Exotic Smooth Structures on 4-Manifolds J

Anar Akhmedov

University of Minnesota, Twin Cities

August 3, 2013 University of Minnesota, Twin Cities

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 1/57



R
Outline

o Introduction

@ The Geography and Botany Problems
9 Construction Techniques
Construction Tools
@ Symplectic Connected Sum
@ Branched Cover
*]
*]

(]

Knot Surgery
Luttinger Surgery
Construction of fake symplectic S? x S?
Small Exotic 4-Manifolds
@ History of Small Exotic 4-Manifolds
@ Construction of Small Exotic 4-Manifolds
e The Geography of Spin Symplectic 4-Manifolds
@ The Geography of Spin Symplectic 4-Manifolds
@ Recent Results on Spin Symplectic Geography
© Building Blocks
@ Surface Bundles with Non-Zero Signature
@ Spin complex surfaces of Hirzebruch

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 2/57



The Geography and Botany Problems
Introduction

r Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed,

r Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed, oriented,

r Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed, oriented, smooth,

r Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.

Definition

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57



The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.
Definition

Let e(X) and o(X) denote the Euler characteristic and the signature of
4-manifold X, respectively.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds

August 3, 2013 3/57




The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.

Definition

Let e(X) and o(X) denote the Euler characteristic and the signature of
4-manifold X, respectively. We define

GX) = 26(X) + 30(X). n(X) = TEIEID i) — yperx),

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 3/57




The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.

Definition
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4-manifold X, respectively. We define
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If X is a complex surface, then c2(X) and x»(X) are the self-intersection of
the first Chern class ¢;(X) and the holomorphic Euler characteristic.
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4-manifold X, respectively. We define

GX) = 26(X) + 30(X). n(X) = TEIEID i) — yperx),

If X is a complex surface, then c2(X) and x»(X) are the self-intersection of
the first Chern class ¢;(X) and the holomorphic Euler characteristic. If X
admits a symplectic structure, then xx(X) € Z.
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The Geography and Botany Problems
Introduction

X closed, oriented, smooth, simply connected 4-manifold.

Definition
Let e(X) and o(X) denote the Euler characteristic and the signature of
4-manifold X, respectively. We define

e(X) + o(X)

G(X) i=26(X) +30(X), xn(X) = ZHTELH(X) = type(X),

If X is a complex surface, then c2(X) and x»(X) are the self-intersection of
the first Chern class ¢;(X) and the holomorphic Euler characteristic. If X
admits a symplectic structure, then x,(X) € Z. These invariants completely
classify smooth simply connected 4-manifolds up to homeomorphism.
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Some constraints:
o If {(X) =0, then 012(X) —8xn(X) = o(X) = 0 mod (16) (V. Rokhlin, 1952).

@ Further constraints on the intersection form by S. Donaldson (1983); M.
Furuta (%2 Theorem, t(X) = 0) (2001).
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The Geography Problem

The Geography Problem (Existence)

Which triples (¢, xn, t) € Z x Z x Zy can occur for some irreducible smooth
(or minimal symplectic) 4-manifold X?

Some constraints:
o If {(X) =0, then 012(X) —8xn(X) = o(X) = 0 mod (16) (V. Rokhlin, 1952).

@ Further constraints on the intersection form by S. Donaldson (1983); M.
Furuta (%2 Theorem, t(X) = 0) (2001).

o I Conjecture (bo(X) > Hlo(X)| if X is spin).

@ If X is a minimal complex surface of general type, c2(X) < 9xn(X)
(Bogomolov-Miyaoka-Yau inequality) (1977-78).
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The Geography Problem

The Geography Problem (Existence)

Which triples (¢, xn, t) € Z x Z x Zy can occur for some irreducible smooth
(or minimal symplectic) 4-manifold X?

Some constraints:
@ If t(X) = 0, then c2(X) — 8xn(X) = o(X) = 0 mod (16) (V. Rokhlin, 1952).
@ Further constraints on the intersection form by S. Donaldson (1983); M.
Furuta (%2 Theorem, t(X) = 0) (2001).
o I Conjecture (bo(X) > Hlo(X)| if X is spin).
@ If X is a minimal complex surface of general type, c2(X) < 9xn(X)
(Bogomolov-Miyaoka-Yau inequality) (1977-78).

@ If X is a minimal complex surface of general type, 2x, — 6 < ¢3(X)
(Noether inequality), 0 < yn(X), and ¢2(X) > 0.
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Botany Problem

Botany Problem (Uniqueness)

Determine all oriented smooth irreducible (or minimal symplectic) simply
connected 4-manifolds with a fixed (¢Z, xn, t).
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The Geography and Botany Problems
Botany Problem

Botany Problem (Uniqueness)

Determine all oriented smooth irreducible (or minimal symplectic) simply
connected 4-manifolds with a fixed (c2, xp, t).

Botany problem is not so well understood.
@ No known examples that admit only finitely many smooth structures.
@ Open for the simple 4-manifolds S*, CP2.
@ Many lattice points can be realized by inf. many smooth structures.
We'll usually put restriction on X

@ X will be oriented irreducible with SWy # 0 (X is irreducible if
X = Xy#Xa, then either X; or Xz is homemorphic to S*) or a minimal
symplectic 4-manifold (i.e. doesn’t contain symplectic —1 sphere).
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The Geography and Botany Problems
Botany Problem

Botany Problem (Uniqueness)

Determine all oriented smooth irreducible (or minimal symplectic) simply
connected 4-manifolds with a fixed (c2, xp, t).

Botany problem is not so well understood.
@ No known examples that admit only finitely many smooth structures.
@ Open for the simple 4-manifolds S*, CP2.
@ Many lattice points can be realized by inf. many smooth structures.
We'll usually put restriction on X

@ X will be oriented irreducible with SWy # 0 (X is irreducible if
X = Xy#Xa, then either X; or Xz is homemorphic to S*) or a minimal
symplectic 4-manifold (i.e. doesn’t contain symplectic —1 sphere).

@ M. Hamilton and D. Kotschick: minimal symplectic 4-manifolds with
residually finite fundamental groups are irreducible.
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One would hope that irreducibility implies the existence of some extra
structure on X.

Conjecture (R. Thom)
An irreducible 4-manifold (# S*) always diffemorphic to a complex surface. J

disproved by R. Gompf- T. Mrowka, 1993

Conjecture

An irreducible 4-manifold (with non-trivial Seiberg-Witten invariants) always
diffemorphic to a symplectic 4-manifold.
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One would hope that irreducibility implies the existence of some extra
structure on X.

Conjecture (R. Thom)
An irreducible 4-manifold (# S*) always diffemorphic to a complex surface. J

disproved by R. Gompf- T. Mrowka, 1993

Conjecture

An irreducible 4-manifold (with non-trivial Seiberg-Witten invariants) always
diffemorphic to a symplectic 4-manifold.

disproved by Z. Szabo, 1996
{Complex Geography}
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The Geography and Botany Problems
Old Conjectures

One would hope that irreducibility implies the existence of some extra
structure on X.

Conjecture (R. Thom)
An irreducible 4-manifold (# S*) always diffemorphic to a complex surface. J

disproved by R. Gompf- T. Mrowka, 1993

Conjecture

An irreducible 4-manifold (with non-trivial Seiberg-Witten invariants) always
diffemorphic to a symplectic 4-manifold.

disproved by Z. Szabo, 1996
{Complex Geography} C {Symplectic Geography}
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The Geography and Botany Problems
Old Conjectures

One would hope that irreducibility implies the existence of some extra
structure on X.

Conjecture (R. Thom)
An irreducible 4-manifold (# S*) always diffemorphic to a complex surface. J

disproved by R. Gompf- T. Mrowka, 1993

Conjecture

An irreducible 4-manifold (with non-trivial Seiberg-Witten invariants) always
diffemorphic to a symplectic 4-manifold.

disproved by Z. Szabo, 1996

{Complex Geography} C {Symplectic Geography} C {(Irreducible) Smooth
Geography}
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The Geography and Botany Problems
Examples

We'll study the geography and botany problem for the following
homeomorphism types of 4-manifolds
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We'll study the geography and botany problem for the following
homeomorphism types of 4-manifolds

4-Manifolds with Small Euler Characteristics
CP?#kCP? (0 < k < 9),S? x S? (xyp = 1).
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homeomorphism types of 4-manifolds
4-Manifolds with Small Euler Characteristics

CP2#kCP? (0 < k < 9),S? x $2 (y, = 1). 3CP24/CP? (0 < 1 < 19),
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4-Manifolds with Signature Zero
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Line
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The Geography and Botany Problems
Examples

We'll study the geography and botany problem for the following
homeomorphism types of 4-manifolds
4-Manifolds with Small Euler Characteristics

CP2#kCP? (0 < k < 9),S? x $2 (y, = 1). 3CP24/CP? (0 < 1 < 19),
#3(S? x §?), E(2) (xn = 2).

4-Manifolds with Signature Zero
H#on_1(S? x S2), (2n — 1)CP2#(2n — 1)TP? (yp, = n).

Spin (Symplectic) 4-Manifolds with Positive Signature and Near BMY
Line

Construct 4-manifolds homeo. but not diff. to the examples as above.
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The Geography and Botany Problems
Examples

We'll study the geography and botany problem for the following
homeomorphism types of 4-manifolds
4-Manifolds with Small Euler Characteristics

CP?#kCP? (0 < k < 9),S? x S? (x, = 1). 3CP2#ICP? (0 < [ < 19),
#3(S? x §?), E(2) (xn = 2).

4-Manifolds with Signature Zero
H#on_1(S? x S2), (2n — 1)CP2#(2n — 1)TP? (yp, = n).

Spin (Symplectic) 4-Manifolds with Positive Signature and Near BMY
Line

Construct 4-manifolds homeo. but not diff. to the examples as above. Such a
new smooth structure will be called an exotic smooth structure.
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@ Symplectic Connected Sum (1995) (M. Gromov, R. Gompf, J. McCarthy-
J. Wolfson)
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J. Wolfson)

@ Luttinger Surgery (1995) (K. Luttinger, D. Auroux- S. Donaldson- L.
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@ Knot Surgery (1998) (R. Fintushel- R. Stern)

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 12/57



Construction Tools
Construction Tools

@ Symplectic Connected Sum (1995) (M. Gromov, R. Gompf, J. McCarthy-
J. Wolfson)

@ Luttinger Surgery (1995) (K. Luttinger, D. Auroux- S. Donaldson- L.
Katzarkov)

@ Knot Surgery (1998) (R. Fintushel- R. Stern)
@ Branched Covers (F. Hirzebruch)
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Construction Techniques Symplectic Connected Sum

Symplectic Connected Sum

Definition

Let X; and X, are symplectic 4-manifolds, and F; C X; are 2-dimensional,
smooth, closed, connected symplectic submanifolds in them. Suppose that
[F1]2 + [F2]? = 0 and the genera of F; and F; are equal. Take an
orientation-preserving diffemorphism ¢ : F1 — F» and lift it to an
orientation-reversing diffemorphism ¥ : 9vF; — JvF, between the
boundaries of the tubular neighborhoods of vF;. Using W, we glue Xj \ vFq
and X; \ vF, along the boundary. The 4-manifold X;#y Xz is called the
(symplectic) connected sum of X; and X, along 1 and F,, determined by V.
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Definition

Let X; and X, are symplectic 4-manifolds, and F; C X; are 2-dimensional,
smooth, closed, connected symplectic submanifolds in them. Suppose that
[F1]2 + [F2]? = 0 and the genera of F; and F; are equal. Take an
orientation-preserving diffemorphism ¢ : F1 — F» and lift it to an
orientation-reversing diffemorphism ¥ : 9vF; — JvF, between the
boundaries of the tubular neighborhoods of vF;. Using W, we glue Xj \ vFq
and X; \ vF, along the boundary. The 4-manifold X;#y Xz is called the
(symplectic) connected sum of X; and X, along 1 and F,, determined by V.
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Symplectic Connected Sum

Definition

Let X; and X, are symplectic 4-manifolds, and F; C X; are 2-dimensional,
smooth, closed, connected symplectic submanifolds in them. Suppose that
[F1]2 + [F2]? = 0 and the genera of F; and F; are equal. Take an
orientation-preserving diffemorphism ¢ : F1 — F» and lift it to an
orientation-reversing diffemorphism ¥ : 9vF; — JvF, between the
boundaries of the tubular neighborhoods of vF;. Using W, we glue Xj \ vFq
and X; \ vF, along the boundary. The 4-manifold X;#y Xz is called the
(symplectic) connected sum of X; and X, along 1 and F,, determined by V.

CF(Xi#uXe) = Cf(X1)+ci(Xe) +8(g—1),
Xh(Xi#wXa) = xa(X1) + xa(X2) +(9 - 1),
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Construction Techniques Symplectic Connected Sum

Minimality of Sympletic Sums

Theorem (M. Usher, 2006)

Let Z = Xi#F,=r, Xo be sympletic fiber sum of manifolds Xy and X,. Then:

(i) If either X1\ Fy or Xo\ F> contains an embedded sympletic sphere of square
—1, then Z is not minimal.
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Minimality of Sympletic Sums

Theorem (M. Usher, 2006)

Let Z = Xi#F,=r, Xo be sympletic fiber sum of manifolds Xy and X,. Then:

(i) If either X1\ Fy or Xo\ F> contains an embedded sympletic sphere of square
—1, then Z is not minimal.

(i) If one of the summands X; (say Xi) admits the structure of an S?>-bundle

over a surface of genus g such that F; is a section of this fiber bundle, then Z
is minimal if and only if X, is minimal.
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Symplectic Connected Sum
Minimality of Sympletic Sums

Theorem (M. Usher, 2006)

Let Z = Xi#F,=r, Xo be sympletic fiber sum of manifolds Xy and X,. Then:

(i) If either X1\ Fy or Xo\ F> contains an embedded sympletic sphere of square
—1, then Z is not minimal.

(i) If one of the summands X; (say Xi) admits the structure of an S?>-bundle
over a surface of genus g such that F; is a section of this fiber bundle, then Z
is minimal if and only if X, is minimal.

(iii) In all other cases, Z is minimal.
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Branched Cover
Branched Cover Construction of Hirzebruch

Definition

If D; and D, are smooth disjoint curves in an algebraic surface S, and the
homology class of the divisor D = Dy — D5 is divisible by n, then there exist an
algebraic surface X which is a Z/nZ cyclic cover of S and ramified over D.
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homology class of the divisor D = Dy — D5 is divisible by n, then there exist an
algebraic surface X which is a Z/nZ cyclic cover of S and ramified over D.
Denote this coveringmap as 7 : X — S.
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Branched Cover
Branched Cover Construction of Hirzebruch

Definition
If D; and D, are smooth disjoint curves in an algebraic surface S, and the
homology class of the divisor D = Dy — D5 is divisible by n, then there exist an

algebraic surface X which is a Z/nZ cyclic cover of S and ramified over D.
Denote this coveringmap as 7 : X — S.

2
>
[

e(S) — (n—1)e(D),

n2—1D2

o(X) = no(S)— 5D~

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 15/57



Branched Cover
Branched Cover Construction of Hirzebruch

Definition

If D; and D, are smooth disjoint curves in an algebraic surface S, and the
homology class of the divisor D = Dy — D5 is divisible by n, then there exist an
algebraic surface X which is a Z/nZ cyclic cover of S and ramified over D.
Denote this coveringmap as 7 : X — S.

e(X) = e(S)—(n-1)eD),

n? —1
o(X) = no(s)- T L0P,

Kx = 7 (Ks+(n—1)[D])
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Knot Surgery
Knot Surgery of R. Fintushel and R. Stern

Definition

Let X be a 4-manifold (with b,™(X) > 1) which contains a homologically
nontrivial torus T of self-intersection 0. Let N(K) be a tubular neighborhood of
K in S3, and let T x D? be a tubular neighborhood of T in X.
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nontrivial torus T of self-intersection 0. Let N(K) be a tubular neighborhood of
K in S3, and let T x D? be a tubular neighborhood of T in X. Then the knot
surgery manifold Xy is defined as
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Knot Surgery Continued

@ If K is fibered knot and X and T both symplectic, then Xy is symplectic.
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Knot Surgery
Knot Surgery Continued

@ If K is fibered knot and X and T both symplectic, then Xy is symplectic.

@ If the Alexander polynomial Ak(t) of knot K is not monic then Xy admits
no symplectic structure.
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Construction Techniques Knot Surgery

Knot Surgery Continued

@ If K is fibered knot and X and T both symplectic, then Xy is symplectic.
@ If the Alexander polynomial Ak(t) of knot K is not monic then Xy admits
no symplectic structure.

@ If X and X'\ T are simply connected and T lies in a cusp neighborhood in
X, and SWx # 0, then there is an infinite family of distinct manifolds all
homeomorphic, but not diffemorphic to X.
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Construction Techniques Knot Surgery

Knot Surgery Continued

@ If K is fibered knot and X and T both symplectic, then Xy is symplectic.

@ If the Alexander polynomial Ak(t) of knot K is not monic then Xy admits
no symplectic structure.

@ If X and X'\ T are simply connected and T lies in a cusp neighborhood in
X, and SWx # 0, then there is an infinite family of distinct manifolds all
homeomorphic, but not diffemorphic to X.

@ The Seiberg-Witten invariants of Xk is given by

SWx, = SWx.Ak(t?)
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Luttinger surgery

Definition
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Lutinger Surgery
Luttinger surgery

Definition

Let X be a symplectic 4-manifold with a symplectic form w, and the torus A be
a Lagrangian submanifold of X with self-intersection 0. Given a simple loop A
on A, let ) be a simple loop on 9(vA) that is parallel to A under the
Lagrangian framing. For any integer m, the (A, A\, 1/m) Luttinger surgery on X
will be Xy A (1/m) = (X — v(N)) Ug (ST x ST x D?), the 1/m surgery on A with
respect to A under the Lagrangian framing. Here

¢ :S' x S' x 9D? — 9(X — v(N)) denotes a gluing map satisfying

#([0D?]) = m[N'] + [ua] in H1(O(X — v(A)), where i is a meridian of A.
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Luttinger surgery

Definition

Let X be a symplectic 4-manifold with a symplectic form w, and the torus A be
a Lagrangian submanifold of X with self-intersection 0. Given a simple loop A
on A, let ) be a simple loop on 9(vA) that is parallel to A under the
Lagrangian framing. For any integer m, the (A, A\, 1/m) Luttinger surgery on X
will be Xy A (1/m) = (X — v(N)) Ug (ST x ST x D?), the 1/m surgery on A with
respect to A under the Lagrangian framing. Here

¢ :S' x S' x 9D? — 9(X — v(N)) denotes a gluing map satisfying

#([0D?]) = m[N'] + [ua] in H1(O(X — v(A)), where i is a meridian of A.

Xn 2 (1/m) possesses a symplectic form that restricts to the original
symplectic form w on X\ vA.
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Luttinger Surgery
Luttinger surgery

Definition

Let X be a symplectic 4-manifold with a symplectic form w, and the torus A be
a Lagrangian submanifold of X with self-intersection 0. Given a simple loop A
on A, let ) be a simple loop on 9(vA) that is parallel to A under the
Lagrangian framing. For any integer m, the (A, A\, 1/m) Luttinger surgery on X
will be Xy A (1/m) = (X — v(N)) Ug (ST x ST x D?), the 1/m surgery on A with
respect to A under the Lagrangian framing. Here

¢ :S' x S' x 9D? — 9(X — v(N)) denotes a gluing map satisfying

#([0D?]) = m[N'] + [ua] in Hi(O(X — v(N)), where pup is @ meridian of A.

Xn 2 (1/m) possesses a symplectic form that restricts to the original
symplectic form w on X\ vA.

Luttinger surgery has been very effective tool recently for constructing exotic
smooth structures.
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Lutinger Surgery
Luttinger Surgery and Sympletic Kodaira Dimension

Definition

For a minimal symplectic 4-manifold (M*,w) with symplectic canonical class
K., the Kodaira dimension of (M*, w) is defined in the following way:

—c0o  ifK, - [w]<O0or K, K, <D0,
0 if K, - [w]=0and K, -K,=0,
1 if K, - [w]>0and K, -K,=0,
2 if K, - [w]>0and K, K, >0.

If (M*,w) is not minimal, its Kodaira dimension is defined to be that of any of
its minimal models.

T. J. Li proved that the symplectic Kodaira dimension is a diffeomorphism
invariant.
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Lutinger Surgery
Luttinger Surgery and Sympletic Kodaira Dimension

Definition
For a minimal symplectic 4-manifold (M*,w) with symplectic canonical class
K., the Kodaira dimension of (M*, w) is defined in the following way:

—c0o  ifK, - [w]<O0or K, K, <D0,
0 if K, - [w]=0and K, -K,=0,
1 if K, - [w]>0and K, -K,=0,
2 if Ky - [w]>0and K, K, >0.

If (M*,w) is not minimal, its Kodaira dimension is defined to be that of any of
its minimal models.

T. J. Li proved that the symplectic Kodaira dimension is a diffeomorphism
invariant.

Theorem (C.-I. Ho and T.J. Li, 2008)
The symplectic Kodaira dimension is unchanged under Luttinger surgery. J
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Construction of fake symplectic S? x S?
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Construction of fake symplectic S

Construction of fake symplectic S? x S?

Theorem (A.A, 2006)

Let K be a genus one fibered knot in S®. Then there exist a minimal
symplectic 4-manifold X cohomology equivalent to S? x S?.
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Construction of fake symplectic 32 X 32

Construction of fake symplectic S? x S?

Theorem (A.A, 2006)

Let K be a genus one fibered knot in S®. Then there exist a minimal
symplectic 4-manifold X cohomology equivalent to S? x S?.

Theorem (A.A, 2006)

Let K be a genus one and K’ be any genus 2 < g fibered knot in S®. Then
there exist an infinite family of minimal symplectic 4-manifolds Vi
cohomology equivalent to #41(S? x S?).
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Construction of fake symplectic S

Symplectic 4-manifold My x S'

Let K be a genus one fibered knot (i.e., the trefoil or the figure eight knot) in S3
and m a meridional circle to K.
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Construction of fake symplectic S

Symplectic 4-manifold My x S'

Let K be a genus one fibered knot (i.e., the trefoil or the figure eight knot) in S3
and m a meridional circle to K.

m(S*\K) = <ab|aba= bab>

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 21/57



Construction of fake symplectic

r Akhmedov iversity of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 22/57



Construction of fake symplectic

)

5\

r Akhmedov (University of Minnesota, Minneapolis] Exotic Smooth Structures on 4-Manifolds August 3, 2013 22/57




Construction of fake symplectic 32

My be 3-manifold obtained by 0-framed Dehn surgery on K.
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Construction of fake symplectic 32

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (M, Z).
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Construction of fake symplectic S

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.
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Construction of fake symplectic S

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.
T»=mxS' = mx x is a section of this fibration.
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Construction of fake symplectic s@

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.

Tm = m x S" = m x x is a section of this fibration. The generators vy = a~'b,
v2 = b~'aba~" of the fiber torus F;, coming from the Seifert surface, are trivial
in 1st homology.
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Construction of fake symplectic §? x §°

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.

Tm = m x S" = m x x is a section of this fibration. The generators vy = a~'b,
v2 = b~'aba~" of the fiber torus F;, coming from the Seifert surface, are trivial
in 1st homology.

m(Mk xS'") = < ab,x|aba=bab,ab’ab=* =1,[a,x]=[b,x]=1>
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Construction of fake symplectic §? x §°

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.

Tm = m x S" = m x x is a section of this fibration. The generators vy = a~'b,
v2 = b~'aba~" of the fiber torus F;, coming from the Seifert surface, are trivial
in 1st homology.

m(Mk xS'") = < ab,x|aba=bab,ab’ab=* =1,[a,x]=[b,x]=1>

Hi(Mx xS',Z) =202
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Construction of fake symplectic §? x §°

My be 3-manifold obtained by 0-framed Dehn surgery on K. Mk has the
same integral homology as S? x S', where m generates H; (Mk, Z). Since K
has genus one and fibered, Mk x S' is a torus bundle over a torus, admits a
symplectic structure, minimal, and homology equivalent to T? x S2.

Tm = m x S" = m x x is a section of this fibration. The generators vy = a~'b,
v2 = b~'aba~" of the fiber torus F;, coming from the Seifert surface, are trivial
in 1st homology.

m(Mk xS'") = < ab,x|aba=bab,ab’ab=* =1,[a,x]=[b,x]=1>

Hi(Mx xS',Z) =202
Ho(Mk x S',Z) = Z & Z.
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Construction of fake symplectic 32

Symplectic 4-manifold Yy

Take two copies of M x S'.

ar Akhmedov (University of Minnesota, Minneapolis. Exotic Smooth Structures on 4-Manifolds August 3, 2013 24 /57



Construction of fake symplectic S

Symplectic 4-manifold Yy

Take two copies of Mk x S'. Let Yk denote the twisted fiber sum
YK = MK X S1#F1:Tm/ MK X S1 .
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Symplectic 4-manifold Yy

Take two copies of Mk x S'. Let Yk denote the twisted fiber sum
YK = MK X S1#Ft:TmIMK X S1. YK = (MK X §1 )K-
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Construction of fake symplectic S

Symplectic 4-manifold Yy

Take two copies of Mk x S'. Let Yk denote the twisted fiber sum
YK = MK X S1#Ft:TmIMK X S1. YK = (MK X §1 )K-
We could also use a different genus one fibered knot in this step.
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Construction of fake symplectic 32

Symplectic 4-manifold Yy

Hi(Yk,Z) =Z®Z =< x,m>
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Construction of fake symplectic

Symplectic 4-manifold Yy

Hi(Yx,Z)=Z®Z =< x,m>
Ho(Yk,Z)=Z&Z=< S, T >
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Construction of fake symplectic S

Symplectic 4-manifold Yy
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Construction of fake symplectic

Symplectic genus two surface in Yy
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Construction of fake symplectic S

Symplectic 4-manifold Xy, fake symplectic S? x S?

Next, take two copies of Yk.
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Construction of fake symplectic 32

Symplectic 4-manifold Xy, fake symplectic S? x S?

Next, take two copies of Y. Let Xk denote the symplectic fiber sum
Xk = Yk#4 Yk along the symplectic surface o = Tp#Fv.
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Construction of fake symplectic 32

Symplectic 4-manifold Xy, fake symplectic S? x S?

Next, take two copies of Yk. Let Xk denote the symplectic fiber sum
Xk = Yk#4 Yk along the symplectic surface ¥, = T#Fv. We choose ¢ to be
an elliptic involution of X, with two fixed points.
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Construction of fake symplectic S

xn(Xk) = 2xn(Yi) +(2—-1) =1
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Construction of fake symplectic 32

xn(Xk) = 2xn(Yi) +(2—-1) =1

Hi(Xk,Z) = 0
Ho(Xk,Z) = ZaZ.
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Construction of fake symplectic S

B(Xk) = 263(Yk)+8(2-1)=8
xn(Xk) = 2xn(Yk) +(2-1) =1

Hi(Xk,Z) = 0
Ho(Xk,Z) = ZaZ.

Remark: Using non-fibered genus one n-twist knots leads to non-symplectic
fake S? x S2.
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g2

Construction of fake symplectic S x §

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar.
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Construction of fake symplectic S

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar. Use Mk x S, where g(K’) = g, to get a
genus g + 1 symplectic surface inside of Yxx = (Mk: x S")k.
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Construction of fake symplectic 32

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar. Use Mk x S, where g(K’) = g, to get a

genus g + 1 symplectic surface inside of Yk x = (Mk: x S")k. Next, we apply
the symplectic fiber sum.
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Construction of fake symplectic 32 X 32

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar. Use Mk x S, where g(K’) = g, to get a

genus g + 1 symplectic surface inside of Yk x = (Mk: x S")k. Next, we apply
the symplectic fiber sum.

ci(Vk) = 2¢5(Yek)+8((g+1)—1)=8g,
xn(Verk) = 2xn(Yek)+(g+1)—1)=g,
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Construction of fake symplectic 32 X 32

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar. Use Mk x S, where g(K’) = g, to get a
genus g + 1 symplectic surface inside of Yk x = (Mk: x S")k. Next, we apply
the symplectic fiber sum.

ci(Vk) = 2¢5(Yek)+8((g+1)—1)=8g,
xn(Verk) = 2xn(Yek)+(g+1)—1)=g,

Hi(Vkk,Z) =0, Ho(Vkk,Z) =Z S Z & - - - & Z, there are 2(2g — 1) copies of
Z

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 30/57



Construction of fake symplectic 32 X 32

Symplectic cohomology # g 1)(S? x S?) for g > 2

Construction of Vi is similar. Use Mk x S, where g(K’) = g, to get a
genus g + 1 symplectic surface inside of Yk x = (Mk: x S")k. Next, we apply
the symplectic fiber sum.

ci(Vk) = 2¢5(Yek)+8((g+1)—1)=8g,
xn(Verk) = 2xn(Yek)+(g+1)—1)=g,

Hi(Vkk,Z) =0, Ho(Vkx,Z) =Z SZ D - -- & Z, there are 2(2g — 1) copies of
Z

Remark: Yy, Xk, Yk, Vk'k Serve as an important building blocks in the
construction of (small or big) exotic 4-manifolds
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History of Small Exotic 4-Manifolds
Past History of Small Exotic 4-Manifolds (1986 - 2005)
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History of Small Exotic 4-Manifolds
Past History of Small Exotic 4-Manifolds (1986 - 2005)

Exotic CP?#nCP?

@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).
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History of Small Exotic 4-Manifolds
Past History of Small Exotic 4-Manifolds (1986 - 2005)

Exotic CP?#nCP?
@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).

@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.
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homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).
@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.

@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).
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Exotic CP?#nCP?
@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).
@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.
@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).

@ n =7 J. Park applying the rational blowdown to E(1) = CP?#9CP?
(2004).
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@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.
@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).

@ n =7 J. Park applying the rational blowdown to E(1) = CP?#9CP?
(2004). P. Ozsvath - Z. Szabo (2004) Park manifold is minimal.
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Past History of Small Exotic 4-Manifolds (1986 - 2005)

Exotic CP?#nCP?
@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).

@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.

@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).

@ n =7 J. Park applying the rational blowdown to E(1) = CP?#9CP?
(2004). P. Ozsvath - Z. Szabo (2004) Park manifold is minimal.

@ n =6 A. Stipsicz - Z. Szabo applying the generalized rational blowdown
to E(1) = CP?4#9CP? (2005).
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History of Small Exotic 4-Manifolds
Past History of Small Exotic 4-Manifolds (1986 - 2005)

Exotic CP?#nCP?
@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).

@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.

@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).

@ n =7 J. Park applying the rational blowdown to E(1) = CP?#9CP?
(2004). P. Ozsvath - Z. Szabo (2004) Park manifold is minimal.

@ n =6 A. Stipsicz - Z. Szabo applying the generalized rational blowdown
to E(1) = CP?4#9CP? (2005).
® n=16,7,8 R. Fintushel - R. Stern inf. many smooth structures (2005).
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History of Small Exotic 4-Manifolds
Past History of Small Exotic 4-Manifolds (1986 - 2005)

Exotic CP?#nCP?
@ n=9 S. Donaldson showed that the Dolgachev’s surface E(1)23 is
homemorphic but not diffemorphic to £(1) = CP?#9CP? (1986).

@ n =9 C. Okonek - A. Van de Ven (1986), R. Friedman - J. Morgan (1988)
inf. many smooth structures.

@ n =8 D. Kotschick showed that the Barlow’s surface is homemorphic but
not diffemorphic to CPP?#8CP? (1989).

@ n =7 J. Park applying the rational blowdown to E(1) = CP?#9CP?
(2004). P. Ozsvath - Z. Szabo (2004) Park manifold is minimal.

@ n =6 A. Stipsicz - Z. Szabo applying the generalized rational blowdown
to E(1) = CP?4#9CP? (2005).
® n=16,7,8 R. Fintushel - R. Stern inf. many smooth structures (2005).

® n=>5J. Park - A. Stipsicz - Z. Szabo using the rational blowdown (2005).
At the time, it was not known if symplectic
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 < /< 18)
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 <1< 18)
@ A. Stipsicz - Z. Szabo, B. Yu (14 </ < 18) inf. many
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 < /< 18)
@ A. Stipsicz - Z. Szabo, B. Yu (14 </ < 18) inf. many
@ D. Park (10 </ < 13) inf. many
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 <1< 18)
@ A. Stipsicz - Z. Szabo, B. Yu (14 </ < 18) inf. many
@ D. Park (10 </ < 13) inf. many

@ A. Stipsicz - Z. Szabo (/ = 9) and J. Park (/ = 8) using the generailzed
rational blowdown. Not known if symplectic.
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 <1< 18)
@ A. Stipsicz - Z. Szabo, B. Yu (14 </ < 18) inf. many
@ D. Park (10 </ < 13) inf. many

@ A. Stipsicz - Z. Szabo (/ = 9) and J. Park (/ = 8) using the generailzed
rational blowdown. Not known if symplectic.

All these construction starts with simply-connected 4-manifolds and apply
some surgery techniques that preserves simple connectivity.
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Small Exotic 4-Manifolds History of Small Exotic 4-Manifolds

Exotic 3CP2#/CP?
@ R. Friedman - J. Morgan (/ = 19) inf. many
@ R. Gompf (14 <1< 18)
@ A. Stipsicz - Z. Szabo, B. Yu (14 </ < 18) inf. many
@ D. Park (10 </ < 13) inf. many

@ A. Stipsicz - Z. Szabo (/ = 9) and J. Park (/ = 8) using the generailzed
rational blowdown. Not known if symplectic.

All these construction starts with simply-connected 4-manifolds and apply
some surgery techniques that preserves simple connectivity.

We introduced a new technique in [A.A, 2006, Alg and Geom Topol], and
constructed exotic symplectic CP?45CP? and exotic 3CP?#7CP? using
non-simply connected building blocks.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Theorem (A.A, 2006, Alg and Geom Topol)
Let M be one of the following 4-manifolds.
(i) CP2#mCP? for m = 5,
(ii) 3CP?#KkCP? fork =7,
(iii) (2n— 1)CP2#(2n + 3)CP? for any integer n > 3.

Then there exist an irreducible symplectic 4-manifolds homeomorphic but not
diffeomorphic to M.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = T? x S?#4CP?.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = T? x S?#4CP?.
@ M admits a genus two Lefschetz fibration over S? with 8 singular fibers.
This fibration is known as Matsumoto’s fibration.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = T? x S?#4CP?.
@ M admits a genus two Lefschetz fibration over S? with 8 singular fibers.
This fibration is known as Matsumoto’s fibration.

@ Matsumoto’s fibration can be obtained as a double branched cover of
T? x S? branched along the configuration 2[pt x S?] + 2[T2 x pt].
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = T? x S?#4CP?.
@ M admits a genus two Lefschetz fibration over S? with 8 singular fibers.
This fibration is known as Matsumoto’s fibration.

@ Matsumoto’s fibration can be obtained as a double branched cover of
T? x S? branched along the configuration 2[pt x S?] + 2[T2 x pt].

) 012(M) =—4, xp(M)=0,m(M)=Z xZ
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Construction of Small Exotic 4-Manifolds
Sketch of Proof Continued

@ The global monodromy of Matsumoto’s fibration: (Dg, D, D, Dg, )? = 1,
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Construction of Small Exotic 4-Manifolds
Sketch of Proof Continued

@ The global monodromy of Matsumoto’s fibration: (Dg, D, D, Dg, )? = 1,

@ Let X be a symplectic fiber sum of M and
Yk = Mk x 81#Ft:Tm/ My x St = (MK x ! )K along the genus two
surfaces, where K is a genus one fibered knot in S8.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 35/57



Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Sketch of Proof Continued

@ The global monodromy of Matsumoto’s fibration: (Dg, D, D, Dg, )? = 1,

@ Let X be a symplectic fiber sum of M and
Yk = Mk x 81#5:7',”, My x St = (MK x ! )K along the genus two
surfaces, where K is a genus one fibered knot in S8.

0 (X)) =c2(M)+c3(Yk)+8(2—1) =4,
Xn(X) = xn(M) + xn(Yk) +(2-1) = 1.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Sketch of Proof Continued

@ The global monodromy of Matsumoto’s fibration: (Dg, D, D, Dg, )? = 1,

@ Let X be a symplectic fiber sum of M and
Yk = Mk x 81#5:7',”, My x St = (MK x ! )K along the genus two
surfaces, where K is a genus one fibered knot in S8.

o cf(X) = cf(M) + cf(Yk) +8(2 1) =4,
xh(X) = xn(M) + xn(Yk) +(2—1) = 1.

@ X is simply connected, so homemorphic to CP?#5CP?.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof Continued

@ The global monodromy of Matsumoto’s fibration: (Dg, D, D, Dg, )? = 1,

@ Let X be a symplectic fiber sum of M and
Yk = Mk x 81#5:7',”, My x St = (MK x ! )K along the genus two
surfaces, where K is a genus one fibered knot in S8.

0 (X)) =c2(M)+c3(Yk)+8(2—1) =4,
xh(X) = xn(M) + xn(Yk) +(2—1) = 1.

@ X is simply connected, so homemorphic to CP?#5CP2.

@ X is minimal symplectic by M. Usher’s Minimality Theorem, so it cannot
be diffemorphic to CP?#5CP?.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Theorem (A.A - Doug Park, Inven. Math, January 2007)
Let M be one of the following 4-manifolds.
(i) CP2#mCP? for m = 3,
(i) 3CP?#kCP? fork =5,
(iii) (2n —1)CP?#(2n + 1)CP? for any integer n > 3.

Then there exist an irreducible symplectic 4-manifolds homeomorphic but not
diffeomorphic to M.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Theorem (A.A - Doug Park, Inven. Math, January 2007)
Let M be one of the following 4-manifolds.
(i) CP2#mCP? for m = 3,
(ii) 3CP?4kCP? fork =5,
(iii) (2n —1)CP?#(2n + 1)CP? for any integer n > 3.

Then there exist an irreducible symplectic 4-manifolds homeomorphic but not
diffeomorphic to M.

y

Alternative construction of exotic CP?#3CP? was later given by S. Baldridge -
P. Kirk, and R. Fintushel - D. Park - R. Stern.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = M x S'#2CP?2. M has a symplectic genus two surface of
self-intersection 0 which carry = (M).
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = M x S'#2CP?2. M has a symplectic genus two surface of
self-intersection 0 which carry = (M).

o (M) =—2, xp(M) =0, Hi(M) = Z x Z
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = M x S'#2CP?2. M has a symplectic genus two surface of
self-intersection 0 which carry = (M).

@ 2(M)=—-2,xn(M) =0, Hi(M) =Z x Z

@ Let X be a symplectic fiber sum of M and
Yk = Mk x S'#g—1 Mk x S = (Mk x S")k along the genus two
surfaces, where K is a genus one fibered knot in S8.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = M x S'#2CP?2. M has a symplectic genus two surface of
self-intersection 0 which carry = (M).

@ 2(M)=—-2,xn(M) =0, Hi(M) =Z x Z

@ Let X be a symplectic fiber sum of M and
Yk = Mk x S'#g—1 Mk x S = (Mk x S")k along the genus two
surfaces, where K is a genus one fibered knot in S8.

® cf(X) = c{(M) +cf(Yk) +8(2—1) =86,
xh(X) = xn(M) + xn(Yk) +(2—1) =1.
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Construction of Small Exotic 4-Manifolds
Sketch of Proof

@ Let M = M x S'#2CP?2. M has a symplectic genus two surface of
self-intersection 0 which carry = (M).

@ 2(M)=—-2,xn(M) =0, Hi(M) =Z x Z

@ Let X be a symplectic fiber sum of M and
Yk = Mk x S'#g—1 Mk x S = (Mk x S")k along the genus two
surfaces, where K is a genus one fibered knot in S8.

® cf(X) = c{(M) +cf(Yk) +8(2—1) =86,
xh(X) = xn(M) + xn(Yk) +(2—1) =1.

@ X is simply connected 4-manifolds homemorphic but not diffemorphic to
CP?#3CP?.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Exotic CP?2#3CP? of Akhmedov - Park via Luttinger Surgery, (A.A - 1.
Baykur - D. Park)

@ Use 3 copies of the 4-torus, T}, T3 and Tj.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Exotic CP?2#3CP? of Akhmedov - Park via Luttinger Surgery, (A.A - 1.
Baykur - D. Park)

@ Use 3 copies of the 4-torus, T}, T3 and Tj.

@ Fiber sum the first two along the 2-tori a; x by and a» x by, with a gluing
map that identifies a; with a, and by with b,. We obtain T2 x ¥,, where
the symplectic genus 2 surface ¥, is obtained by gluing together the
orthogonal punctured symplectic tori (¢1 x d;) \ D? in T and
(co x db)\ D?in T3. m(T? x L) has six generators a; = ap, by = by, ¢y,
C2, dy and ds with relations [ay, b1] = 1, [c1, di][c2, d2] = 1 and a; and by
commute with all ¢; and d.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Exotic CP?2#3CP? of Akhmedov - Park via Luttinger Surgery, (A.A - 1.
Baykur - D. Park)

@ Use 3 copies of the 4-torus, T}, T3 and Tj.

@ Fiber sum the first two along the 2-tori a; x by and a» x by, with a gluing
map that identifies a; with a, and by with b,. We obtain T2 x ¥,, where
the symplectic genus 2 surface ¥, is obtained by gluing together the
orthogonal punctured symplectic tori (¢1 x d;) \ D? in T and
(co x db)\ D?in T3. m(T? x L) has six generators a; = ap, by = by, ¢y,
C2, dy and ds with relations [ay, b1] = 1, [c1, di][c2, d2] = 1 and a; and by
commute with all ¢; and d.

@ The two symplectic tori az x bg and ¢3 x dj in Tg‘ intersect at one point.
Smooth out intersection point to get a symplectic surface of genus 2.
Blow up Tg‘ twice at the self-intersection points to obtain a symplectic
genus two surface X’ of self-intersection zero.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

@ Take the symplectic fiber sum of Y = T2 x ¥, and Y’ = T;#2CP? along
the surfaces ¥, and ¥’, determined by a map that sends the circles
¢y, di, co, 0o to as, bs, C3, d3 in the same order. By Seifert-Van Kampen
theorem, the fundamental group of the resulting manifold X’ can be seen
to be generated by ay, by, ¢1, di, ¢ and d», which all commute with each
other. 71(X") is isomorphic to Z®, e(X’) = 6 and o(X’) = —2, which are
also the characteristic numbers of CP?#3CP2.
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@ Take the symplectic fiber sum of Y = T2 x ¥, and Y’ = T;#2CP? along
the surfaces ¥, and ¥’, determined by a map that sends the circles
¢y, di, co, 0o to as, bs, C3, d3 in the same order. By Seifert-Van Kampen
theorem, the fundamental group of the resulting manifold X’ can be seen
to be generated by ay, by, ¢1, di, ¢ and d», which all commute with each
other. 71(X") is isomorphic to Z®, e(X’) = 6 and o(X’) = —2, which are
also the characteristic numbers of CP?#3CP2.

@ Perform six Luttinger surgeries on pairwise disjoint Lagrangian tori:
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

@ Take the symplectic fiber sum of Y = T2 x ¥, and Y’ = T;#2CP? along
the surfaces ¥, and ¥’, determined by a map that sends the circles
¢y, di, co, 0o to as, bs, C3, d3 in the same order. By Seifert-Van Kampen
theorem, the fundamental group of the resulting manifold X’ can be seen
to be generated by ay, by, ¢1, di, ¢ and d», which all commute with each
other. 71(X") is isomorphic to Z®, e(X’) = 6 and o(X’) = —2, which are
also the characteristic numbers of CP?#3CP2.

@ Perform six Luttinger surgeries on pairwise disjoint Lagrangian tori:

(a1 X 61;&17_1)7 (a1 X 817815_1)5 (é'l X 025é17_1)7
(51 X 02751a_1)a (C1 X 527&2a_1)a (C1 X 82782a_1)'
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

We obtain a symplectic 4-manifold X with 71(X) generated by ay, by, ¢y, 0,
C>, db with relations:

[b1,d171]:b1c1b171, [Cf1,b1]:d1, [dz,bf1]:dga1dg1,
[3;1,d2]:b1, [d1vdg1]:d102d;1, I:C271,d1]:d27

and all other commutators are equal to the identity.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

We obtain a symplectic 4-manifold X with 71(X) generated by ay, by, ¢y, 0,
C>, db with relations:

[br,d "] =breiby ", o bil =dh, [ob, by "] = dhardy
and all other commutators are equal to the identity.

Since [by, c2] = [¢1, 2] = 1, ¢ =[], by] also commutes with ¢,. Thus
do =1, implying a; = by = 1. The last identity implies ¢; = d; = 1, which in
turn implies ¢, = 1.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

We obtain a symplectic 4-manifold X with 71(X) generated by ay, by, ¢y, 0,
C>, db with relations:

[b1,d171]:b1c1b171, [Cf1,b1]:d1, [dz,bf1]:dga1dg1,
[3;1,d2]:b1, [d1vdg1]:d102d;1, I:C271,d1]:d27

and all other commutators are equal to the identity.

Since [by, c2] = [¢1, 2] = 1, ¢ =[], by] also commutes with ¢,. Thus
do =1, implying a; = by = 1. The last identity implies ¢; = d; = 1, which in
turn implies ¢, = 1.

X is simply-connected and surgeries do not change the characteristic
numbers, we have it homeomorphic to CP?#3CP?. Y is minimal and the
exceptional spheres in Y’ intersect ', Ushers Theorem guarantees that X’ is
minimal. X is an irreducible symplectic 4-manifold which is not diffeomorphic
to CP2#3CP-2.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Theorem (A.A - Doug Park, May 2007, Inven. Math)
Let M be one of the following 4-manifolds.
(i) CP24#mCP? form = 2,4,
(ii) 3CP2#kCP? fork = 4,6,8,10,
(iii) (2n — 1)CP?42nCP? for any integer n > 3.
Then there exist an irreducible symplectic 4-manifold and an infinite family of

pairwise non-diffeomorphic irreducible non-symplectic 4-manifolds, all of
which are homeomorphic to M.
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Small Exotic 4-Manifolds Construction of Small Exotic 4-Manifolds

Handlebody of Akhmedov-Park’s exotic CP?#2CP? by Selman Akbulut
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds

@ (o < 0) Geography problem has been solved by D. Park - Z. Szabo and
R. Gompf.
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds

@ (o < 0) Geography problem has been solved by D. Park - Z. Szabo and
R. Gompf.

@ (o > 0) All but finitely many lattice points with 8, < ¢1% < 8.76x4. (J.
Park).
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds
@ (o < 0) Geography problem has been solved by D. Park - Z. Szabo and
R. Gompf.

@ (o > 0) All but finitely many lattice points with 8, < ¢1% < 8.76x4. (J.
Park). The construction uses the spin complex surface by U. Persson- C.
Peters- G. Xiao with ¢ = 8.76 4.
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds

@ (o < 0) Geography problem has been solved by D. Park - Z. Szabo and
R. Gompf.

@ (o > 0) All but finitely many lattice points with 8, < ¢1% < 8.76x4. (J.
Park). The construction uses the spin complex surface by U. Persson- C.
Peters- G. Xiao with ¢ = 8.76 4.

@ (0 = 0) J. Park constructed the exotic smooth structures on
#on_1(S? x S?) for n > 267145kx?, where integer k and x are large
numbers, which were not explicitly computed.
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The Geography of Spin Symplectic 4-Manifolds
Past Results on Spin Symplectic Geography

The Geography of Spin Symplectic 4-Manifolds

@ (o < 0) Geography problem has been solved by D. Park - Z. Szabo and
R. Gompf.

@ (o > 0) All but finitely many lattice points with 8, < ¢1% < 8.76x4. (J.
Park). The construction uses the spin complex surface by U. Persson- C.
Peters- G. Xiao with ¢ = 8.76 4.

@ (0 = 0) J. Park constructed the exotic smooth structures on
#on_1(S? x S?) for n > 267145kx?, where integer k and x are large
numbers, which were not explicitly computed.

@ There are simply connected symplectic family by A. Stipsicz approaching
BMY line, but his examples are not spin.
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Recent Results on Spin Symplectic Geography
Spin Symplectic 4-Manifolds Near BMY Line

Theorem (A. A - D. Park - G.Urzua, 2010)

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 44 /57



The Geography of Spin Symplectic 4-Manifolds Recent Results on Spin Symplectic Geography

Spin Symplectic 4-Manifolds Near BMY Line

Theorem (A. A - D. Park - G.Urzua, 2010)

There exisit an infinite family of closed simply connected minimal symplectic
4-manifolds {M,|n € N} satisfying 8.92x, < ¢12(My) < 9xn for every n > 12,

andlimp_, % = 9. Moreover, M, has oo?-property for every n and spin if

n = 4(mod8).
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Recent Results on Spin Symplectic Geography
Spin Symplectic 4-Manifolds Near BMY Line

Theorem (A. A - D. Park - G.Urzua, 2010)

There exisit an infinite family of closed simply connected minimal symplectic

4-manifolds {M,|n € N} satisfying 8.92x, < ¢12(My) < 9xn for every n > 12,

andlimp_, ‘;:((A"/’,’:)) = 9. Moreover, M, has oo?-property for every n and spin if

n = 4(mod8).

Theorem (A. A - D. Park - G. Urzua, 2010)

Let G be any finitely presented group. There exisit an infinite family of closed
spin symplectic 4-manifolds {MC%|k € N} such that =1 (M%) = G and

G
0 < c12(MC) < 9xy, for every k, and limy_, o ‘;::((A"/’,’:G)) = 9. If G is residually
finite, then MkG is irreducible.
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Recent Results on Spin Symplectic Geography
Spin Symplectic 4-Manifolds Near BMY Line

Theorem (A. A - D. Park - G.Urzua, 2010)

There exisit an infinite family of closed simply connected minimal symplectic

4-manifolds {M,|n € N} satisfying 8.92x, < ¢12(My) < 9xn for every n > 12,

andlimp_, ‘;:((A"/’,’n")) = 9. Moreover, M, has oo?-property for every n and spin if

n = 4(mod8).

Theorem (A. A - D. Park - G. Urzua, 2010)

Let G be any finitely presented group. There exisit an infinite family of closed
spin symplectic 4-manifolds {MC%|k € N} such that =1 (M%) = G and

G
0 < c12(MC) < 9xy, for every k, and limy_, o ‘;‘2:((,\";’:6)) = 9. If G is residually
finite, then MkG is irreducible.

y

@ Our construction uses the spin complex surfaces of Hirzebruch near BMY
line, the elliptic surfaces E(2n®), and the spin symplectic 4-manifolds S@
of R. Gompf (with 71(S%) = G, and ¢;2(S%) = 0).
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Recent Resuls on Spin Symplectic Geography
Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)
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The Geography of Spin Symplectic 4-Manifolds Recent Results on Spin Symplectic Geography

Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)

Let M be one of the following 4-manifolds.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 45 /57




The Geography of Spin Symplectic 4-Manifolds Recent Results on Spin Symplectic Geography

Symplectic 4-Manifolds with Signature 0
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2010)
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The Geography of Spin Symplectic 4-Manifolds Recent Results on Spin Symplectic Geography

Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)

Let M be one of the following 4-manifolds.
(1) #2n-1(S? x S?) forn > 138,
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The Geography of Spin Symplectic 4-Manifolds Recent Results on Spin Symplectic Geography

Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)

Let M be one of the following 4-manifolds.
(1) #2n-1(S? x S?) forn > 138,

(i) (2n— 1)CP?4(2n — 1)CP? for any integer n > 23.
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Recent Resuls on Spin Symplectic Geography
Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)

Let M be one of the following 4-manifolds.
(i) #2n_1(S? x S?) for n > 138,
(ii) (2n— 1)CP?24#(2n — 1)CP? for any integer n > 23.
Then there exist an irreducible symplectic 4-manifold and an infinite family of

pairwise non-diffeomorphic irreducible non-symplectic 4-manifolds, all of
which are homeomorphic to M. Moreover, M in (i) has oo?-property.
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Recent Resuls on Spin Symplectic Geography
Symplectic 4-Manifolds with Signature 0

Theorem (A. A - D. Park, Gokova Geom and Top 2008, Math. Res. Let.
2010)

Let M be one of the following 4-manifolds.
(i) #2n_1(S? x S?) for n > 138,
(ii) (2n— 1)CP?24#(2n — 1)CP? for any integer n > 23.
Then there exist an irreducible symplectic 4-manifold and an infinite family of

pairwise non-diffeomorphic irreducible non-symplectic 4-manifolds, all of
which are homeomorphic to M. Moreover, M in (i) has oo?-property.

@ construction (i) uses the small surfaces bundles with non-zero signature

by J. Bryan and R. Donagi, and homotopy K3 surfaces by R. Fintushel-
R. Stern.
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Building Blocks Surface Bundles with Non-Zero Signature

Branched Cover Construction of Surface Bundles with Non-Zero
Signature, after M. Atiyah, K. Kodaira, F. Hirzebruch

Theorem (J. Bryan - R. Donagi - A. Stipsicz)

For any integers n > 2, there exisit smooth algebraic surface X, that have
signature o(Xn) = 8/3n(n — 1)(n+ 1) and admit two smooth fibrations

X, — B and X, — B’ such that the base and fiber genus are

(3,3m — n? +-1) and (2n? + 1,3n) respectively.

Theorem (J. Bryan - R. Donagi)

For any pair of integers g, n > 2, there exisit smooth algebraic surface X, g
that have signature o(X,) = 4/39(g — 1)(n? — 1)n?9~2 and admit two smooth
fibrations X, g — B and X, g — B’ such that the base and fiber genus are
(9(g — 1)n?9=2 +1,gn) and (g, g(gn — 1)n?9=2 + 1) respectively.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole.
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Building Blocks Surface Bundles with Non-Zero Signature

Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B

around the center hole. A and A’ denote the diagonal and its image under
Id x 7.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)?
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — Hy(B; Z/nZ) to get the above surjection).
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — Hy(B; Z/nZ) to get the above surjection).

B’ has genus 2r? 4 1.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A'to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — Hy(B; Z/nZ) to get the above surjection).

B’ has genus 2r? 4 1.

- and ', are the graphs of the maps 7 and 7’ = 7 o .
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A'to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — Hy(B; Z/nZ) to get the above surjection).

B’ has genus 2r? 4 1.

- and ', are the graphs of the maps 7 and 7’ = 7 o .

The homology class D =T, — I is divisible by nand D?> = —8r?.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — H1(B; Z/nZ) to get the above surjection).

B’ has genus 2r? + 1.

I and I, are the graphs of the maps 7 and 7’ = 7 o 7.

The homology class D =T, — I is divisible by nand D?> = —8r?.

Let X, be n-fold cyclic branched cover of B’ x B along D.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — H1(B; Z/nZ) to get the above surjection).

B’ has genus 2r? + 1.

I and I, are the graphs of the maps 7 and 7’ = 7 o 7.

The homology class D =T, — I is divisible by nand D?> = —8r?.

Let X, be n-fold cyclic branched cover of B’ x B along D.
a(Xn) = 8/3n(n— 1)(n+ 1) by Hirzebruch’s signature formula.
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — H1(B; Z/nZ) to get the above surjection).

B’ has genus 2r? + 1.

I and I, are the graphs of the maps 7 and 7’ = 7 o 7.

The homology class D =T, — I is divisible by nand D?> = —8r?.

Let X, be n-fold cyclic branched cover of B’ x B along D.
a(Xn) = 8/3n(n— 1)(n+ 1) by Hirzebruch’s signature formula. X, is spin if n
is odd
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Surface Bundles with Non-Zero Signature
Sketch of Proof:

Let B be a genus 3 surface and 7 : B — B be a fixed point free involution of B
around the center hole. A and A’ denote the diagonal and its image under

Id x 7. A — A’ is not a divisible class, so we cannot apply Hirzebruch’s
branched cover construction.

Consider a certain unramified covering map = : B — B and pull back A and
A’ to B’ x B.

Let 7 : B — B be the (Z/nZ)? cover given by the surjection

7(B) — Hy(B; Z/nZ) — (Z/nZ)? (use the image of

(id — 1)« : H1(B; Z/nZ) — H1(B; Z/nZ) to get the above surjection).

B’ has genus 2r? + 1.

I and I, are the graphs of the maps 7 and 7’ = 7 o 7.

The homology class D =T, — I is divisible by nand D?> = —8r?.

Let X, be n-fold cyclic branched cover of B’ x B along D.
a(Xn) = 8/3n(n— 1)(n+ 1) by Hirzebruch’s signature formula. X, is spin if n
is odd (use the formula for the canonical class).
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General Construction Algorithm

r Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 48/57



Surface Bundles with Non-Zero Signaiure
General Construction Algorithm

Y, be a genus b surface.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Y, be a genus b surface.

Let X be a closed 4-manifold that is the total space of a genus f surface
bundle over X.
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Surface Bundles with Non-Zero Signaiure
General Construction Algorithm

Y, be a genus b surface.

Let X be a closed 4-manifold that is the total space of a genus f surface
bundle over X.

Assume that X is spin, o(X) = 16s and X has a section ¥;, — X whose
image is a genus b surface of self-intersection —2t.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Y, be a genus b surface.

Let X be a closed 4-manifold that is the total space of a genus f surface
bundle over X;.

Assume that X is spin, o(X) = 16s and X has a section ¥, — X whose
image is a genus b surface of self-intersection —2t.

Symplectically resolve the double point of X and the image of a section to get
a symplectic submanifold of ¢, in X of genus f + b and self intersection
2-2t.
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Surface Bundles with Non-Zero Signaiure
General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
K be a fibered knot of genus g(K) =f+b+1 —t—rin S

Let E(2r)x denote the homotopy elliptic surface of Fintushel and Stern.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
K be a fibered knot of genus g(K) =f+b+1 —t—rin S
Let E(2r)x denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of E(2r) gives to a symplectic submanifold Sy(x) of genus
g(K) and self-intersection —2r in E(2r)k.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
K be a fibered knot of genus g(K) =f+b+1 —t—rin S
Let E(2r)x denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of E(2r) gives to a symplectic submanifold Sy(x) of genus
g(K) and self-intersection —2r in E(2r)k.

By symplectically resolving r + t — 1 double points of the union of r + t — 1
fiberes and Sy k), we obtain a symplectic submanifold X', , of genus f 4 b
and self-intersection 2t — 2.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 49 /57



Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
K be a fibered knot of genus g(K) =f+b+1 —t—rin S
Let E(2r)x denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of E(2r) gives to a symplectic submanifold Sy(x) of genus
g(K) and self-intersection —2r in E(2r)k.

By symplectically resolving r + t — 1 double points of the union of r + t — 1
fiberes and Sy k), we obtain a symplectic submanifold X', , of genus f 4 b
and self-intersection 2t — 2.

Z = X#zf“,:z;ME(Qf)K- Z is a spin symplectic 4-manifold with
o(Z)=16(s—r) > 0.
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Building Blocks Surface Bundles with Non-Zero Signature

General Construction Algorithm

Let r is a positive integer satisfying 1 — { < r <min{s,f+b+1—t}.
K be a fibered knot of genus g(K) =f+b+1 —t—rin S
Let E(2r)x denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of E(2r) gives to a symplectic submanifold Sy(x) of genus
g(K) and self-intersection —2r in E(2r)k.

By symplectically resolving r + t — 1 double points of the union of r + t — 1
fiberes and Sy k), we obtain a symplectic submanifold X', , of genus f 4 b
and self-intersection 2t — 2.

Z = X#zf“,:z;ME(Qf)K- Z is a spin symplectic 4-manifold with
o(Z)=16(s—r) > 0.
Z is simply connected and irreducible.
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Spin complex surfaces of Hirzebruch
Spin complex surfaces near BMY line by Hirzebruch
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Spin complex surfaces of Hirzebruch
Spin complex surfaces near BMY line by Hirzebruch

For each n > 2, Hirzebruch constructed a sequence X, of minimal complex
surfaces of general type with the following invariants:
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Spin complex surfaces of Hirzebruch
Spin complex surfaces near BMY line by Hirzebruch

For each n > 2, Hirzebruch constructed a sequence X, of minimal complex
surfaces of general type with the following invariants:

e(Xy) =n’

c2(X,) = 3n" —4m°
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Spin complex surfaces of Hirzebruch
Spin complex surfaces near BMY line by Hirzebruch

For each n > 2, Hirzebruch constructed a sequence X, of minimal complex
surfaces of general type with the following invariants:

e(Xy) =n’

c2(X,) = 3n" —4m°

o(Xp) = (n" —4n°)/3
Xn(Xn) = (" — n°)/3
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Spin complex surfaces of Hirzebruch
Spin complex surfaces near BMY line by Hirzebruch

For each n > 2, Hirzebruch constructed a sequence X, of minimal complex
surfaces of general type with the following invariants:

e(Xy) =n’

c2(X,) = 3n" —4m°

o(Xp) = (n" —4n°)/3
Xn(Xn) = (" — n°)/3

jim €1°(Xa)

=9.
n—o00 Xh(Xn)
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = ™/
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = €?™/6 and let T be the elliptic curve

T =C/{Z-1+Z¢}.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = €?™/6 and let T be the elliptic curve

T =C/{Z-1+Z¢}.

Consider the complex surface T x T, and denote its points by (z, w).
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = €?™/6 and let T be the elliptic curve

T =C/{Z -1+ Z(}.

Consider the complex surface T x T, and denote its points by (z, w).
Define four elliptic curves on T x T
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = €?™/6 and let T be the elliptic curve

T =C/{Z -1+ Z(}.

Consider the complex surface T x T, and denote its points by (z, w).
Define four elliptic curves on T x T

To:w=0, Tw:z=0,
Ty w=2z, Te:w=(z
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X,:

Let ¢ = €?™/6 and let T be the elliptic curve

T =C/{Z -1+ Z(}.

Consider the complex surface T x T, and denote its points by (z, w).
Define four elliptic curves on T x T

To:w=0, Tw:z=0,
Ti: w=2z, Te:w=(z

These tori intersect at (0,0) and do not intersect each other anywhere else.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.

For each point of U, there are four curves passing through it, parallel to the
curves Ty, T, T1 and T¢.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.

For each point of U, there are four curves passing through it, parallel to the
curves Ty, T, T1 and T¢.

Denote the union of n? curves parallel to T; as D; for i € {0,00,1,¢}.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.

For each point of U, there are four curves passing through it, parallel to the
curves Ty, T, T1 and T¢.

Denote the union of n? curves parallel to T; as D; for i € {0,00,1,¢}.
We have 4n? elliptic curves forming four parallel families. Except for the points
in U, there are no other intersection points.
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Building Blocks Spin complex surfaces of Hirzebruch

Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.

For each point of U, there are four curves passing through it, parallel to the
curves Ty, T, T1 and T¢.

Denote the union of n? curves parallel to T; as D; for i € {0,00,1,¢}.
We have 4n? elliptic curves forming four parallel families. Except for the points
in U, there are no other intersection points.

Blow up n* points of Uy to get a smooth 4-manifold Y, = T*#n*CE? with Euler
characteristic n*.
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Building Blocks Spin complex surfaces of Hirzebruch

Sketch of Construction of X, (continued)

Let U, be the lattice in T x T consisting of n* points

Un = {(z,w)|(nz, nw) = (0,0)}.

For each point of U, there are four curves passing through it, parallel to the
curves Ty, T, T1 and T¢.

Denote the union of n? curves parallel to T; as D; for i € {0,00,1,¢}.
We have 4n? elliptic curves forming four parallel families. Except for the points
in U, there are no other intersection points.

Blow up n* points of Uy to get a smooth 4-manifold Y, = T*#n*CE? with Euler
characteristic n*.

There are n* exceptional curves L; (j € U,) resulting from blow-ups. Denote
by D; the proper transforms of D; after the blow-up
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, Continued
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, Continued

Hirzebuch constructs a complex algebraic surface X, as n®-fold cover of Y,
branched over D; for each i € {0,00,1,(}.
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Building Blocks Spin complex surfaces of Hirzebruch

Sketch of Construction of X, Continued

Hirzebuch constructs a complex algebraic surface X, as n®-fold cover of Y,
branched over D; for each i € {0,00,1,(}.

Denote this covering map as 7 : X, — Y.
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Building Blocks Spin complex surfaces of Hirzebruch

Sketch of Construction of X, Continued

Hirzebuch constructs a complex algebraic surface X, as n®-fold cover of Y,
branched over D; for each i € {0,00,1,(}.

Denote this covering map as 7 : X, — Y.

co(Xp) = -e(Y, \UDy) + P - e(UD) =n®-n*=n’.
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Spin complex surfaces of Hirzebruch
Sketch of Construction of X, Continued

Hirzebuch constructs a complex algebraic surface X, as n®-fold cover of Y,
branched over D; for each i € {0,00,1,(}.
Denote this covering map as 7 : X, — Y.

co(Xn) =n®-e(Y,\UD)+r? - eUD)=n*-n*=n".

X, contains an embedded symplectic surface F, of genus
9(Fn) = 3m° — 3n* + n® + 1 and self-intersection 2.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 63/57



Spin complex surfaces of Hirzebruch
Sketch of Construction of X, Continued

Hirzebuch constructs a complex algebraic surface X, as n®-fold cover of Y,
branched over D; for each i € {0,00,1,(}.

Denote this covering map as 7 : X, — Y.

co(Xn) =n®-e(Y,\UD)+r? - eUD)=n*-n*=n".

X, contains an embedded symplectic surface F, of genus
9(Fn) = 3m° — 3n* + n® + 1 and self-intersection 2.

Also, the inclusion induced homomorphism m(F,) — m(X,) is surjective.
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin.
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K= [L]+(n-1)) (D]

jeUn iel

where [[j] = 7*[L;] and [D}] = 17*[D]]
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K= [L]+(n-1)) (D]

jeUn iel

where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.

Anar Akhmedov (University of Minnesota, Minneapolis Exotic Smooth Structures on 4-Manifolds August 3, 2013 54 /57



Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K= [L]+(n-1)) (D]

jeUn iel

where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.

K= > iU, [L] -+ (3m —1) X, [Di] + mY_, D]
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K=Y [L]+(n—1)>_[D]
j€Un iel
where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.

K= Zjeun[fj] + (Em - 1)Ziel[5ll+ mZiel[ﬁL]
= (8m —1) Xig/[Di] + (4 Zjey, [L] + n e (D)
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by
K= [L]+(n-1))_[D]
jeUn iel
where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.
K= Zjeun[rf] + (Em - 1)Ziel[ﬁl+ mziel[@
(3m —1) Yy D1 + 3(4 Yy, [T] + 0 X, [D1)
(8m—1)3,[D] + 37 (4 >jeu L]+ 22ie/[Di])
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K=Y [L]+(n—1)>_[D]
j€Un iel
where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.

K= > iU, [L] -+ (3m —1) X, [Di] + mY_, D]
Bm—1)3,[D] + ;(4 Z/eun[fj] + nE,-e/[ﬁi-])
(8m—1)3,[D] + 37 (4 Z/eun[ej] + 2 ielDi])
(8Bm — 1) X [Di] + 37 (M X [TV
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Building Blocks Spin complex surfaces of Hirzebruch

Lemma (A-Park-Urzua)
If n = 4 (mod 8), then X, is spin. J

It was shown by Hirzebruch that the canonical class K of X, is given by

K=Y [L]+(n—1)>_[D]
j€Un iel
where [[j] = 7*[L;] and [D}] = 17*[D]]
Assume n = 4m with m > 1 odd integer.

K =Y e, [L]+@m—1) 3, [Di] +mY D]
(Bm—1)>,[D] + 7 (4 Yjeu, L]+ n X [Di])
(3m—1) X ;c/[D]] + 37 (4 2jeu, L] + > ieilDl)
(83m —1) 3,/ [Di] + %77*(”2 2iel T

(Xn) = K = 0(mod 2)

S
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + nm® +1in S3.
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
9(K) and self-intersection —2n® in E(2n°%)k.
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
9(K) and self-intersection —2n® in E(2n®)k. My = Xn#s—s,(k)E(2n°)k.
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
g(K) and self-intersection —2n® in E(2n®)k. My = Xn#s_s,(k)E(2n°)k. My is
a spin symplectic 4-manifold with
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
g(K) and self-intersection —2n® in E(2n®)k. My = Xn#s_s,(k)E(2n°)k. My is
a spin symplectic 4-manifold with

e(My,) = n” +12m° — 12n* 4 28n°

c2(My,) = 3n’ +20n° — 24n* + 8n°
o(My) = (n" —4n°)/3 —16n°
xn(Mp) = (n” +8n°)/3 — 3n* + 3n°
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Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k
denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
g(K) and self-intersection —2n® in E(2n®)k. My = Xn#s_s,(k)E(2n°)k. My is
a spin symplectic 4-manifold with

e(My,) = n” +12m° — 12n* 4 28n°

c2(My,) = 3n’ +20n° — 24n* + 8n°
o(My) = (n" —4n°)/3 —16n°

xn(Mp) = (n” +8n°)/3 — 3n* + 3n°
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Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n° —3n* + n® +1in S3. Let E(2n®)k

denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of £(2n?) gives to a symplectic submanifold Sk of genus
g(K) and self-intersection —2n® in E(2n®)k. My = Xn#s_s,(k)E(2n°)k. My is

a spin symplectic 4-manifold with
e(M,) = n’ +12n° —12n* + 28n°
c2(M,) = 3n" +20n° — 24n* +8n°
o(My) = (n" —4n°)/3 —16n°
xn(Mp) = (n” +8n°)/3 — 3n* + 3n°
c12(Mhp)

lim =
n—o0 Xh(Mn)

8.92xp < ¢12(M,) < 9xp, for every n > 12.
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Building Blocks Spin complex surfaces of Hirzebruch
Construction

K be a fibered knot of genus g(K) = 3n® — 3n* + n® +1in S%. Let E(2n°)k

denote the homotopy elliptic surface of Fintushel and Stern.

A sphere section of E(2n3) gives to a symplectic submanifold Sy« of genus
g(K) and self-intersection —2n® in E(2n®)k. My = Xn#s_s,(k)E(2n°)k. My is

a spin symplectic 4-manifold with
e(M,) = n’ +12n° —12n* + 28n°
c2(M,) = 3n" +20n° — 24n* +8n°
o(My) = (n" —4n°)/3 —16n°
xn(Mp) = (n” +8n°)/3 — 3n* + 3n°
c12(Mhp)

lim =
n— oo Xh(Mn)

8.92xp < ¢12(M,) < 9xp, for every n > 12. M, is simply connected and
irreducible and has oo?-property for every n > 2.
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Arbitrary fundamental group

Theorem (R. Gompf)

Let G be a finitely presented group. There exisit a spin symplectic 4-manifold
SC with 1 = G, ¢,2(S%) = 0, and x(S®) > 0. Moreover, S€ contains a
symplectic torus T of self-intersection 0 such that the inclusion induced
homomorphism 71(T) — m(S@) is trivial.
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Arbitrary fundamental group

Theorem (R. Gompf)

Let G be a finitely presented group. There exisit a spin symplectic 4-manifold
SC with 1 = G, ¢,2(S%) = 0, and x(S®) > 0. Moreover, S€ contains a
symplectic torus T of self-intersection 0 such that the inclusion induced
homomorphism 71(T) — m(S@) is trivial.

SC is the symplectic sum of ¥4 x T and / copies of K3 surface along
self-intersection 0 tori.
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Arbitrary fundamental group

Theorem (R. Gompf)

Let G be a finitely presented group. There exisit a spin symplectic 4-manifold
SC with 1 = G, ¢,2(S%) = 0, and x(S®) > 0. Moreover, S€ contains a
symplectic torus T of self-intersection 0 such that the inclusion induced
homomorphism 71(T) — m(S@) is trivial.

SC is the symplectic sum of ¥4 x T and / copies of K3 surface along
self-intersection 0 tori.

e(S%) = 241
o(S%) = —16/
xn(S€) =21
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Spin complex surfaces of Hirzebruch
Arbitrary fundamental group

Theorem (R. Gompf)

Let G be a finitely presented group. There exisit a spin symplectic 4-manifold
SC with 1 = G, ¢,2(S%) = 0, and x(S®) > 0. Moreover, S€ contains a
symplectic torus T of self-intersection 0 such that the inclusion induced
homomorphism 71(T) — m(S@) is trivial.

SC is the symplectic sum of ¥4 x T and / copies of K3 surface along
self-intersection 0 tori.

e(S%) = 241
o(S%) = —16/
xn(S€) =21

Our M, is the symplectic sum of Mg,_4 and S€ along the tori.
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THANK YOU!
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