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Summary. Most boundary element methods for two-dimensional boundary
value problems are based on point collocation on the boundary and the use
of splines as trial functions. Here we present a unified asymptotic error
analysis for even as well as for odd degree splines subordinate to uniform
or smoothly graded meshes and prove asymptotic convergence of optimal
order. The equations are collocated at the breakpoints for odd degree and
the internodal midpoints for even degree splines. The crucial assumption
for the generalized boundary integral and integro-differential operators is
strong ellipticity. Our analysis is based on simple Fourier expansions. In
particular, we extend results by J.Saranen and W.L. Wendland from con-
stant to variable coefficient equations. Our results include the first con-
vergence proof of midpoint collocation with piecewise constant functions,
i.e, the panel method for solving systems of Cauchy singular integral
equations.

Subject Classifications: AMS(MOS): 65R20, 65N99, 65N30, 65E05, 30C30,
73K 30, 65N35; CR: G.1.9.

1. Introduction

Spline collocation methods are extensively employed for the numerical solution
of a variety of integral, differential, and integro-differential equations (or, more
generally, pseudodifferential equations [47, 48]) posed on plane curves. In fact,
collocation is the most widely used numerical technique for solving the bound-
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ary integral equations arising from exterior or interior boundary value prob-
lems of elasticity, fluid dynamics, electromagnetics, acoustics, and other
engineering applications with the boundary element technique. See, for exam-
ple, the books and conference proceedings on the boundary element method
[6, 7, 9-13, 15, 19, 27], and the discussion of the boundary integral equations
arising in applications in [3]. Despite their prevalance, however, no general
approach to the error analysis of spline collocation methods was known until
recently. Convergence had been shown only in special cases — the most impor-
tant being the case of Fredholm integral equations of the second kind (see, e.g.
[4, 5, 14, 20, 31, 32] - and the methods of analysis generally depended quite
strongly on the particular form of the equation considered.

Quite recently two more general techniques of analysis have been in-
troduced, the first in the case of collocation by odd degree splines at the nodal
points, the second in the case of collocation by even degree splines at the
internodal midpoints. The first method is due to Arnold and Wendland [3]. It
is based on equivalence of the collocation method with a mesh dependent
Galerkin-Bubnov method® and is quite general, yielding optimal asymptotic
rates of convergence in the whole range of Sobolev spaces H*® for which they
hold. This method applies as long as the equation is strongly elliptic, a
condition which is also known to be necessary for convergence in most cases
[36, 37, 43]. The combination of the equivalence mentioned above and strong
ellipticity permits an error analysis analogous to that for a standard Galerkin
method. Unfortunately, it does not appear possible to extend this method of
analysis to the even degree case. Therefore Saranen and Wendland [397] use
another approach to obtain results similar to those of [3]. Although they show
the equivalence of the collocation equations with certain Galerkin-Petrov
equations, the heart of their analysis is not this equivalence but rather simple
Fourier analysis techniques. Consequently, this second method entails two
significant restrictions. First, the operator, in addition to being strongly elliptic,
must have a principal part with constant coefficients. Second, the spacing of the
knots of the splines is required to be uniform, in contrast to the analysis of [3]
in the odd degree case, for which no restriction on mesh spacing was needed.

For the special case of piecewise linear spline collocation on Cauchy
singular integral equations with smooth coefficients, a different method has
been developed by Prossdorf and Schmidt in {36, 37] which has been extended
to piecewise continuous coefficients by Prossdorf and Rathsfeld in [34, 35].

Since the appearance of [3] and [39], G.Schmidt has extended these
analyses in various ways. In [41] he analyzes nodal collocation by even order
splines for a different sort of (non strongly elliptic) singular integral operators
and for the corresponding pseudodifferential operators in [43]. In a recent
paper [42] he considers spline collocation on a uniform mesh for operators
with constant coefficients using collocation points which are displaced from the
nodes or internodal midpoints.

In this paper we present an analysis which treats the odd and even degree
cases together by exploiting the Fourier series expansions of the splines and

! By a Galerkin-Bubnov method we mean a Galerkin method with equal test and trial spaces,
while a Galerkin-Petrov method permits distinct spaces
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the equations (an approach which for the identity operator goes back to Quade
and Collatz [51]). For odd degree splines the results improve only slightly on
those of [3] (e.g., estimates are given for a less regular solution than permitted
in [3]). Moreover the knot spacing permitted is restricted, so in this respect the
results are inferior to those of [3]. In the even order case, however, we remove
the requirement from [39] that the principal part has constant coefficients,
allowing instead any sufficiently smooth coefficients. This is our principal new
result. It shows that collocation by even degree splines at the midpoints
converges with optimal order for the same class of equations as the ordinary
spline Galerkin-Bubnov method and odd degree spline collocation (namely, for
strongly elliptic equations). We have had less success in removing the restric-
tion of uniform knot spacing. However we at least relax this requirement to
allow smoothly graded partitions, i.e., partitions which are mapped onto uni-
form partitions by a smooth diffeomorphism. Also the present results are more
general than heretofore known in one other respect. In both [3] and [39] it is
assumed that the degree of the splines exceeds the order of the equation. Since
this condition is equivalent to the requirement that the image of every spline
under the operator be continuous, and since the collocation method requires
that the point values at the collocation points of these images be defined, this
appears to be a natural condition. However the discontinuity in the image of a
spline can occur only at the knots, and these coincide with the collocation
points only in the odd degree case. In the even degree case we show that this
condition can be relaxed to allow splines with degree exceeding f —1/2 where f
is the order of the equation. Consequently the present analysis applies to
situations excluded previously. In particular the present work provides the first
convergence proof of the panel method, i.e., midpoint collocation with piece-
wise constant functions, for solving Cauchy singular integral equations. This
method is widely used, [8, 9, 16, 28, 38, 497, as well as collocation with higher
degree splines.

In order to state our results more precisely we now introduce some no-
tation. We shall consider the numerical solution of the equation Lu=F where
F is a given continuous l-periodic function and u is a 1-periodic function
which we seek. (It is only for simplicity of notation that we consider a single
equation. As in [3] our results easily extend to systems of equations. Via
parametric representations of the curves as in [3] a system of equations on one
or more simple closed curves is thus covered.) Each periodic distribution u has
a Fourier expansion

u(x): Z ﬁ(k)e“”‘"

keZ
where the Fourier coefficients are given by the formula

1
(k)= [u(x)e2"*k*dx
0

in case u is locally integrable. For seR define the inner product

(1, v),=0(0)50)+ Y. 12mk|**di(k) H(k).

k*0
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The Sobolev space H*® (all function spaces are supposed, without special no-
tation, to be complex valued and periodic) consists of all periodic distributions

u for which the norm [u|l,:=7/(u, u), is finite. For feR we define operators
0%, and OF. by |
Qli_ u(x)_—_— Z lk‘ﬂa‘(k)eZnth’
k*0
Qf u(x)="Y sign (k) |k® di(k) 2>,
k*0

For all seR, Qf maps H® boundedly into H*"#. For =0, Q% u+4(0)=u and
Q° u+14(0) is the Hilbert transform of u.
The operators considered here are of the form

Lu(x)=b_ (x) Q% u(x)+b_(x) 0% u(x)+ Ku(x) (1.1

where felR is the order of the operator, b, and b_ are functions in C*(R),
and for all reR, K maps H" boundedly into H"~#*% for some §>0. (We
actually require this property of K only for a limited range of r, and require
only finitely many derivatives of b, . The exact requirements can be ascertained
by a close examination of the arguments in Sects. 3-5.) We say that L is
strongly elliptic if there exists a smooth periodic function 6 such that

y:=inf min {Re0(0)[b, (x)+b_ (9], ReO()[b. (x)=b_(]}>0. (1.2)

In this case L: H*—» H*"# is a Fredholm operator of index zero for all seRR,
and if L is injective for some s it is in fact bijective for all s. We shall assume
that L is injective. (In the case of a system of Egs.(1.1) and (1.2) must be
modified as follows. In (1.1) u represents a vector of functions, ie., an element
of the Cartesian product (H®Y” with p>1, Q% is understood to act on each
component, and b, and b_ are p x p matrices of functions. The strong elliptici-
ty condition is then

y:=infmin {Re[{T0(x) (b, (x)+b_(x)T], Re[{TOX) (b, (x)—b_(x))T]} >0,

where now 6 is matrix valued and the infimum is over xelR and unit vectors
{eC?)

Let d be a nonnegative integer, n a natural number, A=1/n. Set 4

={jhljeZ},
=34, d odd,
T HG+1/2)h|jeZ}, d even.

Let % denote the space of smooth splines of degree d on the uniform mesh Z.
Thus & consists of periodic C*~' piecewise polynomials of degree d and has
dimension n. The collocation method determines an approximate solution
u,€ & to the operator equation

Lu=F on R (1.3)
by the equations
Lu,=F on 4. (14
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Once a basis for & is chosen, (1.4) is easily reduced to an nxn linear system
for the unknown coefficients of u,.
We can now state our main result in the case of uniform knot spacing.

Theorem 1.1. Let B be a real number and L a strongly elliptic, injective operator
of order B having the form (1.1). Let d be either a positive odd integer exceeding
B or a nonnegative even integer exceeding f—1/2. Then there exists hy>0 such
that for 0<h=h, and any continuous function F the collocation equations (1.4)
are uniquely solvable for u, e #2. Moreover, if s, teR satisfy

BEs=t<d+1, s<d+172, p+1/2<t, (1.5)
and the solution u to (1.3) is in H?, then there holds the optimal error estimate
lu—uyllys CH ™" |ju],. (1.6)

Here and in the following C denotes a generic constant independent of h
and u. In (1.6) C may depend on an upper bound for the magnitudes of the
coefficients and their derivatives, a lower bound for the strong ellipticity
constant y, and on 8, d, s, and ¢.

Let us comment on the hypotheses of the theorem. The strong ellipticity
condition (1.2) is essential, as remarked above. In [26, p.205] an example is
given of an elliptic, but not strongly elliptic, singular integral equation for
which nodal collocation with piecewise linear splines diverges.

The hypotheses (1.5) on s and t are essentially as weak as possible. The
condition sZt<d+1 is clearly required from approximation theory and the
condition s<d+1/2 is required so that the left hand side of (1.6) makes sense.
The collocation does not converge with optimal order in H® for s< 8, as it can
be shown that the error is no smaller than O(h** %) in any Sobolev space, cf. [3].
Finally we cannot allow t< 8+ 1/2 since then for a general ue H', F=Lu will
be discontinuous and so we cannot sensibly collocate.

Operators of the form (1.1), although they may appear to be rather special,
form a rather general class, including all pseudo-differential operators on the
circle [1] (and so, via parametrization, on closed curves). Many important
examples of strongly elliptic operators of this form arise from boundary in-
tegral methods, e.g., singular integral equations and hypersingular equations
arising from acoustics, fluid dynamics, elasticity, and quantum field theory.
(For further details and numerous other applications see [3, 25, 50].) Another
example is Symm’s integral equation of conformal mapping. Our Analysis
provides error estimates for the numerical methods for this equation presented
in [217 and [46]. Recent numerical experiments by Hoidn [24] show excellent
agreement with the theoretical convergence rates for this equation.

The remainder of the paper proceeds as follows. In the next section we
prove Theorem 1.1 under the additional assumption that L has constant coef-
ficients, K has a special form, and the meshes are uniform. We use an explicit
Fourier analysis as in [39] but our proof is more direct and elementary, gives
somewhat sharper results, and enables us to consider odd and even degree
splines at the same time. In Sect.3 we remove the assumption of constant
coefficients for L by locally freezing coefficients and using perturbation tech-
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niques familiar from the existence theory for partial differential equations
(Korn’s trick). (Independently Prossdorf [33] recently applied a localization
principle for spline approximations of pseudodifferential equations which is
closely related to our technique.) All necessary analysis is presented by using
only Fourier expansions.

In Sect.4 we extend our analysis to smoothly graded partitions. Here,
however, we need one special property of pseudo-differential operators, Theo-
rem 4.2, for which we have not been able to find an elementary proof. Finally
Sect. 5 collects proofs and references for various elementary lemmas.

2. Convergence of the Collocation Method for Operators
with Constant Coefficients

We now prove Theorem 1.1 under the additional restriction that L has the
form
Lo=b,_0/ +b_0QF +J,
1
where Ju:=|udx and b,,b_ are complex constants satisfying the strong
0

ellipticity condition

y:=min {Re(b, +b_), Re(b, —b_)} >0. 2.1
Note that
[, +signm)b_)imlfPi(m), m=*0,
E@(m)—{ i) 0 (2.2)

It follows easily from (2.2), Parseval’s identity, the definition of the norm in
Hs*# and (2.1) that

min (1, 7/27)°) |vll,, s < | Lo vl Smax (L, (b, [+1b_D/Qm)) foll,np. 23

We shall analyze the collocation method using Fourier series. To this end
we first reformulate the collocation equations in terms of the Fourier coef-

ficients. The key result is given in the following lemma. We use the notation =

n n
—§<p§—}, a set of

to indicate congruence modulon, and set An={peZ 5
i

coset representatives modulo n. The notation Y denotes lim Y and .
m=p

H m =0 m=—1
denotes lim Y .
170 me= —
mEpl
Lemma 2.1. Let ¢ €L! and suppose that ¢ is Hélder continuous in some neigh-
borhood of A. Then Y. ¢p(m)<oo for all p. Moreover
=p

m=

Y $m)=0 forall ped,

m=p
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if and only if

¢=0 on A.
Proof. The hypotheses imply that the Fourier series for ¢ converges to ¢(gq/n)
at x=gq/n: R .
d(a/m)=3 ¢p(m)e*=ma.
Hence

| oy ) |
p > ¢(¢1/")e_2’“”/"=; Y Y ¢(m)e2mim=pain

qeA, ged, m

- 1 . -
=Y fm)~ Y HPn= T B(m).
m n qeAy, m=p
Since the Vandermonde matrix (e"“i”/")h gea, 18 nonsingular, the lemma fol-
lows.
As a corollary we get the following proposition.

Proposition 2.2. Let ue H' for some t> B+ 1/2 and let u,€ & where d is either a
positive odd integer exceeding B or a nonnegative even integer exceeding f—1/2.
Then the collocation equations

Lou,(x)=Lou(x), xed, (2.4)
are satisfied if and only if
Y Loutm)= 3} Lou,(m), ped,. (2.5
m=p m=p

Since Lyue H'™# and t—$>1/2, the Sobolev embedding theorem implies
that Lju is Holder continuous. Moreover &< H*® for all s<d+1/2 so the
hypotheses imply that L,u, is Holder continuous if d is odd and in any case
Lou,=I?. When d is even u, is smooth in a neighborhood of 4, whence L,u,
is Holder continuous in a neighborhood of 4 (see Lemma 3.2¢). Hence the
sums appearing in (2.5) converge and the result follows by applying the lemma
with ¢=Lyu,—Lyu.

In order to apply Proposition 2.2 we employ (2.2) to observe that for any u
with L,u integrable and Holder continuous in a neighborhood of 4,

Z L/O\u(m)=bo(p)ﬁ(p)+ Z [b, +sign(k)b_llp+knlPii(p+kn), ped,, (2.6)
m=p keZ*

where .
(b, +sign(®)b_1Ipl’, p=0,

bo(l’)’:{l’ p=0.

(The asterisk appended to a set of integers denotes the complement of zero in
the set. Thus Z* =Z\ {0}.)

For the right hand side of (2.5) we combine (2.6) with the recursion relation
for the Fourier coefficients of a spline function:

Po+kn)(p+kn)* =(=D"“*Vép)p™!,  pkeZ, g (27)
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(For a proof of the recursion relation see, e.g.,(41) in [517] and [2].) Thus, for
uhe '%1‘17 pEAh’

Y Lounm)=bo(@)i(p)+p*** ¥ (b, +sign(k)b_)
m=p keZ*
. ( _1)k(d+1) Sigl’l (k)d+1 lp+kn|ﬂ—d—1 ah(p)
={bo(p)+sign()** ! p/f 12p/m|**'~# Y (b, +sign(k)b_)
kecZ*
(=1 Dsign (k) +1 (2 p/n) + 2k P41 i, (p). (2.8)
Defining for ye[—1, 1]

f(y)=sign(p)'*1 [y =8} (=1 D sign (k)1 |y + 2P0,
keZ*

2.9
g(y)= —sign () |yl***F ¥ (= 1)+ D sign (k) |y +2k[P 91, 29)
keZ*
we may write (2.8) more compactly as
T f@h<m>={'£""“’+ [+ 2p/n)] +sign(e)b_[1-g@p/ml}iyp).  peds,
m=p uh(o)s p =0.
(2.10)

In the following lemma we summarize the elementary properties of f and g
which we shall require. They are verified in Sect. 5.

Lemma 2.3. Suppose that f<d for d odd and B<d+1 for d even. Then f and g
defined by (2.9) are continuous, even, nonnegative functions on [ —1,1] and are
strictly increasing on [0,1]. Moreover g(1)=1 and there exists constant C
depending only on B and d so that

LfOI+lgWIsSClyl**=F,  ye[-1,1].
We now proceed with the proof of Theorem 1.1 for the operator L,. Set
Dy)=[1+f(]b, +sign()[1—-g(]b_, yel[-11].

Let s,t be as in Theorem 1.1 and ue H'. In light of Proposition 2.2 and (2.10),
Lqyu, collocates Lyu (i.e., (2.4) holds) if and only if

PP D2p/m)tp)= 3 Loutm), peds, 2.11a)
4,0)= Y Lou(m). (2.11b)
m=0

Note that since

by Lemma 2.3, it follows from the strong ellipticity condition (2.1) that

ReD(y)2y>0, ye[—1,1]. 2.12)



The Spline Collocation for Strongly Elliptic Equations on Curves 325

In particular the coefficient of ,(p) in (2.11a) does not vanish. Hence the
Fourier coefficients 4,(p), pe 4,, are uniquely determined by (2.11), namely

hy(p)=DQ2p/m)~" |p|~*
Abo@) i)+ > [b, +sign(k)b_]lp+knffi(p+kn)}, pedt, (2.13a)

keZ*

4,(00=4a0)+ > [b, +sign(k)b_]lkn|f i(kn). (2.13b)

keZ*

Since by (2.7) these coefficients determine u, uniquely, we have proven that
there exists a unique solution to the collocation equations (2.4).
It remains to prove the error estimate

lu—uyll ;= Cr*~ ul,. (2.14)
Clearly it suffices to bound each of the four following terms by Cn?*~ 2" ||u||2:

T =|12(0)—12h(0)|2,

T,= Y lam)?|m|*,

meZ~ A,

Ty= ), ldym)|m|*,
meZ~ 4,

T,= ). la(p)—,(p)* pl>*.
peAf

We remark that the generic constant C in this section depends only on
B.d, s, t, an upper bound for |b_|+|b_|, and a positive lower bound for y.
Recall the hypotheses on s and ¢, namely

s=8, (2.15a)
s<d+1/2, (2.15Db)
s<t, (2.15¢)
t>p+1/2, (2.154d)
t<d+1. (2.15¢)

We shall frequently use the fact that

Y 04+2kF<C(M), r<-—1, e[—1,1]. (2.16)
keZ*

To bound T, we use (2.13b), the Schwarz inequality, (2.16) with r=2(f—1)
(so r< —1 by (2.15d)), and (2.15a):

T,=CL Y lknlla(km)]*

keZ*

SCnP0m0 3 jIP070 X liakn)|? |kn)*

jezr Kezr
< Cn? % ul2.
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Next since m2zn/2 for meZ\A,,

L= Y [2m)?|mP |m>*=2 < Cn*2 |u|)2.

meZ~ A,

To bound T; first apply (2.7) and (2.13a) to get

. 2pla+1|2p —d-1 . . R
|, (p+1n)|= 7 +2l ID2p/m)~"{[b, +sign(p)b_Ti(p)
(2.17)
+1pI=# Y [b, +sign(k)b_lip+knlfi(p+kn)}|, peAf, leZ*
keZ*

Now, by (2.16) with r=25—2d—2, which is less than —1 by (2.15b) and
(2.15¢),

—2d-2
lp+1n|*

2 2d+2 2
i p+21

Y X lap)” =

peAY leE*

n 252t 2d+2-2t 25—2d-2

Ty @@ 3 |22

peA} leZ*

SCn?* 2 |u)?. (2.18)

- 2p

+21

Also, by the Schwarz inequality, (2.16) with r=25—-2d—-2< —1, (2.16) with r
=2(f—t)< —1, and (2.15d, ¢), we find

2p 2d+2 2p —2d-2
Y —+21 Pl 22 Y. p+knlfli(p+kn)|}? |p+In)*
peAL leX* n keZ*
9 p|-28+2d+2 25-2d-2 2 2(—-1)
SCn*-¥ Yy il (Z LY )(Z Py oj )
peay | I leZ* jezr | 1
- Y |d(p+kn)?ip+kn/*
keZ*
<Cn®=2Y Y (d(p+kn)? |p+kn' S Cn?s 2t u)2, (2.19)
peAl keX*

Since 4,(In)=0 for [eZ* by (2.7) we may collect (2.17)-(2.19) and use (2.12) to
find that
Ty= Y, Y la+In)Pp+in* < Cn =2 fu|?,

peA} leX*
as desired.
It remains to bound T,. From (2.13a), (2.6), and the definitions of b, and D
we have for pe A¥ that

i(p) —4,(p)=i(p) —D(2p/m)~* |p|~*# {bo(p) ii(p)
+ Y [b, +sign(k)b_]lp+knlfi(p+kn)}

keZ*

=D(2p/n)~* {Lf2p/n)b, —sign(p)g(2p/n)b_14(p)
~1pI™* Y [b, +sign(k)b_1lp+knla(p+kn)}. (220
keZ*
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Now, by (2.12), Lemma 2.3, and (2.15a,¢),

ID@2p/n)~"[f(2p/n)b . —sign(p)g(2p/n)b_]i(p)* |p|**
2P 2(d+1—B+s5-1)

<Cn* % ” 1a@)I* p1** < Cn®*= 2 (i (p)|? |p|*". (2.21)

For the remaining terms from (2.20) we have,

{DQ2p/m)="1pI~" ¥ [b, +sign(k)b_1ip+knlli(p+kn)}}? |p|**

keZ*
2 pl26=) 2 2(8-1) X
scn-2 (2P Ty Zaail xS la -+ kn)? p -k
n jezr | 1 keZ*
< Cp?s-2 Z [@(p+kn)?lp+kn|*, (2.22)
kelZ*

where we have used (2.12), the Schwarz inequality, (2.15a), (2.16) and (2.15d).
From (2.20)-(2.22) we find that

T, <Cn** "' |ul|?.

This completes the proof of (2.14) and so of Theorem 1.1 in the case L=L,.

3. Convergence of the Collocation Method
for Operators with General Coefficients

In this section we complete the proof of Theorem 1.1 by removing the restric-
tion that the operators L have constant coefficients, which was in force in the
previous section (but still assuming a uniform mesh). The heart of the proof is
a localization technique which enables us to deduce the convergence of the
collocation method for the general operator L from the convergence for certain
constant coefficient operators derived from L by freezing the coefficients b, of
its principal part. This technique, which hinges on a known commutation
property of spline projections and multiplication by a smooth function and on
well-known properties of pseudodifferential operators, is analogous to the
familiar procedure in the theory of partial differential equation sometimes
referred to as Korn’s trick. Recently Prossdorf [33] has independently also
applied this localization technique to the convergence theory for collocation
methods.

For reference we recall the form (1.1) of the operator L and its mapping
properties:

L is an isomorphism of H" onto H"~# for all r 3.1
Q% and Q® map H' boundedly into H"~#  for all r (3.2)
K maps H" boundedly into H"#+? for all r and some §>0. (3.3)

Also we state two lemmas, the first collecting known properties of finite
elements applied to the periodic spline spaces, the second collecting known
properties of pseudodifferential operators applied in our situation. We give
proofs and references in the final section.
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Lemma 3.1. (a) (Approximation properties). Let r<d+1/2. Then there exists a
family of approximation operators B*: H'— % such that if s<r<t<d+1 then

lu—RBlul, < Ch*|ul,, ueH, (34)

where C does not depend on h or u.
(b) The operators P! may be taken to have also the following additional
property. If ¢ € C*® then there exists a constant C such that for all ve %2

i¢pv~Bi(Pv)I,<Ch|vll,, S=min(l,d+1-r). (3.5)

(c¢) (Inverse properties). Let s<t<d+1/2. Then there exists a constant C

such that
o], £ Ch* o), veH (3.6)

(d) Let s<t<a+1/2. Then there exists a constant C such that for all ue H'

and ve ¢
lu—vll, < CR*" u—vll;+ ull). (3.7

Lemma 3.2. (a) Let B, teR, ¢pcC>, veH'. Then there exist constants C and g

such that
I0(Q% v)—04 (), —ps:1 =CliSl,lI0l,, veH- (3.8)

Here Q% may denote either of the operators Q% or Qf .
(b) Let teR and ¢,y e C®, and suppose that ¢y=0. Then there exists a

constant C such that for all ve H'

1o QL Woll,—p= Cllvl,—. (39

(c) If ve H? and ve HS*'(1,) for some closed interval I,, then Q% ve Hi, (I,).

loc
(d) Let f,teR, e>0,b,,b_eC*®. Then there exists a C*-partition of unity

{¢p,, C= functions {Y }iL, with jlppe, =1, points x;esupp ¢;, and a con-

stant C such that for all ve H'
I;[bs —by (x)1Q% v, _p<elovl,+ Clol,_;, Jj=1,... M. (3.10)

We now turn to the proof of Theorem 1.1. We separate out some important
estimates in the following two propositions.

Proposition 3.3. Let t,seR satisfy f<sSt<d+1/2, and let ¢ e C®. Then there
exist positive constants C,, C, and 3 such that if ue H' and u,e % then

Iy —w)), < Cy p*~" | ¢ Lluy =)l + Cllull, + CH ™2 luy —ul],

0 s<t
+ . (3.11)
{Cnu,.—ul\s_.s, s=t}

Moreover the constant C, is independent of ¢.

Proof. Let r=t and define projection operator B’ as in Lemma 3.1. One easily
verifies the decomposition
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$(up—u)=(Bu—u)+ BL~* ¢ L(u, — B')
+(I=B) ¢, —Bu)+ B L™ (L — L) (u,— Bw).

We show that each of the four terms on the right hand side of (3.12) may be
bounded in the H' norm by the right hand side of (3.11). Clearly

(B u—ull, < C lull,.

For the second term we use the inverse property (3.6), the mapping properties
of L (3.1), the triangle inequality, and the approximation property (3.4) to get

IB!L™! ¢ L(w, —B'u)||, < Ch*~* | L™ ¢ L(w, ~ Blu)|
SC 7@ Liuy—wll g+ CH*~" Ju—Blul
SC TG Llu,—w)lls_p+ C llul],.
By (3.5), (3.7), and (3.4) the third term may be bounded in H' by
Ch |luy, —Blull,< Ch*~"*°||uy, —u||+ C [u]].
Finally we apply (3.4), (3.1), (3.8), (3.3), and (3.7) to get
IR L™ (L —dL)(u, —Bu),

Chs—t+min(§1,t—s) “uh_uHs’ s<t,

< Clluy—Bul,_s, < Clul +{
b ThTle=o C L Cllu,—ullys, s=t.
This completes the proof of the proposition.

Proposition 3.4. Let t,seR satisfy t+p <s<t<d+1/2. Then there exist positive
constants C and & such that if ueH' and u,e % satisfy the collaction equations

Lu=Lu, on 4, (3.13)
then

0 s<t.
u, —~ull, < Ch 5 |lul,+ Ch®|lu ——u||s+{ ’
=] A LT R

Proof. Again choose B’ as in Lemma 3.1 with r=t and choose {¢;, ¥, x;}}L,
as in Lemma 3.2d with ¢ to be specified below. Define

Li=b_(x)Q +b_(x)Q" +aJ, j=1,...,M,
with a=y/2r)*?. From (2.2) we have
Co olsypSILoll = Collvllyyy,  veH?, seR, (3.14)
with C, depending only on B,b, and b_. Moreover if weH' and w,e %!
satisfy
Lyw,=L;w on 4,
then by the results of the previous section we have

Iw—=wylls< C3h ™ fwl, (3.15)
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for f<s<d+1/2, sst<d+1, B+1/2<t, with C; depending only on , b, , b _,
s and ¢ (but not on the choice of {¢;, ¥, x;} nor on j).
Now let u and u, satisfy (3.13). Combining the identities
LBl ¢u,=L,du+L;d(u,—w)+ LB ¢,u,—¢;u,)
and
Lj¢j(“h—u)=(Lj_L)¢j(“h‘“u)+(L¢j"d’jL)(“h—u)+¢jL(uh_“)

with (3.13), we get

L;B¢u,=L;w;, on 4 (3.16)
where
w,=¢;u+L; (L;—L)$,(u,—u) (3.17)
+L; Y (Lé;— ;L) (u, ~u)+(B! =D d;u, (3.17)
or
w;=B¢,u, —L;' ¢, L(u, —u). (3.18)

Applying (3.15) with w=w; and w,=PB’¢,u, and using (3.18) we get
L7 ¢; L(w, —w)]i, < C3h % w],. (3.19)

We now estimate ||w |, bounding each of the four terms on the right hand side
of (3.17) separately. Clearly

;ul, < Clull,. (3.20)
By (3.14) and the triangle inequality

T:= | LY (L;— L) ¢(uy — 0,
S Gl (L;=L) ¢ ju,—)ll,_ g+ (T = )(L; = L) b ;(uy, —w)ll, _ 4]
SCIIY,b, (x) —b,) Q% ¢ (uy—w),_
+ Wb (x) —b_) QL ¢ (u, —ull,_,]
+ CLlluy—ufl, 5+ (L= )(L; = L) ¢ ;(u, —u)ll,_ 5]

Using (3.10) and (3.9) we deduce from (3.21) that
T=22C, e ¢ u,—u)l,+ Clluy—ul,_s.
Using Proposition 3.3 and (3.14) to bound the first term we get finally
T<2C, Cieh* ™" | L7 ¢; Ly —u)ll+ CLNul, + lluy~ull,_ 5+ k72 fluy —ul ]
By (3.14), (3.8) and (3.3),
17 (L;—; LY, —)ll, < C lluy —ull,_s,
and by (3.5), the triangle inequality, and (3.7), we find
(B —1) ¢;upll, < Ch luyll, < CH™" Yluy —ull + 1 ull).
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Collecting these estimates together with (3.19) gives

”LJ_'I d’jL(”h"u)“séz C, C§8 HLJTI ¢jL(uh_u)||s
+ CIR ™ ull,+h 7wy, —ull,_s+h* lu,—ull].

Selecting e=(4 C, C3)~" we get
17" ; Liuy —w)lis< CTH > lull,+h* = luy, —ull 5+ lu, —ul ].

Since {¢;} forms a partition of unity and L is invertible,
M
lup —ull S ClIL@uy —w)ll,_y < C Y ;L ~u)l,_p
i=1

M
SC Y L7 é;L(u,—u)ll

j=1
SCLH = full,+ k= fuy, —ull,_ 5+ h° llu, —ul ] (3.22)

In case s=t, this completes the proof of the proposition. If s <t, we decrease §
in (3.22) so that 0<é<s—t and use (3.7) (with ¢ replaced by t —4), to complete
the proof.

We now complete the proof of Theorem 1.1. Assume momentarily that
there exists u,e %) satisfying (3.13) for some given ue H'. We shall prove that
this implies the (s, t)-optimal convergence estimate

lu—uyll, < CH ™ Jul, (3.23)

at least for h=<h,, where h, depends only on L,s, and t. Note that (3.23)
implies that the homogeneous collocation equations admit only the trivial
solution. Hence in general the solution u, to (3.13) exists and is uniquely
determined. To prove (3.23) we distinguish three cases.

If p<s<t<d+1/2, t>p+1/2, then (3.23) follows directly from Proposi-
tion 3.4, for h<h,, with h, sufficiently small.

If p+12<s=t<d+1/2, we again use Proposition 3.4, replacing J by
min(d, s —f) so that we may assume from the outset that §<s—p. Now
applying the result of the previous paragraph with s replaced by s —d, we get

lu—uyllo— s CRul,. (3.24)

Substituting (3.24) in Proposition 3.4 and choosing h, sufficiently small again
gives (3.23) for h<h,.

Finally we consider the case f<s<d+1/2<t<d+1. Let us denote by E,
the error operator ur—u, —u. Choose t,e[s,d+1/2), t,>p+1/2. Then using
the previous cases and Lemma 3.1a (with r=s), we have

IE,@)l,= inf [[E(—y)ll;< Ch°™" inf Ju—x|,, < Ch~*|jul,,
xesd yesd

completing the proof.
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4. Collocation on Smoothly Graded Meshes

We now generalize Theorem 1.1 to allow a smoothly graded family of meshes
in place of a family of uniform meshes. That is, we permit the family of meshes

¢~ H(E)={¢"'()IxeE}.
Throughout this section ¢ denotes a strictly increasing function such that
dx+D=¢(x)+1 4.1

(this condition insures that the mesh ¢~!(Z) repeats itself periodically). More-
over we assume that ¢ is a smooth difffomorphism and the constants in the
error bounds we prove here may depend on bounds for the derivatives of ¢
and ¢~*. At present, however, we could not remove the theory of pseudo-
differential operators from the proof of Theorem 4.2 and therefore require C*.

Let #%(¢~!(E)) denote the space of smooth splines of degree d on the mesh
¢~ '(&). The collocation problem is to find u,e ¥4(¢~*(E)) such that

Lu,=F on ¢~1(4). 4.2)
The analogue of Theorem 1.1 regarding this method is

Theorem 4.1. Let B, L, d, and F be as in Theorem 1.1. Then there exists hy>0
such that (4.2) is uniquely solvable for u,e€ (¢~ (E)) if 0<h<hy. Moreover, if
s, teR satisfy (1.5) and u=L~*(F)e H', then the error estimate (1.6) holds.

For the proof we require two lemmas. The first is essentially a case of the
change of variable formula for pseudo-differential operators. The second states
that the composition of a spline with a smooth function is itself almost a spline
on the transformed mesh. It is analogous to Lemma 3.1b, which concerns the
product of a spline with a smooth function. The proofs are postponed to the
next section.

Lemma 4.2. The operator
wi= [ (wod) o d™ = (¢ o) Q w
maps H' boundedly into H'=**! for all teR.

Lemma 4.3. Let r<d+1/2. Then the operator B? of Lemma 3.1 may be taken so
that for all ve # (¢~ 1(E))

lved™! —Bi(vod "I, < Ch|v]l,, d=min(l,d+1~7).

Proof of Theorem 4.1. 1t suffices (as argued in the previous section), to prove
that if u, € #%(¢~1(Z)) satisfies

Lu,=Lu on ¢ '(4), (4.3)

then (1.6) holds. Moreover if we prove (1.6) when f<s<t<d+1/2, the argu-
ment may be completed just as in the last paragraph of Sect. 3.
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For v in some H", set §=vo ¢! and define L: H'—»H"~# by
Lo=Lo.
By Lemma 4.2, L is an operator of the form (1.1), and clearly (4.3) implies
Li,=Lu on 4.
Consequently,

where P? is given by Lemma 4.3.
Applying Theorem 1.1, we get

|~y Ch' = | B, — ity +ll.
Now
=yl < Cla—a,
and
léall, < Clul,.

Moreover, by Lemma 4.3, the triangle inequality, and Lemma 3.1d (which
holds) for any quasiuniform mesh family),

1B iy —dyll, < Ch iyl < ChOlull,+ CH T2 flu —uy 5.

Collecting these estimates and choosing 4, sufficiently small proves (1.6) as
desired.

5. Proofs and References for Some Elementary Lemmas

Proof of Lemma 2.3. First suppose that d is odd. Then (2.9) may be written as

f)y=lyl+t-* i [Qk—y)f~4=1 4 2k+y)f—4-1],
K=1

g =sign () |yl 77 3 [Qk—yf =271 = Qk+yyf~471].
k=1
Since B<d both series converge absolutely and uniformly for ye[—1,1].
Moreover both functions are clearly even and bounded by a constant times
[yI*+1-# and f(0)=g(0)=0, g(1)=1. Thus we need only show that both func-
tions are strictly increasing on [0,1]. Since both series may be differentiated
termwise we easily calculate for ye(0, 1) that

f')=2d+1-p)y*-" i k[Qk=yP =2+ 2k+yf~721>0,

k=1
CW)=2d+1-F)y* 3 k[@k—yP—1=2— 2k+yP-4-2]>0,
k=1

proving the lemma for d odd.
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If d is even (2.9) becomes

FO)=sign ()Y P ¥ (=P [k = P9t — k4411,
k=1

0

g =IyP1=E Y () [Qhk -yt 2k + )41,

k=1

Now since f<d+1, the series Y (—1¢*'Q2k+yy~4"! converges uniformly
k=1

for ye[ —1,13 and may be differentiated termwise. Therefore f and g define

continuous even functions on [—1,1] which are O(ly|**'~¥), f(0)=g(0)=0,

g()=1, and for ye(0, 1),

ee)

S O)=2d+1-B)y** T (—DF K[k —yP 42— @2k +)Y1~7]

k=1
22d+1-py** i (=D 1k[(2k—y) 4= 2 —(2k —yf 9~ 2] >0,
k=1
E0)=20+1—F)#? ¥ (D K[k =P~ + 2k +yf 93]
k=1

22(d+1-p)y*-* i (=1 k[(2k —y)P 42+ (2k+ y)f~4-2]>0.

k=1

Thus f and g increase on [0, 1] and the lemma is proved.

Proof of Lemma 3.1. The inverse property stated in part (c) is well-known and
requires only a quasiuniform mesh family. A reference which allows the full
range of noninteger and negative indices is [18].

The approximation properties stated in part (a) are also familiar. In the
uniform mesh case B’ may be given constructively independent of r (see [2]).
Even on general meshes the result holds (see [18, 22]). Approximation proper-
ties analogous to (3.5) have long been used in finite element analysis, cf., [29]
Proposition 5, and [30] Hypothesis A.3. However to get this property in our
periodic case involves a slight complication, so we outline the construction
here.

For a<b and g real numbers, let H%(a, b) denote the nonperiodic Sobolev
space, of index g on the interval (g, b). Also, for g a positive integer we define
the (periodic) piecewise Sobolev space H%(Z) consisting of those ue H?! such
that w|, , .,€H%x;_;,x) where Z={x;}. For ueHZE) we denote by
u(g)e H® the piecewise (not distributional) g™ derivative. Finally let x,€Z
denote any nodal point. Since there is no distinction between periodic and
nonperiodic splines of degree zero, we can find B°: H"~%(x,, X+ 1)— % such
that if sSr—dst£1

u—Bou||, < Ch~*|ul,, ueH(xq, xo+1). 5.1
Since B? reproduces constants we have in particular that

lu—Blull, S Ch* ="'z u€H (xg, xo+1). (5.2)
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Now if ue H'(E) we can choose y e #° such that u+yeH!(x,y, xo+1). Then
by (5.2)
lu=Boull,_g= @+ ¥) =B+ )|, _,< Ch+ =" |+ )| .

S CH* w1, (5.3)

since Y1 =0. (The trick of adding ¥ to cancel the discontinuities of u was used
in [17].)
Introduce now the map

Dg=g +2(0), (5.49)
which defines an isometry of H? onto H?"! for all q. Set
Pi=D"*P°D". (5.5)
Then for ue H' it follows immediately from (5.1) that for s<r<r<d+1
lu—Bfull,=|D~U = B)Dul ;= | —B) Dul,_,
SCH=* | D%ull,_ g < CH'=*|lull,,
verifying (3.4). Moreover if ue H+'(Z) then D'ue HY(E) so (5.3) implies that
lu—Bull, = D=4 - B®) D*ull,= |(I —B%) Du,_,
< CH (DA = RO [+ D).
We apply this estimate to prove (3.5). For ve &%, ¢pve H**(E), so
I§0—BX GV, S CH*1=" (o) e+ .
Now since v+ =0, the Leibniz rule gives
I(@ )+ < C ol
(where C depends on ¢). Applying an inverse assumption,

oo < Ch™m =40,

and (3.5) follows.
It remains to prove part (d) of the lemma. This is a simple consequence of
part (a) (with r=t¢) and part (c):

lu—vll, < llu~Blul,+ |o—Blull, < Cllull,+ Ch*~* v = Blul,
SCllull,+ Ch= [ ull + llo —ull ]

We now turn to the proof of Lemma 3.2. The results are all quite well-known.
In particular part a) is a special case of the commutator property of pseudodif-
ferential operator and parts b) and c) are weak forms of the pseudolocal
property (see, e.g., [44, 47, 48]). Since we did not find statements in the
literature easily applicable to our periodic case, we include brief elementary
proofs.
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Proof of Lemma 3.2
a) Set w=¢ (0% v)— Q¥ (¢v). Then
i)=Y [6:(0) =0, ()]G -k k) —o,()$()0), jeZ*

k*0,j

where o, (k)=1kl’, o_(k)=sign (k) |k|?, so

Wiy =2 RajPe= 01 ¥ [0 (k)0 ()] G-k B(k)

j*0 k*0,j
—a5 () $() O + [W(0)/?
23| Y llos(R)—or (D27 P+ k751G~ kI IKF 19(K)] |2

Jj*¥0 k#0,j

+2[ Y 2mjP 8 016()P1IBO)F + W (0)). (5.6)

j*0
We wish to bound the three terms on the right hand side on (5.6) by
Cliglg llv]?. Now

oy (k) =0 ()l Smax (2, |B) |k —jlmax (k=1 |jIP~Y),  j keZ* — (57)

as follows from the mean value theorem, the triangle inequality, and - in the
case of o_ — a separate consideration of the case kj<0. Also

Igm)<(2nm| ™" |¢],, meZ* reR. (5.8)

We now bound the bracketed term on the right hand side of (5.6). Employing

(5.7) and (5.8) and the elementary inequality (a variant of Peetre’s inequality)
1" 1kl ™"
=k =

<M reRR, j, keZ* j+k,

we get the bound C|él,/| j—k|* for appropriate constants C and g depending
only on § and t. Now

1Y kIR ki)

J*0 k+0,j§

=% (%) (5, )

< (Z “‘1“) Y k16091 C o2
=\g 1P -

I j k¥0

Consequently the first term on the right hand side is bounded by C ||¢||§ loliZ,
as required. The second term may clearly be bounded similarly. Finally jW(0)
=|§$ Q% v|<(¢ll5_, V], Combining, (3.8) follows.

b) Since ¢y =0 we may apply (3.8) to get
¢ Q% (W o)l,_p=110 Q% (Y v)— Q% [dW )]l s < Cllrol,—1 = Cllvfl,—;-
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¢) We must show that if ¢ € C* has support in [, (and its periodic trans-
lates) then ¢QF ve H'. Since ve H**!(I,), then ¢veH’*!, so Q’ (pv)eH'.
Also since ve H, (3.8) implies that ¢ Q¥, v —QF, (¢ v)e H™.

d) We require the following result:

For each teR there exist positive constants C and g such that

l¢oll. =l vl + Clol, Nl A (5.9)

for all $€ C*=, ve H'; cf. [45]. To prove (5.9) set A'v=(2n)'Q", v+ 6(0) so |v],
=||A"v] . Hence |$pv], =l A" v o+ A (Pv) - A'v] . Now

I A vllo =M@l | A vllg =l Pl = N1V,

while (3.8) gives [|A'(¢v)—¢p A'v|,< Cligl, v,

To complete the proof of d) we choose the partition of unity {¢;} and
functions y; so that ||i;[|,~ <1 and the support of each y; is small enough that
b (x) b (y)l <& whenever x, yesuppy ;. Choosing any x;esuppy; we have

IW;lbs —b.(x)]| =<6,
whence (3.10) follows from (5.9).

Proof of Lemma4.2. The proposition of Lemma 4.2 is a special case of the
symbol technique and asymptotic expansions in the theory of pseudo-differen-
tial operators since the operators

[Qiwod)]o¢™! and (§'o¢~ ') Qf

are pseudo-differential operators (see [40]) having the same principal symbols
in each case j= +, respectively (see Theorem 5.1 in [47]). Then the mapping
properties in Lemma 4.2 correspond to those of pseudo-differential operators of
order f—1 in Sobolev spaces (Theorem 6.5 in [47]). The corresponding analy-
sis rests on the fundamental and deep results on Fourier integral operators by
Hormander [23], and up to now we have not been able to find a simplified
proof by using solely Fourier series and Fourier coefficients. Therefore we
indicate here how for j=+ our operators can be identified with the corre-
sponding Fourier integral operators and follow closely the presentation in [47,
Pp. 48-49] referring the reader for the detailed proofs there. (For j= —one
proceeds in the same manner.)

First note that for any 1-periodic function u(x) the Fourier transform exists
in the distributional sense taking the form

F[u](s)::Tou(x)e'z"'s"dx——i-Z (k)d(k—s)
— kel

with é the Dirac distribution and seR. Thus, for periodic u,
Q4 u(y)={04,(0) Y dk)d(k—&e* ' d¢
R keZ

={ Qo ()u(y)e* I dydE
RR
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where o, is a C*-function with

(&)= |f|‘g for {{|=1 and
%o+ for ¢ near 0.
This means

0F u=2no,, (D)u for every l-periodic distribution u. (5.10)

By definition, 2na,, (D) is a classical pseudo-differential operator having the
symbol 270, (§)eS; o [47, p. 37]. Now set

=¢(x)=x+¢"(x)
where ¢!)(x) is 1-periodic due to (4.1), and

x=P@):=¢"'0), =00), y=¥@).
Then
[0, (wed)Jo P()=[[2mo,, () W(P() 2 ¥ dya¢
={[2n0, (B w(r) e i EFO-YD @ ()¢ .

Since the transformations defined by ¢ and ¥, respectively, are supposed to be
smooth and regular, we find that the functions

o(t, r)~.=—gl~(f::rﬂ and 1/@

are regular and positive for all ¢ and 7. Hence, &= ¢ is for every ¢, T a regular
transformation and

[Qf, (wod)JoP(O)=] [alt,t, &)e* D w(x)dE dr+Kw
with BE

alt, 7, &)=2n0,, ( ¢ ) LAGNTT

(1, 7)) D(t, 7)
Kw={[2n0,, ()w()e?™FO-¥OD @ (y). (1 —Z(t—1)))dédr,
RR
where Ze Cy (R) with E(p)=1 for all [p| £ 1.

For the additional operator K we find — by integration by parts —, that it
can be written as the integral operator

) 1~-Z(t -0
Kw(t)—27ty£RW(¢( ))( 2ni(P @) ~y)¥ ;é[m

with N= f+2 having a C*-kernel. The first operator

AW(t 5j t‘E é)e2m§(t I)W(‘E)dé’d’t

(N) (g:) e2rit¥ M —y) dé dy

is a Fourier integral operator being “properly supported” whose amplitude
function a satisfies the estimates
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IDID¢D% a(t, 7, &) S50 (L +1E )~

for all o, d,yeN, and all ¢, 7, {cIR. Hence a belongs to Hormander’s class
S8 0.0(R?), [47, p.43] and 4 is a pseudo-differential operator which can be

written as B
Aw(t)=a(t, t, Dyw+{[b(t, 7, &) > I w(1)d & dr

where b(t, 7, &):=alt, 1, &) —a(t, t, &)eSh ;. This is the decisive property
which follows from Hormander’s results [23] (see Theorem 3.8, p. 44 in [47]).
a(t,t, Dyw={[2nao,, (& ¢ (PO)w(r)e* ¢~ drd&
=[05,. (& (Y)Y, Wk)S(k—&) e ¢
R keZ

=@ ¢y Qhw

for every l-periodic function w. Since K has C*-kernel and beS{',, the
proposition of Lemma 4.2 follows from the mapping properties of the Fourier
integral operator with amplitude b, see Theorem 6.5 in [47].

Proof of Lemma 4.3. With the smoothness of ¢!, the mapping D in (5.4), (5.5)
and with the chain rule we find
lve g™ —FRi(wed~ "), = DI -B)D*(vo¢~ 1,
=l -B) Do~ H)ll,_q
éChHl—' [(ve (b_l)(“l)”u(s)

d

Sch™* T Y e DIl

i=0
Sch™ o),

since v+ 1) =0 between the break points. With an inverse assumptions as (3.6),
Lemma 4.3 follows.
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