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The tensor product construction

DNA-Boffi-Bonizzoni 2012
Suppose we have a de Rham subcomplex V on an element S C R™:

s VRS VR vk C HAK(S)
and another, W, on another element T C R":
..._>Wki>wk+1_>...

The tensor-product construction produces a new complex VAW, a
subcomplex of the de Rham complex on S x T.



The tensor product construction

DNA-Boffi-Bonizzoni 2012
Suppose we have a de Rham subcomplex V on an element S C R™:

oo VR R Yk c HAK(S)
and another, W, on another element T C R":
..._>Wki>wk+1_>...

The tensor-product construction produces a new complex VAW, a
subcomplex of the de Rham complex on S x T.

Shape fns: (VAW = D eV W (g :SXxT—S)
i+j=k

DOFs: (n A p)(méonmiw) == 1 (v)o(w)



Finite element differential forms on cubes: the O, Af family

Start with the simple 1-D degree r finite element de Rham complex, V-

0 = PAYN) L P AY(D) — 0

Take tensor product  times:  Q,; AK(I™) := (V, A--- AV,)F
Q;AO - QT’/

Qr_Al = Qr—l,r,r,...dxl + Qr,r—l,r,...dx2 + -,
Q;AZ = Qrfl,rfl,r,‘..dxl A dx? +--,

— A0 — Al — A2
QA QA Q; A

constant degree
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The 2nd family on cubes: 0-forms

DNA-Awanou 2011

The O, Ak family reduces to Q, when k = 0. For the second family,
we get the serendipy space S;.
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The 2nd family on cubes: 0-forms

DNA-Awanou 2011

The O, Ak family reduces to Q, when k = 0. For the second family,
we get the serendipy space S;.

2-Dshape fns:  S,(I?) = P,(I?) @ span[x}xo, x1x5]

DOFs:  u fftrfuq, q € Proa(f).f € Ay(IM)

n-D shape fns: ~ S,(I") = P,(I") & @ Hyppo(I)

>1

H, ¢(I") = span of monomials of degree r, linear in > ¢ variables



The 2nd family of finite element differential forms on cubes

DNA-Awanou 2012

The S, AX(I"") family of FEDFs, uses the serendipity spaces for
0-forms, and serendipity-like DOFs.

DOFs: u+—» fftrf ung, qe ,Pr_z(d_k)/\dik(f),f € Ad(ln), d>k

Shape fns:
SAK (1) = PoAM(I™) @ @ (kM1 o NTHIT) @ dicHy o N(T7)]
= deg=r+{
Hr,gAk(I”) = span of monomials x‘ff coe Xt dxg, A Ndxg,

|a| = r,linear in > ¢ variables not counting the x,,

Unisolvence holds foralln > 1,r > 1,0 <k < n.



The 2nd cubic family in 2-D

S A° SiA! SoA?
b — —
decreasing degree
=S3/t0 l SA! S A2
l — —
SeAK(12) Q AK(I?)
ki1 2 3 4 5 ki1 2 3 4 5
0/4 8 12 17 23 04 9 16 25 36
118 14 22 32 44 114 12 24 40 60
213 6 10 15 21 211 4 9 16 25



The 3D shape functions in traditional FE language

S, AY: olynomials u such that degu < r+ ldegu
poly g g

S,AL:
(v1,v2,v3) + (xox3(wo — w3), x3x1 (w3 — w1 ), X102 (w1 — wy)) + grad u,

v; € P, w; € Py_1independent of x;, degu <r-+ldegu+1

S,AZ:
(v1,02,03) + curl(xpx3(wy — w3), x3x1 (w3 — wq), X132 (w1 — Ww2)),

v;, w; € P,(I3) with w; independent of x;

SN\ veP,



Dimensions and low order cases

SA(IP) Q AK(I?)
1 2 3 4 5 1 2 3 4 5
8 20 32 50 74 8 27 64 125 216
48 84 135 204 54 96 200 540
18 39 72 120 186 6 36 108 240 450
4 10 20 35 56 1 8 27 64 125
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Approximation properties

On cubes the Q;” AF and S;” A¥ spaces provide the expected order of
approximation. Same is true on parallelotopes, but accuracy is lost by
non-affine distortions, with greater loss, the greater the form degree k.

The L? approximation rate of the space @, = Q; A%isr + 1 on
either affinely or multilinearly mapped elements.

The rate for S, = S,A is 7 + 1 on affinely mapped elements, but
only max(2, |r/n] + 1) on multilinearly mapped elements.

The rate for Q; AK, k > 0, is r on affinely mapped elements,
r — k 4+ 1 on multilinearly mapped elements.

The rate for P, A" = S;A" is r + 1 for affinely mapped elements,
|r/n| —n + 2 for multilinearly mapped.

DNA-Boffi-Bonizzoni 2012
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Per:odlc Table of the lete Elements
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Periodic Table of the Finite Elements




