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A mixed finite element procedure for plane elasticity is int. .Juced and analyzed. The symmetry of
the stress tensor is enforced through the introduction of a Lagrange multiplier. An additional
Lagrange multiplier is introduced to simplify the linear algebraic system. Applications are made
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1. Introduction

In this paper we develop a new mixed finite element method for plane elasticity
problems. A mixed formulation of the elasticity problem characterizes the solution as
a saddle point of a Lagrangian functional involving both displacements and stresses,
in contrast to a displacement formulation in which the solution is characterized as a
minimum of a Lagrangian functional of the displacements alone. It is well known
that finite elements for discretization of a mixed formulation must be chosen carefully
if accurate results are to be achieved, and an objection to such methods is that
acceptable elements often involve many degrees of freedom. A second objection is
that mixed methods often lead to the solution of indefinite linear algebraic systems,
while displacement methods generally require the solution of a positive definite
system. Nonetheless, there are important practical problems for which a mixed
method appears preferable. One such is the modelling of nearly incompressible or
incompressible materials, for which standard displacement methods furnish no-
toriously inaccurate results. A second is the modelling of plastic materials. Generally,
the elimination of the stresses from the equilibrium and constitutive equations of a
material exhibiting plastic behaviour is difficult; consequently, only a mixed for-
mulation is feasible.

Our goal here is to develop a mixed finite element for plane elasticity that
involves a relatively small number of degrees of freedom, is stable and accurate in a
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mathematically demonstrable sense, and is applicable to incompressible and plastic
problems. The element we propose does not have any vertex degrees of freedom for
the stress; as we show in section 5, it can be implemented in such a way as tolead to a
positive definite matrix problem.

In developing the element, we had in mind finding an appropriate analogue of
the lowest order triangular mixed finite element in the family of elements proposed by
Raviart and Thomas for the Laplace equation [18]. This element approximates the
solution to Laplace’s equation by a piecewisé constant function and its gradient field
by a restricted piecewise linear field which is determined by the value of its normal:
component at the midpoint of each element edge. Thus the element involves only a
small number of degrees of freedom and moreover it possesses a number of desirable
properties which permit a simple and convincing mathematical analysis [8, 9, 11, 18].
A natural idea for the elasticity problem is to approximate the two components of the
displacement vector with a pair of piecewise constant functions and the four
components of the stress tensor with the Cartesian product of the Raviart-Thomas
gradient space with itself. However, this choice of elements violates the symmetry of
the stress tensor and cannot be used without modification. In the present element we
start from such a Cartesian product element, but then we impose a weakened
symmetry condition through the use of a Lagrange multiplier, which enters the
system as a new variable which can be interpreted as the rotation of the displacement
field. The requirement of mathematical stability leads us further to augment the space
of approximate stresses. The resulting element, which we call PEERS (Plane
Elasticity Element with Reduced Symmetry), is described in detail below. Note that
we have attacked the problem of developing an element with a small number of
degrees of freedom in a rather curious fashion, namely by introducing two additional
variables to the five original variables of the elasticity system, a fourth independent
stress component and the rotation. Nonetheless, PEERS is to our knowledge the
smallest stable mixed elasticity element. In an appropriate implementation and after
elimination of the degrees of freedom internal to a triangle PEERS has two degrees of
freedom located at the midpoint of each element edge (namely the value of the
displacement vector) and one located at each vertex (the value of the rotation).

Other mixed elements have been proposed for elasticity. In [17] Johnson and
Mercier present two elements, one composite triangular and one composite rec-
tangular, with rather similar applications in mind. Their element is of higher order
than ours, but it involves significantly more degrees of freedom and moreover lacks
some of the properties which PEERS shares with the Raviart-Thomas element and
which allow a particularly simple and complete mathematical analysis (see the
discussion of this point in [3]). Arnold, Douglas, and Gupta [3] have presented a
family of mixed elasticity elements which do possess these properties, but their main
goal was high order approximation, and so the elements have many more degrees of
freedom.

The approximate imposition of symmetry through a Lagrange multiplier was
suggested by Fraeijs de Veubeke [13]. A family of elements based on this idea,
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including an element of Fraeijs de Veubeke, has been presented by Amara and
Thomas [1]. They consider dual hybrid equilibrium methods, so a comparison with
our method is difficult. It appears that all the elements to which their analysis applies
are more complex than PEERS. An essential difference between their approach and
ours is that they consider approximation of the rotation by discontinuous piecewise
polynomials while we approximate it by a continuous piecewise linear function.

The remainder of the paper is organized as follows. After a preliminary section
we construct PEERS in section 3 and establish some basic properties which enable
the asymptotic error analysis to be carried out in section 4. The main results of this
analysis are a quasioptimai estimate in an appropriate norm for the triple consisting
of the stress tensor, the displacement vector, and the rotation, first order L?-estimates
for the errors in the displacement and the stress, and second order H ~!-estimates for
the same quantities. We also derive a simple L™ estimate for the displacement. In
section S we discuss the implementation of the method and in particular sketch the
application of the idea of [2] to give an improved implementation which, at the same
time, gives a new approximation to the displacement field with higher order accuracy.
Finally, in two short concluding paragraphs we discuss the application to problems
of incompressible materials and to plasticity problems.

2. Notations and Preliminaries

For convenience we shall consider the elasticity problem to be posed on a convex
polygonal domain Q. For T a subdomain of Q we denote by H(T), s=0, 1,2, - - -, the
usual Sobolev space with norm

2 1/2
LZ(T)) .

||‘P”s,1=( Z
atfss
For T=Q we write simply H* and | - ||,. The subspace of H! consisting of functions
vanishing on 09 is denoted by H!.

For any space X we denote by X [respectively, X] the space of 2-vectors [2 x 2-
tensors] with components in X. Note that we do not restrict to symmetric tensors. If X
is normed, associated norms are defined by

2 1/2 2 2 2 1/2
||2|I5=<lev,-lli> , ||;||5=<Zznri,~||x> .
i=1 =

i=1j=1

aa+ﬁ¢
ox*0y?

We use the same notation ||+ |,  (or |- ]|) to denote the norms in H*(T), H*(T), and
H¥(T). We also use the wavy underline to distinguish between scalars, vectors, and

fensors.
For functions #, v, and 7 on  we define the differential operators

on  on
rgtr’= -a_);’——a_.; ]
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dv, 0o,
ox 0y
ov, Ov,
ox oy

gradv=

rotv= 0v1+6v2
= dy ox’

Ov, 1 (0v, Ov,

—_ JE— __+_

£(0)= 0x 2\0x 8y
S BVCEA S
2\ox Oy Jy

: 0ty 01y, 075y 07y,
d~1v2—< 0x + dy ’ Ox ay )’

We also define two constant tensors
_ 0 -1
&4 o)

10
5= ,
= \0 1
and associate with any tensor 7 its trace and asymmetry:
~

B

tr(t)=1:0, as(n)=t:y,
x 3 = -1 = =
where the colon indicates the scalar product of tensors given by
2

> %5 -

1j=1

VN

T.0=
z =

t

We now formulate the elasticity problem. For simplicity of exposition we restrict
ourselves to a homogeneous isotropic body in a state of plane strain fixed at the
boundary. The classical theory of linear elasticity then requires that

(2.1a) g= 2;42(13) +Atr (i(g))g on Q,
(2.1b) divg=f on ,
(2.1¢) u=0 on 09Q.

Here u and g deriote the desired displacements and stresses, f the imposed load, and p

and A the positive Lamé constants. Inverting the stress-strain law (2.1a), setting y=
(rotu)/2, and noting that

sw)=gradu—yy,
we see that

1

A
. —_— - = Q.
(2.2a) o a rY ) tr (2)2 grgd u+yy 0 on
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‘We supplement this equation with the equilibrium condition (2.1b), the condition of
symmetry of g [implied by (2.1a)), and the fixed boundary condition (2.1c):

(2.2b) div g= f on Q,
(2.2¢) as(g) =0 on ,
(2.2d) u=0 on 0Q.

The systems (2.1) and (2.2) are equivalent in the sense that the triple (g, 4, y) solves
(2.2) if and only if y=(rot #)/2 and the pair (g, u) solves (2.1). The following theorem
can be deduced from the method of analysis employed by C. Kenig in some recent, as
yet unpublished, work on regularity for the solution of (2.1) on Lipschitz domains.

THEOREM 2.1. Let 0<py, <y, pelpg, py), A€[0, 0), and fe L,. Then, there
exists a unique triple (g, u, PeH x(H* n {7 Yyx H! satisfying (2.2). Moreover, there
exists a constant C depending only on Q, u, and p, such that

gy + lullz + 171 < ClLf o -

Note that the constant C in the above theorem is independent of A. The case of 4
very large corresponds to a nearly incompressible material. For a proof of this aspect
of the theorem see [3, 19].

To define a weak formulation of the problem, we introduce the Hilbert space

H={1eH’|divie H%},

el =Czl3+ Idiv e
The weak formulation of (2.2) is to find a triple (g, u,y)e H xH Ox H® such that
(with u- v denoting the scalar product of the vectors u and 2)

(2.3a) a(g, Z)—G—jg-div :dx+jy as(g)dx=0 , te H,

(2.3b) dive-vdx={f-vdx, veH°,
(2.3¢) 5 as(g)ndx=0, neH°,
where

24 {1 A

24) a(g, D= Zg-g—mtr(gﬁf@ dx,

and the integrals are over . This problem has a unique solution, namely the solution
to (2.2).

3. Definition of PEERS

Let 7 be a triangulation of © with angle bound 6; i.e., 7 is a set of closed
triangles with union @ such that any two nondisjoint elements of J meet in a
common vertex or edge, and 8> 0 is a lower bound for all angles of the triangulation.
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For TeJ set hy=diam (T), and put h=sup {hy|Te T }.

Let 2, denote the space of polynomials in two variables of total degree at most r,
and let ¥ <2, be the space of polynomial vector fields of the form (a+bx, c+by),
where a, b, ce R. We set

M'={geH’|g|;e?, TeT},
S={veH’|v|;e¥, TeT},
My=M"nH',

So=Sn H(div),

;S'o={£|(r“, riz)e§o, i=1,2}.

Here H(div) denotes the space of ue H® with divue H°. The space S, is one of the

spaces constructed by Raviart and Thomas [18]; it can be defined equivalently as the
set of vectors in S having continuous normal components across interelement
boundaries. We also define for each Te 7 the bubble function b;. This is the unique
cubic polynomial on T vanishing on 67 and normalized by

f brdx=1.

We consider by to be extended by zero, so that it is an element of MJ. Define B to be
the span of {rotb;: TeJ } and £={£|(Tu, Tp)€B, i=1,2}.
The PEERS space for the approximation of the stress is given by
V= §0 + B .

The displacement and rotation will be approximated in M° and M, respectively.
Hence we define PEERS by the relation

PEERS=V'x M°x M} .

Thus, the discrete solution is defined as the triple (o, 4, 7,) € PEERS such that

(3.1a) a(oy, :)+ft~4,,-d~ivgdx+.fv,, as(z)dx=0 , ;el/,
(3.1b) Idivg,,-gdx=f!-ydx, ve M°,
(3.10) jas(gh)ndx=0 , neM;y.

The error analysis of the method of Raviart and Thomas associated with their
lowest order element is greatly simplified [12] by the existence of a linear operator
IT: H' -8, satisfying the orthogonality relation

(3.2) §div(g—Hg)gdx=0, veH', geM°,
and the approximation property

(3.3) lo—Mollo < Chivll,, veH',
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where C depends only on Q and 6 (the angle bound for 7). We define IT: H1 —>Sc V
as the Cartesian product of this operator and infer directly from (3.2) and 3. 3) that

(3.4) jdiv(:—ﬂz)-gdx=0, zegl , 261140,

(3.5) lz—Mzllo<Chlzll,, zeH'.

Note, moreover, that div £ =0, so that div Z= div §0 =M 9. Consequently, letting
P:H 0—»134 0 denote the orthogonal projection, we have the relation

(3.6) fdive-(v—Po)dx=0, 1€V, veH°.

It then follows from (3.4) that ST

3.7 divit=P divz, teH'.
From the approximation property (with |||/, indicating the norm in H Q)
(3.8) lo—Poll_,<Clol***,  veH", r,5€{0,1},

we see also that

(39 Idiv(z— M) -, <Cldivz|A**,  teH™', rse{0,1}.

4. Error Analysis

Recall that Q is a convex polygon, 0 is an angle bound for 7, and p, and y, are
positive upper and lower bounds for the Lamé coefficient y. Henceforth the symbol C
denotes a generic constant which may depend only on £, 6, u,, and ;.

For the analysis it is useful to notice that the approximate solution can be
defined equivalently through a variant of (3.1). For Jz( c sz 0 et

X"={:e;\’ ljtr(g)dx=0}.

Then V may be decomposed as the direct sum of ¥ and Ré, and the choice T =¢'in

= = = =
(3.1a) implies that ghei/. Hence, the approximate solution can be defined as the
triple (0, Uy y,,)efx M Ox M} such that

(4.1) a(), D)+ [uy, dividx + [y, as(Ddx=0, 1€V,

holds along with (3.1b) and (3.1c). Note that an analogous reinterpretation of the
continuous problem is valid and, in particular, ge 151

We begin by proving a quasioptimal estimate for PEERS. Again we emphasize
that the constant in this estimate, as in all the estimates below, depends on the
positive upper and lower bounds g, and y, for the Lamé constant u but is
independent of A€[0, ).

THEOREM 4.1. There exists a unique element (o}, u,, v,) ePEERS satisfying
P <
(3.1). Moreover, there exists a constant C such that
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g —gulla+ 14 —upllo+ 17— vullo
sCinf{IIg—;Ilg+Ilg~gllo+|Iv—nl|o { (z, v, 1) ePEERS} .
COROLLARY 4.2. Suppose fe H 1. Then,
lg = Gulla+ lu—tllo + 1y = pullo < IS -

Proof of Corollary 4.2. We take 1= Hcr v="Pu, and n= Ry, R denoting the L?
projection into M}, in Theorem 4.1. From (3 5) and (3.9) we have

lo—zllo< Chliall

and
Idiv(g—Dllo< Chidivgll, =ChI £l .
Clearly,
lu—vllo < Chllull,
and

Iv—nllo< Chliyll, < Chllull, .
Since IIgu1 + “E“ 2<Cl fllo by Theorem 2.1, the corollary follows.

The proof of Theorem 4.1 will be based on the abstract stability theory for mixed
methods of [5] applied to the alternate characterization of the discrete solution using
(4.1). 1t suffices to prove the following two lemmas.

LEMMA 4.3. There exists a constant C such that Ca(t r) >t |l 7 for all 1€ Z,=
{ae V| jdlva udx+j as('c)ndx =0, ve M° neMg}. In fact the mequaizty holds for
all dlvergence -free 1€ H

LEMMA 4.4, There exists a constant C such that, for all pairs (v ne M° XM},
there exists a nonzero Te V such that

C{ fd}y T gdx + f aS‘(L)ﬂdx} = l|§||§( lollo+ linllo) -
Moreover, t can be chosen so that di~v T=v and
j(as(g_)—r;)adx=0, aeM}.

Before proving these two lemmas, let us note that Lemma 4.3 establishes one of
the two conditions of [5] when ¥ is considered in place of ¥. The second conditions of
= E

[5] follows from Lemma 4.4, so that the error estimate of Theorem 4.1 is valid, except
that the range of 7 in the infimum must be restricted to V. Since o€ H,
x = E E
inf lo—1]z=inf jo—1|,,
©Y o= s g k=S

and Theorem 4.1 thus follows from the two lemmas.
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Proof of Lemma 4.3. For te V, divte M°; hence, the condition {divt-vdx=0
. Rk ®z = s o~ -~ & ~
for ve M° implies that
4.2) divt=0.

Consequently, it suffices to demonstrate the inequality for divergence-free tensors in
H; i.e., Te H such that

(4.3) dive=0  and | tr (t)dx=0.

Take ve H* such that divg =tr (9 and |vl|, < C(Q)|tr (;)IIO; this is possible in

light of (4.3) and the assumption that Q is convex [4]. Now, setting T=1— tr (2)2/2,
the deviatoric of T, we have

Itr (=[x (93: gradvdx
= —2_[(: : ggadg-}-divg-g)dx
=—2[: gradvdx <2|7o 0l ,
so that
4.4) It @llo < CEOZlo -

Further,
- 1 -
Izl =zI3 =213+ lItr QI3 < C@ITI3 -
Finally, by the definition of the form a,

1 =12
a(z, Z'):E Izlls+

1 e
Ty T@IB=RT @ Izl

completing the proof of the lemma.
Proof of Lemma 4.4. Given (v, )e M®x M}, take pe H' such that divp=v
and [lpll, <Cllvll- Let 7' =TIp; then by 3.7) and (3.5), T
din=£, ||§1||HSC|IZ||0~
Set s equal to the mean value of n—as (51) on £; so, |S|SC(||11 o+ lInlle) <

C(l|vllo+lInlly), and f=n—as (1')—s has mean value zero. Thus, we can find Qe!—?‘
such that -

(4.5) divg=8, gl <ClBllo<C(llvllo+Inllo) -

By standard interpolation results [6] we can approximate ¢ by g,€ Mon H! such
that

(4.6) | gl <Cll gl »
%) Y hi’lg-gul3r<Clal}.

TeITn
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Set

O -~

gT=f( —gydxeR?, TeT ,
T
and note that
4.8) |az| < Chylg—gulo,r
Next, recall that by denotes the normalized bubble functions on T and set
r=gyt Y arbreH*;
Ted

SO,

4.9) f Idx=j gudx +gT=J gdx, TeT .
T T T
Since ||gEad brle,r<Chz?, it follows from (4.8) that

||gl;ad (fTbT)”o, r<Chr! g —gallo, 7 »

and, by (4.7),

2

(4.10) =), llgrad (a;bp)l3,+<Clgl} .
0 T =

grad ) arbr
= T

Thus, the bound II{II,sCllgLadillosC(llgllo+||r7||0) results from (4.6), (4.10), and

(4.5). Now, set
2 4, [rotr, s
=T+ ~ +—= X
= = \rotr,/ 2
One easily verifies that t2e ¥ and that
~ =

I lo < CIz o+ lIrlly +1s )< Cllivllo + o) -

Moreover,

and, for ae M},
4.11) [as ()udx = | (as (1) +divr +s)adx
=j(11 — Badx —_fr- gr~ad adx .
But, gradae M°, so that (4.9) and (4.5) imply that
j:-grgd odx = fg -grad adx = —fdiv godx = — jﬁaa’x .
Combining this equation with (4.11) gives
jas (Zz)cxdx = jnadx , aeMj.
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Finally, let ¢ be the mean value of tr(z?) and set 1=t —(t/2)£ € V. Then,
= = = ~
Izllo<liz*lo < C(litllo+ linllo), divz=div1*=v, and as(z)=as(z*). We thus have
fdivz-vdx + fas(ndx = o3+ 3= C [zl alliolo+ Inllo)
and the proof of Lemma 4.4 has been accomplished.

The HP° error estimates for the stress and displacement do not require the extra
regularity fe H', as we now show. At the same time we demonstrate higher order

estimates in the space (H'Y (the dual space of H*,-with the dual norm denoted | -] _,)
and also certain supercloseness of u, to the H°-projection Pu.

THEOREM 4.5. For f eH",
lg—aullo+ lu—tyllo + 117 =7allo < ChILf lo -
If{e~H1, then also-
=yl -y + | Pu—wylo < CH| £y
and, for >0,
lg=gull -y SCH I 1] -

Proof. Recall that we have defined the orthogonal projections R: H°—>M}
and P: H°>M?, as well as the operator IT: H! - V. Define the error quantities
~ -~ ~ =~

d=lg—g,el’,
d=Pu-—ue M,
d=Ry—y,e M} .
From (2.3) and (3.1) we have
4.122)  a(d D+ fd-div tdx + | das(2)dx
=a(Il g-a, ;) + j (Pu—u)-div ldx + I(Ry -7) as(z)dx
=a(lg—g, )+ [(Ry—pas(dx, 1€V,
(4.12b) jdivczl-gdx=jdiv(Hg—g)vgdx=0, ve M°,
(4.12¢) jas (g’)ndx:jas (Hg—g)ndx , neM;,

where we have used (3.6) and (3.7) to simplify (4.12a) and (4.12b), respectively.
Note that (4.12b) and (3.7) imply that

(4.13) divd=0, dive,=divIllc=Pf.
Now let ¢ be the mean value of tr (Hg—a) on Q and set d=d —(1/2)2. Clearly,
(4.14) Idllo<Idlo+ CllTTg—gll
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Moreover, the choice t= ;5 in (4.12a) shows that ¢ is equal to the mean value of tr (d)
= =
in Q, so that de V. Also,
= =
ad D=a(d,d, divd=divd=0, as(d)=as(d).
r = xc = ~ ~ = ~ =

Therefore, applying Lemma 4.3 with E=£7 € ¥ and then using (4.12a) and (4.12c), we
see that =EF

1413 < Cad, = Ca(d, d)
=1~ fas(llg—o)ddx + allg—g, d)+ [(Ry—7) as(@ax]
<z -glo Idllo +(ITTg—glio + “RV—}’Ho)H{Z“o] .
Combining this bound with (4.14), we can then deduce that
(4.15) IdI3< C(iTg~oli3+ | Ry =yl + g —gllo Idll) -

To estimate d we apply Lemma 4.4 with v=0 and n=d to get a nonzero, divergence-
free 1€ 14 such that

C[das(@dx>dlo Izlo -
Substituting this T into (4.12a) gives the inequality
(4.16) ldllo<C(lidllo+ g —Hgllo+ Iy~ Ryllo) -
From (4.15), (4.16), and Theorem 2.1, we then deduce the estimates
ldllo<Cllg—1glo+lly—Rylo) < ChIfllo »
o< ChIf o -
Hence, _
@17 o=+ Iy =nulo<Idlo+lg—alo+ Idlo+ly—Rlo < Chlf o

This establishes the desired H® estimates for the stress and rotu. We now estimate
the H® and H™! error in the displacement. It suffices to prove that

(4.18) ”‘jIIOSChs”llflls s s=0 or 1,
for (3.8) and (4.18) can be combined to show that
lu—wpl_,<CH* S, s=0 or 1,

.as desired. Note that, for s=1, (4.18) gives the desired bound on || Pu—u|,.
To prove (4.18) we use a duality argument. Define the pair ve {-12 and
te{¢ eéf 1. ¢,=&,,} as the solution of the elasticity system

t=2ue() +Atr(gp)d  on Q,
cg on @,
on 0Q,

[«

Ivi=
~ =
v=0
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and set n=(rotv)/2. We know from Theorem 2.1 that (|}, + |v|,+ IInll, < Clld|lo.
Now, * ” ~

Id)3=] dive-ddx= fdiv M- ddx
=a(g,~0, M)+ Jon—v)as(ITodx
=a(g=g D+ag—g =D+ [ -Das(Tr—ds
=L +L+1,

where we have used (3.4), (4.12a), and the symmetry of L. Applying (3.5) and (4.17),
we get

| L1+ 5 1< Cllg—gbo + 17— aloMelzl < CH1L £ Idlo -

To bound I, we use the defining equations for 7, v, and n and those for ¢ and g, to
2~
compute * *

L=( (63— 9): e(v)dx= fdiv (g—0,)-vdx+ fas (o —gpndx
=§(!_ Pf)-(v—Py)dx + fas (g—9u)(n— Rndx,
so that
|1, | < ClklL S~ Bf g+ B2 {10}l -
Combining, we have
o< CUR1 flo+hlLf~ Bf o)

from which (4.18) follows.
To complete the proof of Theorem 4.5 we must prove the 5 ~1 estimate

lell -y=llg—oull -, < CH~*1f1ly
x = = -~

for the stress. We shall use the decomposition

ze===eA+5”+=eC:=|;e——;— as e)l-—%tr(ze)f:l+-% as e)z+%tr(£)£ .
Hence, it suffices to show that
(4.192) lell - <CRf1ly »
(4.19b) las @] -y <CHIf1;
(4.19) ltr (@l - <CH IS -

Since e is symmetric, there exists a symmetric tensor Y € H' such that
~ ~ 3
leAly=fet: yax,  Igl=1.
= = x =

Moreover, since tr (g‘)zO, it follows that tr () =0. (For, were this not so, then the
<
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tensor f_ tr (g)&/z, being the H' orthogonal projection of y onto the subspace of
x ~ =~

trace-free tensors, would have H ! norm strictly smaller than unity. But this cannot

be, as the H % inner product of th1s tensor with e is the same as that for |// with e ,

namely ||eA|| _4.) Since l// is symmetric and trace free, the definition of the bllmear
form a and the equatlons (2.3a) and (3.1a) show that

e I PV — - —
2u el - 4 % Le  Ydx o Le-;//dx ale, ¥)

=a(g, i/— Hg)— fdiv Hg-(g—g,,)dx — fas(HiJ)(y— VR)dx

=l +1,+1;.
Now, by (4.17) and (3.5),
| L1<Clello 1Y =1 lo < CH fllo;
| 1= fdiv Ty -ddx| < Y], Idlo < CHI £ »
by (3.7) and (4.18); and
| I | = fas (1Y — )y —yax | <Y =T lo Iy =vallo < CH 1 f o »

by (3.5), (4.17), and the symmetry of . This establishes (4.19a).
The estimate (4.19b) follows easily from (2.3c) and (3.1c): for p e H?, |ol; =1,

|fas(e)pdx | =| fas (@)@~ Rp)dx | < Chiglo @l < CH IS o -
Finally, we estimate the H™! norm of tr (e) Choose @€ H! such that [¢|; =1
and [tr (e)(pdx— Itr (e)|| _,. By taking 1= 6 in (2 3a) and (3.1a), we have [tr (e)dx 0,
and it follows that j(pdx 0. Hence, there exists ve 1? 'n Hz"‘ with
div v=— 20,

and ||v|| 5-.<C.l@l; £C,. (This regularity estimate is proved in [4]; in general, there
is no such v in H2 unless @ satisfies a boundary constraint.) Then,

1
[|tr (s)l] = —= Jtr (5)6 grad vdx
= _f(fA +¢") : grad vdx + Jdiv ¢ vdx

SUel-1aet1e®l- 14 Dl2 -+ 1f~Pfllo lv—Polly
<Ch*™*| £y,

using interpolation between (4. 17) and (4.19a) and (4.19b). This completes the proof

of Theorem 4.5.
The higher order H~' convergence proved above is often associated with
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superconvergence phenomena. For example, it follows easily that on the average
g~ g, and u—u, converge to zero with second order (modulo, perhaps, a factor of
h~* for 6 —o0,).

The estimate on || Pu—u,|, given in the theorem has various applications. In [7],
Douglas and Milner use an analogous result to obtain interior and superconvergence
estimates. Also, Arnold and Brezzi [2] use such an estimate in deriving a higher order
correct approximation to the scalar variable in a Raviart-Thomas mixed method.
Here we apply it to derive a simple optimal order estimate on the displacement error
in L, which is analogous to an earlier result of Douglas and Roberts [9]. For this
result (only) we require a quasiuniform mesh, so that the inverse property

(4.20) ol e<Coh™lofy,  vEM®,

is valid. Here L™ is the space of (essentially) bounded vectors on Q, fV},, the subspace
thereof of vectors with bounded gradient.

THEOREM 4.6. If fe H', ue W, and the inverse property (4.20) holds, then
=l < CCA(I £+ Nl
Proof. From (4.20) and Theorem 4.5,
| Pu—) S Coh ™ | Pu—ty o < CCohl £y
while it is easy to see that

”E_PE”ngCh”'j“y; .

5. Implementation via Multipliers and Higher Order Correct Approximation of the
Displacements

We now discuss the implementation of PEERS. Let & denote the set of edges of
triangles in J and ¥ the set of vertices. We set

So={ecb|ediQ}.

For each Te J let ny denote the outward unit normal to T (constant on each edge of
T), and for each ee & let m, denote the midpoint of ¢ and p, one of the unit vectors
normal to e. As is well-known, an element pe S, is uniquely determined by taking as
degrees of freedom the values of v-n, at m,, ee&. Thus, we can define nodal basis
functions @€ §° by the equations

?e : ’le(me) =1 »
Qe nm)=0,  geé\le}.

A basis for V is then given by the tensors
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0
GO

~

(rgth> 0 Teq
0 ) \rotb,)’ e .

The spaces M ® and M} have familiar nodal bases. We can reduce (3.1) to a sparse
linear system for the coefficients of (g, u,, y,) With respect to these bases in the usual
h L

way. The resulting matrix is symmetric but indefinite.

However, PEERS can be implemented in another fashion which leads to a
positive definite linear system, resembling that of a displacement method. The
essential idea is to remove the constraint of interelement continuity of the normal
components of elements of lf and reimpose this continuity via a Lagrange multiplier

on each interelement edge. In this implementation each degree of freedom associated
with the approximate stress field is internal to a single element, and so it can be
eliminated inexpensively. The smaller linear system which results is positive definite.
It can be reduced further by elimination of the displacement field, which also has only
internal degrees of freedom.

The Lagrange multiplier introduced to enforce interelement continuity can be
interpreted as another approximation to the displacement. Moreover, it turns out
that this approximation is of second order accuracy in L?, in contrast to u,, which
affords only first order accuracy. - ”

An analogous implementation can be used with many mixed methods (essen-
tially those for which the first variable—the stress field in the present case—is subject
to interelement continuity constraints only across interelement edges and not at
vertices). This concept is discussed in detail by Arnold and Brezzi [2], who also
demonstrate an analogous higher order convergence associated with the new
multipliers for two widely used mixed methods. Here we sketch briefly the application
to PEERS. For more details as well as the techniques required for proof of the claims
made here see [2].

Let I/(T) be the space of vector functions on T which are restrictions of

functions in ‘Y’L}—Rrgt by, and set ~V(T)={Z [ (T4, 1) € V(T), i=1, 2}. Note that
dim V(T)=8. Set

i’*={:e£1° | T]TEZ(T), TeT}.
We enforce no interelement continuity on elements of =V"‘ Considering the elements
of L/(D to be extended to by zero, we have zV(T) CZ* and a basis for zV* can be
taken as the union of the bases of the zV(T), Te.7. Define also the space M, as the

nonconforming piecewise linedr approximation to H!; i.., the subset of M’
consisting of functions continuous at m,, e € &, and vanishing at m,, e € \&,. A set of
degrees of freedom for a function in M} is given by its values at m,, ee &,. Finally,
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for Te 7 define ar: H(T)x H(T)— R by restricting the integral in (2.4) to T.
Consider the following problem:
Find (0, 4y, 74 An) € VixM Ox M} x 1~u » such that

(5.1a) a,{g,,,;r)+f divr-u,,dx+f as(l:)yhdx—f (tng)-A4ds=0
== Jr~=®=" I or = 7

;ezV(T), TeT ,

(5.1b) Jdivg,,-gdx=J frvdx, veP,, TeT,
T ~ T~ ~ ~
(5.1¢) jas (g,,)ndx=0 , neM},
(5.1d) -y (ahn,) pdx=0, peM}.
Ted

This problem has a unique solution and, as suggested by the notation, the first three
components of the solution coincide with the solution to (3.1). (The fourth
component, 4,, may be reasonably viewed as another approximation to u, as can be
seen by mult~iplying (2.2a) by Te Z(T) and integrating over T.) In partichﬁlar, the )

determined by (5.1), a priori only to be in V*; in fact belongs to V; i.e., it has
= =
continuous interelement normal components. To see this note that for each 1€ V(T),
=z =
Tnr is constant on each edge of T. (This is clearly true for 1€ &, while (rotby) - ny is

the tangential derivative of b; on 0T and hence vanishes.) Now, fix an edge ee &, and
take u in (5.1d) to be zero at the midpoints of all other edges and successively to be
(1, 0)~and (0, 1) at m,. The resulting equations show that the jump of g,n, across e
vanishes. Consequently, (5.1) reduces to (3.1) when the test function f in (5.1a) is
restricted to Z and the relations of (5.1a) are summed over Te J . )

Although the system in (5.1) is larger than that of (3.1), its structure allows for a
more efficient solution process. For each Te 7, (5.1a) reduces to a system of eight
equations for the eight unknown coefficients of g,,]T. Inverting an 8 x 8 positive

definite matrix gives o,,lT in terms of uhIT, Vp and /l,, Substituting this into (5.1b) gives

a2 x 2 system for the coefﬁments of 4|7 in terms of y,, 4,, and the data f inverting the
corresponding 2 x 2 matrix and substituting the results into the previously derived
expression for g,/ leads to a linear expression for g,/ in terms of y,, 4, f Finally, this
expression can be substituted into (5.1c) and (5. ld) to obtain a linear system for y,
and A, This final linear system can be viewed as a sparse linear system for the
unknown coefficients of these functions with one linear equation associated with each
vertex ve ¥~ and two with each edge ee &. Its spdrsity structure is indicated in Figure
1. Moreover, the matrix of the final system is positive definite, as can be seen as
follows. If X denotes the vector of parameters representing ) and ¥ the vector
representing u, y,, and 4, then (5. 1) takes the matricial form



364 D. N. ArNoOLD, F. BrRezz1 and J. DouGLas, JR.

The degrees of freedom entering the equations The degrees of freedom entering the equations
associated with the vertex v associated with the edge e

—[—: Value of y, at a vertex.
—e—e— : Value of 2, at the midpoint of an edge.

Fig. 1.

P H g

where 4 is positive definite. Thus, the matrix X*4 ~' X is positive definite, as it is both
semi-definite and nonsingular. Then the block elimination of the u,-parameters gives
a positive definite matrix for the remaining parameters, which define y, and 4,.
Having computed y, and 4,, g, and u, can be recovered element by element,
using the element stiffness matrices already calculated. Hence the introduction of 4,
can be regarded as a computational device to render more efficient the computation
of the original variables o;, u,, and y,. However, as shown for other mixed methods in
[2], i,, actually provides asymptotlcally better approximation to u than does Uy The
proof is a slight modification of Theorem 2.1 of [2]. The result i is as follows.

THEOREM 5.1. There exists a constant C such that
4= Ao < RIS, -

6. The Incompressible Case

If we set A= + oo in the weak formulation of the elasticity problem (2.3), we get a
weak formulation of the equations of incompressible elasticity. The solution of this
system is not uniquely determined, since a constant multiple of (2 can be added to g. A
unique solution holds under the additional condition that

(6.1) ftr(9)dx=0,

which is valid automatically for A< co. See [3] for details.

Since our error estimates are independent of 1€[0, ), one way to approximate
the incompressible problem with PEERS is to set A to some very large but finite
value and solve the resulting problem. The additional error so introduced will be
proportional to 1/4.
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Alternatively, one can attack the incompressible problem directly, setting
A=+ 00 in (3.7) and, in analogy with (6.1), imposing the additional condition

Jtr(a)dx=0.

It is not difficult to see that the resulting system has a unique solution and that all the
error estimates of section 4 remain valid in this case. Such a program is carried out in
more detail for another element in [3].

7. Plasticity Problems

As mentioned in the introduction, the treatment of plasticity problems was one
of our chief motivations in developing PEERS. We sketch here how PEERS can be
applied to a model plasticity problem. The essential ideas are well-known; however,
we include this discussion to clarify their applicability to PEERS especially for those
readers less familiar with plasticity.

We consider an incremental plasticity problem as formulated in [14] and [15]. Let
K denote a closed convex set in R which is symmetric with respect to its (1, 2)- and
(2, 1)-entries, and for T=Qset A (T)={ze {_I"(T) |z(x)e Ka.e.in T}. Then A" = A(Q2)
is the convex set of plastically admissible stress fields. Using a simple time discre-
tization, we have to solve at each virtual time step a stationary problem of the

following structure.
Find g"e H,n 2 and u"e H° such that

(7.1a) k‘la(g"—g"‘l,E—a")+fdiv(:——g")-t~4"dx20, teH N,
(7.1b) jdiva"-vdx=.ff-vdx, veHO.

Here k>0 denotes the virtual timestep and H is the symmetric subspace of H and
Sfand g"” ! are known.

We discretize this problem by PEERS using the formulation (5.1). The use of
this formulation is essential, because it permits the condition of plastic admissibility
of the stresses to be discretized in a local fashion, as will be seen below. Denoting by
On and U, the approximations of a and «" (to be calculated) and by a the
approximation of a" ! (known), we arrive at the followmg discrete problem:

Find (g, u, T A e(V* N A (Q)) x M° x Mg x M, such that

(7.2a) k"a,(g,,—g, 3—g,,)+J div(t—o,) - u,dx
= ~ T ~ & = ~

+J as(r—gh)y,,dx—‘[ @E—onr 4dx=0,
r * % or ™ FTT

1eVHD)n A (T), TeT,
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(7.2b) f divg,,-gdx=f [ vdx, veP,, TeT ,
T T T
(7.2¢) jas (gh)ndx=0 , neMy},
(7.2d) _Zf (ghfr)‘gdx=0’ Hex/f}v.
T Jor ~

Using self-explanatory notation, we write (7.2) more compactly as

(7.3a) k_la(gh_g-a g_gh)'i'b(f—fh’ Eh)'f'c(;_gm )’h)+d(2—gh, AW=0,

gel/*nf,
(7.3b) b(g,,, g)=j'~f-gdx, ve M,
(7.3¢) (g n)=0, neMs,
(7.3d) (g, p)=0, peMy.

This system can be solved iteratively by using a form of Uzawa’s algorithm, as
we now explain. First, initial approximations u§, 75, 4} are chosen (for instance, as

~

the solution from the previous virtual step). Then for r=1,2, - - -, g;, uh i and 4}
are computed from u}, !, y;7!, and 4;7! in the following manner: gLe V* N A" is
the solution of

(7.4a) a(oy—&,1— o) +b(t—a}, ui ) +c(t—ah, vy )
~ x = = x = -~ =~ =
+d(r—0}, A1) =0, TeV*n X,
= 4 ~ ~ ~
ul e MP is the solution of
(7.4b) Wh—uy ", O)yo=plb(g), v)— [ f-vdx],  veM®;
yeM} is the solution of
(7.4¢) Gr—7vi L mMuy=pe(gi, ),  neMy;
and /U,elfl % is the solution of
(7.4d) Gr—27% Wi, =pd(oh, p),  peMy.
Here (-, *)) denotes a scalar product in M (M=M° Mg, or )y 1). Usually for

convenience one selects the scalar product in R®, s=dim M, multiplied by a scaling
factor. The discretization parameter p is a fixed positive real number; it is allowed to
depend on r. (The Arrow-Hurwitz generalization of the Uzawa algorithm can also be
applied.)

The continuous problem (].1) need not have a solution. However, it can be
shown that, if the origin lies in the interior of 2 and [ f|, is sufficiently small, then

both (7.1) and its discretization (7.2) have a solution and the stress fields g" and gy are
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uniquely determined (see [14] and [16] for details). It is also easy to show that, if (7.2)
has a solution, then the iterates determined by the Uzawa algorithm (7.4) converge to
a solution as r tends to infinity when the parameter p is sufficiently small—how small
depends on the choice of the scalar products in (7.4b-d). See [15] for a discussion in a
similar situation and [10] for the general theory.

In (7.4) only the first step (7.4a) involves solving a nonlinear problem and
presents computational difficulty. It consists in minimizing a quadratic functional
over the set Z*(T) nA'(T), aconvex set in an eight dimensional linear space, for each
element 7, and can be resolved by various algorithms [10]. Note that these
computations can be performed independently in each element (and in parallel if
desired), while a discretization based directly on the formulation (3.1) would involve
a minimization over a convex set of much larger dimension.
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