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A Spline-Trigonometric Galerkin Method and an
Exponentially Convergent Boundary Integral Method

By Douglas N. Arnold*

Abstract. We consider a Galerkin method for functional equations in one space variable which
uses periodic cardinal splines as trial functions and trigonometric polynomials as test
functions.

We analyze the method applied to the integral equation of the first kind arising from a
single layer potential formulation of the Dirichlet problem in the interior or exterior of an
analytic plane curve. In constrast to ordinary spline Galerkin methods, we show that the
method is stable, and so provides quasioptimal approximation, in a large family of Hilbert
spaces including all the Sobolev spaces of negative order. As a consequence we prove that the
approximate solution to the Dirichlet problem and all its derivatives converge pointwise with
exponential rate.

1. Introduction. In this paper we formulate and analyze a new method for the
numerical solution of functional equations such as integral and differential equa-
tions. Our method is particularly appropriate for the solution of integral equations
arising from boundary integral formulations of boundary value problems in partial
differential equations. The desired solution to the boundary value problem is
typically obained at an interior point of the domain by integrating the solution of
the boundary integral equation times a smooth weighting function. In conjunction
with this procedure our method of solution of the integral equation will lead to
exponentially fast convergence of the solution and its derivatives away from the
boundary, in contrast to the polynomial rates of convergence achieved by the
majority of other practical discretization methods, such as finite element, finite
difference, and collocation methods.

The method we propose for solving the integral equation is a Galerkin method
with spline trial functions and trigonometric test functions, which we shall refer to as
the spline-trig method. Spline Galerkin methods, or finite element methods, in which
both the test and trial spaces consist of splines, have been widely studied. It is
however the novel aspect of the spline-trig method, the use of trigonometric
polynomials as test functions, which leads to the exponential convergence rates
referred to above.

Because of the novelty of the method and its analysis we shall not strive for
generality in this paper, but instead shall study the method in the context of one
relatively simple model problem. The problem we consider is the (interior and
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384 DOUGLAS N. ARNOLD

exterior) Dirichlet problem for Laplace’s equation in two dimensions, to be solved
using a single layer potential formulation. Let T be a smooth simple closed curve in
the plane and let § be a given function on I'. We seek a bounded continuous
function u on R? such that

— 2
(1.1) Au—(~) on R°\T,

u=g onl.

We shall represent the solution of (1.1) as a single layer potential. In order to avoid
difficulties of nonuniqueness when the interior domain has conformal radius one, we
follow [6], [11], [14] in seeking to express u as a normalized single layer potential plus
a constant. That is, we seek a function ¢ on I" of mean value zero and a real number
w such that

1
(1.2) u(z):—ﬁj;loglz—y|¢(y)dsy+w, z € R.
Restricting z to I', we get the integral equation
1 -
(1.3) —2—7;/;_log|z—y|¢(y)dsy+w—g(z), zeT.

This equation has a unique solution. (In Section 4 we show, more precisely, that the
operator (¢, w) > g defined by (1.3) is an isomorphism H'(T) X R - H™\(T) for
any real number r. The space H'(I") is the Sobolev space of order r on I', which is
precisely defined in Section 3. The circumflex denotes the subspace of codimension
one consisting of elements of mean value zero.) The unique solution u of (1.1) is
given by (1.2). For a proof of these facts see [9], [11], [14]. We remark that with the
single layer approach the solution to the single integral equation (1.3) enables the
determination of the solution to both the interior and exterior problems.

In Section 2 of this paper we define and discuss the spline-trig method for our
problem. In Section 3 we define a special doubly indexed family of Hilbert spaces
and establish some properties we will require in the analysis of the method, which is
accomplished in the rest of the paper. In Section 4 it is shown that the method
provides stable, quasioptimal approximation of the solution of the integral equation
in a wide range of spaces including all the Sobolev spaces of negative order. The
rates of convergence in these spaces is determined in Section 5, and it is shown that
the corresponding approximation to the solution of the Dirichlet problem converges
along with all its derivatives with an exponential rate away from the boundary.
Polynomial convergence rates valid up to the boundary are also proved. In the final
section it is shown that the matrices arising from the discretization are well-condi-
tioned.

2. The Spline-Trig Galerkin Method. Rather than approximate the solution of
(1.3) directly, it is more convenient to parametrize I' and change variables. We
assume that I' admits an analytic parametrization, i.e., that we can find a real
analytic, 1-periodic function x: R — R? such that x’ does not vanish and x|,
parametrizes I'. (For a discussion of the effect of weakening the analyticity condi-
tion, see Remarks 4.11 and 5.6.) Set g(¢) = g(x(¢)) and

(2.1) e(2) = 39 (x(2)) |x'(1) | +e.
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We use the notation ¢(0) for [ ¢(z) dr. Note that w may be recovered from ¢ as
¢(0), and then ¥ may be uniquely determined from ¢ and satisfies [y = 0. Thus
(2.1) establishes an isomorphism (¥, w) < ¢ (between the spaces H'(T') X Rand H',
r € R, defined in Section 3).

In terms of the new unknown, ¢, (1.2) and (1.3) become

@) u(z)=- [loglz ~x(0) [p() ~ 9] d + 4 0).  zER,

(23) dq(r) = - [Moglx(r) = x(1) [9(1) = ¢ (O)] dt +$(0) = g().

T €R.

We shall study the spline-trig method for the integral equation (2.3). This is a
Galerkin method employing different test and trial spaces. It is novel in that spline
trial functions are used—as in finite element methods—but trigonometric test
functions are used—as in spectral methods.

Let n and d henceforth denote nonnegative integers, with » odd. Let

A,={p€EZ|ipl<n/2},
a set of representatives for Z modulo n, and let x',, denote n times the characteristic

function of U {[m — 1/2n,m + 1/2n]|m € Z}. For d >0 define x¢*' as the
convolution

xit ) = [ X(x = y)xW(y) dv.

As trial space we will use the space S,‘f spanned by all translates of x¢*! by integral
multiples of 1/n. This space has dimension »n and consists of all 1-periodic
smoothest splines of degree d subordinate to the uniform mesh {j/n| j € Z} if d is
odd, {(j+1/2)/n|j € Z) if d is even [15], [16]. The B-splines x4 '(-—j/n),
Jj € A, form a basis for S It is a local basis as each B-spline is supported in d + 1
consecutive mesh subintervals and their 1-periodic translates.

As test space we shall use the span, 9 , of the trigonometric monomials 1, sin 27x,
cos2mx, sindwx,...,cos(n — 1)7x.

The spline-trig method for the equation (2.3) defines ¢, € §¢ by the conditions

(2.4) /:A(pno = /(;]go, cE€Y,.

(Since we are concerned with the asymptotic behavior of ¢, as n —» oo with d fixed,
we shall not indicate the dependence of ¢, on d in the notation.) The coefficients of
@, with respect to the B-splines or other basis of §¢ may be determined as the
solution to an n X n system of linear equations determined by (2.4).

The fact that the space 9, does not 2dmit a local basis is possibly a disadvantage
of the present method in comparison with ordinary finite element methods. As a
consequence, the matrix elements entering into the linear system corresponding to
(2.4) must be calculated as double integrals in which one integral is over all of [0, 1]
rather than just a small number of mesh subintervals. On the other hand the use of
trigonometric trial functions in the method suggests that the matrix columns can be
calculated quickly with aid of the fast Fourier transform. Note that the matrix is not
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sparse, but this would be so even if a test space with a local basis were used, due to
the nonlocal nature of the operator A. A full analysis of the implementation costs of
the spline-trig method and a comparison with other methods must await further
research on suitable techniques of quadrature of the singular integrands (ideas from
[10] may be useful here) and the effects of quadrature errors on the accuracy of the
method, as well as numerical experimentation.

Finite element methods are usually analyzed in the Sobolev spaces. Typically a
method is stable (i.e., the Galerkin projection is bounded independent of the
meshsize) in a Sobolev space of only one particular order or a certain range of
orders. (E.g., standard finite element methods for second order elliptic problems are
stable in the Sobolev space of order one.) This stability implies (in fact is equivalent
to) the quasioptimality of the method, i.e., that the norm of the error in the space or
spaces for which stability holds is bounded by a constant times the distance of the
solution from the trial space measured in the same norm. For a bounded range of
lower order Sobolev spaces it is also generally possible to prove that the asymprotic
rate of convergence is optimal. Now in many situations it can be seen that the least
Sobolev order for which such optimal order convergence holds is tied to the degree
of the splines which are used as test functions [1], [2], [17, Section 2.3]. The greater
the degree of the test functions, the farther down extends the range of spaces in
which optimal order approximation holds. Now in a certain sense the space 9, of
trigonometric polynomials may be viewed as the limit of the spline spaces §¢ as
d — oo. In fact using the Fourier characterization of splines (4.6) it is not difficult to
prove that

1.2
g = {fE L?|3s, € §¢,d € N, such that s, - fas d — oo}

L?
= {f€ L?3d, € Nand s, € §%, such thatd, — 00, s, > fask — o0 |.
k k n

These observations motivate the use of trigonometric test functions and suggest that
our method might achieve optimal order approximation in an unbounded range of
Sobolev spaces. In fact we shall show that the spline-trig method even achieves stable
(so quasioptimal) approximation in all Sobolev spaces of negative order. Once such
approximation is demonstrated, it will follow easily that for any z € R?\T the
approximation to u(z) determined by substituting ¢, for ¢ in (2.2) will converge
faster than any power of 1/n. We will prove an even stronger result, exponential
convergence to u(z) and its derivatives, by introducing a family of spaces which are
weaker than the Sobolev spaces and establishing stability in these spaces.

3. A Family of Hilbert Spaces. Let 5= U {9 |n € N} denote the space of
trigonometric polynomials. We write an arbitrary element of & as
(3.1) f(t) = 3 flk)en™,
kEZ

where the f( k) are arbitrary complex numbers, all but finitely many zero, satisfying
f(k)= f(—k). We henceforth shall use the notation kK = max(2w|k|, 1) for k € Z.
Now for each e, s € R, £ > 0, and f €  given by (3.1) define

R 1,2
(32) 11l =[§|f(k) |2e2'“/_<“] .
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(In this paper summation indices are assumed to vary over all integers unless
otherwise indicated.) The Hilbert space X , is defined as the completion of J in this
norm. Clearly we have continuous dense injections (which we may take to be
inclusions),

(3.3) X, , CX

S8 $2,€827

if either ¢, > ¢, or ¢, =¢, and s, >s,. The spaces H* := X, are the periodic
Sobolev spaces [1], their elements being 1-periodic distributions. We will use the
usual notation || - ||, in place of || - ||, , for the H® norm. (The space H'(T") referred to
in Sections 1 and 2 may now be defined as the set of functions on I' whose
composition with the parametrization x lies in H', with norm being the H” norm of
this composition.) The space H° is identical with L2, the space of 1-periodic
measurable functions which are square integrable over a period. If ¢ > 1, the
elements of X, are infinitely differentiable functions. However, for e <1, the
elements of X , need not be distributions. We remark that the X, , norm may also be
defined by

>
)

171 =|7( 55 toge) s

where T is the semigroup generated by the positive definite square root of the
operator —d2/dx?. Norms of this form are used very effectively in [7] which inspired
their use in this analysis.

By density there exists for k € Z a unique extension of the linear functional on &

fodk) = [f(e?mkia, ket
0

to a continuous linear functional on X ,, s € R, ¢ > 0. Moreover, these extensions
are compatible for different s and ¢, i.e., they are each the restriction of a single
linear function on the vectorspace

X:= U (X, |s ER,e>0}.
Define
”f”.v,s = +OO, fe X\Xs,s

With these understandings the equation (3.2) is valid forallf € X, s € R, ¢ > 0.
The L? innerproduct,

1 A
(1.8):= [ fe=ZH(k) (k).
extends to a real-valued bilinear map on X, , X X_; i for all s € R, ¢ > 0. These
extensions are all compatible and provide a canonical isomorphism of X , with the
dual space of X_ ,-1.
It is easily checked that a subset & of X, is precompact if and only if it is
bounded in X| , and
lim sup 3 |f(k)Pe?*k> = 0.

M=o f€8 |kj=m

It follows that the inclusions indicated in (3.3) are compact.
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4. Stability Analysis. For the remainder of this paper d denotes a nonnegative
integer, n a positive odd integer.

Since the test and trial spaces in the spline-trig method are not simply related, it is
not clear that the Galerkin projection @ > ¢, defined by (2.4) is stable in any
reasonable space. (If the test and trial spaces are equal, by way of contrast, stability
in H~'/? follows immediately from the ellipticity of the pseudodifferential operator
A 12), [9], [12], [13], [14].) To establish stability we shall rely on Fourier analysis. We
begin by decomposing the operator 4 as a sum of an operator which acts very
simply on Fourier coefficients and a compact operator.

Define

(4.1)  Ve(r )———/l[log|25in77('r——t)|—7r]<p(t)dt, @€ L2
0
Note that since |e2™" — e?™|=|2sin7(7 — ¢)| and
(4.2) fllog|25in7r(7—t)|dt=0, T ER,
0

V coincides with 4 in case I is the unit circle and x(7) = e?™". We now analyze the
mapping properties of V. Let G denote the convolution kernel in (4.1),

G(0)=—%log|2sin'n0|+l=—%10g|1—e2’”0|+1, 0 € R.

Now, letting Log: C\ {¢t < 0} — C denote the holomorphic extension of log: {t > 0}
— R, we have for r € (0, 1)

’Jkl 2mk@

R Lk

keZ*

cos(2mk0)

0 2mik6

— Re S rke

= ReLog(1 — re?™?) = log|1 — re®™?| .
=1k

(The asterisk appended to a set of integers indicates the complement of {0} in that
set.) This equality exhibits the Fourier series of 6> log|1 — re?™?|. Letting r
increase to 1, we see that G(k) = k™', k € Z. Consequently the convolution formula
for Fourier series yields the well-known representation

~
(4.9) Vo(k)=p(k)k™", keZpel’
It follows immediately that 7 has a unique extension to a linear map X — X which
maps X, , isometrically onto X, , , for every s € R, ¢ > 0. Accordingly
(4.5) |(Vo, o) I<lloll,,lioll -1, p.0E X,5s ER,e>0.
The next theorem establishes the stability of the spline-trig projection for the

operator V.

THEOREM 4.1. Let d, be a nonnegative integer, s, € (—o0, dy + 1/2). Then there
exists a positive constant C, such that
. Vp,o
inf sup —Li—)—
();&peg: O#GE(’I’ ”p“s,s”o”—s—l,s"

foralld=d,, s € (-0, 5], € € (0,1}, and n.

= C,
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The proof relies on the following bound for the X, , norm of a spline in terms of
its first n Fourier coefficients.

LEMMA 4.2. For each nonnegative integer d, and each s, € (—o0, dy + 1/2) there
exists a positive constant C, such that

lollZ. <G X 16(p)Pe¥p*, o €S,
PEA,

foralld=d,, s € (-0, s,], ¢ € (0,1], and n.

Proof of Lemma 4.2. We begin by recalling the Fourier series characterization of
the spline spaces,

(4.6)  S¢={peL?p(m)m™ =p(m+n)(-m—n)"" mel}.

d+1

In fact, in case p(x) = x4+ !(x —j/n),j € Z, (where x¢*! is the B-spline defined in

Section 2), then
i\)(m)md+l — e—2771ml/nk(:l’+l(m)md+l

d+1 d+1

— e—2mmj/n[>~<ln(m)m] — e-2mm//n[sin(77m/n)nw—l]
The inclusion of §¢ in the space asserted in (4.6) follows easily. Equality holds since

this space has dimension n: the values p(m), m € A,, determine p in the space
uniquely. We remark as an immediate consequence of (4.6),

(4.7) p(jn) =0, peESjEZ*
(Recall that the asterisk denotes the complement of {0} in a set of integers.)
Now let p € §¢ be arbitrary. It follows from (4.6), (4.7), and the fact that every

integer can be written in a unique way as p + mn withp € A,, m € Z, that

@38) o2, = S 3 16(p + mn) e (p+mn)”

PEAN, mEL

1BO)F +2m)* 3 [p(p)Pp2*? T e® i p 4 mn 2472

PEA} meZ
=1pO)F+ 3 1p(p)Pep>|2pn~t pita2
PEA;

X 2 £2|p+mn|*21p|I2pn—l +2m|2S_2d_2'
meZ

Il

Now forp € A,,m e Z,e € (0,1] we have |2pn~'|< 1 and |p + mn| —|p|= 0. By
hypothesis r := 2s — 2d — 2 <25, — 2d, — 2 < -1. Thus

(4.9) > et 2 pnt + 2m Y

meZ
oo 0
<\2pn'f+ 3 Cm+2pn") + T (2m—2pn7')
m=1 m=1

<2pnr+ S @mY + S @m— 1) =2pnf + K(er),

m=1 m=1
where {(-r) = 2%_, m" is Riemann’s zeta function. Note that
$(-r) <¢(Q2dy+ 2 —2sy) < 0.
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By substituting (4.9) in (4.8), we complete the proof of the lemma with C, =1 +
$§Q2d, +2—2s5). O
Proof of Theorem 4.1. Given nonzero p € S¢ set

4.10 o(x) = o( k) ekl j2s+1p2mikx
P Kk
kEA,

Then o € 9, and, in light of Lemma 4.2, p # 0 implies ¢ # 0. By the lemma,
Parseval’s identity, and (4.4),

(4.11) loll}. <G X |B(k) Pk = Cy(Vp, o).
s.€ 2
keA,
Moreover, from (4.10) and (3.2),
(4.12) lol2e—r = 2 |p(k)Pe?™k* = (Vp, o).
kEA,

Combining (4.11) and (4.12), we get the theorem. U

Remark. There is no question of extending Theorem 4.1 to e >1 or ¢ = 1 and
s=d+ 1/2, since for such s and ¢, Sd ¢ X, .- Restricting to the case ¢ = 1, we have
shown that the spline-trig Galerkin method is stable in every Sobolev space containing
the spline trial space, in the case I" = unit circle, x(7) = €™ In fact we shall see
that this holds true in general (as long as x is a C® parametrization).

We now examine tHe difference between the operators 4 and V. We begin with
some preliminary lemmas.

LEMMA 4.3. The function K: R?> - R defined

—llog ____X(.T)—X(t) , T—t&Z,
7 2sina(7T —t)
K(r.1) = 1 x'(1)
—;log—z—v‘r—, T—tEZ,

is real analytic and is 1-periodic in each variable. Moreover K extends analytically to
S5 X Sy for some § > 0, where Sy = {z € C||Im z|< §}.

Proof. It is clear that the function F: R* - R?* defined by

() =x0) o

. —t b
F(r,1) = 2sin7(T—t)

ﬁ—Z(WL) , T—tE€L,
is analytic. Since x |, is univalent and x’ is nonvanishing on R, F does not vanish.
Since log| - |: R*\{0} - R is analytic, K is also analytic. Clearly K is 1-periodic in
each variable. Finally the last sentence of the lemma follows from the previous. [J
The following lemma, which is proved in [8, Section 2.1], will be used to bound the
Fourier coefficients of K.

LEMMA 4.4. If f is analytic on S‘; = {z € C||Im z|< 8} and 1-periodic, then
1f(m)|< e™™|| fll o5,y M E L.
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We are now prepared to bound the Fourier coefficients of K, defined by
K(p,q)Z/lflK('r,t)e“ZWi(P’+‘7’)det, p’qez
0“0

The following lemma follows from Lemmas 4.3 and 4.4.

LEMMA 4.5. There exist constants C; > 0, ¢, € (0, 1) such that

|K(p,q)I< Cé™™,  p.geEZ.
Now from (2.3), (4.1), and (4.2),
l A

(414)  Bo(r) := Ag(r) = V(1) = [ K(r,0)o(1) = $(0)] .

We shall now use the decay estimates of the preceding lemma to prove that B is a
compact operator X, , —> X | ..

THEOREM 4.6. For € € (¢, 1] (& as in Lemma 4.5) and t € R, the operator B
extends boundedly to a map X, , - H, = X, ,.

Proof. For ¢ € § we have by Parseval’s identity that
1 _
Bo(r)= 3 ¢(q)[ K(r,0)e* o dr,
qu* 0

SO

(4.15) Be(p)= 3 ¢(¢)K(p.q9), pEL
qEZ*

Applying Lemma 4.5 and the Schwarz inequality, we have
N p) ~
|Bo(p) < Caz[E (e/¢) k"]fsf""Elcp(q) Pe,
q q

SO

N
IBoll; = X |Bo(p) Pp* < Glioll.
where

Co=C2(a/ E)ZMEE%MI_’Z’ <co. O
q P

COROLLARY 4.7. For ¢ € (¢, 1], s € R, B maps X, , compactly into X, ,.

Proof. Choose ¢” € (g, €). Then X, , is compactly included in X, ,, B maps X, .
boundedly into X, ,, and X, is contained in X ,,. O

COROLLARY 4.8. For € € (g, 1], s € R, A maps X, , isomorphically onto Xiiie

Proof. Since V is an isomorphism between the spaces in question and, by
Corollary 4.7, A is a compact perturbation of V, 4 is a Fredholm mapping of index
0. Thus it suffices to show that if Ap = 0 for some p € X; ., then p = 0. Now for
such p Theorem 4.6 implies Vp = —-Bp € H' for all ¢, whence p is a smooth function.
Set w = p(0) and define a function ¢ on I' of mean value zero by Y(x(¢)) =
2[p(t) — w]/|x'(¢)|. Since Ap =0, the integral equation (1.3) is satisfied with
g = 0. By [9], [11], [14], however, this equation is uniquely solvable, so ¢ = 0 and
w=0,whencep=0. O
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We have shown that 4 is a compact perturbation of ¥ and that the projection
associated with V is stable in the sense of Theorem 4.1. For the convenience of the
reader we recall the theorem [3, Lemma 4.2] that allows us to conclude stability of
the projection associated with 4.

THEOREM 4.9. Let Y and Z be Banach spaces, @: Y — Z a linear isomorphism, K :
Y — Z a compact linear operator. For each m in some directed set let DN, and 9N, be
given finite-dimensional subspaces of Y and Z' (the dual space to Z), respectively.
Suppose

(1) there exists y > 0 such that for all m and u € O, there exists nonzero v € N,
satisfying

(@u,0)=vllullyllvllz — {Ku,v);

(2) for all z € Z’, lim,,, dist(z, 9,,) = 0.

Then there exists B > 0 such that for all sufficiently large n

inf sup 30 g

074 uEM,, gpeN, lullylloll 2

From this theorem together with Corollary 4.7, Corollary 4.8, and Theorem 4.1,
we may infer the stability of the spline-trig method. Invoking the standard theory of
variational projections [4], [5, Chapter 5] we have the main theorem of this section.

THEOREM 4.10. There exists an integer N depending only on d such that for n = N
and g € X the discrete equations (2.4) of the spline-trig method have a unique solution
@, €SY Fors € (~0,d + 1/2) and € € (¢, 1] there exists a constant Cs depending
on s, g, and d such that, for g € X, ,andn = N,

(4.16) 19 = @ulls. < G inf llo = pll;..

pES,

Remark 4.11. We used the analyticity of the parametrization x to obtain the
compactness result of Corollary 4.7. If x were merely C*, we could still establish the
result in case ¢ = 1 by a similar argument, using the fact that the Fourier coefficients
of a C*® function decay faster than any polynomial. The stability result thus would
still hold for the Sobolev spaces (¢ = 1). If x had only a finite number of derivatives,
this result would hold only for an appropriately restricted range of the index s.

5. Convergence Analysis. For ¢ € Xlet P, € 8,:’ be defined by
(VPo,0) = (Vp,0), o€T,
or, equivalently,
(5.1) Po(k)=¢(k), k€A,

From (4.5) and Theorem 4.1 we see that P, is well defined for each » and that P,
provides quasioptimal approximation to ¢ in all the spaces X, s<d+1/2,
e € (0,1]. We now determine the asymptotic rates of convergence, which by Theo-
rem 4.10 will also give bounds on the error ¢ — ¢, in the spline-trig method.

THEOREM 5.1. Let s € (o0, d + 1/2), ¢ € (0,1), and t € [s, d + 1]. Then
o — Poll, . <V282d + 2 — 25) &"/*(an) 'l — ¢ O)l,, ¢ € H".
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(Here ¢ again denotes the Riemann zeta function. Note that if s <s5,<d + 1/2,
then {2d + 2 — 25s) < {(2d + 2 — 2s,) < o0, and in particular {(2d + 2 — 2s) <
72/6 for s < d. However lim 44, ,, §2d + 2 — 25) = +00.)

Proof. From (5.1) and (3.2)

ey
(5.2) lo— Pol2. <2 3 [I9(k)P+|Po(k)P]e k.
ke&A,
Now for k € Z\ A, 2| k|= n, so
(5.3) S 1§ (k)ReHk> <e(mn)? T D 1§ (k) PE
keA, ke&A,

Applying (4.6), we also get

(54) 3 |Pg(k) e
kA,

2 I(i)(p)|2p2d+2 2 |p+mn|—2d—2£2|p+mn|(p+mn)2s

PEA} mezZ*

2s—2 N _ —
(7n)” 7" 3 19 (p)Pp*|2pn~' A2

PEA}

X 2 |2pn-l+2m|—2d—2+2s€2w+mnl
mezZ*

<e'(7n)”"M2d +2-25) T 1§(p)Pp™.
PEA;,

The theorem follows directly from (5.2), (5.3), and (5.4). O
From Theorems 4.10 and 5.1 we infer immediately the following optimal conver-
gence estimates for the spline-trig method.

THEOREM 5.2. Let s € (—00,d + 1/2), ¢ € (¢, 1], t €[5, d + 1]. Then there exists
a constant C, such that if the solution @ to (2.3) is in H' (i.e.,ifg € H'*') and ¢, € &7
is the spline-trig approximation defined by (2.4) for n = N, then
19 = @ulls.c < Cee™*n°"'llp — ¢ (0)I,-
We now analyze the approximation to the solution u of (1.1) which may be
derived from g,. Define

(55) w(z) = [loglz = x()l[(t) = 9,0)] dt + 4,0, zeR.

We may also compute an approximation to 9%u(z), the partial derivative of u with
respect to z for any nonzero multi-index a € N2, by a quadrature:

0%u,(z) = - [‘3%log|z = x(1) [@,(1) — ,(0)] dr,  z € R\
T Jg )

THEOREM 5.3. Let  be a compact subset of R*\T, « € N2, t € (00, d + 1]. Then
there exist constants C; € (0,00) and ¢, € (0,1) such that if ¢ € H', then for n
sufficiently large

||3a(“ - “n)||L°°(9) < Creyllp — ‘i’(o)“x-
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Proof. It suffices to prove the theorem in the case € is a closed disc in R*\ T. By
(2.2) and (5.5) we have

(56) u(z) ~u,(z) = -1 [loglz = x(1) [[9(1) = 0,(1) = $(0) + 6,0)] a

+¢(0) — ¢,(0), z € R%.
Since z — x(¢) does not vanish for (¢,z) € R X Q, L(t, z) = log|z — x(t)| is an
analytic function of three real variables on R X . Since L is periodic with respect to
t, it extends to a holomorphic function S5 X @ — C for some 8 > 0, where S; =
{w € C| |Imw|< 8}. By compactness, sup{|L(t, z)| |t € .STB, z € } < o0. Setting
L,(t) = L(t, z), we may apply Lemma 4.4 to get

|L(m)|< Ge!, meZzeQ,
for constants Cy > 0, &; € (0, 1).
Take n € (max(e, ¢;), 1), and set &, = /7. We then have

sup||L,||_, ,-1 < o0,

zEQ

=67

whence, by Theorem 5.2,
1
fo log|z — x(¢) |[@(2) — @,(1)] dt

<ILA- a9 = @ulley < Coeslle — ¢ (O,
where C, depends only on {2 and ¢. Since also
19(0) = @,(0)I<ll® — @ull,.p»
the theorem is proved in the case a = 0. Since
(5.7 9*u(z) — 9°u,(z)

- _%Lla“loglz = x(0)I[@(1) = @,(2) — $(0) + ¢,(0)] at,

z € R\T,

an altogether similar argument suffices to prove the theorem for nonzero a. 0O

We have thus shown exponential convergence to the solution of the Dirichlet
problem and all its derivatives away from the boundary. We conclude our conver-
gence analysis by giving polynomial convergence rates which are valid up to the
boundary for u, and its derivatives of order up to d + 1 measured in L® and L.

THEOREM 5.4. Let a € N? be a multi-index of degree k = a, + a, <d + 1, and let
t € (k — 1/2,d + 1). Then there exists a constant C\, such that if o € H andn = N,

(5.8) 10%(u — u,)ll =@enry < Cron* ™"~ log nlle — ¢ ()],

Proof. From (2.2) and (5.5) we see that both u and u, are harmonic functions on
R?\T and that both are harmonic (i.e., bounded) at infinity (the integral terms in
(2.2) and (5.5) both tend to zero as | z| tends to infinity). It follows, as can easily be
verified with help of the Kelvin transform, that for all «, 3°u and 9%u, are also
harmonic on (R®\T) U {c0}. Thus we may apply the maximum principle in both
the interior and exterior domains. Letting e and e* denote the traces on I’ of
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9%(u — u,) from the interior and exterior domains, respectively (for |a|> 0 these
will not coincide), we see that it suffices to bound these two functions in L*(T") by
the quantity on the right-hand side of (5.8). Let B denote the interior domain and
B_ the intersection of the exterior domain with an open ball containing I', and
denote by = either the symbol + or —. Using a standard trace inequality, we have
for s > 0 that

lle% o x||, = ||e°£—||H’(1“) < C”||3°‘(u - un)”H”"/Z(B:) < Cpyllu — “n”H”**'/Z(B:)-

Using well-known regularity theory for the Laplacian in the interior domain together
with the Kelvin transform in the case of the exterior domain and then applying
Corollary 4.8, we have

(5-9) lles o x|l < Cysllu — un”H’”‘(l") < Culle = Pulls+k—1-

Now, from the Fourier expansion (3.1) and the definition (3.2) of the norm in H,
we easily establish the Sobolev inequality

(5.10) NNl oy < CN S 24p p>0,fe H/>Tk,

where C(p)? = 3,czk 72 =1+ 2Q27)'72#(1 + 2p). Since the zeta function
has a simple pole at 1, it follows that C(p) < C;sp~'/? for 0 < p < 1. Combining
(5.10), (5.9), and Theorem 5.2, we get

lle® il zo(ry < CsCraCisu™/ 2P+ *=171 29 — ¢ (O],
Setting u = (log n)~!, the right-hand side becomes

eC4C14Ci5n* ="/ log nllp — ¢ (O)]I,

as desired. O

Measured in L? on a bounded subset of R? the derivatives 9*(u — u,,) of the error
actually converge with higher order than indicated in Theorem 5.4, as we now prove.
To this end we require in addition to the usual Sobolev spaces H*(2, ) on the
interior domain £, also certain weighted Sobolev spaces W*(_) on the exterior
domain ©_. Following [14] we define W*(Q_) for k € N as the set of distributions v
in ©_ for which the following norm is finite:

1/2

’

|lu(z) |0°u(z)
lollw @y = _/ 2 + E L i
L+ ) (1 +logft +72)" <k (1+r2)

where r =|z].

THEOREM 5.5. Let k < d + 1 be a positive integer and t € [k — 3/2,d + 1). Then
there exists a constant C,¢ such that if ¢ € H' and n = N, then

(5.11) llu — w,ll grg,y + llu — “n||w*(sz_) < Clsn"""mllw = ¢),.

Proof. 1t follows directly from [14, Theorems 1.1 and 1.3] that the left-hand side of

(5.11) is bounded by a multiple of ||¢ — @,||,_3 /,, s0 Theorem 5.5 is a consequence
of Theorem 5.2. O

Remark 5.6. Since the stability result of Theorem 4.10 holds in the case ¢ = 1 if
the parametrization x is only C* (Remark 4.11), the same applies to the convergence
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result of Theorem 5.2. Since the proofs of Theorems 5.4 and 5.5, concerning
convergence up to the boundary, require only the case ¢ = 1 of Theorem 5.2, these
theorems also hold for a C* parametrization. A modification to the proof of
Theorem 5.3 shows that, in this more general case, ¥ — u, and its derivatives tend to
zero uniformly on compact sets disjoint from I' faster than any polynomial in 1/,
although we require the analyticity of x to obtain the exponential rate.

6. Conditioning. It is worth pointing out that the stiffness matrix associated with
our method has an /, condition number that grows only with first order as n
increases. This is the same order as is achieved by an ordinary spline Galerkin
method.

Let

(@i} = {x37 (- =j/m) 1 J €A}
and
(vis. s} = {1,\/2_sin(2w Yy ay2 cos((n — 1) )}

be bases of 57 and J,, respectively. Then the stiffness matrix M € R"*" has (j, k)
entry (Aw,, ;). Now let a € R” be arbitrary. We shall show that

(6.1) | Ma|< X, || Allg( 12,12 | @]
and
(6.2) la|< X;'Conarl| A o g2y | Mat]

where | - | denotes the usual Euclidean norm on R”, C, denotes the L? operator norm
of the spline-trig projectior ¢ > ¢,, and A, and A, denote the supremum and
infimum, respectively, over R"\{0} of the ratio |2 awjlo/|a]. Now 4 is an
isomorphism of L> onto H' (Corollary 4.8), and C, is bounded independent of n
(Theorem 4.10). Since the ratio A, /A, is bounded independent of n [15, Lemma 14],
(6.1) and (6.2) indeed show that the /, condition number of M grows with at most
first order in n.

Let B=Ma €R", f=3"_B»,€F,, ¢ =A4""f, and let ¢, be the spline-trig
approximation of ¢. Then it is easily verified that ¢, = 2} _, a,w,. Therefore f is the
L? projection of Ag, on 9, and

1B1=11llo < 14®,llo < 1 4lle 12, 2)19ullo-
Noting that||@,||, < X, |«|, this demonstrates (6.1). For (6.2) we note first that
la|< N I@allo < X 'Cllpllo < X CllA g o)1 f 11y
Since || f||, < n|| f]|, for f € F,, (6.2) is proved.
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