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Kyle wants right, but not obligation, to buy
5000 shares of ABC for $5000,
30 days from now. Call option

REAL WORLD

Assume: Spot price = $1/share. uptick prob.:50.001%
dntick prob.:49.999%

7%; e @w-lincr- Each second, price changes
Sesumotion| either by a factor of 1.000035616

20% ann volatility or by a factor of 0.999964386.
T he one-second risk-free factor
3.2038527% ann int rate iS 1 000000001
Goal: Find the “right” price, i.e.,

the price that can be used
to set up a ‘“perfect hedge’.

Difficulty: |30/ x |24 x 60 x 60| adjustments
Salvation: The Central Limit Theorem! °




Kyle wants right, but not obligation, to buy
5000 shares of ABC for $5000, Gail, seller
30 days from now. Call option

Assume: Spot price = $1/share.
Each second, price changes P

either by a factor of ‘1.000035616\
or by a factor of |0.999964386.

l+cv=p . N
The one-second risk-free factor @

¢ = 0.00000001 =p—1 IS 11.000000001..

Goal: Find the “right” price, i.e., \\*’p

the price that can be used
to set up a “perfect hedge’.

Payoff function:
f(S) = (50005 — 5000) Exercise: Graph f.

N = 30 x 24 x 60 x 60 = 2,592,000
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ABC shardprice:
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Contingent claim:

uV10.999964386] [~ (M)

uN—14 d fuN—1d)
N —242 f(uN_QdQ)
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ABC sharedprlce

sdols N
HAV/W ON

f(S) = (50¢O/S — 50 0)_|_|

dging portfolir6

L= p

(1 4+ )N p=

expelted final value of
hedging portfolio =

expected contingent
claim




Coin-flipping game: Flip a fair coin N times.
Y IT H heads and T’ tails,
/p & o P 1Ef(uH dh),
14+c=0p ay rom NnOw.
oV P = expected payout
[P =pNEw/(1+40)" NE

f(8) = (50005 — 5000) 4 |

P|:= price of option Contingent claim:
Gopl= initial value of F(u) N O

portfolio
< f(uN"1d) N—-1,1
p_ P = f(uN=242) N -2, 2

expected final value of
hedging portfolio =

expected contingent £(dM) 0, N
claim ’




Coin-flipping game: Flip a fair coin N times.
IT H heads and T’ tails,

pay f(u'ldl),
14+.=p 30 days from now.

ol expected%)&? — ?H??d N
P = prE = (14 expecte(azlrvaPureO preorlglem
— discounted expected payout

P := price of option Contingent claim:
= initial value of N N O
hedging portfolio f(ﬁ’_l) |
N N f(u d N-1,1
P P = (1 —|—L) P = f(uN—QdQ) N -2

expected final value of
hedging portfolio = .
O, N

expected contingent f(a™)
claim ;




. . probability problems,
Easier problem. then expected value problems

Compute the probability that
/N < H_T < +N|. DIVIDE BY VN

X:=(H-T)/VN

Easier problem after restatement:
Compute the probability that

-1 <X <1.
Hq{ := number of heads after first flip
H-> := number of heads after second flip
Hp := number of heads after Nth flip = H



Easier problem:

Compute the probability that
—VN < H-T <+N.

—1 <X <\1. A I8 harg ...

For all integers 5 € [1, V],

Hj ‘= number of heads after jgth flip
T; number of tails after\gth flip
D; .

j = H; =T ‘Easier: Dl,\pl/T, Do, Dy
R
H=Hy, T=Ty, [Xl=WHy-Tn)/VN




0 1 random variable
D= Hy{ —"17 : a variable whose value is
determined by random events

o Ji o5 (probability) measure of Dy
< (probability) distribution of D4
.5

distribution of 177 — H4q
IS exactly the same

keep the distribution
forget its origin
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divide by 7

| = H=T: What about D1/77

Canpot recover tne ra ;
7 & its distribution. T ourier transform
:IO.S 11 2T = Ze——

of the
[distribution of Dj

0.54—1 z—lc . is cost
— \/ —1

1 — H1 has the same distribution.

(expression) Replace z by e **
of Z

Generating furetion:

Fourier transform:
£t

Qt time

keep the distribution
forget its origin

_Repl. t by t/7]

cos t + isHri| 1 + Inverse

. s Fourier
COSt —
] transform

0.5 x [
0.5 x [

ezt

e—zt




D1/ What about Dq/77

—0.5-1/7 Y/ T—

—0.54-1/7 2z 1/ l—

i=+/—1

Replace z by e %

Replace t by t/7.

Generating function: (0.5)z1/7 4 (0.5)2=1/7
Fourier transform: (0.5)e~ /7 4 (0.5)et/7

|
cos(t/7)

et/T = cos(t/7) + i sin(t/7)
e~ /T = cos(t/7) —i sin(t/7)
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2 0.25
O 0.25 4+ 0.25=0.5

—2 0.25
forget its origin keep the distribution

14



—(0.25 -

—2

forget its origin keep the distribution

Generating function:
(0.25)22 4+ 0.5+ (0.25)z~2

= ((0.5)z 4+ (0.5)z~1)7

the generating function
of the distribution
of D1

Fourier transform:

i= i1
eplade z by e™%
(cos t)2 — cos?¢

15



— . Goal: X
Dy =|Hrp—~T]: What about Dy/vVN?

divide by v N

HAV/MW ON

Generating function:
NO WAY!!

= ((0.5)z + (0.5)z~ 1)V

the generating function

of the distribution — \/:

of D1

1

eplace z by e~ %
Fourier transform: (cos t)N=

costV ¢

Replace t by t/v/N.

16



— . Goal: X
X = Dn/VN : What about Dy /v/N?

Replace t by t/v/N.

HAV/W ON

Fourier transform: cos™V (t/v/'N)



Generating functions

X =Dy/VN : Fourier transforms

HAV/W ON

Fourier transform: cos? (t/v/N)

Fourier transform: cosN(t/\/N)



Generating functions
Fourier transforms
Fourier analysis
Spectral theory

Useful?

XZDN/\/N

VN ON

Easier problem aft.> restatement:
Compute the probability that

-1 <X <1.

Exerciser lim cos™ (3/v/n) = o—3%/2

Fourier transform: |cos? (t/v/N)
~ lim cos" (t/v/n) T e=t%/2

n—oo

IVerify for t = 3]




X =Dpn/VN ;
Fourier transform: cos™ (¢t/v/N)

~ lim cos™ (t/v/n) = et°/2

Fourier transform: cos™ (¢t/v/N)

~ lim cos" (t/v/n) = e—t%/2

n—aoo



— . \ V N
Fourier transform: —|cos® (t/v/N) I

S, Jim, cos™ (t/v/n) ==/

Key idea of al Limit T heorem: \

Let ave distr. with Fourier transf. e_t2/2.

Inverse Fourier Transform

Easier problem after restatement:
Compute the probability that
-1 < X <1.

Compute the probability that
— 1< Z<1. 21



Z < or| 25
1 e_$2/2-a: Do this for|~ »t
V2T infinitesimal all z € R dist.
NOTES

Mistake:
oo‘(
/ e~ /2 g = /2T
distribution supported on three points
Dye{—-N,—-N+2,...,.N—2 N}
distribution supported on N + 1 points

By contrast, the distribution of Z 22
does not have finite support.



Do this for
all x € R

2
e~ T7/2 do dx

51~
N

Problem: Compute the probability that

y/a—4
Solution: 7<$2/2 dr = 0
7

'\
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Do this for
all x € R

2
e~ T7/2 dr 4z

51~
N

Problem: Compute the probability that
2 < 4 <3

Solution: /23 \/%7 e=7%/2 dx = [®(2)]*=3
= ®(3) — ®(2) = 0.0214

— 2.14%

24



2 Do this for
> e /2 dr e ZTe—o
V2T all z € R

Generating function:
co—— 1

A o /27

2 .
e~ /2 dx = Exercise

Fourier transform: [Verify for ¢t = 3]

/Oo e " - e—T%/2 g i e—t°/2

—00 \V/ 2T

Key idea of Central Limit Theorem:

Let Z have distr. with Fourier transf. e—tigz_
Then Z is “close” to X.



7
& 1 —z2/2 . Do this for
\ —=— € drHdx 2z
X V2T all t e R
o0 ) 1 2
Exercise:/ g~ 317 e~ /2 dy — o—3%/2
—00 \/ 27T

Fourier transform: [Verify for ¢t = 3]

/OO e 1T - o =042 g i e—t°/2
— 00 \/ 27T \

Key idea of Central Limit Theorem:

Let Z have distr. with Fourier transf. e—tzz.
Then Z is “close” to X.




probability problems,

7" then expected value problems
> 1 —22/2 . Do this for
—— € dxldx 2z
X V2T all x € R

Easier problem after restatement:

Compute the probability that
-1 <X <1.

Approximately equal to the probability that
—1<Z<1.

Approximate solution: ‘ Berry-Esseen Theorem

6_552/2 dx

31~
N

1 _
/ 1 [ (2)]2=L
B 68.27% 2!



probability problems,
then expected value problems

Goal:
Compute the expected value of f(ufd!).

Coin-flipping game: Flip a fair coin/N times.
If H heads and T tails,
pay f(utlal),
30 days from now.
oV P = expected payout =: E = 777

P = p_NE' = (1 L)_NE/
— disco expected payout
.—= 0.00000001 ®




£(S) = (50008 — 5000)

Goal:

Compute the expected value of f(ufdl).

New easier problem:
Compute the expected value of f(D»,).

Do = Hy —"I5:
—0.25-
_>£) —

—0.25-

> — |
\ fi—g
0 \f(O)<— works for

f(=2)e— any function

i

[0.25][f(2)] + [0.5][f(0)] + [0.25][f(=2)] = 1,250

29



Define: ¢(S) = 5e° + §2
Goal:
Compute the expected value of f(ufdl).

New easier problem:
Compute the expected value of g(D>).

Do = Ho — 15 :
0.25-42 g(2)
0.5 =0 g(0)
0.254-2 g(—2)

[0.25][g(2)] + [0.5][¢(0)] + [0.25][g(-=2)] = Exercise

30



Recall: f(S) = (5000S!— 5000) 4
Goal:
Compute the expected value of f(ufdl).

New easier problem:
Compute the expected value of f(Z).

1 —z2/2 Do this for
> e dr 4z €T
V2T UAC all x € R

|f(:z:) = (5000@ — 5000) 4
\/2 f [r () | /2 g — exercise,




Recall:  f(S) = (5000S — 5000) 4

Goal:
Compute the expected value of f(ufdl).

New easier problem:
Compute the expected value of f(X).

7

O 1 —z2/2 Do this for
‘ ——— e drdx €T

X V2T /(@) all x € R

O &~
ASpoplrr? X_ % Lf (:v)]le_332/ 2 dx| = exercise,




Recall: f(S) = (50008 — 5000) 4 a<tupr & of x

Goal: l l
Compute the expected value of |f(ufd!).
New easier problem: |r

Compute the expected value of |g(X).

OO 2
LR s [ e :



Recall: f(S) = (50008 — 5000) 4 a<tupr & of x

Goal: 1 1
Compute the expected value of f(ufdl).

New easier problem:
Compute the expected value of g(X).

X|=|(H-T)/VvN N = 2,592,000

xv/ N x\/ﬁ
HaAT =N ADD H+T=N ADD
H —T = X+/NI|NEGATE |—H +T = —X+V/N

2H = N4+ XN 2T = N — X+/N
ApPpProx.

Sol'n: ﬁ /_oo (@)l €_$2/2 di 34



Recall:  f(S) = (50008 — 5000) 4 o< tirr o st x
il

Goal:
Compute the expectedvalue of |f¢idl),

New easier pro ' Iire
Comp he expected value 6f g(X))|.

H =N/24 XVN/2 T=N/2—XVN/2

JH — 4N/2UX\/N/|2 JT — G|N/2d X\/I_\f/2
wHdT =N, =30 x 24 x 60 x 60(= 2,592,000

2H =N+ XVN 21T'= N — XN

S 2
S A [ @12 da .



Recall: f(S) = (50008 — 5000) l l

Goal:
Compute the expected value of |f(ufd!)|

New easier problem: |r
Compute the expected value of |g(X).

H =N/24 X+V/N/2 T=N/2—-X+V/N/2
H — ,N/2,XVN/2 dT — gN/24—XVN/2

u —_—

wHdT = (N/2 gN/2 , XVN/2 le\/_/z
(ud)N/2 (ufld) XV N2 O = (ud)fi/2
)

C ekX ‘l‘cjzln( )"-N/
| H
ApPpProx. o0

2
Sol'n: ﬁf_m o(e)) €72 da (u/aof /2




Recall: f(S) = (50008 — 5000) l l

Goal:
Compute the expected value of |f(ufd!)|

New easier problem: |
Compute the expected value of |g(X).

f(quT) Zf(CekX) — g(X) 9(%7) = f(Cek%)

udl —= uN/Q dN/Q ’U,X‘/N/Q d—X\/N/Q
(ud)N/2 (u/d)X\/N/Q O = (ud)N/Q

C X | k:=In((u/d)VN/?)

A . o0 2
Sporf’rr?x \/%7 /—oo lo(@)} e . di 37



Recall: f(S) = (50008 — 5000)

Goal:
Compute the expected value of |f(ufd!)|

Restatement of goal: |
Compute the expected value of ggX)\.

g(z) := f(Cek)

fwd?) = f(CeFX) = g(X)

wHdlT = (N/2 gN/2 , XVN/2 j—XVN/2
(ud)N/2 (u/d)X\/N/Q C = (ud)N/Q

C X | k= In((u/d)VN/?)

A . o _ g2
g [ [ weore s :




Recall:  f(S) = (50005 — 5000) 4

\ = 5000(@— 1)

g(x) :=f(Cer®

N = 2,592, OOO

00010005
0.99989997
N

Y = 5000(Cek*

— 1)_|_ reasonable??

0. 0573390439

[\/—f 5000(@%‘—1) ?e—fc °/2 d:c ekm)l

§ 18 000948567

C 1= (ud)N/2

|k := In((u/d)VN/2)

~d
ApPpProx. 1
Sol'n: | [\ /27 |_

.9

(@] e=*°/2 du

39




1 / >
V2
- 005000(08'%33 —1
)+ e=7%/2 dy



ﬁ\

/

(1057%?90439

5000(@33 1

Vor o

L
.000948567

6_332/2 dx

(Cek® — 1yme” 22/2| 4

I

AN

(Cekr L 1) e #72/2 g
/.
Ceka — 1 =0
Ce ka —
ekt =1/C |

ka=1In(1/C)= — In(?
CL—'—(HWCD/k




1 o >
T f 5000(CeF* — 1) e " /2 dx
— OO

S 2

— Ei?%) (Cek® 1)y e ™ /2 do
— OO
0 2

— 50207? (Cek:r: . 1) e—T /2 dr




¥

¥

5000
2T

5000
2T

V2rP(—a)
©.@) - ©.@) B
[C’/ ekxe_'fz/z dx —/ 6_5‘32/2 daz‘
a a

[C/mekxe_xz/z dr — /OO 6_552/2 dx ‘
a a

‘ a=—(InC)/k



LIMIT

NEGATE |THE LOWER
DON'T

FORGETh 27D (+a)

o0 2 S 2 -

=5000 C/ ekl o—2/2 g, —/ e L /2d:1:‘
&a}‘ — — as THE LOWER

EOO h(eHk) o= +h)%/2 g o
Kt k2\p—x2/2“€—k2/2'f7¢

ekQ/Q/OO 22 g

THE= LOWER LIMIT

:CD(LQ)

DON'T NEGATE THE LOWER
FORGET LIMIT

= —(InC)/k



\@E(—a)

5000 C’/ kx o—22/2 g — /OO e—7°/2 dy ]
a

——

/Oo k() —(a:—l—k)Q/de

k“ —~

ok =12 /2 ,—k? /2
a—_’
ok? /2

:@d;&f — a,)J

= —(InC)/k



&’

2T

b

ek?/2y, 2nd(k — a)

\@E(—a)

SOOO[C’/OOeme_‘CQ/Q dr — /OO e_$2/2 dx ]
a a

a=—(InC)/k



%E(—a)

=5000 OO]ﬂZC —$2/2d _/OO —392/2d ]
%[C/a et e €T i e €T

_—

ekz/Q%CD(k —a)

02595363

1:.9 T 0.073874328 0.016“\"1&)28434
=5ooo[C e 2[p(k—a)] - [®(-a)]

| |

a = —0.01653528434
k = 0.0573390439

121.0704439

C = 1.000948567 ‘ a=—(nC)/k




Coin-flipping game: Flip a fair coin N times.
If H heads and T tails,

pay f(ufldl),
30 days from now.

oV P = expected payout =: E = 777
=1+ VE

— discounted expected payout

1.00000000

N

P = p NE ~120.7570357 P
120.76

E ~[121.0704439 N =0.997411356
N = 30 x 24 x 60 x 60 = 2,592, 000 ®




K = 5000 “at the money”| K = 0.00391F149457

Nnliad \in

K':= K/e' = 4987.056782" .o =0.057338217

IN(Sg/K") o
dt = T —
o 2

0.002592000333

0.057338217

e’ = 1.002595362
So = 5000

+ 0.028669108

dy = 0.073874565
CD(d_|_) = 0.52944

d_ = 0.016536349
d(d_) = 0.50660

Black-Scholes Option Pricing Formula

Black-Scholes Price = Sg[®(dy)] — K'[®(d-)]

= [5000][0.52944]

=120.7570357

— [4987.056782][0.5066]
[drift (;) unused!!




QUESTIONS?
COMMENTS?Y



