2)2.
bute B0 = [((B?)?)?][B~]

pute P10 = Blopo 39




Cultural note: . _
Ramatins and Grogali run in herds!

A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.
Current population (just before production):
35 Ramatins and 79 Grogali.
Cultural note:
Current population has
9 big herds and 3 little herds.

10
1910 |

= p1g = Bpg — BQPS — B3p7:
= B%pp

Exercise: Compute B2, (B2%)?, ((B%)%)2.
Compute B0 = [((B?%)2)?][B?]

Compute p1g = Blopo 40




Cultural note: . _
Ramatins and Grogali run in herds!

A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.
Current population (just before production):
35 Ramatins and 79 Grogali.
Cultural note:
Current population has

\ 9 big herds and 3 little herds.
(35 3 1
79 7 T 2.
|| I I
PO h* Fux
po = 9 h* + 8 hx

41




15 —6 | | 3] | 1
B 8 —11 7 2
- - / /

Cultural note:
A big herd begets a big herd.
A little herd begets three little nherds.

Exercise: [Do the arﬁhme%/

15 | —61[3]_ R
_28 —11_ _7_/_7_
_ ¥ - - - _ -

1 — 1 1

> =0 — 3 Bhy = 3 hs
_28 —11_ _2_ _2_ -




Cultural note:
Ramatins and Grogali run in herds!
A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.

Cultural note:

A
A

Cultural note:

A
A

D1g herd
Ittle herc

Dig herd

begets a big herd.
begets three little herds.

Degets a big herd.

ittle hero

begets three little herds.

43




Cultural note:
Ramatins and Grogali run in herds!
A big herd has 3 Ramatins and 7 Grogali.
A little herd has 1 Ramatin and 2 Grogali.

Cultural note:
Current population has
O big herds and 8 little herds.
Cultural note:
A big herd begets a big herd.
A little herd begets three little herds.

Population after 10 years has

9 big herds and 8310 |ittle herds.
T - —

1
= 9 + 8.310
910 7 2

44




10
1 910 _

10
1 910 _

+ 8.3%0

(472,419 |

044,847

+ 8.310

45




] _ L oh
"ol= g |3 + 8.310
910 o _ 2
472,419
- 944,847
“h* is an
Bh*=h* |"B fixes h*."” eigenvector for B
with eigenvalue 1.”
“hs IS an
Bh«= 3 h«| "B triples hx.” | eigenvector for B
with eigenvalue 3.”
‘ po = 9 h* + 3 h« ‘

“po IS a linear combination of h* and hx ”

with coefficients 9 and 8.”




The big idea of eigenvectors and eigenvalues:

IT you want to apply a matrix many times to
a one-column matrix
(a.k.a. a “column vector"),
the computation becomes much simpler
T you can write the column vector as
a linear combination of eigenvectors.

e.g.:
Computing B19y looks hard,
but becomes much easier if you note that
PO — O h* -+ 8 hs
Bh*=h* Bhy« = 3 hx




