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Abstract

In this thesis we propose a way to analyze certain classes of dimension reduction
models for elliptic problems in thin domains. We consider Poisson equations in thin
rectangles and plates, and develop asymptotic expansions for the exact and model so-
lutions, having the thickness as small parameter. The modeling error is then estimated
by comparing the respective expansions, and the upper bounds obtained make clear the
influence of the order of the model and the thickness on the convergence rates. The
techniques developed here allows for estimates in several norms and semi-norms, and
also interior estimates (which disregards boundary layers).

Finally, we present several low order dimension reduction models for a clamped
linearly elastic plates, the simplest ones being variants of the Reissner—-Mindlin models.
Unlike many of the previous works on the subject, we impose no restrictive assumptions

on the loads and tractions.
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Chapter 1

Introduction

Much investigation has been done in the recent and not so recent past to take ad-
vantage of the small thickness to solve or approximate elliptic problems in thin domains.
Indeed it is tempting to use dimension reduction, i.e., to pose and solve a modified prob-
lem in a region with one less dimension and then extend the reduced solution to the
more general domain. It is reasonable to expect that the new problem will be simpler
than the original one, but it is not easy to predict how far apart are the two solutions. In
this dissertation we analyze the approximation properties of some classes of models for
elliptic problems in thin domains, not only as the thickness of the domain goes to zero,
but also as the “degree” of the models increases, in a sense that we will make clear. To
the best of our knowledge, the convergence rates and the techniques employed to obtain
them are new.

We assume that the thin domain is of the form D x (—¢,¢), where D is either a
one- or two-dimensional smoothly bounded region and € < 1 is a small positive quantity.
Also, for simplicity, we impose Dirichlet conditions on the lateral side 0D x (—¢,¢),
despite the fact that other boundary conditions are also of interest. There is an immense
amount of work done for this sort of problem. We present next an overview trying to
cover the main techniques and results of which we are aware and which are most closely
related to the present thesis. It is clear that references with “mathematical flavor” are
prevalent, although many of the main ideas arose in the engineering community. For
thorough scholarly reviews we recommend the excellent books of Love [39], and Ciarlet

[20].



For bending of linearly elastic plates, the biharmonic (Kirchhoff-Love) model dates
back to the 19th century, see [39]. Its derivation was first based on physical arguments
and a rigorous validation came only in 1959, when Morgenstern [44] showed that a slightly
modified “biharmonic displacement” converges in the relative energy norm to the exact
solution. Considering a plate under uniform load, he ingeniously constructed a statically
admissible stress field, i.e., one that satisfies the equilibrium equation and the traction
condition on the top and bottom of the plate and a displacement field (that includes a
boundary corrector) that still satisfies the Dirichlet lateral boundary conditions. The
Prager—Synge theorem allowed him then to estimate the difference between the exact
and the approximate solutions, without knowing the original solution. A convergence
rate of O(e!/?) in the relative energy norm follows from his work. Using basically the
same approach, Babuska and Pitkéranta [8] investigated the “plate paradox problem,”
estimating in the process the errors between the Reissner-Mindlin and biharmonic mod-
els and the original solution. Similarly, Rossle et al. [48] used Morgenstern’s ideas to
show convergence of the (1,1,2) model. Also, Chen [19] combined the Prager-Synge
theorem with an asymptotic expansion approach to prove new convergence results of the
biharmonic model, both in the interior of the domain and globally.

Another popular model for plates is the Reissner—Mindlin model. It is widely
used and it is often the choice of the engineering community. One of the reasons for its
popularity is that, in finite element implementations, the biharmonic equation requires
sophisticated techniques to ensure interelement differentiability. On the other hand,
numerical difficulties in the Reissner—Mindlin problem occur when the thickness of the
domain goes to zero, and there is the onset of the locking phenomenon, see for instance [3],
[15]. On the theoretical side, Arnold and Falk [4] gave a complete asymptotic expansion

of solutions for the Reissner—-Mindlin equations.



Two distinct ways to generate models for elliptic problems in thin domains are
by using asymptotic expansions and by using variational techniques. Both put aside
physical and other hard to justify considerations, and, for this exact reason, are more
suitable to rigorous mathematical justification. In the asymptotic approach, the solution
is expressed as a formal sum where the thickness is a parameter and one keeps the
first or first few terms of the expansion. For instance, the biharmonic plate model is
the “asymptotic limit” of the three-dimensional linearly elastic equations for a plate
under bending [21], [20], [28], [27]. One major drawback of this sort of model is that
if the thickness is not small enough, one would have to add extra terms in the model
to achieve satisfactory results, what would require involved computations of boundary
correctors and extra differentiations of terms previously computed. On the other hand,
asymptotic expansions give invaluable information about the solutions and we shall use
this technique to investigate models that have a nonasymptotic character. For linearly
elastic plates, several works [22], [24], [25], [27], [32], [45], [59] developed the first few
terms or the complete asymptotic expansion of the displacements and stresses. The
book, in two volumes, by Mazja, Nazarow, and Plamenewski [40], [41] discusses several
problems related to asymptotic expansions, including systems of elliptic equations in
thin domains.

An alternative modeling approach is to project the exact solution into a semi-
discretized space (usually a space of functions with polynomial dependence in the trans-
verse direction), resulting in a whole hierarchy of models that approximate the original
problem with increasing accuracy as the semi-discrete space gets richer, but maintain the
lower dimensional character. For symmetric elliptic problems, one possibility is to use
a Ritz projection [56], deriving the minimum energy models. See also [53], [6], [7], [38].

Paumier and Raoult [47] analyzed the asymptotic consistency of the minimum energy



plate models, specifying the conditions under which they “converge” to the biharmonic
one. A great deal of work was done by Schwab and his collaborators on a posteriori error
estimation [9], [5], [52], [53] and on various aspects of the boundary layers present in the
minimum energy solutions [55], [51], [50], [54].

In a series of three remarkable papers [56], [57], [58], Vogelius and Babuska in-
vestigated various aspects of minimum energy methods for scalar elliptic homogeneous
problems in a N-dimensional plate, with Neumann boundary condition on the top and
bottom of the domain. They started by showing how to optimally choose the semidis-
crete subspace that characterizes each model. This space depends only on the coefficients
of the differential equation, and a truncated asymptotic expansion of the exact solution
belongs to it, if there is no boundary layer present. Then they estimated the rate with
respect to the thickness that the solution of the model converges in the energy norm (in
the absence of boundary layers), by estimating the difference between the exact solution
and the truncated asymptotic expansion of the original solution. As this quantity is
certainly bigger than the error of the minimum energy model in the energy norm, they
obtained an upper bound for the modeling error. This procedure was extended by Miara
[42] to linearly elastic plates under some nontrivial loads and tractions, and in this case
the optimal subspace might depend on the data, a clear disadvantage. A recent work by
Ovaskainen and Pitkédranta [46] used similar ideas to analyze minimum energy methods
for thin linearly elastic strip under traction. One disadvantage of this approach is that
it is not clear how treat models that are not energy minimizers. We postpone a more
detailed discussion of the relations between the works of Vogelius and Babuska, Schwab
and Ovaskainen and Pitkéranta to the final chapter of this thesis.

The above minimum energy models are instances of models derived by variational

methods [1], [2], [27]. In linearly elastic plates, if we employ two variants of the Hellinger—



Reissner variational principle, further models come out, including some that are not of
minimum energy nature, and others that are minimum complementary energy models.
In particular, the second Hellinger—Reissner principle gives rise to models that makes
the use of the Prager—Synge theorem relatively simple, as a statically admissible stress
field results naturally in some cases—there is no need to devise it as in Morgenstern’s
work [44]. In a joint work with Alessandrini et al. [2] we obtained in this way a O(g'/?)
convergence for one of the models in the relative energy norm under various types of
loads and tractions.

In this thesis we propose and apply a method capable of estimating how good
the models coming from variational methods are. Our approach is different from the
ones employed before: we estimate the modeling error through comparison between the
asymptotic expansions of the exact and approximate solutions. We present next, in a
simple setting, the principal aspects of this work. Consider the three-dimensional plate
P = Q x (—¢,¢), where Q C R? is a smooth, bounded domain. Let 9P§ = 9Q x (—¢,¢)
be the lateral side of the plate and 0P = Q x {—¢,¢} its top and bottom. We denote
a typical point in P° by z° = (z°,25), with z° = (27,25) € . We accordingly denote
V = (V,0;) = (01,02,03), where the operator 9; indicates the partial derivative in the
ith direction. Also, 0;; = 0;0; and 8]"-“ = 8j8f_1.

Let u® € H'(P¢?) be the weak solution of

Au® = —f° in P*,

ou®
on

u® =0 on 0P,

=0  onJPi, (1.1)

where f€: P¢ — R, and A = 011 + 022+ J33. In general, the solution of (1.1) will depend

on ¢ in a nontrivial way. In fact the above problem is a singularly perturbed one, and
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as € goes to zero it “loses” ellipticity. This causes the onset of boundary layers, as we
make clear below.
It is possible to characterize the solution of (1.1) in an alternative way, as the

minimizer of the associate energy functional, i.e.,

1
u® = argmin J (v), where J(v) = —/ |V v|? dz — frude,
veV(P?) 2J)pe ~ - Pe -

and V(P°) = {ve H'(P?) : v=0on 0P;}.

Aiming to find a “good” approximation for u®, we search for

u* = argmin  J(v), (1.2)
vEH (P (—¢,2))

where the notation is as follows. For an integer p and a positive real number a, we define
P,(—a,a) as the space of polynomials of degree p in (—a,a). So H? (©;P,(—a,a)) denotes
the space of polynomials of degree p with coefficients in H (). The space H L(Q) is the
set of functions in the usual Sobolev space H!(Q) with zero trace on 9Q. It follows
from its definition that @° is the Ritz projection of u® into H L1(Q;Py(—¢,¢)) and such
model is a minimum energy one. Observe that we could have used higher polynomial
degrees, yielding higher order models and obtaining a hierarchy of models that furnish
increasingly better solutions.

Rewriting (1.2) in variational form, it is not hard to check that if @°(z) = wo(x) +

w1(z)z§, then

1 2e2 .
(011 + O22)wo = ——fO, — (011 + O22)w1 — 2wy = —f1 in ,
2 3 (1.3)
wg=wy; =0 on 011,
where
0/, 1 ‘ 5 e € 15 1 5 1 ‘ 5 g .\, .E 15
f (2 )= - f (% ,x5)ds, f (£ )= - f (£ , 75)x3 ds. (1.4)

—E& —&



Note that the equations (1.3) are independent of each other. We can express in a
unique way any function defined on P¢ as a sum of its even and odd parts with respect to
x§. The even part of f¢ appears only in the equation for wy, and the odd part of f° shows
up in the equation for wy. Also, the equation determining w1 is singularly perturbed, but
this is not the case for the equation determining wq. If higher order methods were used,
we would have two singularly perturbed independent systems of equations, corresponding
to the even and odd parts of 4°. Similar splitting also occurs in linearized plate models
in elasticity, where, for an isotropic plate, the equations decouple into two independent
problems corresponding to bending and stretching of a plate.

The natural question of how close @° is to u® is not easy to answer due to the
complex influence of € in both the original and model solutions. We resolve this, not
by comparing the exact and model solutions directly, but rather by first looking at the
difference between the solutions and their truncated asymptotic expansions, and then
comparing both asymptotic expansions. This is possible because the same projection
used to define each model can be used to find the first terms of the asymptotic expan-
sion of the model. This allows us to compare corresponding terms of the expansions.

Schematically, this is how it works:

Asymptotic
e <> .
Expansion of u®
Asymptotic
ut(p) €<—>

Expansion of u®(p)

FIGURE 1.1. Scheme of the analysis.

To develop an asymptotic expansion and to be able to conclude estimates that

clearly show the influence of ¢, it is convenient to define domains and functions that are
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independent of €. A classical approach is to define the scaled domain P = Q x (—1,1).
A point z = (z,z3) in P is related to a point 2° in P by z = 2¢, z3 = ¢ 'a§. We set
f(x) = f°(2°) and assume that f is independent of e.

Consider then the asymptotic expansion

us(2°) ~ go(ga) + 52u2(§5,s—1x§) + 54u4(g5,€_1x§) + -

—x(p) [52U2(5_1,07975_1x§) + €3U3(5_1p,0,5_1x§) 4. ]

The functions U2, U3, etc are boundary correctors, functions that decay exponentially
fast away from the lateral boundary, indicating the presence of boundary layers in the
original solution. These functions are defined only close to the lateral boundary 0P;,
and can be expressed in a simpler form if we use a local coordinate system. So, we
indicate a point 2° close enough to 9 by (p, 0), where p is the distance between z° and
01, and 0 gives roughly arclength along the boundary, see Chapter 5. Finally, x is a
cutoff function (independent of ¢) that equals the unity close to 9f2.

All the terms in the asymptotic expansion can be fully characterized (and we do

so in Chapter 5), but we describe here the first few ones only. The leading term
CO = Wwo,

where wy is defined by (1.3). Next, with z € Q as a parameter, we define u? by the

following one-dimensional Neumann problem:

1 [t .
Ossui®(z,75) = ~f(z,75) + / fwrws)dus  in (—1,1),
—1

2
A @) =0 on {11}, (15)

1
/ u2(£,x3) dzxs = 0.

-1
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Abusing notation, we also allow u? to take values in P¢ through the scaling 2§ = ex3.
Observe that as, by assumption, f is independent of ¢, then ¢° and u? are also indepen-
dent of . Finally, with 6 as a parameter, the boundary layer term U?(p, 6, z3) solves
the Laplacian problem in a semi-infinite strip:
(0pp +033)U> =0 inRT x (-1,1),
%—I{j =0 on RT x {—1,1}, (1.6)
U%(0,0,23) = u*(0,0, x3) for x3 € (—1,1).
In Chapter 6 we discuss several issues related to problem (1.6) and others of same nature.
From the theory developed there, we can conclude that there exists a unique solution in
HY(RT x (—1,1)) for (1.6). Furthermore, this solution decays exponentially to zero as p
increases.
It is possible to evaluate the difference between a truncated asymptotic expansion
with arbitrary number of terms and the exact solution, see Table 5.1. For now, the

following estimate suffices:
[uf = ¢° — &®u?|| i (pey < 2. (1.7)

In (1.7), and in the rest of this introduction, we assume that ¢ denotes a positive constant
that depends on f and €2 only, and might assume different values in different occurrences.

From the triangle inequality,
[ | pey = 1C0 M (pey — €216 | (pey — Ilu® — ¢° — €2u?| g (pey-

Recall that ¢° = w® and from (1.3), (1.4), (1.5), and (1.7) we gather that if f° # 0 then

H’U,E”Hl(ps) > 0081/2 — 0163/2.
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Then

w1 (pey > 051/2,

for e sufficiently small (and the bound is obvious when ¢ is not small). Similarly, if

f% =0, but f itself is a nontrivial function then
[0S g1 (pey > ce®/2.

Under the assumption that f is not identically zero, we rewrite the above lower bounds

as

£3/2 1 if f0=0,
i pey > c—, here v(e) = 1.8
s || e (Pe) = Cy(s) where v/(e) { € otherwise. (18)

A similar asymptotic expansion holds for the approximation u°:

@ (2%) ~ COa) + 2% (2%, e \5) + Mt (2, e af) + -
— X(p)[E2T% (e p, 0,67 a5) + 3T (e 1 p, 0,6 a5) + -],
We again describe the first few terms only. Let I@’p(—l, 1) be the space of polynomials of

degree p in (—1,1) with zero average. With x € Q as a parameter, 4°(z,-) € Py(—1,1)

and
1 A
/ 03 [uQ(%,xg) - &2(%:03)}837)(:03)&03 =0 for all v € P1(—1,1). (1.9)
-1

Similarly, for each 0, U2 is the Galerkin projection of U? into the space of linear
polynomials in z3 with coefficients in H!(R™T).
As for the original solution, it is possible to estimate the difference between u°

and a truncated asymptotic expansion with arbitrary number of terms. For instance,

¢ = ¢° — 20| i (pey < 2. (1.10)
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We are ready now to bound the modeling error. Using the triangle inequality,

(1.7), and (1.10) we have that

”UE — a5|’H1(Ps) SHUE — CO - 52u2”H1(P5) + 82”@62 — ’L~I,2”H1(pa)
(1.11)
+ Hﬂa - CO - 52ﬂ2HH1(pe) < 52H8,;§u2 - 8w§ﬂ2\|L2(Pe) + 662.
To avoid confusion, we use 9,z to indicate differentiation with respect to z§. After a
change of coordinates, we gather from (1.9) that

H@xguZ — 8x§&2|]Lz(pE) < 8_1/2 ir}f H83u2 — 83’UHL2(p), (1.12)
veL?(Q;P1(—1,1))

where we define LQ(Q;I@)p(—l, 1)) as the space of polynomials in P,(—1,1) with coeffi-

cients in L?(Q). From (1.8), (1.11), and (1.12) we see that the relative error norm

) < CV(€)< inf |05 — Dsv]|p2(p) + 51/2>, (1.13)
veL2 (P (~1,1))

In estimate (1.13) we expose how the term with lowest power in ¢ behaves. Note that
the infimum above does not depend on e. In general, if polynomials of order p are used

in (1.2), the final result is

||U — U ||H1(P€) < CV(E)( inf H83u2 _ 83UHL2(P) 4 <3_1/2>

[l 2 (pey veL2 (B, (~1.1) (1.14)

< cv(e) (P_l_sHfHL?(Q;Hs(—LD) + 51/2)7

so the model converges as the order of the approximation increases.

Remark 1.1. Note from (1.14) that when v = 1, or equivalently, when f = 0, there is no
convergence in € whatever, only in p. As we show below, this also occurs if we consider
the relative L? error norm. The lack of convergence is due to the fact that, in general,
the asymptotic expansion for the original and model solutions differ already in the first

terms, since ¢Y = 0.
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In the above example we used the H' norm, but other choices would work as well.
For instance, we can consider the L? norm in P and then

5/2

v (e)?

lu® —¢° — EQ'U;QHLQ(PE) < ce3, [u]| L2 (pey > ¢
where v is defined in (1.8). Using the same reasoning as in the estimate for the H' norm,
we can bound the error due to the minimum energy approximation as follows:

[u® — @[ 2(pe)

luf|| L2 (pe)

< (@) (JJu?® — @3||p2pey +£3). (1.15)

Assuming that we use polynomials of order p in (1.2), we can, from the definition of %>

and a duality argument [14], prove that

|u* — @ z2py < cp™* inf |05u® — D3v||p2(p) < cp~?

L O (—1.1) NSl 2 sme (—1,1)) -
So, again, convergence with respect to p holds in (1.15). Also, if f = 0 or equivalently,
v = 1, then there is no convergence in €. See Remark 1.1.

We now proceed to summarize the contents of each chapter, highlighting the main
results. We start by studying the Laplacian problem in a thin, two-dimensional strip.
The reason for considering this simpler domain is that, up to technicalities that only
make the understanding more arduous, the modus operandi in two or three dimensions
is the same. The technicalities involve a flattening of the lateral boundary in the three-
dimensional problem, in order to define boundary correctors. It is a cumbersome proce-
dure that we postpone until Chapter 5. So, in Chapter 2 we define a two-dimensional
Laplacian problem very similar to (1.1). We carefully describe the asymptotic expan-
sion of the solution, making clear the influence of e, present several results concerning its

terms, and estimate approximation properties of the truncated expansion. Theorem 2.2.2

and Table 2.1 display some convergence estimates.
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In Chapter 3, we introduce our first modeling approach, which consists of using
a “mixed projection” as we describe next. We first note that the solution of the elliptic
problem under consideration, paired up with its derivatives, is the unique critical point, in
fact a saddle point, of a certain functional. We seek then approximations for the solution
and its derivatives by looking for a critical point of the above mentioned functional, in
spaces of functions with polynomial dependence in the transverse direction. This results
in equations posed in a lower dimensional, e-independent domain. It turns out, for the
Laplacian problem, that only minimum energy models come up. This does not happen
in general. For instance in linearized elasticity, some models generated in essentially the
same way will not be of minimum energy type. We proceed next in the chapter as in
the example above, first developing an asymptotic expansion and estimating how well
it approximates the model solution. We then estimate the modeling errors by using
the triangle inequality. The main results are contained in Theorems 3.2.4, 3.3.6, and
Table 3.1. We introduce in Chapter 4 a variant modeling technique, where the exact and
model solutions are characterized as critical points of a different functional. The models
derived will not be of minimum energy type, and the error analyses are more involved,
but still follow the same basic idea presented in Chapter 3. Theorems 4.2.9 and 4.3.6
contain the convergence results.

Next, in Chapter 5, we extend the results of the previous chapters to the three-
dimensional plate P¢. As we mentioned before, most of the two-dimensional results
extend naturally, but some extra difficulties appear. In order of appearance, the main
results are Theorem 5.1.2, Table 5.1, Theorems 5.2.1 and 5.2.4, Table 5.2, Theorems 5.3.1,
and 5.3.4.

The boundary correctors are naturally defined in a semi-infinite strip, and in

Chapter 6 we deal with them, considering not only the boundary correctors for the
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exact solutions, but also for its approximations. We prove existence, uniqueness, and
regularity results, see Theorem 6.1.6. Also, we show that, in general, these functions
decay exponentially towards a constant, which we compute explicitly, see Theorems 6.2.5,
6.2.6, 6.2.7, and 6.4.1. To prove such decay, we generalize the work of Horgan and
Knowles [33]. We also investigate how close are the boundary layers for the model and
exact solutions, see Theorems 6.3.12 and 6.4.8. Most of the technical results needed in
this thesis are included in Chapter 6.

Chapter 7 concerns the equations of linear elasticity rather than the Poisson
problem considered in the rest of the thesis. We define various models based on the
Hellinger—Reissner variational principles for the linearized plate problem under bending
and stretching. With Alessandrini et al. [1], [2] we have already introduced these models,
but with the exception of two of them, the explicit equations for arbitrary loads were
never presented. We do so for the lowest order cases. In Chapter 8, we describe briefly
some related works previously done and compare the results therein with the ones ob-
tained in this dissertation. Finally, in appendices A and B we discuss some properties
of projection operators and one-dimensional mixed approximations that are needed in
several chapters of this thesis.

A main goal of this work is to show convergence of models derived from variational
arguments, as exemplified in (1.14) and (1.15). To the best of our knowledge, our
convergence results are new.

Although the asymptotic expansions that we develop here are not original, see
[41], we try to present them in more detail, and we display error estimates in norms that
are not usually considered.

We hope to have contributed to a better understanding of boundary layers through

the work developed in Chapter 6. The way we proved decay of solutions is, in our view,



15

simpler than other approaches [35], [23], although is not entirely new [19], [33]. The
principal part in this chapter is the investigation of how the boundary layers for the
models approximate the boundary layers for the exact solution.

As an application of the variational approach, we present several models for an
isotropic elastic plate. These are the lower order cases in the various possible hierarchies
of models. For both stretching and bending of plates, we recover classical models (mem-
brane and Reissner-Mindlin)—with added load effects that are not usually considered—
and other, more sophisticated models.

We now briefly introduce and explain some basic notation that we use throughout
the thesis. For a given open domain D, we denote its outward normal vector by n in three
dimensions and n in two dimensions. If s is a real number, then H*(D) is the Sobolev
space of order s, and H*(D) is the closure in H*(D) of the set of smooth functions
with compact support. For m € N and a certain separable Hilbert space F, we denote
H™(D, E) as the space of functions defined on D with values in E such that the E-norm
of all partial derivatives of order less or equal to m are in L*(D). Also, L?(—a,a) is
the set of square integrable functions with mean value zero in the domain (—a,a) for a
positive number a. And D(D) denotes the space of C* functions in D with compact
support, while D’(D) denotes the space of distributions.

As we have already hinted, we use one underbar for 3-vectors and one underbar

for 2-vectors. We can then decompose 3-vectors as follows:

()

The indices 2 and 3 denote quantities in the transverse direction in two and three dimen-
sions respectively. Moreover, when necessary, we use 0, to denote differentiation with

respect to the variable y. We also use the symbol ’ to denote differentiation of functions
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of a single variable. Finally, in several upper bounds we will use the constant C, which

is always independent of € but which may assume different values in different locations.
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Chapter 2

The Poisson problem in a thin rectangle

In this chapter we study the Poisson problem in a thin rectangle, developing an
asymptotic expansion for the solution and presenting rigorous estimates for the difference
between the solution itself and its truncated asymptotic expansion.

Section 2.1 — The asymptotic expansion. Consider the rectangle R = (—1,1) x
(—e,¢e) with lateral boundary OR; = {—1,1} x (—¢,¢) and top and bottom boundaries
ORS. = (—1,1) x {—¢,e}. We assume that u® € H!(R?) satisfies (in the weak sense)

Au® = —f° in R%,

e (2.1.1)
o = g on ORS., wu° =0onJdR3,

where f¢: R° — R and ¢° : ORS. — R.

To develop an asymptotic expansion for u® (see the introduction) we define the
e-independent domain R = (—1,1) x (=1,1). A point z = (z1,22) in R is related to a
point z° in R° by 1 = 27, x2 = e~ 125. We accordingly define Ry, = {—1,1} x (—1,1),

and ORy = (—1,1) x {—1,1}.

1
{6 (z7,25)
/ 1 = x§
R | >
-1 1 To=c¢ ' R
N
L = (z1,72)
-1

FIGURE 2.1. Scaling of the rectangle.



In this new domain we define u(e)(z) = u®(2°), f(z) = f(z), and g(z) =
e 'g°(z%). We infer from (2.1.1) that

(811 + 5_2822)11,(6) = —f in R,

Oule
% =¢e?g on OR4, (2.1.2)

u(e) =0 on ORy,.
We assume that f, g are e-independent, but this restriction could be relaxed, for in-
stance by assuming that f and g can be represented as a power series in ¢, plus a small
remainder, see [41].

Consider the asymptotic expansion
u(e) ~ul 4+ e2u?® + etut - (2.1.3)

and formally substitute it in (2.1.2). Grouping together terms with same power in £ we

have

6_2822u0 + (811U0 + 822u2) + g2 (811u2 + 822’LL4) 4+ =—f

ou® ou? 0

4

It is then natural to require that

Daou’ = 0, (2.1.4)
Ogou® = —f — 011u°, (2.1.5)
Daou®t = —91u?F 2, for all k > 1, (2.1.6)
along with the boundary conditions
Juk
= dg1g on OR4, for all £k € N. (2.1.7)

on
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Equations (2.1.4)-(2.1.7) define a sequence of Neumann problems on the interval xy €
(—1,1) parametrized by z1 € (—1,1). If the data for these problems is compatible then

the solution can be written as
u%(g) = 73,2"3(%) + ¢ (21), for all k € N, (2.1.8)

where

1
/ ??LQk(xl, 2172) dxg = 0, (219)

-1
with 2* uniquely determined, but (?* an arbitrary function of z; only. From the
Dirichlet boundary condition in (2.1.1), it would be natural to require that u?* = 0 on

ORy,. This is equivalent to imposing

C*F(=1) = ¢*(1) =0, (2.1.10)

u** =0 on ORy. (2.1.11)

However, in general, only (2.1.10) can be imposed and (2.1.11) will not hold. We shall

Cok

correct this discrepancy latter. Now we show that the functions ¢%*, u 2k)

(and so u
are uniquely determined from (2.1.4)-(2.1.10). In fact, (2.1.4) and (2.1.7) yields u° = 0.

From the compatibility of (2.1.5) and (2.1.7) we see that

91 (21) = —% /_1 [z, 22) dxy — %[g(xl, 1) + g(z1,-1)], (2.1.12)

which together with (2.1.10), determines ¢° and then, from (2.1.8), u°. In view of the
compatibility condition (2.1.12), u2 is fully determined by (2.1.5) and (2.1.7). Next, the
Neumann problem (2.1.6), (2.1.7) admits a solution for k& > 1 if and only if 9;;¢*~2 = 0.

<2k—2 —

But in view of (2.1.10), this means = 0, for k > 1, and then u?* is uniquely

determined from (2.1.6), (2.1.7). Note that u® = ¢° and u?* = u2* for k > 1.
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Observe that u® satisfies all the boundary conditions imposed since 1% = 0 and

0 (2.1.11) holds for k = 0. In general this is not the case for u?, u?, etc, as they do
not vanish on the lateral side of the domain (although their vertical integrals do). We

therefore introduce the boundary corrector U_ and its asymptotic expansion

U_~e2U? + Ut +-- -, (2.1.13)

where (011 + £ 2090)U_ = 0 with OU_ /On vanishes at OR.. Note that if we make the
change of coordinates p_ = ¢~ '(1 + z1), we have that (9;_,_ + 022)U_ = 0 and the
equation no longer depends on €. This motivates us to pose the boundary corrector
problem in the semi-infinite strip ¥ = RT x (—1,1). We impose the vanishing Neumann
condition on the union of its top and bottom boundaries 93y = RT x {—1,1}. For

positive integers k, define U?*(p_, z5) by

AU?* =0 inY,

Uk (2.1.14)
87; =0 on 8E:|:,
U0, 29) = u?*(=1,25)  for x5 € (—1,1). (2.1.15)

Similarly, we set py = e (1 — z1), define U?* as the solution of (2.1.14) satisfying the
boundary conditions U?#(0,-) = u?*(1,-), and define Uy analogously to (2.1.13). We
treat this problem in full detail in Chapter 6.

Combining (2.1.3) and the boundary layer expansions we have that

( CO ‘Tl +Z€2k 2k _1.’E§)
. (2.1.16)
=D e [UZ(po e ) + U (par e a5)].
k=1
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We proceed to analyze some properties of the above expansion, introducing first

some new notation:

9lcor,) = l9(=1, =D + [g(=1, )| + [g(1, =) + [9(1, 1)},

N

ICF Dlvore =D (10 fllezom) + 188 9lownr.))
k=0

10l mn,r) = IVl E™ (=1,0);87 (=1,1))5

IICfsa)linr = [1fll(v,0,8) + 9l @~ 0RL)-

Observe that || - ||n,or, is a norm involving derivatives of order of order 2N.

The following regularity results hold.
Lemma 2.1.1. Assume that f € H5"2(—1,1), where s > 2 is a real number. Assume
also that a, b are real numbers such that b—a = f_ll f(s) ds. Then there exists a unique

uwe HY(—1,1) N L?(—1,1) satisfying
u' =f  in(-1,1),

weakly. Furthermore ||u||gs(—1,1) < HJEHHS*?(—M) + |a| + |b].
Lemma 2.1.2. For any nonnegative integer m, and real number s > 1, there exists a

constant C' such that if f € H™((—1,1); H5~2(-1,1)), g € H™(dR), and
for zo € (—1,1),

822U(9017902) = f(CUhﬂCz)
(2.1.17)
8211,(%1,21?2) = g(xl,xg) for To € {—1,1},
weakly for almost every x1 € (—1,1), then
0w, ) g (—11)
< C(101 f(@r, Mme—2-1,0) +10]G(z1, =)+ 0] (=1, 1)]),  §=0,...,m,

[l (m.s.2) < C[Fllgmos—2.1) + 1G] zrm(872))-
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Proof. Note that 8{u solve (2.1.17) weakly for j =0,...,m with 8{]; on the right hand
side and 8{ g as boundary condition. Thus, from Lemma 2.1.1, the first inequality follows.

Also

50 = Z [ oty

= CZ / 1 \|3{f(x1, ')||%{s,2(_1,1) + |8{§(:C17 - + |5’{§($1, 1)|? das
j=0"v"

= C(Hf”%m,s—ZR) + ng?ﬁzm(aRi))-

We can now state regularity results for some of the terms in the asymptotic
expansion. For the lemma immediately below, the bound for ¢° follows from standard
regularity estimates for equation (2.1.12). The bounds for u? follow from (2.1.5), (2.1.7)

and Lemma 2.1.2.

Lemma 2.1.3. Let j and m be nonnegative integers and s be a real number such that

s > 2. Then there exists a constant C such that

1PN rmer (—1,0) < CINCE D 1.5
09?1, s —1,1) < C10] f (@1, pr—2(—1,1) + [0 glar, —1)| + 0] g(w1,1)])
[u*llgn,s,m) < C (1 f lm,s—2,m) + N9l zrm oR2))-
A combination of (2.1.6), (2.1.7), and Lemma 2.1.2 yields the next lemma.

Lemma 2.1.4. Let j, k, m, be nonnegative integers and s be a real number such that

s > 2, k > 2. Then there exists a constant C' such that
||8{u2k($1= ')||HS(—1,1) < C||8{+2U2k_2($1a ')||HS*2(—1,1)7

||u2k||(m,s,R) < CHu2k_2H(m+2,s—2,R)-

As a consequence Lemmas 2.1.3 and 2.1.4, the following regularity results hold.
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Lemma 2.1.5. Let j, k, m be nonnegative integers and s be a real number such that

s > 2k > 2. Then there exists a constant C such that
4 . .
] (w1, M e (—1.0) < C(105° 72 f(, )| go—2r 10y + 107 2 glar, —1)]

+ 107 (a1, 1)),

16?* | (s, ) < C (1 l(mt2k—2,5—20.7) + gl rm+20-2(5R.))-

Proof. We prove this result by induction on k. For k = 1, the result follows from
Lemma 2.1.3. Assume now that the results holds for k = k£ > 1. Then, from (2.1.6),

(2.1.7) and Lemma 2.1.4, we have that for k =k + 1,

Ha{U%H(fcla‘)HHS(—1,1) < ||8{+2U2k(~’01,')HH\H(—M)
2k+ 5 2k+j 2k+j
< C(Hal +Jf(x1, ‘)HH5—2E—2(—1,1) + 07 ﬂg(fl«“la —1)[ + 10} ﬂg(fl«“la 1)‘)7
where we used the inductive hypothesis at the second inequality. Hence the first bound

of the lemma holds, and it implies the second one. [J

We now describe the properties of the boundary correctors. Existence and unique-
ness follow from Theorem 6.1.6 and the exponential decay follows from Lemma 6.2.2 and
Theorem 6.2.5, with M = 0, and Cy = 4/72, since u?*(—1,-) € L?(—1,1). The lemma

below is a direct application of these results, and similar conclusions hold for U_%k.

Lemma 2.1.6. Assume, for a fixed positive integer k, that u?* is defined as above.
Then there exists a unique weak solution U?* € H'(X) to (2.1.14), (2.1.15). Also, there

exists a universal constant C' such that
o] 1
[ ] W YU P dzadie < Ol (1) By b7t/ (5 ),
t J-1
for every nonnegative real number t.

We now use Lemmas 2.1.6 and 2.1.5 to conclude the result below.
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Lemma 2.1.7. For any positive integer k, there exists a constant C' such that
00 1
/ / [U2M)? + | VU*? day djp—
t J-1
< C(|07 2 fllz2omy) + 107" 2 gllcion,)) exp(—m2t/ (x* + 4)).
for every nonnegative real number t.

We present below upper bounds for some norms of the asymptotic terms in the
original (unscaled) domain. To keep the notation simple, we use the same name for
functions defined in different domains, if the difference is due to a change of coordinates
only. It should always be clear from the context to which domain we are referring. The
proofs of the estimates involve a simple exercise of change of coordinates and the use of

Lemmas 2.1.3, 2.1.5, and 2.1.7.

Lemma 2.1.8. For any positive integer k, there exists a constant C' such that
1 s (rey < OIS )1,
|| L2 (rey + €l O (| 2 (o) < C2II(f, 9)llan—2,rs
1016 | 2 (Re) < CEV2I(f, 9) k-1,
1U* || 22(rey + 1UZF|| 12 (Re)

+ e (100 UM || L2(re) + 1025 U | 22 (Rey + 100 U || 2Ry + 105U (| L2 (R4))

< Ce(|07 2 fllr2omy) + 107 2gllc@ns))-
(2.1.18)

Section 2.2 — Error Estimates. We estimate in this section the error between

the truncated asymptotic expansion and the real solution:

N N
ey =u° — ¢ — Za%u% + Zan(UEk +U). (2.2.1)
k=1 k=1

In the theorems below, we first bound the error in the H' norm of the scaled, e-

independent domain, and then in the original domain.
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Theorem 2.2.1. For any nonnegative integer N, there exists a constant C such that the

difference between u(e) and its Nth-order asymptotic expansion is bounded as follows

lenllm(ry < C[52N+3/2(H8%Nf||L2(aRL) + ||8%N9||C(aRL))

+ ML, 9 llav1,m + €2 exp(—n®e /(20 + 8))I(f, 9l v.om, -

Theorem 2.2.2. For any nonnegative integer N, there exists a constant C such that
the difference between the truncated asymptotic expansion and the original solution,

measured in the original domain is bounded as follows:

len ||z (rey < CEENT2((F, 9)llon+2,r + II(f, 9) || N+1,0R)- (2.2.2)

Before we work out the proofs of both theorems, we make some remarks on the

results and present some of their consequences.

Remark. The difference between the true solution and the asymptotic series with 2NV
terms is of the same order in the scaled and original domain, but while in the former this
is due to the presence of boundary layers, in the latter it is a “global” error. So interior
estimates in the scaled domain results in better estimates (a ¢'/2 improvement), but in
the unscaled one no changes would occur.

Observe that although Theorem 2.2.2 shows that ey is converging to zero with
respect to ¢, the rates are deceptive, in the sense that u® and the H'(R®) norm depend
on ¢ as well. A more informative way to measure convergence is through relative error
norms. Under the assumption that f and g are independent of &, and that they are not
both identically zero, we can conclude from the definitions of ¢°, u? and Theorem 2.2.2

that there exists a constant C(f,g) depending on f and g only such that (cf. (1.7) and

us H1(R > C(f g) —63/2 where V(g) = {
H H ( E) — ? l/(€)’

1 if 0 =0,

¢ otherwise.

(2.2.3)



26
We readily conclude from Theorem 2.2.2 that

len | i (re) 2N
———= =v(e)0(e").
1w 1 (ge)

It is easy to estimate the convergence in some other norms as well. For instance,

in the L?(R®) norm, we have from the triangle inequality that

lenllzz(re) < llen+illmirey + 2N P2 u®N 2| 2 ge)

+52N+2HUEN+2HL2 2N+2HU—?-N+2HL2

(Rs)—I—E (Re)-

Applying previous estimates, we easily conclude that |[en||z2(r-) = O(e2N+5/2),

The table below presents various error estimates derived from similar arguments.
We assume that f and g are sufficiently smooth functions and we show only the order of
the norms with respect . “BL” stands for “Boundary Layer” and the “Relative Error”
column presents the norm of ey divided by the norm of u®. In parentheses are the

interior estimates (disregard boundary layers), when these are better than the global

ones.

TABLE 2.1. Convergence rates of the truncated asymptotic expansion

us BL en Relative Error
|- lz2(re) v 2e5/2 e g2N+5/2 22N
101 - ||r2(rey | v™3/2e2(1v72e%/2) | &2 | e2NH2(2NH5/2) | 13/2e2N (122N
1025 - | z2(Re) g3/ g2 g2N+3/2 g2l
|- e ey L 1.3/2 -2 2N 13/2 2N

We see in the above table that the convergence rates in relative error norms is
better when v = ¢ (i.e., (Y # 0) than when v = 1 (¢° = 0), with one exception. It is also

remarkable that the boundary layer “dominates” the relative error only in the L? norm
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of the horizontal derivative. In this case, if (Y # 0, the convergence rate is higher in the
interior than in the whole domain.

In the rest of this section, we prove Theorems 2.2.1 and 2.2.2.
Definition 2.2.3. Set
N N N
Uy = Zs%u%, Uy = ZE%UEk, Uy = ZE%Uik,
k=0 k=1 k=1
E _ — +
uy =u(e) —un +x-Uy + x+Up;

where x_ is a smooth, e-independent cut-off function satisfying

( )_{1 if 2y < 0,
0 ity > L

and 4 (21) = - (—1).
Some results regarding the boundary layer terms are collected below. For sim-

plicity we state and prove results concerning U, only, but these also hold for UJJQ.
Lemma 2.2.4. For any positive integer N, there exists a constant C' such that
11 =X )Uxllar) + IX_Uyllzer) +ellX= 01Uy | 2(r)
< Ce¥exp(—n?e™1 /(202 + 8))I(f, 9)lIn-1,0m. -
Also, for all v € H'(R) that vanishes on ORy,
/R "UNO1v + 8_282(]]\_[82’0 dz = 0. (2.2.4)

Proof. Changing coordinates by p_ = e 1(1 + z;) and then using Lemma 2.1.7, we

compute for any positive integer k < N

1 p1/2 1 poo
IX_ UM ||72my < 0/1/0 (U2 dxy day < Cs/l/l(UE’“)Qdﬁ_ dzo

_ _ 2 [ _ .
< =17 laom) + 108 glocons)” [ explone™ /(a2 + 1)) dp-

— — 2 _
< Ce(107* > fllrzore) + 107 gllctory))” exp(—ne™/(x® + 4)).
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Using the definition of U and the triangle inequality,

IN_Unllzz(ry < €2 exp(—n?e™" /(20 + 8)II(f, 9)ln-1,0m, -

The proofs for the other inequalities are analogous. To show that (2.2.4) holds, it is

enough to see that

1 p2e?
/ U0y + e 20U dpvdy = &7} / / VUV idp dus
R -1J0

~

1
:5_1/ VUV odp_ dey =0,
_1Jr+ ~

where we define 9(p_) = v(z1) if 0 < p_ < 2e7! and © = 0 otherwise, and then use

(2.1.14). O

We obtain now a rough estimate for the asymptotic expansion error. In the proof

below, we follow the basic ideas of a similar proof for the elasticity problem [22].

Lemma 2.2.5. For any positive integer N, there exists a constant C' such that

[uf e cry < CII(F-9) o,
Huﬁqu(R) < C(€2N!H(f, Illev=1,r

1 g3/2 exp(—7r2€_1/(27T2 + 3)II(f, Q)H‘N—LaRL)’

where uk; is as in Definition 2.2.3.

Proof. We use in this proof that u%; solves the Laplace problem up to arbitrary powers

of €. First note that u%, vanishes on ORy. Hence, in view of the Poincaré’s inequality,
luE 2y < © /R (OyuE)? + e2(Dyub)? do, (2.2.5)

and we estimate the right hand side of (2.2.5). We first deal with the simpler case N = 0.

From the definition of uf,

/ (D1ud)? + e72(0pul)? dr = / ful — 01uloruff dz —|—/ gul dx;
R R OR+

< O Do, rllud | gy,
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where Lemma 2.1.3 justifies the inequality. Then the case N = 0 follows immediately
from (2.2.5). We assume now that N > 0. Let v € H*(R) such that v = 0 on R. If

we define
E(N,v) = / 01 (u(e) —un)Ov + e 205 (u(e) — un)dav dz,
R
then, by construction of the asymptotic expansion, we have
N
E(N,v) = / fvdx + / gudxry — Ze% / (81u2k5’1v + 5_282u2k82v) dx
R ~ AR 0 R ~
= —52N/ 81u2N81v d.’E,
R =
and we conclude from Lemma 2.1.5 that

|E(N,0)| < CeM|[[(f, D)llan—1,ll0]l a1 (r)- (2.2.6)

We also have

/ O (x—Uyn)O1v —01UyO1 (x—v) + g2 [82(X_U1\_,)82v — 82U]§82(X_v)] dz
R
< (IX_Uxn N2y + IX-01UN L2 (ry) 101 111 () -

Hence, by lemma 2.2.4

/ [81 (X—U§)81U+5_282(X_U]\_,)((?gv] dz
R

< Ce* exp(—n?e ™ /(277 +8)I(f, ) In—1.0m, [[V] 2 ()
(2.2.7)
The upper bound (2.2.7) also applies if we replace x_Upy by X+U]J(,. Making v = u; we

have
/ (01uX)? 4 (e 1 0pufy)? dz
R
= E(N, Uﬁ) +/ [81 (X—U]\_f + X+U;)81u§ + 5_282(X_U;[ + X+U1—V~_)82’u,ﬁ] d%
R

< OIS, Dllav-1,r + 2 exp(=n*c1/(20% + 8))I(f, 9)lIv-1.0r.)

|| 2(r).-
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from (2.2.6) and (2.2.7), and the result follows from (2.2.5). O

The proof of Lemma 2.2.5 does not give sharp estimates in e, but this is easily

fixed, as we show below.

Proof of Theorem 2.2.1. First we improve the result of Lemma 2.2.5 using Lemmas 2.1.5

and 2.1.7

2N+2|,2N+2 _ Y_U2N+2 _ X+U_%-N+2”H1(R)

il ry < llun ol r) + €
< CIENP(f, 9)llanvs1,r + 2% exp(=me ™ /(20 + )I(f. 9)lIvor,  (2:2.8)

+ N0 f a(om,) + 102 glloons)).

Using the triangle inequality we have that

u(e) — un+Uy + Ul (r)
(2.2.9)
< Nlugllgmy + 10 =X )UR N ry + 10 = x0)UR 0 (r)-

To finish the proof of the theorem, we use (2.2.8) and Lemma 2.2.4 to bound the right

hand side of (2.2.9). O

Next we present the convergence in the original domain. The proof is an applica-

tion of Theorem 2.2.1 and the bounds (2.1.18).

Proof of Theorem 2.2.2. First note that || - ||z1(re) < € V2| - |lgr1(r). Then, by the
triangle inequality, Lemma 2.1.8 and Theorem 2.2.1

lexllmrey < Clllensilla e
+ N2 ([N ey + 1022 i rey + 102 s (o)) ]
< CEMH (1072 Fllrzomy) + 107 P gllownrs)) + T2 9)llavvo,r
+eexp(—n’e ! /(2n° + 8))(f, 9)lInt1.0m, +N TN, 92wk
+ 210N fllr2omyy + 107N glloory) + I1(f, 9)ll2n+1,r)]

and the result follows. [
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Chapter 3
A variational approach for

modeling the Poisson problem

We discuss in this chapter a first class of dimensionally reduced models for the
two-dimensional Poisson problem (2.1.1). They will be minimum energy models. To
derive their convergence estimates, we develop asymptotic expansions of their solutions
of the models and then compare to the expansion of the original solution.

Section 3.1 — Derivation of the models. 1t is possible to characterize the solution
u® for the Poisson problem (2.1.1) variationally. If we define the spaces V(R®) = {v €
HY(R®) : v =0o0ndRj} and S(R7) = QQ(RE), then, for 0° = (07,05) = Vu*, the
following holds.

SP: (uf,0°) is the unique critical point of

1
L(v,7) = 5/ |7[? dz® + [fvda® — / 7-Vwvdz® +/ g v dxs (3.1.1)
Re Re Re OR3

on V(R?) x S(R?).
We call the above variational principle SP (standing for “saddle point”) as the

pair (u®,0¢) will be a saddle point of L. Rewriting SP in a weak form, we have that

u® € V(R®) and 0° € S(R?) satisfy

/ o° - Tdx® — Vus - 7dz® =0 for all 7 € S(R?),
R

~ ~ o~ ~
e

/ o -Vudz® = ffuda® + g°vdx] for all v € V(R?).
R~ T Re ~ ORS.

We derive our models by considering subspaces of V(R?) and S(R?) that consist

of functions that are polynomials in 2§, and looking for a critical point (u®(p),o°(p))
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of L within these subspaces. For a function v € L?(R?), and an integer p, we write
deg, < p meaning that v is a polynomial of degree at most p in x4, with coefficients
in L?(—1,1). The interpretation for p < 0 is that v = 0. For problem (2.1.1), the
most reasonable choices of subspaces are V(R®,p) = {v € V(R®) : degyv < p} and
S(Re,p) = {Z € S(R) : degym < p,degyma < p— 1}, which yield the SP(p) models.
Since VV(R®,p) C S(R,p), then o°(p) = Vu(p) is satisfied exactly and we can

characterize u®(p) as the minimizer in V(R?,p) of the potential energy

1
j(v)——/ |V v]? da® — fgvdxg—/ g vdxy.
2 RrRe ™ ~ Re ~ a5
We derive now the SP(p) model for arbitrary p € N. As a basis for P,(—1,1) we
use the Legendre polynomials L;, and the first few polynomials are Ly(z) =1, L1(2) = z,

Lo(z) = (322 = 1)/2, L3(z) = (52® — 32)/2. As a basis for P,(—¢,¢), we use

Qj(z) =e’L;j(e7'2). (3.1.2)
Define
Pt =< [ e as)ues) drs,
1 1
9'(@]) = 3lg"(@l,e) + " (2, —e)], ¢ (a9) = 5[ (a1, ) — 9" (1, —2)],

and let M, N and O be (p+ 1) x (p + 1) matrices defined by

9e2i+1 e _ o
m%’, 0, = %Qi(25)02Q;(25) dx3,

0 if i < jorifi+jiseven, (3.1.3)

€
M;; = Qz(xg)QJ(xg) drs =
—&
g
Nij = [ 0:Qi(23)Q;(a53) das = .
—€ 2e' T otherwise,
fori,j =0,...,p. Expanding 02@Q); in terms of the Legendre polynomials, it is a straight-

forward computation to check that O = NM~!N7".
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Write the SP(p) solution as

O () oy — [ im0 o1 (EDQs(5)
i (21)Qj(23), o (p)(z7) <Z§;éaé(xi)62j(x§)>' (3.1.4)

IS
™
—
S
~—~
—~
28
\_(2
Il
<.
-
o

Then, since 0°(p) = Vu(p), it follows that o] = d1w;. Also Zf:_ol osQ; = >0 wQl,
and multiplying both sides by ); and integrating from —e to e, we have that O'g =
-1
M 30 Nijwi.
We need now to determine wy, ...,w,. Define g: (—1,1) — RP* where g; = ¢°

if j is even and g; = ¢g' if j is odd, and
w(xF) = (wo,...,wp) (25), F(@5) = (f°,..., 7))  (29). (3.1.5)

From its definition, u®(p) satisfies
Vus(p) V(vQ;)dx = / fvQ; —|—/ g vQ; for all v € H}(—1,1) (3.1.6)
Re ™ ~ ~ Re OR®
and j =0,...,p. Using (3.1.4) and (3.1.5), we find that the strong equation correspond-
ing to (3.1.6) is
Mo jw — Ow = —ef — 27 g,

(3.1.7)
w(—1) =w(l) =0.

From the way that the matrices M and O depend on ¢, the influence of € in (3.1.7)
becomes more complex as p increases. Consider the simplest SP(p) model, that is, when

p = 1. The SP(1) solution is given by
u(z°) = wo(z]) +wi(a])zs, o (z7) = Vu(z®),

where

1 _ 2
811W0 = —§f0 — & lgo, §€2811w1 — 2&]1 = —fl — 2g1, (318)
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and wyp = w; =0 on {—1,1}. Consider now p = 3. We have that
W (2°) = wo(e) + wa(5)Qa(w5) + wi (25)5 + wa(a$)Qa(a5),  o°(27) = Vus(z®).

The equations defining wy and wy are

1
Onwo = —§f0 —e1gY,
2

562811&}2 — bwy = —6_2f2 — 25_1!]0,

where wy = wy =0 on {—1,1}, and we find w; and w3 by solving

2
562811(,01 — 2&]1 — 262(413 = —fl — 291,
2
?54811(;)3 — 2(4)1 — 1252(,03 = —5_2f3 — 291,

where again w; = w3z =0 on {—1,1}.

Section 3.2 — Asymptotic expansion for the solutions of the models. Observe
that in SP(p) for p = 1, 3, and in fact for arbitrary p, the term wq coincides with (9,
cf. (2.1.12). For increasing p, the equations get more sophisticated—(3.1.7) is a singular
perturbed system of boundary value ODEs—and u®(p) has a nontrivial behavior, like u®,
as we show next. We start by developing an asymptotic expansion of u®(p), proceeding
as in Chapter 2. We pose the SP(p) problem in the scaled domain R by defining V' (R, p)

similarly to V/(R?,p), and u(p)(z) = u*(p)(z®). Hence

/ O1u(p)01v + e 20au(p) Do dz = / fvdz + / gv dxq for all v € V(R, p).

R R OR+

(3.2.1)

Assuming the asymptotic expansion

u(p) ~ u’(p) + e2u?(p) + e*u*(p) + -, (3.2.2)
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and formally substituting it in (3.2.1), we conclude that for all v € V/(R, p),

/ Do’ (p)Oav dz =0,
R

/Ragu2(p)82vd£—/R(f—l—anuo(p))vdg—l—/ gu, (3.2.3)

OR4

/ Dok (p) Do dz = / O11u? 2 (p)v dz, for k> 1.
R R

Repeating the arguments of the Section 2.1, we set u°(p) = ¢° and u?(p)(x1,-) as the
Galerkin projection of u?(z1,-) into I@’p(—l, 1) for almost every z; € (—1,1), i.e.,
1

/_182u2(p)(x1,x2)8gv(x2)dx2 _/ [F(21,2) + O c®(2)]v(w2) dava

-1

+ g(z1, —Do(=1) + g(z1,)o(1),  for allv € By(~1,1).
(3.2.4)

For any integer k > 2, we define u?*(p) € P,(—1,1) by

/_1 Do (p) (1, 22)Oov(22) dao :/_1 O11u? 72 (p) (w1, 20)v(22) daa, (3.2.5)

for all v € P,(—1,1), and for almost every z; € (—1,1).
The ansatz (3.2.2) does not satisfy the Dirichlet boundary conditions at dRy, and
we use then boundary correctors U2*(p), U_%"“ (p). These functions must be polynomials

in x5 and they are defined in the semi-infinite strip 3. We need to define the spaces
V(X,p) = {v eD'(X@) : | Y’UHLQ(E) + [[v(0, )| L2 (=1,1) < 00, degyv < p},
(3.2.6)
‘/0(271)) = {U € V(Eap) : ’U(O, ) = 0}7

where D’(X) is the space of distributions on X. Then for any positive integer k, define

U%(p) € V(X,p) as the solutions of

/ VU?* . Vodz =0  forall v e Vy(S,p), (3.2.7)
by

U (p)(0,22) = u® (p)(—1, z2) for 5 € (—1,1). (3.2.8)
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We define U2*(p) as the solution of (3.2.7) satisfying U?*(p)(0,-) = u?*(p)(1,-).

Finally

uf(p)(z°) ~ () + Y e u(p)(af, e 'af)
E>1

= U (p) (- e as) + UL (p) (pyr e ta5)].
k>1

We have the following stability result for some terms of the expansion. Its proof

is parallel to the one of Lemma 2.1.5 and we do not present it.

Lemma 3.2.1. Let j, k € N be such that k > 1. Then there exists a constant C' such

that

H@{u%(p)(xl, ')”Hl(—l,l) < C(”afk_%rjf(xla ‘)HL2(—1,1)

+ 10752 gy, — 1) + 107 (a1, 1)),

for all p € N.

We present below a result which follows from Theorem 6.2.7 and regards the

boundary correctors for the models.

Lemma 3.2.2. Assume, for a fixed k > 1, that u?*(p) is defined as above. Then there
exists a unique solution U**(p) € V(X,p) to (3.2.7), (3.2.8). Also, there exists a universal

constant C such that

o) 1
/ / [U2F(p)” + | VU (p)|? daro dp—
t —1
< Ol (p) (=1, ) 31/2(1.1) exP(=7t/ (7° + 4)),

for every nonnegative real number t.

We use Lemmas 3.2.2, 3.2.1 and 2.1.5 to conclude the result below. Similar bounds

hold for U?*(p).
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Lemma 3.2.3. For any positive integer k, there exists a constant C' such that

/OO/ [U2*(p)] + |V U (p)|? da dp—
o (3.2.9)

< C(1077 2 F11320m,) + 107 29l 0R,)) exp(—m2t/ (7% + 4)),

for every nonnegative real number t.

We present next an estimate, in the H'(R®) norm, of u°(p) minus its truncated
asymptotic expansion. Since the proofs of Chapter 2 work here with minor modifica-
tions we refrain from repeating them. We would like to remark that this result gives a
bound that is uniform in p, and that the bound is the same (up to a constant) as in

Theorem 2.2.2.

Theorem 3.2.4. For each N € N, there exists a positive constant C' such that

N N
u(p) — 0 =2 (p) = Y " [U(p) + U (p)] '
k=1

k=1 H'(Re)

< CNB(I(F, D) loanvs2,m + 1 9l v+1,0R,)

for all p € N.

Section 3.8 — Estimates for the modeling error. Our next goal is to evaluate how
accurate are the models that we derived in Section 3.1. We do that by first comparing
some terms of the asymptotic expansion of both u® and u®(p). Next, using a triangle
inequality and Theorems 2.2.2 and 3.2.4, we find an upper bound for the difference
u® — uf(p). Recall that u?(p)(x1,-) is simply the Galerkin projection of u?(xy,-) into
P,(—1,1) for z; € (—1,1).

Denote by 7?; the orthogonal projection operator from H!(—1,1) N L2(—1, 1) to

P,(—1,1), with respect to the inner product that induces the norm |-| g1 (—1,1)- We use the
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upper index (z2) on the projector operators to indicate the action on the variable x5 only.

So, for instance, if p € L?((—1,1); H'(—1,1)), then 7?,1;(9:2)90 e L*((-1,1); P,(~1,1)), and

/Rag(gp — 7)) p)oppdr =0 for all ¢ € L*((—1,1);P,(—1,1)).
1(222).

We estimate in the following result some approximation properties of the operator 7,

The proof is very similar to the one of Lemma A.4.

Lemma 3.3.1. For any real number s > 1, there exists a constant C' such that

le — 73l L2 (r) < CP @l L2((—1,1)31 (—1,1))»
101(0 — w3 ™) L2 (ry < CP Nl @l ((— 1,15 (- 1,1

102(¢ — 72 0) | 12 (r) < CP* 1@l L2((~ 1,1y (~1,1))-

Then, with the notation
as = |Ifllo.sr) + l9l20re), a2 = fllm=or) + |9lcors),

(3.3.1)
ay = fllasm +lglmory,  a=If,9)llar +I(f,9)ll20m.,

we have the following estimates.

Lemma 3.3.2. For any nonnegative real number s, there exists a constant C' such that

[u? — WD)l p2(re) < CY/2p™* *a,
H81u2 — 81u2(p)HLz(Ra) S CEI/QP_Q_SCL;,

”833;11,2 - ax§u2(p)HL2(R5) < 05_1/217_1_8@8-

Proof. As remarked earlier, from equations equations (2.1.5), (2.1.7) and (3.2.4), we have
that u?(p) = fr},(m)UQ. Hence, the estimates of this lemma follow from applications of

Lemmas 2.1.5 and 3.3.1, after a change of coordinates. [J
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We next estimate the convergence for the first boundary correctors. This is not a
straightforward issue due to the possible presence of singularities on the exact solutions
U2, Ui. This singular behavior is, as we show in Section 6.3, direct related to the values
of the vertical derivatives of U2, U on the corners of the domain . From (2.1.5) and

(2.1.7) it is easy to see that

020 |cory) = |9lcor), 1057 WP lcwry) =105 flowonry), (3.3.2)

for any positive integer j > 2, if the values above are well defined.
We next specify the convergence rates for the boundary correctors, as in Defini-

tion 6.3.10.

Definition 3.3.3. For each nonnegative real number s, we define J(s) by
J(s) =max{j € Z : 2j < s}. (3.3.3)

If ’g‘C(aRL) # O, set m = 1. If ’g‘c(aRL) =0 and

J(s45/2)

> 105 fleory) # 0, (3.3.4)

j=2
let m be the minimum integer in {2,...,J(s+5/2)} such that [95"° f|c(or,) # 0. We
define in both cases fi(s,d) = min{4m —2 -4, s+3/2}. If |[g|car,) = 0 and (3.3.4) does

not hold, then define u(s,d) = s+ 3/2.
The result below is a direct application of Theorem 6.3.12.
Lemma 3.3.4. For any nonnegative real number s such that s + 1/2 is not an even
integer, and any arbitrarily small § > 0, there exists a constant C' such that
U2 = U2 (0) |1 sy < Cp O (=1, )l reve - 1,1,

\Ui - U—%—(p)’Hl(E) < CP_M(S’CS)HUQ(L ')”H5+2(—1,1)7
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where i is as in Definition 3.3.3.

Hence, the lemma bellow follows from a combination of Lemmas 3.3.4, 2.1.3 and

a change of coordinates.

Lemma 3.3.5. For any nonnegative real number s such that s + 1/2 is not an even

integer, and any arbitrarily small § > 0, there exists a constant C such that

’UE - UE(p)‘Hl(Rs) + ‘Uf_ — U_%_(p)‘Hl(Ra) < Cp_“(s’é)als’. (335)

where p is as in Definition 3.3.3.

Remark. Schwab and Wright [SW] study some of the approximation properties of the
boundary layer part for minimum energy models. We describe their work briefly here,
using p to represent either p_ or p.. They decompose general solutions for (2.1.14)
as an infinite sum of functions in the form Uj;(z2)exp(o;p), where the pair (Uj,0;) is
given by either (cos(o;x2), —jm) or (sin(ojzz),—(j + 1/2)m). Similarly, the boundary
correctors U2 (p), UZ (p) are expressed as a finite combination of U;(p)(z2) exp(c;(p)p),
where U;(p), 0j(p) are the Galerkin projections of Uj, ;. They then estimate |o;—0c,;(p)|
and |U; — U (p)].

We finally estimate the modeling error in the various components of the H* norm.
We define R§ = Iy x (—¢,¢), where Ij is an open interval such that Iy C (—1,1), and

then we can have interior estimates as well.

Theorem 3.3.6. For any nonnegative real numbers s and s* such that s* + 1/2 is not

an even integer, and any arbitrarily small § > 0, there exists a constant C' such that the
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error between u® and the approximation u®(p) given by the SP(p) model is bounded as

[uf — u(p)||p2(rey < Ce™?p~2"%a, + Ce’a,
[01u — 1 (p)|| 12 (rey < C?p~ " Dab, + Ce/2a,
[01u® — hus (P L2 (re) < Ce®?p2=3ql + O™/,
10254 — Ousu (p)| L2 (rey < C**p~ ' *a, + Cea,

lu® —u®(p)||a (re) < 6’53/2p_1_sas + Ce?a,

where a,, ab, al and a are defined in (3.3.1) and p is as in Definition 3.3.3.

Proof. We prove the fourth estimate. Using the triangle inequality, the following holds:

[02gu® — Ougu (p)| p2(rey < [lu® — ¢° — 20® + 2 (U2 4+ U2) || m(re)
+ (1005 u® — Ousu® D) L2(rey + |U? = U2 (D)1 (rey + |UF — U (0) 2 (ry) (3.3.6)
+ [[u(p) = ¢” — 2u?(p) + °[U% (p) + U (D)l 1 (re)-

From Theorems 2.2.2 and 3.2.4, we have that

|uf = ¢° — e + &% (U2 + U2) || (rey

+ luf (p) = ¢° — e2uP(p) + 2 [U2 (p) + UZ(D)] |1 (re) < Ce™a.
The estimate
U2 = U2 (D)l (rey + |UZ = UL (P) 1 (re) < Ca

come from Lemmas 2.1.8 and 3.2.3. Finally we apply Lemma 3.3.2 to bound ||y u® —
Dusu”(p)|lL2(Re), and substituting in (3.3.6) we have the result. The other estimates

follow from similar arguments. [

Remark 3.5.7. 1t is possible to show that

1010 — 01w ()l (rg) < O™~ *ag + C2(II(F, 9o,k + (S 9)ll3.0m..)-
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The proof is still very similar to the one above, the main difference being that an expan-
sion up to terms in £ has to be considered.

We summarize the convergence results in the table below, c.f. Table 2.1. We
present only the leading terms of the errors and in parenthesis we show interior estimates
if these are better than the global ones. Recall that as, al, and a? are defined in (3.3.1),

v is defined in (2.2.3), and p is as in Definition 3.3.3.

TABLE 3.1. Convergence estimates for the SP(p) models

u® —us(p) Relative Error
” . HLQ(RE) 55/2p_2_5as y2p—2—sas
101 - (|2 (re) | €%p~"ab (€7/2p~ 2 *ay) | v*/*p~ral (V*p~>"*ay)
1025 - llL2(r) e3/2p~1-sq, p~ ' %a,
| Nl (re) e32p~15a, vp~'"ta,

Note that when v = 1 (i.e., (° = 0), there exists no convergence in € in the
relative error norm, only in p, see Remark 1.1. Also, the boundary layers slow down the
convergence in the L? norm of the horizontal derivative, and better rates come up, both
in e (if ¢V # 0) and p, by considering interior estimates.

A particular case of great importance is when f€ has a certain polynomial de-
pendence in the vertical direction. In this case, u?* will be a polynomial in 5§ for all
integers k, see (2.1.4)—(2.1.7) and (2.1.12), and will be equal to u?*(p), if p is big enough.
The convergence rates in € will improve then. For simplicity, we only discuss the case
when f¢ is independent of x5, but it is not hard to generalize the results for an arbitrary

polynomial dependence.

Lemma 3.3.8. If f¢ is a function of 25 € (—1,1) only, then, for every nonnegative real

number s such that s + 1/2 is not an even integer, and every arbitrarily small § > 0,
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there exists a constant C' such that for p > 2,

Ju — u(p)HHl(Rs) < C€2p_”(s’6)ag + Cesa,

) <CE2M+3/2p—2M—1—s (

lu — u(p)|l (re Ifl2nr,s,R) + HQHHQM(aRi))

(3.3.7)
+ CE2MH2 (£, Dllearsar + I Dllarse.0ms)

where M = [p/2] and [z] denotes the greatest integer not greater than x.

Proof. From equations (2.1.4)—(2.1.7) we see that u?*(x5,-) € Po(—¢,¢) for all k € N.
Since p > 2, then u?(p) = u?. From (2.1.6), (2.1.7) and (3.2.3), u?*(p) = u?* if 2k < p.
Mimicking the proof of Lemma 3.3.6, we conclude the first inequality. To obtain the
second inequality, we add and subtract the truncated asymptotic series of both u® and
u®(p) of order 2M+-2 and conveniently use the triangle inequality. As u?*(p) = u?* for

k < M, we are left with

2M+2Ha2u2M+2 _ 82U2M+2(p)

||u_u(p)||H1(R2) <Ce HL2(Rg)

+CM (17,9 lantea r + 1S Dlars20m,).

and it is enough now to note that u?*2(p) = Alu?*+2, see (2.1.6), (2.1.7) and (3.2.3),

and then apply Lemma 3.3.1 combined with the regularity results of Lemma 2.1.5. 0O

Remark. It is possible to improve estimate (3.3.7) even further when f¢, g° are constants.
In this case u** = 0 for k > 1, and if p > 2 then [lu — u(p)|| 1 (rs) is bounded by a

exponentially small quantity.
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Chapter 4

An alternative variational approach

We introduce in this chapter an alternative way to derive dimensionally reduced
models, originating two new classes of models that are not of minimum energy type. We
investigate one of them. The analysis is more involved, but still similar to Chapter 3.

Section 4.1 — Derivation of the models. In Section 3.1 we characterize the solution
of the two-dimensional Poisson problem (2.1.1) by what we call SP (saddle point princi-
ple). Here we use a variant of SP, which we call SP’. Define the spaces V'(R¢) = L?(R?)
and Sp.(R°) = {g € H(div,R?) : 0-n=g° on ORS. }. Again, let 0° = (01,03) = Vus,
where u° is the solution of (2.1.1). Then the following holds.

SP’: (u®,0¢) is the unique critical point of

1
L’(U,T):_/ |72 da® + ffvdx€+/ div 7o da*
2Jre ™~ Jre ~  Jre v

~

on V'(R®) x Sy (R°).
Once more (u®, o) is a saddle point of L’. We can also write a weak form of SP’

~

as (u®,0°) is the unique point in V'(R?) x S}.(R?) such that

/Qf’zdze”/ u'divrdg® =0 forall 7 € S4(), (4.1.)
Re €

/ divo‘vdz® = — [ fvdz®  forall v € V/(R%), (4.1.2)
€ RE

where Si(R°) is simply S¢-(R°) with g° = 0.
We introduce now two classes of models based on SP’. Choosing subspaces of
V'(R?) and S (R°) composed of functions with polynomial dependence in the transverse

direction, and looking for a critical point of L’ within these subspaces, we define the SP’
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models. For V/(R®,p) = {v € V/(R®) : degyv < p} and S} (R°,p) = {1 € S}-(R°) :
deg, 71 < p, degy 70 < p — 1} we have the SP)(p) models. Another option is to choose
Sie(Re,p) = {7 € S)-(R*) : degyi < p, degymo < p+ 1}, and we define the SP}(p)
models. The solutions of the models, 0°(p) € Si- (R, p) and u®(p) € V'(R?,p) satisfy

the weak equations

~

/ o°(p) - 7 da® +/ u®(p)div T dz® =0 for all 7 € So(R%,p), (4.1.3)

/ divo®(p)vdz® = — ffvda® for all v € V'(R®, p). (4.1.4)
= Re

Note that in both SP}(p) and SP5(p) models, div S¢. (R, p) = V(R®,p) and therefore,
not only there exists a unique solution for (4.1.3), (4.1.4) (see Lemma 4.2.1), but also
divo®(p) = —my f¢, where my f is the orthogonal L? projection of f¢ into V'(R¢,p).

This implies that o°(p) is the minimizer of the complementary energy

1
0 =3 [ IrPds

over all T € Si.(R?,p) such that divr = —my f©.
We study here the more sophisticated SP,(p) models, and we describe them for
a positive integer p. Recall that Q) are the Legendre polynomials scaled to (—e¢,¢). See

(3.1.2). We define next polynomials that vanish on {—¢,e}. Set

Qr(z5) — & if k is even,
Qr(25) = (4.1.5)
Qr(xs) — x5e™ 1 if kis odd,

for k=2,...,p+1. Let M and N be p x p and p x (p+ 1) matrices respectively, where
~ € ~ ~
Mi; = [ Qi(23)Q;(23)day  fori,j=2,....p+1,
: - (4.1.6)
N;; = 82Qi(x§)Qj(x§)dx§ fori=2,...,p+1and j=0,...,p.

—€
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Now write the SP)(p) solution as

oo [Py ol (@)@ (a3) 0
)= (Zé’:& od(15)0;(25) | (flx%gowl)’

and define q¢, q° € RP by

qj_/ Q](xg)dxga q;‘)_g_l/ xSQJ(xg) dx;, (417)

for j =2,...,p+ 1. Then, using (4.1.3) with 7 = (0,72Q:)", where 75 € L?*(—1,1), we
conclude that o = —[M~!(Nw+¢'q® +¢°q°)]; for i = 2,--- ,p+1. Similarly, replacing
T = (11Q:,0)T in (4.1.3), where 7y € H*(—1,1), yields 0% = dw; for i = 0,...,p.
Finally, using equation (4.1.4) with vQ;, v € L?(—1,1), as test function, for i = 0,...,p,

we conclude that

Mo w — NTM™'Nw = —ef + NTM (¢ q® + ¢°q°) — 2¢°e;,
(4.1.8)

where e; = (1,0,--- ,0).

Remark. For p > 1, the description of the SP{(p) model is very close to the above, the
only difference is the dimensions of the matrices involved.

The simplest model in this family is SP4(1), described below:

u
Arwo () dwr(z])z5
S g\ —
g (z%) = ( e1g%z5 ) T\ 282052 — 1wy + 2 (5e 252 — 1)g' )

where

and wg =w; =0 on {—1,1}.
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Section 4.2 — Asymptotic expansion for the solutions of the models. For the
SP5(p) methods, the relation 0° = Vu® does not hold in general and so we will de-
velop asymptotic expansions for u(p) and o (p) simultaneously. We start by rewriting

equations (4.1.3) and (4.1.4) in the scaled domain R. Define
u(p)(z) = u(p)(z°), o1(p)(z) = oi(p)(z"), o2p)(z) = oz (p)(z"),

V'(R,p) = {v e L*(R) : degyv < p},

Sg(R,p) = {7 € D'(R) : 7 €L*(R), i1 + e 20y € L*(R), (4.2.1)

T-n=gondRy, degy 1 < p, deg, T2 §p+1}.

Then u(p) € V/(R,p) and a(p) € S’z (R, p) satisfy

[ o+ nwnds + [ a@)om + < 2om)ds =0
R R

for all 7 € Sy(R,p), (4.2.2)

/ [0101(p) + 20209 (p) v dz = —/ fvdz for all v € V/(R, p).
R R

Consider
u(p) ~ u’(p) + *u’(p) + *u'(p) + .. .,
(4.2.3)
a(p) ~a’(p) +e’a°(p) +'a’(p) + ...,

where u?¥(p) € L?(R) for any positive integer k. We impose ¢%(p) and o%*(p) € Sj(R, p)
for integers k > 2 and gQ(p) € Sy(R,p). Then, after the formal process of substituting
(4.2.3) into (4.2.2) and grouping together terms with the same powers of e, we define
u?=0, g_2 =0, and, for k € N, ask that

/ ot" 2 (p)m1 + 03 (p) T2 da + / W2 (p)orm1 + u (p)Oyra] dz = 0
R R

for all 7 € §6(R,p)§4-2'4)

/ (01025 72(p) + Op02* (p)v dz = —5k1/ fvdz for all v € V'(R,p). (4.2.5)
R R
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To determine u?*(p), g%(p) we proceed as in Section 2.1. First, set £ = 0. From equation
(4.2.5) we find that dy09(p) = 0. As g € Sy(R,p), then o9(p) = 0. From (4.2.4),
we see that u’(p) is independent of x5. Making k = 1 and using (4.2.4) with 7 = 0,
a¥(p) = 01u’(p). We finally determine u"(p) completely from the compatibility condition
of (4.2.5), and u’(p) = ¢° (see (2.1.10) and (2.1.12)). If we proceed with the same
kind of argument, and with ; € (=1,1) as a parameter, u(p)(z1,-) € P,(~1,1) and

o3(p)(@1,) € Ppy1(—1,1) with o3(p)(z1, —1) = —g(21, —1) and 03(p)(21,1) = g(z1,1)
should satisfy

1

/ 05 (p) (21, 22) T2 (22) das +/ u? (p) (21, 2)027a(12) dzy = 0

-1 —1

for all 7 € ICE)Dp_,_l(—l, 1),
1 1
/ 820§(p)(:c1,x2)v(:c2)d:c2 = —/ [f(x1,29) + 811C0(:c1)]v(x2)dx2
—1 —1
for all v € I@)p(—l, 1),
o3 (p) = 01> (p),

(4.2.6)
where ]po_A'_l(—l, 1) = Ppia(—1,1) N H'(—1,1). Also, for any integer k > 2, we define
o2 (p)(21,°) € Ppya(—1,1) and u®*(p)(z1,-) € P,(—1,1) by imposing

1 1
/ O'gk(p)(xl,.’l/’g)Tg(.’Eg) dxo + / U2k(p)(x1,.’1/’2)827'2(562) dre =0
-1 —1
for all 7 € IF’2+1(—1, 1),

/_1 0205" (p) (w1, w2)v(x2) dag = — /_1 A1 2 (p) (21, T2)v(x2) das (4.2.7)

for all v € Py q1(—1,1),
ok (p) = oru* (p).

Note from (2.1.5), (2.1.7) that u?(p)(z1,-) and o3(p)(x1,-) are mixed approximations for

u?(z1,-), Ogu®(z1,-), with 1 € (—=1,1) as a parameter.
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The condition that u®(p) (or equivalently, u(p)) vanishes on OR; (ORL) is a
natural one in (4.2.4). Nevertheless, this boundary condition is not being imposed at
all for the terms of the asymptotic expansion, with the exception of u°(p), and thus, in
general, u?* (p) does not vanish on Ry, for k > 1. We would like then to have boundary

correctors
U (p), E(p) = <
such that

JIEn@n + e E @z + [ U @)+ 0m) dg
R R

1
= —/ uF (=1, 29)71 (0, 22) dzy for all 7 € Sy(R,p),

-1

/ 002 )1 (p) + £ 205(E )y (p)|vdz =0 for all v € V/(R, p).
R

~

(4.2.8)
Analogously to Section 2.1, we define the boundary corrector problem not by (4.2.8), but
by posing an e-independent problem. Recall that p_ = e (1 + 1), ¥ = RT x (=1,1)

and 0¥ = RT x {—1,1}, and set

[1]>

(E20 (@) (- 22) = e(EXN ) (), (E2)2(p) (P, x2) = EX)2(p)(2),

We do not use hat on U?*. Define the spaces

V/(S,p) ={veD(X) : 1+p-) 'veL*X), degyv < p},
So(Ep) ={r € D'(¥) : (L +p-)divy € L*(¥), 7 € L*(2),

degy 71 < p, degy T2 <p+ 1}-
These are appropriate spaces to pose the boundary corrector problem, as we show in

Chapter 6. Posing the problem for the boundary corrector in the semi-infinite strip X2,
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we define U2¥(p) € V'(2, p), and EQ—k(P) € So(%, p), by requiring that
/ 22 (p) - 7 dp_dzy + / Uk (p) div 7 dp_dzs
x b

1
= —/ u? (p) (=1, £2)71(0, o) dao for all 7 € Sp(2,p),

~1
/ d1V =2F(p)vdp_dxe =0 for all v € V/(3, p).
2
(4.2.10)

Looking at (2.1.14), (2.1.15), we note that U2*(p), %z_k(p) are mixed approximations for
U2, Vv U2k, We define U2*(p), %%f (p) in a similar way. We show latter, see Lemma 4.2.5,
that (4.2.10) is well posed.

Finally, the following expansions hold:

W (p)(°) ~ () + 3 e u (p) (a5, )

E>1
3 U () 5o a) + U ) (a5
k>1
£ £ 8 CO x 0—2 )(x87€_1x8)
o)~ (7 )ZZ( e )

=Y EER ) (po e as) + 2 (0) (py e M aB)):
k>1
(4.2.11)
Now we start to study the above expansions, first presenting results related to
the terms in (4.2.11), and ending with estimates of the approximation error of truncated
asymptotic expansions.
To be able to discuss problems in mixed form, we present, in an abstract frame-
work, the result that guarantees existence, uniqueness and stability of solutions. Let X
be a Hilbert space with associated norm || - || x, and let a(-,) be a symmetric continuous

bilinear form on X x X. Let M be another Hilbert space with norm | - ||as, and b(-,-) a

continuous bilinear form on X x M. For F' € X*, the dual of X and G € M*, the dual
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of M, we look for (s,w) € X x M such that

a(s,r)+b(r,w) = F(r)  forallr € X,
(4.2.12)
b(s,v) = G(v) for all v e M.

The well-posedness of such problem is as follows [16].

Lemma 4.2.1. Assume that there exists constants «q, ko such that

a(r,r) > aollrl|% for allr € {F € X : b(F,w) =0, for allw € M}, (4.2.13)

b
up 20)
vex Trllx =

> kollv||ar for all v e M. (4.2.14)

Then there exists a unique (s,w) € X x M solving (4.2.12). Moreover,

Isllx ( la ”) IGlas- + - Il

la H( HGH> 1 ( HGH>
w|ar < 50 G 1+ F
Jullr < T (Gl + 5 (14 20) 17

In this and the next section, we need the lemma below regarding one-dimensional
mixed problems. This result combines Lemmas B.1 and B.2, which contain detailed

proofs.

Lemma 4.2.2. Given u € H*(—1,1)NL?*(—1,1) and ¢ = v/, there exists unique u(p) €

P,(—1,1) and o(p) € P, 1(—1,1) with o(p)(—1) = o(—1), and o(p)(1) = o(1), such that

/ [0 —o(p)]T + [u — u(p)]T’ dzy = 0 for all T € I@)p_,_l(—l, 1),

-1

1
/ [0 —o(p)/vdzs =0 for all v € Pp(—1,1).

-1
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Moreover, for any nonnegative real number s, there exists a constant C' such that

o)z (~1,1) < Cllullgz(-1,1),
Cllullg2(-1,1 if0<s<5/4,
lu@)as(—1,1) < & Cllullgsa-r/a_1y i£5/4 < s <T7/4,
CH’LL||H4577/2(_1,1) 1f7/4 S S,
lu —up)llr2(=1,1) < CP_2_8HU||H8+2(—1,1)7

1

Ju — u(p)HH1/2(—1,1) <Cp~ _S||UHHS+2(—1,1)7

lo = o®lLz-1ay < Cp P lullgesz 1y, o = a@)lar 1) < Cp ullme+z 1)

The terms u?* and g%, for £ > 1, are defined by equations in mixed form, see
(4.2.6) and (4.2.7). The lemma below regards one-dimensional problems of such kind,

and is an application of Lemma 4.2.2.

Lemma 4.2.3. For any f € L?(—1,1), and a, b € R, there exists a unique @ € I@’p(—l, 1)

and a unique ¢ € Ppy1(—1,1) such that 6(—1) = a, 6(1) = b and

1
/ or+ur'de =0  forallTeP,(-1,1),
! (4.2.15)

1 1
/ dvdr = / fodz for all v € I@’p(—l, 1).
-1

-1

Moreover, for any nonnegative real number s, there exists a constant C' such that

NG| 1 (=1,1) < C(||f||L2(_1,1) + |a| + b)),
Cllflle2(=1.1) if0<s<5/4,

il g —1,1) < Cllal + b)) +  Cllfllgso-isra1y — if5/4<s<7T/4,
CHfT||H4sfll/2(—1,1) if7/4 < s.
Using the above lemma and arguing by induction, as in the proof of Lemma 2.1.5,

we have the following result. See also Lemma 3.2.1.
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Lemma 4.2.4. Let j, k € N such that k > 1 and s be a nonnegative real number. Then

there exists a positive constant C' such that
187w (p) (21, ) 1 (~1.1) + 18] 03" (P) (1, ) | a1 (—1.1)

< (10" flar, Me-a + 107 glar, =1 + 07" g 1, 1)),

Huz(p)(:cl, s (-1,1)
Cllf (@1, )l p2(-1,) if0 < s<5/4,
< Cllglan, D) + lgen, D) + 3 Clf@gasmsrny 54 <5 <774,
Cllf (w1, M gas—1172_11y i 7/4< s,

for all p € N.

We present below the stability result regarding the boundary correctors for the

models. The result is a direct consequence of Lemma 6.4.1.

Theorem 4.2.5. Assume, for any positive integer k, that u?*(p) is defined as above.
Then there exist unique U**(p) € V'(%,p) and EQ_’“(p) € Sp(X,p) satisfying (4.2.10).
Furthermore, there exists a universal constant C' such that

1O () L2(sy + 11+ p=) divE* (D)l 2(s) + IE* ) r2s) < Cllu* @)l 17208,
o0 1
| 0P R B 0F draje < Cla @) on, exo(—t/5)
t —
forallpe N andt e R*.

The result below follows from Lemmas 4.2.4 and 4.2.5. Note that the stability

constant is independent of p. Similar bounds hold for U2*(p) and E%f (p).

Lemma 4.2.6. For any positive integer k, there exists a constant C' such that

U5 ()| 2y + 11+ p) divE®*(p) || 2s) + 122 (D)l L2(s)

< C (1052 fllr2ory) + 105 *glcory)) -

[” [ o g ewe dnd.

-1

(4.2.16)

< C(|’8%k_2f”%2(aRL) + ‘8%k_29‘20(8RL)) exp (—t/5).
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In the remainder of this section, we estimate the convergence rates of the truncated
asymptotic expansions. The convergence in ¢ is the same as in the SP(p) models. The
proof is analogous to the one of Theorem 2.2.2, but as it uses the theory of mixed
problems, we go through the main steps.

In what follows, we denote by m, the orthogonal projection from L?*(—1,1) to
P,(—1,1), and by 7! the orthogonal projection operator from ﬁl(—l, 1) to Iﬁ”p(—l, 1),
with respect to the inner product that induces norm |- [f1(_1,1). We need the following

technical result.

Lemma 4.2.7. If7 € H*(—1,1), then (p17) = mpr" and if o € H' (-1, NL2(—1,1),

then (7)) = mp_1¢.

Proof. For any v € P,(—1,1), we can write v = v’ + ¢, where v(p2) = ffi v(s) — cds,
and ¢ = (1/2) f_ll v(s) ds. Note that © € H'(—1,1) and for 7 € H'(—1,1),

1 1

T/(QOJI—FC)dﬁQ —/ T/’Udﬁg.

-1

1 1
[ Graryvdss = [ Ghor @ + i = |
—1 —1

-1

So (wy,17) = mpr’. The second identity of the lemma follows form similar argu-

ments. [

We denote the orthogonal L? projection in the vertical direction by w,(fQ), ie., if

v € L?(R), then W;ng)U € L*((—1,1);P,(—1,1)) is such that

[ aPe—ppdz =0 forall y € (-1 1:P, (L),
R

Similar notation holds for 7°r,(f2).

Before proving the main result, we show how the solutions of a mixed, e-dependent

problem in R behave. Recall that we define V'(R, p) and Si(R,p) in (4.2.1).
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Theorem 4.2.8. Let F € (S6(R,p))*, the dual space of Sy (R, p), and g € L*(R). Then
there exists unique u € V'(R,p) and o € Sy(R,p) such that
/ (o171 + & 20970) dz +/ w(O1 71 + e 20a7y) dz = F(Z) for all T € Sy(R, p),
R R

/ (0101 + 5_28202)1) dz = / gudz for allv € V'(R, p).
R R
Moreover, there is a universal constant C such that

lullz2(ry + llotll2ry + € o2 llrzcr) + (0101 + €20202 | 12(R)

< C(IFlesyramny + 13lz2(r))-
Proof. We want to apply Lemma 4.2.1. Let

[vllar = llzer)y, M =V'(R,p),
1715 = 722 (my + e 2lTelZo(r) + 10171 + e 7202|725y, X = SH(R. ),

~ o~

a(o,7) = / o111 + e 2097 dz, b(z,v) = / (0171 + € 20am)0 dz.
R R

Since 0171 + e 20amp € V'(R,p) for all T € Si(R,p), the coercivity hypothesis (4.2.13)
holds immediately with ap = 1. Now we want to show that the inf-sup hypothesis (4.2.14)
is also satisfied. Let v € V'(R, p), and define V(R) = {0 € H'(R) : =0 on R} and

u € V(R) such that
/ O ud b + £ 205udsyt = / vo dz for all v € V(R).
R R

Then ||ul|g1(ry < Cllv||z2(r), where C is a universal constant. Moreover,

1
/ 2, ) gy day = / 2 Oyu(er, o)) de
R

—1
S/[81u(x1,:c2)]2+€_2[82u(x1,:c2)]2 dz :/ vudz < ||v||p2(r)llullL2(r)
R R

< Cl|vl|72(g)-
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Set 01 = diu, 03 = au and g = (01,02). We cannot use o as our “candidate” for the
inf-sup condition, as ¢ does not belong to Si(R, p) in general. Let @(z1,z2) = u(zy,z2)—
(1/2) f_llu(xl,:cg)d:cg, and, for each 21 € (—1,1), define o9 (p)(z1,-) € Ppy1(—1,1) and

u(p)(x1,-) € Py(—1,1) such that

/_1[02(931,962) — oo(p) (1, 22)|7(x2) + [U(z1, 22) — uw(p)(21,22)]027(x2) dra = 0

for all 7€ Ppyi(—1,1),

/ Dol (1, 22) — o2 (p) (w1, 29)]6(s) dws = 0 for all & € By(—1,1).
—1

Then 0y02(p) = 7r,(; 2)8202, and using Lemma 4.2.7 we conclude that o5(p) = Wl()afl) oy. It

follows that

1
2 oa ()2 = / o) M don

< C/ oz (@, 7210 drr = C/ w(zr, )| F 10y der < Cllof|72g)-
(4.2.17)
Define now oy(p) = 75" 1. Then

lor(®)ll2r) < Clloillrzry < CllvllLz(ry,
[0101(p) + e 20202(p)|| L2 (r) = ||7T,(;I2)8101 + 5_27T1(;I2)a20'2||L2(R)

< Cl|ovor + e 2020212 (r) = Cllvll2(m)-
(4.2.18)

Thus, from (4.2.17) and (4.2.18), [|o(p)||x < Cl|v||L2(r). We can finally prove the inf-sup

condition, as

sup /7}(817’1 —|—5_2827'2) dr > / v[0101(p) —|—5_28202(p)] dz
TeSH(R.p) /R ~ Jr -

:/ U[T('I()IQ)alO'l(p)+€_27T1(,z2)820'2]d£:/7}(8101+5_28202)d£
R R

= lvlZ2m) = Cllvlizamllg(@)llx
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and the condition (4.2.14) follows. Hence the hypotheses of Lemma 4.2.1 are satisfied

and we can apply it here to conclude the present result. [

We need the following notation in the proof of the next result. Define

N N
un(p) = _e*u(p), anlp) =Y o (p),
k=0

N N
Z <3_2l<: U2k: U_%k(p)], %N (p) _ Z <3_2l<: [;21@

k=1

Theorem 4.2.9. For each N € N, there exists a constant C' such that

N

Z <3_2l<: 2k Z €2k[UEk (p) + Uik: (p)]

k=1

L2(R?)

91¢°

N
< £) £ () Sz ez,
k=1 iv,R¢

< OV (I(f, llen+2.r + 1, 94107, -

Proof. For N = 0, the result is a especial case of Theorem 2.2.2, so we can assume

N > 1. For 7 € Sy(R,p), let 7 € Sy(X,p) such that ||7|[s;(=p) < [7lH(div,r)- Then
from the asymptotic expansion developed above
/[01(1?)—(UN)l(p)JrE_l(éN)l( )+ e 2[oa(p) — (o
R
[ )-GOy @Oy ag == [ [
R 2e—1

N)2(p) + (En)2(p)]2 da

Z[I]>

NPT +UN(p)divEdp

S
~—
S
S
S
_|_
™

En)1(p)] + e 20s[02(p) — (on)2(p) + (En)2(p)]}v dz

= QN/ o uN p)vdzx for all v € V/(R, p).
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Using Lemmas 4.2.4, 4.2.5 and 4.2.8, we have that

[u(p) — un(p) + Unllr2(r) + llor(p) — on1(0) + e En)1 (0 L2(r)
+e Hoz(p) — (on)2(p) + En)20) |l 2(r)
+ [|01[o1(p) — (on)1(p) + e (En)1(p)] + £ 202lo2(p) — (on)2(p) + En)2()]ll L2(r)

< CEN(f, Dlllen,r + Ceexp (=~ /B)I(f, 9l N-1,0R. -
(4.2.19)

Next, to conclude the final result, we proceed as in Theorems 2.2.1 and 2.2.2, adding
and subtracting new terms, using the triangle inequality, estimate (4.2.19), Lemmas 4.2.4

and 4.2.6, and scaling the domain, from R to R¢. [

Section 4.3 — Estimates for the modeling error. We begin now the last and crucial
part of this chapter, the derivation of error estimates for the models SP) that we define
in Section 4.1. The next lemma results from (4.2.6), (2.1.5), (2.1.7) and Lemma 4.2.2.

To simplify the notation, we denote
U%(g) = 8z2u2(£). (4.3.1)

Lemma 4.3.1. Assume that u?, o2, u*(p), 03(p) are defined as above. Then, with

x1 € (—1,1) as a parameter,

/_1[03(9517%2) — 05 (p) (w1, x2)]7(2) + [ (21, 22) — u?(p) (21, 22)]7" (22) dary = 0
for all T € P, 1 (—1,1),

1
/ Dalo2 (1, 22) — 02(p) (@, 2)v(wa) dws = 0 for all v € Py(—1,1).
—1
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Moreover, for any nonnegative real number s, there exists a constant C' such that

HUQ(IL“D ) - u2(p)(x1, Nr2=1,1) < CP_Q_SHUQ(OUM M es+2(=1,1)
[0 (z1,) = w?(p) (21, M gz 1,0y < Cp [l (1, )l geva(1,1),

—1—s

o3 (z1,-) = o3 (P) (21, L2 -1y < Cp™ o l[u (@1, )2 (—1,0),

o3 (z1,-) — o3(p) (@1, M —1,1) < Cp (@1, )| gesz(1,1)-

From Lemmas 4.3.1 and 2.1.3, and integrating in the horizontal direction, we
easily conclude the result below. The powers of € appear from the change of coordinates

z to z°. Recall that as, al are defined in (3.3.1).

~

Lemma 4.3.2. For any nonnegative real number s, there exists a constant C' such that

[|lu? — u2(p)HL2(Rs) < CeM2p273qy,
H81u2 — 81u2(p)HLz(Ra) S CEI/QP_Q_SCL;,
o3 — o3 (p)ll22(re) < Ce/2p~ ' *ay,

Haxgdg — 8x§0§(p)|’L2(RE) S 06_1/2]9_8@8,

where 03 is defined in (4.3.1).

We now estimate how well the first term of the boundary layer expansion for
o°(p) approximates the first term of the boundary layer expansion for Vu®. Similarly

to Definition 3.3.3, we specify fi of Definition 6.4.6 in terms of f and g, using (3.3.2).

Definition 4.3.3. Let s be a nonnegative real number. If |g|c@ar,) # 0, let fi(s,0) =
1 —0. If |glcar,) = 0, and if there exists an minimum integer m € {2,...,J(s +5/2)}
such that |8§m_3f|c(aRL) # 0, let fi(s,6) = min{4m — 3 — 6,5 + 3/2}, otherwise let

fi(s,8) = s+ 3/2.
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The next theorem is a direct application of Lemma 6.4.8. Let

. 0p_U2(p—,22)\ 22, Op U (P, m2)
) B 5 R ) — P+ Y+ \F+>
_(,0—7332) - < ’ :+(p+,$2) aIQU—%-(ﬁ“F?xZ) '

1)

Lemma 4.3.4. For any nonnegative real number s such that s + 1/2 is not an even

integer, and for any arbitrarily small 6 > 0, there exists a constant C' such that
123 —E2 W)l + 122 =22 (0)l2(x)
< C(lw® =Dl ory) + 07 V0P | gos2(omy))-
The next result estimate the boundary correctors in R°.

Lemma 4.3.5. For any nonnegative real number s such that s + 1/2 is not an even

integer, and for any arbitrarily small 6 > 0, there exists a constant C' such that

=2 — %2_ (P)lL2(re) + Héi - %i(p)HL%RE) < Ce(p™' % +p #>)al,

[1]>

where a’ is defined in (3.3.1).

Proof. After changing coordinates and using Lemma 4.3.4, we see that

22 - Z2@llae) + IER - 202

~

< Ce(llu® = @) ar2(0m,) + 0 OO NP | mor2om,))-

From Lemmas 4.3.1 and 2.1.5,

[u? = w*(P) |12 0m,) < O~ (I fl=orL) + l9lcors))
and the lemma follows. O

We are ready to compare, in the same way we do in Theorem 3.3.6, the exact
and model solutions. Recall that as, a’, a! and a are defined in (3.3.1) and f, is as in

Definition 4.3.3.
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the following bounds hold:

Theorem 4.3.6. For any nonnegative real numbers s and s* such that s* + 1/2 is not
an even integer, and for any arbitrarily small § > 0, there exists a constant C' such that

[u® = u*(p)llL2(Re) < Ce®?p~2~ta, + Cea,
0% = 05 (0)l2qrey < C2(p = +p~""M)ak. 4 CP/26,
o7 — o1 (P)llz2(rs) < Ce®2p~25al 4+ 0™ %a,

where 0¢ = V u®

~

los — a5(@)llr2(re) < Ce32p~1"%a, + Ce2a,

Proof. We prove the fourth estimate only, as the others follow from similar arguments.
Using the triangle inequality the following holds:

o5 — o5(P) |l L2(re) < llo5 — 03 +e[(E2)2 + (Z2)a]ll L2 (re)
+e(|lo3 — o3 )l r2(rey + [(EL)2 — (B2)2(0) 12(rey + 1(EL)2 — (EL)2(0)|12(8e))

—_

+ |05 (p) — €03 (p) +€[(E2)2(p) + (

From Theorems 2.2.2 and 4.2.9, we have that

=)

=120z (re)-

los — eo3 +[(E%)2 + (E2)2)ll L2 (re)

—_

+ |05 (p) — €03 (p) + €[(E2 )2(p) + (
The estimate

=4

)2(P)]ll22(rey < Ce™2a.
2)o — (E2)2(0) 2 (re) + 1(E2)2 — (E2)2(p)| 12 (o) < Ca

comes from Lemmas 2.1.8 and 4.2.6. Finally we apply Lemma 4.3.2 to bound |03 —
03(p)||2(rey and the result follows. [
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Remark 4.3.7. As in Remark 3.3.7, we have that actually

o5 — i (@)llz2(rg) < >~ *ag + C*2(II(f, 9)llo.r + II(f,9)llz.0m..)-

Comparing the results of Theorems 3.3.6 and 4.3.6, we see that the rates of
convergence in p (with one exception) and in ¢ are the same for both SP and SP’ models.
One should compare the estimates for d,:u®(p) in the SP models with the ones for o5(p)
in the SP’ models. The results of table 3.1 and the comments afterwards apply here as

well, with obvious modifications.
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Chapter 5
The Poisson problem in

a three-dimensional plate

In this chapter we extend the previous results to a three-dimensional plate. After
introducing the Poisson problem, we present the asymptotic expansion for the exact
solution. Then we investigate both forms of the variational approach for dimension
reduction.

Section 5.1 — The asymptotic expansion for the original solution. Recall that
in the introduction we define the three-dimensional plate P¢ = Q x (—¢,¢) and its
boundaries OPf = 90 x (—¢,e) and 9P = Q x {—¢,e}. Assume that u® € H'(P?)
satisfies (in the weak sense)

Au® = —f° in P*,
ous
on Y

u® =0 on OP;,

¢ ondP%, (5.1.1)

where f¢: P° — R and ¢° : 0P — R.
Our first step to show the influence of € explicitly is to rewrite (5.1.1) in the

scaled domain P = Q x (—1,1). Let 0P, = 02 x (—1,1) and 0Py = Q x {—1,1}. Also,

1

T = (z,73) is a typical point of P, with z = 2° and 23 = €7 2§. In this new domain

we define u(e)(z) = u(z®), f(z) = f(z°), and g(z) = e *¢°(2°). We conclude from

(5.1.1) that
(011 + O2g + e 2O33)u(e) = —f  in P,
8;—518) =g on 0Py, (5.1.2)

u(e) =0 on 0Pr,.

We again assume that f and g are independent of e.



Consider the asymptotic expansion

u(e) ~u® +e2u? 4+ tut + - .
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(5.1.3)

Formally substituting (5.1.3) in (5.1.2) and grouping together terms with same power in

€ we have

e 2033u° + [(O11 + Da2)u’ + O33u?] + €2 [(811 + Ogg)u® + 833u4] + ..

ou® ou? out
8—7“;+52%+e4%+---:5290n8ﬂ.

Then, using the same arguments of Section 2.1, we decompose
u?F(z) = 0 (x) + M (x),

where f_ll u?*(z) dws = 0, and find that

2
®=0  on 09,

(Or1+ 0)C°(@) = 5 [ fl.ma) o = 5o ) + gz, 1)

and ¢?* =0 for k > 1. Also, for each T €,

OO o

u® =0, Og3u® = —f — (011 + 022)CY,

833’&% = —(811 + 822)&%_2 for all k£ > 2,

along with the conditions

8a2k

on

= dk19 on OP4, for all £ > 1.

Note that u® = ¢° and u?* for k > 1 are well determined.

:_f7

in €,
(5.1.4)
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Once again, in general u?* does not vanish on the lateral boundary 0P;. We

introduce then, formally, the boundary corrector
Un~e?U?+ 303 + U+ (5.1.5)

to correct the values of u?, u*, etc. on OP;. We expect also that

(811 + Ogo + 5_2833)(] =0 in P,

(5.1.6)
a—U =0 on 8P:|:.
on

As in Section 2.1, we hope to pose a boundary corrector problem that is inde-
pendent of €. In the two-dimensional domain R, it was enough to define a stretched
coordinate in the horizontal direction and pose the corrector problem in the semi-infinite
strip 3. We proceed here analogously, using a new system of (boundary-fitted) horizon-
tal coordinates. In this new system, a point close to the boundary 02 has as coordinates
its distance to 92 and the arclength along the boundary. We are able then to again
define a horizontal stretched coordinate, in the normal direction, and pose, after some
work, a sequence of problems in, once more, . The geometry of € plays an important
role, as we see below.

We digress then to introduce the boundary-fitted coordinates, following the no-
tation of Chen [19]. Suppose that 9 is arclength parametrized by z(6) = (X(0),Y ().
Let s = (X', Y"), n = (Y', = X') denote the tangent and the outward normal of 9, and
define

Y={z—pn:2€00 0<p<p},

where pg is a positive number smaller than the minimum radius of curvature of 0f).

With L denoting the arclength of 0f), then

z(p,0) = z(0) — pn(9).
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is a diffeomorphism between (0, pg) x R/L and €2;,. Extending n and s to ) by

n(p,0) =n(0),  s(p,0)=s(0), (5.1.7)
then, for a =1, 2:
0a0 = =2 Dup = —Na,
J(0)

where J(p, 0) = 1—pr(0), and & is the curvature of Q. Finally, the change of coordinates
yields
Oaf = 09 f0a0 + 0, fOup, for a =1, 2.

The expression for the Laplacian in these new coordinates follows:

K 1 pK'
(011 + 022)U = 0,,U — 38pU + ﬁ@@gU + F&gU

o o7 | (5.18)
= 05,0 + 3 07 (al0,U + afdooU + auU )
§=0

where we formally replace each coefficient with its respective Taylor expansion, see [4],

and

o = OV, ah =G+ DO, o =L @i o).

Defining the new variable p = ¢~!p and using the same name for functions different only
up to this change of coordinates, we have from (5.1.8) that
(D11 + Doa)U = e 205U + 3 (ep) (a{e_lﬁ,;U + aldpoU + a§89U> : (5.1.9)
5=0
Aiming to solve (5.1.6), we formally use (5.1.5) and (5.1.9), collect together terms

with same order of € and for k > 2, pose the following sequence of problems parametrized

by 6:
(8ﬁﬁ + 833)Uk = F}, in X,
ouk
a—n =0 on 8Z:|:, (5110)

U*(0,6,23) = u* (0,0, 3) for x5 € (—1,1),
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where

F, = Z [)j (agﬁﬁUk_j_l + a%aggUk_j_z + agagUk_j_2> ,

with the convention that u* = 0 for k odd and U° = U! = 0. From Theorem 6.2.6,
we see that U* decays exponentially towards the constant c¢*(§) = % [s pFy dp dzs. The

next lemma shows that in fact ¢, = 0 and therefore U* decays to zero.
Lemma 5.1.1. Let U* be defined by (5.1.10) for any positive positive k. Then c* :=
%fz pFdpdxrs =0
Proof. From the definition of Fj, it is enough to prove that for any positive integer [ and
forj=1,...,k,

/ ploU7 dp das = / pUT dpdas = 0. (5.1.11)

b b

The proof is by induction in k. For k = 1, (5.1.11) obviously holds since U! = 0. Now

assume that (5.1.11) holds for j = 1,...,k—1. Then ¢; = 0 and U* decays exponentially

fast to zero. Using the formula

/uAvd,éd:cgz/vAudﬁd:cg-i—/ u@—va—udpd:cg,
» » on on

with u = U* and v = p'*2/((I + 2)(I + 1)), we find that

Irrk ﬁl+2
o' U dpdxs = —— F.dpdxs =0
/2,0 pars /z(l+2)(l+1) kapars

follows from the definition of F}y and the inductive hypothesis. Similarly, using integra-
tion by parts, we have that [ p'0,U" dpdzsz = 0. Hence (5.1.11) holds and the lemma

follows. [

Combining (5.1.3) and the boundary layer expansion we write

u (2t +Ze% M2t e a5) —x(p) S U p,0,e715),  (5.1.12)
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where x(p) is a smooth cutoff function identically one if 0 < p < py/3 and identically
zero if p > 2py/3.

The results below are similar to the ones stated in Chapter 2. We omit many
of the details. Using the convenient hypothesis that f and g are “smooth”, we will
bound their (arbitrarily high) Sobolev norms by a general constant C(f, g). This allows
a simplification of the estimates and no major loss of information occurs. The same
ideas of Chapter 2 apply here and the results obtained there can be easily adapted to
this three-dimensional problem. We present the convergence estimates of the truncated

asymptotic expansion in the H'(P¢) norm without a proof. Let

eN—U _(:0 Z€2k Qk ’ x3 +X ZEkUk p,H c —1 E)

Then we have the result below.

Theorem 5.1.2. For any nonnegative integer N, there exists a constant C(f,g) such
that the difference between the truncated asymptotic expansion and the original solution

measured in the original domain is bounded as follows:

8ol i1 (pey < C(f,9)™ 2, Nenllgrcpey < C(F: )N

As in (2.2.3), if f and g are not both identically zero,

3/2 1 if ¢ =0,

€
u - > C(f,
| HHl(P ) = (f.9) € otherwise,

2 et |

and then

Wollaies _ o ey, Motlimen _ g gean-irzy

1w 1 (pe) [ue| 1 (pe)

We compile in the table below the estimates for the error between the original solution

and the truncated asymptotic expansion, for N > 1. The notation is the same as in

Table 2.1.
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TABLE 5.1. Convergence rates of the truncated asymptotic expansion

u® BL en(N >1) Relative Error
|- L2 cpe) »—2£5/2 3 | e2N+2(2N+5/2) £2N-1/2(322N)
10, - z2(pey | v3/2e2(v2e5/2) | &2 | 2N+L(2N+5/2) 3/2 2N-1(12:2N)
196 - || 22(pe) »—2£5/2 3 | 2N+2(2N+5/2) £2N—1/2(;,2.2N)
02z - | L2(pPe) g3/2 e2 | e2N+L(2N+3/2) £2N—1/2(g2N)
|- e (pe) y—123/2 2 | E2N+I(2N+3/2) £2N-1/2(1)g2N)

Section 5.2 — A wariational approach for dimension reduction. We start to
consider now some models for problem (5.1.1). Recall that V(P¢) = {v € H'(P*) :
v = 0on OP;} and define S(P°) = L?(P°). Similarly to Section 3.1, the pair u® and
0° = Vuf satisfies the following.

SP: (u®,0°) is the unique critical point of

1
L(v, 7)== / 7|2 dz® + fruda® — / 7-Vodz® + / g°vdaz®
- 2 pe - Pe - € - - api ~

over V(P®) x S(P?).

As before, SP stands for “saddle point” principle. To define the SP(p) models,
we seek critical points of L(-,-) in the spaces V (P?,p) = {v € V(P?) : degzv < p} and
S(Pe,p) = {1 € S(P?) : deg 7 <p,deggT3 <p— 1}, where we define degy analogously
to degy. These will be minimum energy models, as V V(P¢,p) C S(P<,p).

We now write explicitly the equations of the SP(p) model. Recall (3.1.2) and

(3.1.3) and define

£

fk(fa) =¢e! fs(gs,xg)Qk(fL’g)d{L’g,
€ (5.2.1)
P = o @50 7@t )], ') = 5let(ate) — o lat, 2]

Similarly to Section 3.1, if we write the SP(p) solutions as

Z?:o gj(

T 11
< 3
>0 03(2°)Q;(25)

u (p)(2°) = ij'(za)Qj(w%% 0% (p)(2°) = (
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i € Jj _ -1 :
then ¢/ = Vw5 and o3 = M) e J+1 N;jw;. To determine wy,...,w,, we define

g: Q2 — RPTL where g; = ¢" if j is even and g; = ¢ if j is odd, and

w(ga) = (wo, - - - ,wp)T(ge), f(ge) = (fO, o ,fp)T(ga). (5.2.2)

Then, from the definition of u®(p),

M(011 + O92)w — Ow = —f — 2 g,

w=020 on 0f).

As before, u®(p) has a nontrivial dependence on €, which is apparent in its as-
ymptotic expansion, which we develop now. We do not justify the computation of each
term in the expansion, verify Section 3.2, we present only the final equations that each

term satisfy. In fact, we have that

u(p) (2 +Z€2k () (2 e a5) = x(p) Y UM p) (e p, 0,7 1a5),
k=2

where (Y solves (5.1.4) and the other terms are defined as follows. Set u?(p)(z,-) =

~

ﬁ;{)ﬂ(g, -) for almost every x € {2, and hence,

1

| on ) enonoten) das = [ [Flz.as) + 0+ 00 lo(os) da

1
+g(z,—1v(=1) + g(z,)v(l)  forallv € Py(—1,1).

For any integer k > 2, we define u%(p)(%, ) eP,(~1,1) by

1

/_1 du* (p)(z, w3)d3v(x3) das = / (011 + 022)u™ 2 (p)(z, m3)v(23) das

-1
for all v € I@)p(—l, 1),

and for almost every z € (1.
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Recall the definitions of V' (X,p) and Vo(3,p) in (3.2.6). With § € R/L as a
parameter, the boundary correctors U*(p)(-,0,-) € V(X,p) satisfy for k > 2:
/VU’“ Vvdx—/Fk for all v € V(2 p),
U*(p)(0,6,z3) = u*(p)(0, 6, z3) for all z3 € (—1,1),
- i # (0,097 (p) + afaa U~ (p) + 05U 2(p) )

where u* = 0 for k odd and U%(p) = U'(p) = 0. Once again, U¥(p) decays to zero since
Js PFy(p) dp dzs = 0. The proof of this fact is as in Lemma 5.1.1.

We present next estimates of u®(p) minus its truncated asymptotic expansion.

Theorem 5.2.1. For any positive integer N, there exists a constant C(f,g) such that

2N
u* (p) Ze% F(p) + x(p) Y _ U (p)
k=2

for all p € N.

< C(f,g)*N
H1(P?)

Next, we compare some terms of the asymptotic expansion of both u® and u®(p).
We need the following notation, which is the three-dimensional equivalent of the notation

used in Section 3.3.

Definition 5.2.2. For a nonnegative real number s, let

as = | fllzumr=—1,1)) + l9llz20psy, @t = Il me(—1,1)) + 9]l 1 0P
(5.2.3)

al = 1£(0, Mz (o, (-1,1)) + 1900, -, =)l 20,y + 1190, -, 1)l 22 0,1

where in the definition of @, we use boundary fitted coordinates. For each fixed 0 €

[0, L), define (0, s,0) as in Definition 3.3.3, and set

(s, 8 fu,s,s
fi(s,0) = 9613% )u( 5,0).

The first three estimates in the lemma below hold since u*(p)(z, -) is the Galerkin
projection of u?(z, -) into P,(—1,1) for z € Q. The convergence of the boundary correc-

~

tors is as in Lemma 3.3.5.
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Lemma 5.2.3. For any nonnegative real numbers s and s* such that s* +1/2 is not an

even integer, and for any arbitrarily small § > 0, there exists a constant C' such that

—2_g~

Ju? — u2(p)HL2(Ps) < Ce'?p s,
I Y“Z - YU2(p)HL2(P€) < Cel?p~2sal,
10a5u® = Do ® (p)l| 2 py < C™/2p7 ",

1005 (XIU? = U )]} 22(p) + 10, {X[U* = U(0) [} 2(pey < Cp~F V..

Finally, we present the convergence results for the SP(p) model. Let P§ = Qg x

(—¢,¢), where € is an open domain such that Qg C €.

Theorem 5.2.4. For any nonnegative real numbers s and s* such that s* + 1/2 is not
an even integer, and for any arbitrarily small 6 > 0, there exist constants C' and C(f, g)
such that the error between u® and the approximation u®(p) given by the SP(p) model

is bounded as

|u® —u®(p)||lL2(pey < Ce*2p~2 %4, + C(f, 9)<°,
10, [u = uf (p)]l| L2(pey < C2p~ PVl + C(f,9)™/,
186w — v (p)]l|2(pey < Ce™Pp? a; + C(f,9)e°,
|V — T @)llsr) < O~ + C(£, )"/,
850" = B (p)[|L2(pe) < C2p™' %A, + C(f, 9)e?,
[u® —u®(p)[|rr(pe) < Ce¥2p~1%a, + C(f, 9)e.
We summarize the convergence results in the table below, c.f. table 2.1. We

present only the leading terms of the errors and in parenthesis we show interior estimates

if those are better than the global ones.



TABLE 5.2. Convergence estimates for the SP(p) models
u® —uf(p) Relative Error
|- llz2(pe) e®/2p24a, v2p~27sa,
18, - |2y | €2p~Fal (72p~2"*a)) | v¥/2p~Fal (VPp—>~*ay)
Ha@ . ”L2(P5) 55/2p_2_5&§ l/2p_2_SC~L;
1025 - llL2(Pe) e/2p~1-4a, p'%a,
|- e 3/2p~1sa, vp_ o,

Section 5.8 — An alternative variational approach.

73

We now present the SP’(p)

models for (5.1.1) and the results related to it. Let V'(P¢) = L*(P¢) and S/ (P°) =
{g € H(div,P?) : 0-n =g° on 8Pft}. Then we have the following principle.

SP’: (u®,0°) is the unique critical point of

1
L'(v,T) = 5/ |7|? da® + ffvdx*® -l—/ div 7o dz*
Pe Pe €

in V'(P¢) x 5 (P*¢). Looking for critical points in the spaces V'(P¢,p) = {v € V'(P?) :
degzv < p} and S} (P%,p) = {7 € S, (P*) : degy 7 < p, degg 73 < p — 1} we derive
the SP/(p) models. Another option is to choose S (P,p) = {1 € S} (P?) : degzT <
p, degs 3 < p+ 1} instead, yielding the SP,(p) models. As in Chapter 4, for both
SPi(p) and SP5(p) models, div S (P¢,p) = V(P*,p) and 0°(p) is the minimizer of the

complementary energy
1
Jo) =5 [ \rPda

over all 7 € S} (P¢,p) such that div T = —my f¢, where here, 7wy f© is the orthogonal L?
projection on f€ into V' (P*,p).
We present next some results regarding the SP,(p) models, omiting the motiva-

tions and the proofs. These are parallel to the arguments of Chapter 4.
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Recalling (3.1.2), (3.1.3), (4.1.5), (4.1.6), (4.1.7), and if we write the SP}(p) solu-

tion for a positive integer p as

then o = —[M_l(Nw—l—glqe—i—quo)]i fori=2,--- ,p+1and gi =Vuw;fori=0,...,p.
Finally,
M(dy1 + 9o2)w — NTM™'Nw = —ef + NTM ! (g'q® + ¢°q°) — 2¢%y,

w=020 on O0N.

For the SP4(p) methods, the asymptotic expansions for u®(p) and o°(p) are

u®(p)(z®) ~ ¢°(z°) + Z EZku2k(p)(££, e 'x§) + boundary correctors,
k=1
GO € - 2k Uzk(p) e —1,¢
o)~ (Y5 Y e e (50 ) e
+ boundary correctors.
Equations (5.1.4) define ¢°. The other terms are determined as below. With z € Q as
a parameter, u?(p)(z) € P,(—1,1) and a3(p)(z,-) € Ppyr1(=1,1) with o3 (p)(z,-1) =

—g(z,—1) and ag(p)(%, 1) = g(z,1) satisfy

1

/ O'%(p)(%,xg)Tg(CCg)dwg —|—/ u2(p)(g,:c3)837'3(x3)dx3 =0

-1 —1

for all 73 € Py q(—1,1),
1

| o) aaotas)das = = [ [Fz.aa) + 0+ 0m)C(@)]o(es) da
for all v € P,(—1,1).

Note that u?(p), o3(p) are mixed method approximations of u?, dzu? (with r €Qasa

parameter).
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For all integers k > 2, let 03" (p)(z,-) € IOF’pH(—l, 1) and u?*(p)(z,-) € Pp(—1,1)

be such that
1

/ 03" (p)(z, w3)73(23) das +/ u? (p)(x,3)0573(x3) drs = 0

—1 —1

for all 73 € ICE)Dp_,_l(—l, 1),
1 1
/ 830§k(p)(£7503)v($3) das = _/ (011 + 822)U2k_2(17)(£a503)v($3) drs
—1 —1
for all v € Py q(—1,1).

Also, gzk = Yu%(p). We present some details regarding the boundary corrector prob-

lem. We expect a pair of correctors U(p), E(p) with trace Uy(p) on 0P to satisfy

J.

I[1]

(p)-z—i—U(p)divzdg—/ Uo(p)T - ndzx dxs for all T € S((P*, p),
oFL (5.3.1)

/ divE(p)vdr =0 for all v € V/(P?,p).

We use (5.1.7) to define

in . Then, a long but straightforward computation shows that

o — 1, _ K
divE(p) = 9,En(p) + 38055(17) - j:n(p)'

Hoping that the correctors will decay very quickly, we, in a first step, pose (5.3.1) in
2, using the boundary fitted coordinates (p,0,z5). Next, we use the “stretched” (in
the normal and vertical directions) variables (p, 0, z3) in order to pose a e-independent

sequence of corrector problems, and define

[1]>
[1]>

n(p)(ﬁﬂgax?)) = EEn(p)(p7‘9’x§)v S(p)(,é,@,xg) = Es(p)(p7‘9’x§)a

ég(p)(ﬁ’ 07 $3) = 553(19)([)7 07 x%)
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Similar definitions hold for 7,,(p), 7s(p) and 75(p). The motivation for multiplying =, (p)

and Z3(p) by ¢ is that we expect them to “behave” as ¢!, after all they approximate

0,U and 03U in P. All the above described transformations lead to

—2= A ey A — 2= A~ — A 1 A~ — A~ T
/ [z-: 22, (p)7n + Zs(p)7s + e 223(p) 73 + U(p) (z-: 28,37n + 38973 + € 28373)] J
Q

27 1
— e KU (p)7, dQ = / / Uo(p)(0,0,23)7,(0,0, 23) dxs d,
0 —1

_ e 1 =~ — ey _
/ [5 28,3:n(p) + 0S4 20555 — et
o J

where Q = R* x (0,27) x (—1,1) is a semi-infinite quadrilateral domain with the union

of its top and bottom boundaries given by dQ+ = Rt x (0,27) x {—1,1}, and

T€{r€H(div,Q) : 73 =00n0Qx, degy 7 < p, degy 73 <p+1},

v e {LQ(Q) : degzv < p}.
Replacing 7, by 7, /J, 73 by 73/.J, and v by v/J, formally substituting the Taylor series

of the coefficients and

ceey

where u* (p) = 0 for k odd, we arrive at the following sequence of problems, parametrized
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by # € R/L and defined in the semi-infinite strip 3
( )Tg + U ( ) (8;37A'n + 83%3) d[)dxg

_/ u*(p)(0,6,23)7,(0, 23) ds for all 7 € Sy(3,p)
Yo
/

/ Eﬁ(p)%n + ES
by

/ (0,22 (p) + 3=k ( Vvdpdrs = / Gr(p)vdpdxs for all v € V'(X, p)
>
p),

+(p) = pr(O)= (p) + OU*(p)
( )+CLJ899Uk_j_2(p)+agagUk J 2(p))

—_

—
—
S

k—2
Gr(p) =Y ¢ (=5
=0
Finally,
u®(p)(z° 2°) + Y et (p) (2, ag) — x(p) Y " U () (e p, 0,67 5),
k> >
v¢? 1 2k a**(p) k_21
gf<p><f>~(~0 Ju+ Y (_~1 L) e i)
k>1
e "2k (p)n + =5 (p)s .
—x(p)25k< 5_%;5@) ”)(6 p,0,e " z5).

We present next the various error estimates, vide Chapter 4
Theorem 5.3.1. For any nonnegative integer N, there exists a constant C(f,g) such

)

(

that
2N
262’“ *F(p) + x(p) Y " U (p)
= L2(Pe)
+ 0% (p) - YCO)—ZN:EQ’“< 7 ()
- 0 — \elodt(p)
2N 15k ey
e En(pn +=5(p)s IN+1
+ x(p) k( p)n + (o) (/.0
Z € 15]5(17) L2(Pe)

k=2
The next two lemmas estimate the difference between the first terms of the asymp-

totic expansion of u¢ and u®(p). As in Section 5.2, the following definition is necessary
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Definition 5.3.2. For each fixed nonnegative real number s and 8 € [0,1), define

i(0,s,9) as in Definition 4.3.3. Then set

fi(s,0) = 961{5&)“(973’5)-

Lemma 5.3.3. For any nonnegative real numbers s and s* such that s*+1/2 is not an

even integer, and for any arbitrarily small § > 0, there exists a constant C' such that

[u? — w2 (p)|| 2 (pey < CM?p2%ay,

IV u? = Vu(p) | p2pey < Ce/2p~27%a,
o3 — a3 (p)||L2(pe) < Cel/?p~1=%a,,
102505 — Bug 03 (D)l L2 (o) < Ce=Y2p~sa,,

IXIE2 — E2(0))|12pe) + IXIE5 — E3(P)]|12pe) < Ce(p™' ™ +p M- 0)al.,

where o3 (1) = 0,,u*(x), é%(g) = 0,,U%(2).

We end this chapter by presenting the convergence results for the SP’(p) model.
Theorem 5.3.4. For any nonnegative real numbers s and s* such that s* + 1/2 is not
an even integer, and for any arbitrarily small 6 > 0, there exist constants C' and C(f, g)

such that the following bounds hold:

[u — uf(p)|| p2(pey < C®*p~ 2 %a, + O(f, 9)%,
0% —a°(p) -l p2(pe) < C2(p717% +p BTN GE. 4 O(f,g)e¥/,

lo® - s — 0°(p) - sllL2(pe) < C*p~>"%aL + C(f, 9)e”,

)l z2(psy < C™2p~27%al + C(f,9)e" 2,

£
~ ~
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Chapter 6

The Poisson problem in a semi-infinite strip

We discuss in this chapter several issues related to the Poisson problem
AU =-—f in 3,

oU
an =0 on 0X4, (6.1)
U(0,-) =Us(-),

where ¥ = RT x (—1,1) is a planar semi-infinite strip, with top and bottom 90X, =
R x {—1,1}. We prove that the problem given by (6.1), as well as a Galerkin, and
a mixed approximation, are well posed, and that the corresponding solutions decay
exponentially towards a constant. We also bound the difference between the exact and
approximate solutions.

Section 6.1 — Well-posedness. We prove in this section that there exists a unique
solution for (6.1) in a weighted Sobolev space that contains functions with a certain
algebraic growth. Stability also holds, as we show below. We indicate an arbitrary point
in ¥ by p = (p1,p2). We assume that f belongs to an appropriate weighted Sobolev
space, to be defined, which guarantees that f decays “rapidly enough” along X. It will

be useful to consider the sets
E(t,s):{QEZ 1 t<pr<s}, and %:{QEZ D p1 =t}

for 0 <t <s < oo.
Our first goal in this section is to show that if f decays exponentially to zero as
p1 — oo, then VU also decays exponentially to zero and U tends exponentially fast to

the constant ¢ (U)/2, which is easy to calculate formally:

coo(U)z/Eﬁlf(g)dQ+/ U dpsy. (6.1.1)



80

Next, for f = 0, and a Dirichlet condition at vy, we will study the properties of two
distinct approximations for U, in spaces with polynomial dependence in the vertical di-
rection. The first approximation is the standard Galerkin projection, and the second one
is given by a mixed model, and in both cases we show stability and convergence results.
The results presented here are used throughout this thesis to analyze the boundary layers
which appear in solutions of problems in thin domains.

With D'(%) as the space of distributions on ¥, and w(p) = (1+p1)~", we endow

the weighted Sobolev spaces

L2E)={veD(X): wve L*X)}  and
V) ={veD'(T) :ve (%), Vve LX)}

with the norms ||v]|z2 sy = wvllr2(x) and [vllv, ) = (HUH%?“(E) + HYUH%Q(E))I/Z.

Denote by D(X) the space of restrictions to ¥ of the functions of D(R?). It follows
from standard arguments [26] that D(X) is dense in V(X). Also, it is possible to define
a bounded trace operator from V(X) onto H'Y?(vy). Indeed, for U € V(X), let the
restriction r(U) = Ulg ) € H'(%(0,1)). Now, the trace operator 7: H*(%(0,1)) —
H'/2(~p) is bounded and surjective. We have finally 7o r: V(Z) — HY?(yy).

For future reference, we present some estimates that follow from Hardy’s inequal-

ity, see [36] for a proof.
Lemma 6.1.1. Let d < 1, and U € H}(R™) be such that
[ (et o0 dp < .
R+

where c is a nonnegative constant. Then the following inequality holds:

[+ di < (%) [ (et i ol .

Applying the previous result with d = 2(1 — «) and ¢ = 1 the following holds.
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Corollary 6.1.2. Let U € H}(R') and o > 1. Then the following inequality holds:

A+(1+ﬁ1)‘2“U2(ﬁ1)dﬁ1 < (2a2_ 1>2/R+[U’(ﬁ1)]2dﬁ1.

We proceed now to establish an equivalent norm on V' (X).

Lemma 6.1.3. Assume that v € V(X). Then

1 1/2
lvllvis) < (1Y vllZze) + I0lZ200) < Cllollvi, -

Proof. Since the trace operator is bounded, the second inequality follows easily from the

definition of [|v||y,, (x). We advance now to prove the first inequality, when v € D(X).
The general case follows from the density of D(X) in V(). Applying Corollary 6.1.2

with a = 1, we have that

[+ p@—vomPa<t [ [ @ordndn  612)

On the other hand,

1
LR 0mdp = [ P00 [ 04507 dprdin = ol (613

and then using (6.1.2) and (6.1.3) we conclude that

[0l ) = 11+ p1) " ollZa sy + I V 0llZe (s
<201+ pr) o — 00,172z + 201+ p1) " (0, )12y + [ V0l Z2(s)

<V ullfa(s) + 20vlI720)
and the result holds. [
It follows from the above lemma that V(X) is a Hilbert space equipped with the

inner product

a(u,v):/Yu'Yvdé-l-/ uv dpa,
3 Yo
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and we denote the induced norm by || - ||y (x).

Remark. The function (14 p1)* € V(X), for a < 1/2, but functions that are linear in
p1 do not belong to V(X).

We define V((X) as the subspace of V' (X) of functions with vanishing traces on 7o,
ie, Vo(X)={veV(X): v=0on1}. Let V*(X) denote the dual space of V5(X), and

v=(x) denote the dual norm. The following existence and uniqueness result holds.

Theorem 6.1.4. Suppose that F € V*(X), and that Uy € H'/?(vy). Then there exists

unique U € V(X)) satisfying

U ="Uo on Yo,
(6.1.4)
a(U,v) = F(v) for all v € Vp(2).

Moreover,

1Ullvy < IIF]

Vo (E) + CHUOHHI/Q(’Y())‘

Proof. In the case Uy = 0, the result follows from the Riesz representation theorem.

For non-homogeneous boundary conditions, define U € H 1(32) such that U = Uy on o,

U(p) =0 for py > 1 and || VU 12y < CllUollr1/2()- Let w € Vy(E) be the solution
of

a(w,v) = F(v) —a(U,v) for all v € Vp(X).

So [lwlly sy < [IF]

ver) + YUHL2(E), and U = U + w satisfies (6.1.4). Using the

triangle inequality we have that

1Ulves) < 10llves) + lwllves) < IFlv-s) + CllUoll /2 (),
and the proof is complete. [

We show next that functions with a certain algebraic decay belong to the dual

space of V(X). In fact, we have the following result.
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Lemma 6.1.5. Assume that a > 1. Then for all f € L? _.(X) and for all v € V(Z) we

have that

. 2
[ vdp < 5751w lvlves.

Proof. Using the Cauchy—Schwartz inequality to estimate

[ odp <10+ 5 flez 11+ i)l
and then applying Corollary 6.1.2 we conclude the proof. O

If we define F(v) = [y, fvdp where f € L2_,(¥), then

2
V) S 50— 1fllzz_ =),

1]

and we can apply Theorem 6.1.4 to conclude the following result.

Theorem 6.1.6. Assume that f € L2 _ (%), where o > 1, and let Uy € HY?(vp).

Then there exists unique U € V(X) such that

U=Uy  onn,

6.1.5
a(U,v) = /2 fudp for all v € Vp(2). ( )

Moreover,
2
20 — 1

1U]lv ) < HfHLfU_a(z) + ClUoll 172 ()

Note that (6.1.5) is a weak formulation of (6.1). We are interested in the case
when f decays exponentially, and thus we shall assume that f is a measurable function
such that

|f(p)] < M exp(—cop1) for almost every p € X, (6.1.6)

where M is a nonnegative and ¢y is a positive real number. Certainly, functions with

property (6.1.6) belong to L2 _ (X), for arbitrary «, and then Theorem 6.1.6 applies.
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Section 6.2 — FExponential decay of solutions. Now that the question of existence
and uniqueness of solution for (6.1) is answered, we proceed to analyze the behavior of
the solution and its approximations. We show next that they converge to a constant
function exponentially quickly, in a sense that will be made clear. In this section, U is
not necessarily a solution of (6.1), but it might be the projection of the solution into
some particular space. Similarly, o might be either the gradient of the solution or its
approximation. As we see below, sufficient conditions for such exponential decay are

that U € L2(X), 0 € L*(X) and that U, ¢ satisfy for 0 <t < s < oo

/ |g|2déz fUdé— O'1Ud[)2+/ 01U dpa, (Cl)
E(t7s) E(tvs) Yt Vs
/ fdé—/ Uldﬁg—/ Jldﬁg, (02)
E(tvs) vt Vs
—/ prfdp= [ Udps +/ (toy — U) dpa, (C3)
2(07t) Yo Tt

1 2
/ U? dps < CW/ ag dpe + 3 (/ Udﬁg) for some Cy > 0. (C4)
Yt Yt Yt

The constant Cyy in the condition (C4) mimics the Wirtinger inequality (the one-

dimensional version of the Poincaré’s inequality, see [43]).

Lemma 6.2.1 (Wirtinger inequality). If u € H'(a,b) N L?(a,b), then

/abu(x)de < (b;a>2/abu’(x)2dx.

Lemma 6.2.2. If(6.1.6) is valid, U € V(%) satisfies (6.1), and ¢ = V U, then identities

(C1)—(C4) hold with Cy, = 4/7>.

Proof. Conditions (C1)—(C3) follow from Green’s identity. Next, if we define

I(t) = / U dps, (6.2.1)
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then the Wirtinger’s inequality yields condition (C4) as

. o IMNE L I()? I(1)?
/Udeg—/ (U(t,m)—ﬁ) g+ 10 SCW/ 0,0 dpo + 1
Yt Yt Yt

2 2

O

In the following two lemmas we show that results similar to (C1)—(C3) are valid

in unbounded sections of ¥ as well.

Lemma 6.2.3. Assume that (6.1.6) holds, U € L7,(¥), ¢ € L*(X) and that conditions

(C2), (C3) are satistied. Then for t > 0

/ fdé—/ Uldﬁg, (622)
Z(tvoo) Yt

[ v =c)+ [ =@ dp (6:23)

3(t,00)

Proof. 1If we define P(s) = f7 o1 dps, then in view of (C2) we have that

P(S)—/ Jldﬁg—/ fdé
Yt E(t7s)

Thus P is a continuous function and lim,_,., P(s) = d, where d is the constant

d—/ Uldﬁg—/ fd{é
Yt Z(tvoo)

As |o| € L*(%) and (6.1.6) holds, then P(s) € L*(RT). Hence d = 0 and identity (6.2.2)

follows. Now, to conclude (6.2.3), we use (C3) and then equations (6.1.1), (6.2.2). O

Lemma 6.2.4. Assume that (6.1.6) holds, U, |o| € L*(X) and that condition (C1) is

satisfied. Then fort > 0

/ o> dp = fUdp —/ o1 U dps. (6.2.4)
> 3 (t,00) Yt

(t,o0)
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Proof. Define the function H(s) = [ 01U dpz. Then, by (C1):

H(s)—/ \g\ng—/ fUdé—l—/ 01U dps.
%(t,s) S(t,s) Ve

Hence H is continuous and

lim H(s) = / lo|*dp —/ fUdp +/ o1U dps.
§—00 S(t,o0) (t,00) - e

It follows from its definition that 2|H(s)| < |lo[|2. )—|—HU||%2(%), and then H € L*(R™).

(s

Therefore lims_,o, H(s) =0 and (6.2.4) holds. [
The estimate

2M

SCQ
0

exp(—cot) (6.2.5)

[ w-mir@d
3(t,00)
follows solely from (6.1.6) and will be useful further ahead.

Theorem 6.2.5. Assume that (6.1.6) holds, that U € L7,(¥), o € L*(X) satisfy (C1)-
(C4), and also that co(U) = 0. Then there exists a constant C' depending only on ¢

and Cy such that

/ U?dp < (CM2 + CW/ lo|? d@) exp(—t/c1),
(t,00) )N

(6.2.6)
JRE (0M2+ / |o|2dg> exp(—t/c),
S(t,00) s~
where ¢y = max{l + Cw,1/co}.
Proof. First of all, recall the definition (6.2.1), and then by (6.2.3), (6.2.5):
2M
1I(t)| < C—Zexp(—c()t). (6.2.7)

0
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If we define the function E(t) = fE(t 00) o|*dp, then E'(t) = — [ |o|*dpz and (C4)

yields
2 g ) 1(t)?
U?dps < —CwE'(t) + 5 (6.2.8)
Yt
. > U P .
/ U? dp S/ <CW/ \Q\Q d,02+§f(,01)2> dps
E(t,00) t Yon (6.2.9)

L[~ _ .
t

We can now bound the growth of the energy. From (6.2.7) and (6.2.9), we conclude that

U € L?(X2). Using Lemma 6.2.4, we gather that:

E(t)——/ alUdﬁg—i—/ fUdp
vt

3 (t,00)
1 / 2 1A 1 2 g4 (&7 2 14 1 2 g4
<= Uldp2+_/Udp2+—/ Usdp + — fod
2 Ve 2 Vi 2 2(t,00) Y 2« 3(t,00) £
(1 —I—Cw) , I(t)2 aCy « /OO N2 A 1 2 .
<——F —F — I —
< 5 (t)+ 1 T3 (t) + 1], (P1)” dp1 + 20 Jsine o dp,

(6.2.10)
where (6.2.8) and (6.2.9) were used in the last inequality. Choose a = (Cy) ™! in (6.2.10)

to conclude that (recall that E’(t) is nonpositive):
aE'(t) <1+ Cw)E'(t) < —E(t)+ G(t), (6.2.11)

where

1(t)° 1 /°° L2 2 1a
—— t 5 I(p1)” dp1 + Cw fodp.
2 20w J; ! ! $(t,00) £

(6.2.12)

1
c1 = max{l + Cw, a}, G(t) =

We estimate now the energy norm. Define W (¢) such that

W'(t) = —Wc—it) + %t)
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Then

Et) <W(t) = éexp(—t/cl)/o exp(p1/c1)G(p1) dpr + E(0)exp(—t/cy).  (6.2.13)

In this next step we prove that in fact the integral in (6.2.13) is bounded and then
we infer the exponential decay of E. Indeed, using (6.2.12), (6.1.6), and (6.2.7) we have

G(t) < C(co)M? exp(—2cot),

where

1/2 1
C(Co)—a<%+m+CW>.

Thus
t t
/ exp(,ﬁl/cl)G(t) dﬁl < C(Co)MQ/ exp((l/q - 260)[)1) d,ﬁl
0 0

Using (6.2.12) we see that 2¢o > 1/c; and then the above integral is uniformly bounded.

Therefore, in view of (6.2.13), we conclude that
E(t) < (CM?* + E(0)) exp(—t/cy). (6.2.14)
The combination of (6.2.7) and (6.2.9) yield
/E(t )U2 dp < (CwE(t) + CM? exp(—2cot)). (6.2.15)

Using again that 2¢y > 1/¢q, the result follows from (6.2.14), (6.2.15). O

Using the previous theorem, we can decompose a general solution as a constant

term plus a exponentially decaying function, as the result below shows.
Theorem 6.2.6. Assume that (6.1.6) holds and that U € V(X), 0 € L*(X) satisfy

(C1)—(C4). Defining ¢ (U) as in (6.1.1), we have the decomposition

1
U = 5ee(U) + U™, (6.2.16)
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where U*, o decay to zero exponentially as in Theorem 6.2.5, i.e., (6.2.6) is satisfied with

U replaced by U*.

Proof. Using (6.2.16), we see that in fact c(U*) = 0. Next note that if U, o satisfy
(C1)~(C4), then U™, o also satisfy (C1)-(C4). Therefore we can use the Theorem 6.2.5

to infer the exponential decay of U™, 0. [

As previously mentioned, the theory just developed works not only for the solution
of (6.1) but for some of its approximations as well. Indeed, rewrite V(3,p) = {v €
V(E) : degyv < p} and Vo(E,p) = {v € V5(X) : degyv < p} (these spaces are defined

in a equivalent form in (3.2.6)). Now, let U(p) € V (X, p) satisfy
/YU(p)-YvdézO for all v € V5(X, p),
)

(6.2.17)
U(p) = Uo(p) on vo.

We show below that the problem given by (6.2.17) is well posed and that its solution

decays exponentially if Uy(p) € ]@’p(—l, 1).

Theorem 6.2.7. Assume that Uy(p) € P,(—1,1). Then there exists a unique solution

U(p) € V(X,p) to (6.2.17) and a universal constant C' such that

NIU@) vy < ClU0) /2 ()

51U () exp(—tr? /(7% + 4)),

L, I TV0IR dp < 10 sy (7% +-4)

Proof. The existence and uniqueness result for (6.2.17) is completely analogous to The-

orem 6.1.6. To show that the solutions decay exponentially, we prove that (C1)—(C3)
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hold. To prove (C1), i.e., that

U (P (p) dps + / WU (DU (p) dps

Vs

aorey|

Tt

/ YU dp =
3(t,s)

3(t,s)

for 0 <t < s < oo, we assume that ¢ # 0 (the case ¢ = 0 follows from a simple
modification in the argument below). Let xs5(p1) be a smooth cut-off function such that
Xs vanishes in [0,¢ — 0] U [s + J,00), and equals to one in [t, s]. Then, from (6.2.17) and

Green’s identity,

0= / VU®p) - VaU(p) dp = / Yol YU)? dp + / OrxshU (DU (p) dp

— /2 xsl VU@ dp — /E s [ U (DU (p)] dp.

~

So, taking the limit § — 0,

/ CUOPd = [ abUGUE)dp.
S(t,s) (t,s)

— [ 0 U Um) dps + / HU (p)U (p) dps-

Yt

Conditions (C2) and (C3) follow from similar arguments and (C4) follows from the
Wirtinger’s inequality, as in the proof of Lemma 6.2.2. We can apply then Theo-

rem 6.2.5. 0O

Section 6.3 — A Galerkin approzimation. We start this section by explicitly
showing the influence of the corners of the semi-infinite strip on the solution of the
Laplace’s equation. This is important, as the solution might lose regularity in the vicinity
of these corners, and in this case the convergence of polynomial approximation degrades.
Our main reference for this topic is the notes by Kellogg [34], which gives a clear account

of the theory of corner singularities applied to Poisson problems. Then we present a
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theory developed by Dorr [29], [30] regarding approximation of functions with corner
singularities. Finally we estimate the error of a Galerkin approximation.

We are concerned with the problem
AU =0 in 3,

oU (6.3.1)
— =0 on 0¥y, U=U, on o,
on

where Uy € H™ (o) N L?() for some 7 > 3/2. Using separation of variables, we can

derive the solution of (6.3.1),

Zb cos (592 + 1) expl-impn /2.

where b; are the Fourier coefﬁment of Uy, i.e.

Zb cos< p2+1)) (6.3.2)

It is easy to see that {cos(jm(p2 +1)/2)}52, is a basis of L2(—1,1) by making the change
of coordinates y = m(pp+1)/2 and checking that cos(jy) form a basis of L2(0, 7). Consult
[37] for the details regarding the above expansion. Using the explicit formula for U, it

is not hard to show its smoothness.

Lemma 6.3.1. Assume that Uy € HY/2(vo)NL%(vo). Then there exists a unique solution
U € H'(X) to (6.3.1). Also, for any nonnegative integer k there exists a constant C' such

that
1Tl x(2(1,00)) < CllUoll 22 (v0)-

Proof. Note that for any integer k£ and any real number s, both nonnegative, there exists

a constant C' such that

167U (1 )”H( 11 < CZ (14 j%)°5°7b3 exp(—jmpn)
. (6.3.3)
<CY (1+ 52403 exp(—jmpr),

j=1
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and the result comes from integrating (6.3.3) in (1, 00):

|oru |2 <C§: w(ﬂ _in < C = b2
1 LQ((LOO);HS(_LD) >~ j ' eXp( ]’ﬂ') < Z i
=1

Jj=1

< CllUolZ2 ()

g

Remark. It is clear that the choice of the domain (1, 00) in the above lemma plays no
particular role, and the solution is smooth in (¢, 00) for any fixed ¢ > 0.

To describe the singular behavior of the solution for (6.3.1), it is enough to consider
the rectangle @ = ¥(0,1). Let P, = (0,1) and P» = (0,—1). We introduce two polar
coordinate systems (r;,6;) relative to P, [ = 1,2. The convention is that r; gives the
distance to P, and the angle 6; € [0,7/2] increases counterclockwise, so points lying on
vo have §; = 0 and 0y = /2.

In the next theorem [34], we show a decomposition of the solution U in singular

and smooth parts and it is of paramount importance in future estimates.

Theorem 6.3.2. Let U be the solution of (6.3.1) with ro > 3/2 such that ro + 1/2 is
not an even integer. Let Ug be the restriction of U to (). Then there exist constants Cj,
C such that
2 J(ro+1/2)
Up=Us+W, Us=Y > ¥ Dup((-1)*)e] (6.3.4,)

=1 j=1

where J is defined in (3.3.3) and

v o= [0 cos((2j — 1)91) + log ry sin((2j — 1)91)]r§2j_1),

vl = [(g — 65)sin((2j — 1)62) + logra cos((2j — 1)02)]r£2j_1),
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and [|W ]| g0 120 < ClUo 70 0)-

Remark. Note that v] = vJ = 0 when p; = 0, and therefore Uy is identically zero at
p1 = 0.

Remark. Since Uy € H™(—1,1) and 2J(ro+1/2)—1 < ro—1/2, then Ug is well defined.
Also, note that the singular behavior of Uy depends not only on the regularity of the
Dirichlet data Uy but also on how many derivatives of Uy vanish at the endpoints —1, 1.
For instance, Uy(y) = y is analytic but gives raise to a singular solution.

Our next goal now is to estimate the error of the approximation by polynomials
for functions that present corner singularities of the type 77 logr&(6) or 77£(6), where
¢ is a smooth function. We follow here the ideas presented by Dorr [29], [30] and also
Remark 6.3 of [14].

Consider operators of Sturm—Liouville type
Ajp = =051 = p3)0p,0),  T=1,2.
Since A; is positive and self-adjoint in L?(Q), we can define the differential operator
A% = A7+ A3,

where s is a nonnegative real number. It is not hard to see that A® itself is a positive
self-adjoint operator in L?(Q), and that its eigenfunctions are L,,(p1)L,(p2), products
of Legendre polynomials. We define D(A®) as the subspace of functions ¢ in L?*(Q) such

that A% is in L*(Q), and denote by || - || p(as) the associated graph norm.

Remark 6.3.3. For any nonnegative integer k, we have that D(A*/2) = Z*(Q), where

Z5Q) = {v e D'(Q) : |vllzr(q) < 0},
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and
2 1/2
el = ([ 1oPap+ 3 [ - ioh o an)
Q = Ja

In fact, it is possible to define Z°(Q) for any nonnegative real number s. For instance,
if 2s is not odd and s = (1 — 0)k; + 0k, for some nonnegative integers k; and ko and

0 < 6 < 1, then using interpolation by the K-method [12], [13], we can define

2°(Q) = (2M(Q). 2%(Q)),, -

and D(A%/?) = Z*(Q) still holds. See [29] for details.
Using the fact that D(A?®) is continuously embedded in H*(Q), the lemma below

follows from standard arguments [29)].

Lemma 6.3.4. Let s > s’ > 0 be two real numbers. Then there exists a constant C

such that

lo = 72 0] g () < Cllo = 7P 0] pracry < CP** 2 [[0]| p(as).-

Remark 6.3.5. Note that if v =0 on 7, then wg(,ﬁz)v =0 on 7o as well.
We need one extra technical result that is worked out in the proof of Lemma 3.2

of [30].

Lemma 6.3.6. Let (r,0) denote the polar coordinates with respect to one of the corners

of Q. If &, & € C([0,7/2]), and ~ is a nonnegative real number, then
v(r,0) = r7(logr&i(6) + &(6)) € Z2727°(Q),
for arbitrarily small 6 > 0.

Remark 6.3.7. From Remark 6.3.3 and the continuous embedding of D(A?) into H*(Q),
we have that if v is defined as in Lemma 6.3.6, then v € D(AY179) N HYT1=%(Q), for

arbitrarily small § > 0.
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We now combine Remark 6.3.3, Lemmas 6.3.4, and 6.3.6 to conclude the following

result.

Lemma 6.3.8. Assume that Uy € H™(—1,1) with ro > 3/2 and that Ug in (6.3.4) is

not the zero function. Then for arbitrarily small § > 0, there exists C' such that
1Us — 72 Usl a1 () < Cp~ ™ | Uoll 70 (o).

where m € {1,...,J(rg + 3)} is the minimum integer such that |8§2m_1)U0(—1)| +

108 VU (1)] # 0.

Remark. By using the work of Babuska and Suri [10], it is possible to achieve a slight

—4m+2(

improvement on the estimate of Lemma 6.3.8, replacing p~4m2%9 by p log p), at

the expense of some technicalities.
We can approximate the smoother part of U in a standard fashion, as the next
result shows. It is a direct application of Lemma A.4, combined with the regularity

estimates of Lemma 6.3.1 and Theorem 6.3.2.

Lemma 6.3.9. Under the assumptions of Theorem 6.3.2,
U = 2,2 U || iy (s1,00)) + W = 75 P2W |11y < CPY2 77| Ul 170 (40)-

We define the rate of convergence of our approximation result below.

Definition 6.3.10. For Uy € H™(—1,1), and J as in (3.3.3), if there exists an minimum
integer m € {1,...,J(ro+3)} such that [05" Uy (—1)|+|05™ " Up(1)| # 0, let yu(rg, ) =

min{4m — 2 — §,79 — 1/2}, otherwise let u(ro,d) =ro — 1/2.

We conclude now the following approximation result for U.
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Theorem 6.3.11. Assume that U solves (6.3.1) and that Uy € H"(vy), for ro > 3/2
such that ro + 1/2 is not an even integer. Then there exists U, € V(X,p) such that

U, = ﬁ;Uo on vy and
||U - UpHHl(E) < Cp_u(m’é)HUOHHTO('yo)v

where i is as in Definition 6.3.10. The constant C' depends on rq and § > 0 only.
Proof. Using Lemmas 6.3.8 and 6.3.9, we have that

IU=Up g2y < 1Us=75 P Us|lis (@) +IW =72 P2 W 1) HIIU =72 P U | 111 (51,00

< Cp—H(To,5) 1Uo || £r70 (v0) -
Also, U, = #tpUp on 7 since ﬁzl,(ﬁQ)Ug =Us=0o0n~. O
Now we use the above result to estimate the errors due to the Galerkin projections.

Theorem 6.3.12. For any real number ro > 3/2 such that ro + 1/2 is not an even
integer, and any arbitrarily small 6 > 0, there exists a constant C' such that if U € V (3)

solves (6.3.1) with Uy € H™ (o) N L?(70), and if U(p) € V (2, p) solves

/VU(p)-Vvdé:O for all v € Vp(2, p),
)

Ulp) = ﬁ;UO on v,
then
U~ Ul < Cp~ 0 [Uoll 70 -
where p is as in Definition 6.3.10.

Proof. Introduce U € V() such that

/yﬁ-yvdg_o for all v € Vo(%),
%

U= ﬁ;Uo on .
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Then,
U —Ulmis) < CllU — #0200l 172 (v0) < CP* 7| Us |l 1170 (1) - (6.3.5)

Now we advance to estimate | — U(p)|ar (- Let U, € V(X,p) be as in Theorem 6.3.11.

Then, as U(p) — U, € Vo(X,p),

A~

UG) = Unlip) = [ YO@) = Uy) - V(O = U dp < [UG) = Uylar 9]0 = Ul
and therefore, |U(p) — Up|p1(s) < = Uplai (). So, using the triangle inequality

U —U®) i) <1U = Uplms) +1UD) = Upluisy < 21U = Uplmi (s

< 2’0 — U‘Hl(z) + 2’U - Up’Hl(E).

The result follows from (6.3.5) and from Theorem 6.3.11. O

Remark. Tt is interesting to see how the corner singularities spoils an otherwise good
convergence rate. For example, if Uy(y) = y, the Galerkin projection converges as p~2*9
in H1(X), while if Uy is still smooth but has all derivatives vanishing at the endpoints,
then the convergence is faster than polynomial.

Section 6.4 — A mixed approximation. In this section, we investigate a mixed
approximation for problem (6.3.1). We prove stability and exponential decay of the
approximation, and finally estimate its convergence rates. Again we have to take into

account corner singularities present in the exact solution.

We start by introducing

||Z||is*6(z) = | div7|3- T 1711725

SH(2) ={reD'(¥) : HZH§’O(E) <00, T-n=00nd%4},

~
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and rewriting the following spaces

V/(S,p) = {v e L4(5) : degyv < p}.

§6(E,p) = {Z € §6(Z) :degy 11 < p, dego o < p+ 1},

in a more compact form. An alternative way to solve (6.3.1) is to find U € L2 (¥) and

€ Sp(X) such that

J

(1]

2[1]

'Zdé+/ Udivzdé——/ Uy dpo for all 7 € Sp(%),
by Yo

(6.4.1)
/ divEvdp =0  forallv e L2 (%).
by
The approximate solutions U(p) € V'(%, p) and Z(p) € Sy(%, p) satisfy
[ 20 zdp+ [Uravgap =~ [ Gapimdps  torall 7 € Sy
> > i (6.4.2)

/ divE(p)vdp =0 for all v € V'(2, p),
by
The stability and decaying properties of the mixed approximations are as follows.

Theorem 6.4.1. For any Uy(p) € P,(—1,1), there exists unique U(p) € V'(¥,p) and
E(p) € So(2,p) such that (6.4.2) holds. Moreover, there exists a universal constant C

such that _
UMDz, =) + 1E@)syz) < ClUP) 172 (40),

L, 0O 4 < 20 ey exp(1/5), 643
/ o EO 0 < 120 sy (—4/5).
Proof. We want to apply Lemma 4.2.1. As div S4(%,p) C V/(¥,p), then the coercivity

hypothesis holds. To show the inf-sup hypothesis also holds, let

)(P1, p2) L;i(p2) € V'(Z,p),

M*@
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and define 4;(p) € L2 (RT) such that
@ (p)(pr) = w?(p1);(p)(p1)  in RT,
(6.4.4)
u;(p)(0) = 0.

Adapting the theory developed in Section 6.1, it is possible to prove existence and
uniqueness of solution for problem (6.4.4). Also, defining 37(p) = @ (p), we have that

157 ()| L2z+) < Cllvj(D)ll22 me+)- Let
3(p) = (1(p), 0) with &1 (p)(p) = D () (1) L;(p2)-
j=0

Then
”Q”%g(z) = la@)72@+) + lw™" diva(p)[72@sy < C”@(P)”%g(ﬂa),

and the inf-sup condition follows since

p
Aam&@wmg—ZQé@@wwﬂwg—wﬁmmzcwmﬂmw@m»
j=0

Hence the hypotheses of Lemma 4.2.1 are satisfied and the first inequality of the lemma
follows. Next we prove the exponential decay. Arguing as in the proof of Lemma 6.2.7,
we have that properties (C1)—(C3) are satisfied. We show now that (C4) holds with
Cw = 4. From (6.4.2) with 7, = 0, we see that f% [E2(p)T2 + U(p)dat2] dp2 = 0 for all
Ty € Iﬁ”p+1(—1, 1) and for almost every ¢t € RT. Assuming first that f% U(p)dps = 0, let
Ta(p2) = ffi U(p)(t, s)ds and then

p2

[ 0w dps = [ =) [ UG 5) dsdpe
Tt Tt

< 2[1E2 ()l L2 (3 1T )| 22 () -
The general case follows by considering U(p) — (1/2) f% U(p), and proceeding as in

the proof of Lemma 6.2.2. We can then use Lemma 6.2.5 and the exponential decay

follows. [
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To analyze the mixed model, we need a technical result which shows that the
div and some projection operators commute. Defining II,, = (7‘('1(7[3 2) ,%;Sff) )T Sp(2) —

So(%,p), we have the result below.

Lemma 6.4.2. If 7 € Sy(X), then P2 divr =divI,T.

Proof. Tt is enough to show that [; divIl,Tvdp = s div Tvdp for all v € V(X p).
Assuming that v is sufficiently smooth (the general case follows by density), we indeed
have

/divgpzvdg:/(—W](?ﬁ2)7181v+827?;f12)72v) dé-i—/ 771(,’32)7'1vdﬁ2
z = Yo

_/(—7‘181?}4‘827?11)5?12)7'2?})6124‘/ Tlvdﬁg—/81T1U+82T2Udé.
b Yo b

The last step uses Lemma 4.2.7 and an integration by parts. O

It is important to estimate

2 1(p2)=

Wéﬁ2)51‘|%2(2) + HEQ - 7Tp+1 :2”%2(2), (645)

IE - IElZ (s = 151 -

where = = VU solves (6.4.1). The approximation result of Theorem 6.3.11 makes the

estimate regarding = = 01U straightforward:

101U — 7720, U||p2(x) < 01U — 01Ul 12(sy < Cp "0 Ugllprro(-1,1).  (6.4.6)

o 1(p2)

Unfortunately, the estimates for Z2 = d,U does not come so easily, since 7,7

does not necessarily yield the best approximation in the L? norm. We divide the er-
ror analysis in two cases. Assume first that |02Uo(—1)| + [02Uo(1)| # 0. Then, using
Lemma 6.3.1, Theorem 6.3.2 and Remark 6.3.7, we have that U € H27%(%). Then, a

straightforward application of Lemma A.4 yields the following result.
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Lemma 6.4.3. For any arbitrarily small positive real number §, there exists a constant

C such that

102U — 7202 05U || 12y < O™ U L2 strz—s (- 1.1y) < C0 o Uollrase(—1.1)-

(6.4.7)
Assume now that |02Ug(—1)| + [02Us(1)| = 0. If ¢ € (3/2,5/2), then
182U — 722 85U 125y < Cp™™ 2| Up |l o (— 1.1 (6.4.8)
Otherwise, using a duality argument [14], and defining Uy = 0,U,
U, — °1(ﬁ2)U <C -1 OoUs—0 °1(ﬁ2)U
U2 Tpt+1 2HL2(E) < Cp™ ' [|02U; 2T p+1 2HL2(E)
(6.4.9)
= Cp H0aUs — 7P 0uUs|| 12 (5.
by Lemma 4.2.7. Note that Us solve the following Dirichlet problem:
A UQ =0 in Q,
(6.4.10)

Uz =0 on 90Q+, U= 0.Up on vy, Us=0U on i,

where Uy € H™(—1,1).
The way to obtain a good approximation for Us is, as in Section 6.3, by splitting
U, in singular and smooth parts and seeking approximations for both. In the next two

results we do exactly that. The following theorem comes from [34].

Theorem 6.4.4. Let Uy be the solution of (6.4.10) with ro > 5/2 such that ro+1/2 is
not an even integer. Let Us, be the restriction of Uy to Q). Then there exist constants

Cj, C such that

2 J(ro+1/2)
Usy =Usg + Wa, Usg=>_ > C;07 Us((—=1)"" )0, (6.4.11)

=1 j=2
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where
ol = [0 cos(2j61) + log 1 sin(250y)]r37
17% = [A2 cos(2j62) + log ro sin(2j6?2)]r§j,
and [ Wallzra-v2(q) < ClUoll 17030
The next lemma is analogous to Lemmas 6.3.8 and 6.3.9.
Lemma 6.4.5. Assume that the hypotheses of Theorem 6.4.4 hold. Then
Uz = 2 Ual i s(1.00)) + W2 = 52 Wal (@) < CP*77° Uo7 (r0)-

Also, if Uy, is not the zero function, then for each arbitrarily small § > 0 there exists a

constant C such that
[Uss — 72 Usg |1 (@) < CP™ ™ 40 Up || 170 (0)
where m € {2,...,J(ro + 3)} is the minimum integer such that lﬁézm_l)Uo(—l)\ +
185Dy (1)] # 0.
Below we define the rate of convergence of our approximation result.

Definition 6.4.6. For Uy € H"™(—1,1) with o > 3/2, if there exists an minimum
integer m € {1,...,J(ro+3)} such that |03™ " Up(—1)|+[05" ' Uo(1)| # 0, let fi(ro,8) =
min{4m — 3 — §,79 — 1/2}, otherwise let fi(ro,d) = ro — 1/2.
Now we are ready to estimate [|Z — II,Z||L2(x)-

Lemma 6.4.7. For any ry > 3/2 such that ro + 1/2 is not an even integer, and any
arbitrarily small § > 0, there exists a constant C such that

[OWU — %;ff)alUHL?(E) < Cp™# o) Ul ro (—1,1),

182U = 7,82 05U || 2y < Cp~ "0 U o —1,1),

IZ = ,Ell 2y < Cp™ 2| Ul mro(-1,1),
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where i is as in Definition 6.3.10 and [i is as in Definition 6.4.6.

Proof. The first bound follows immediately from (6.4.6). The second estimate follows,
for ro € (3/2,5/2], from (6.4.7) and (6.4.8). For ro > 5/2, it follows from (6.4.9) and
Lemma 6.4.5. Finally, the third estimate of this lemma follows from (6.4.5) and the fact

that p < p. O
The next theorem estimates the mixed approximation.

Theorem 6.4.8. Assume that U € V'(X), E € S4(X) solve (6.4.1) and U(p) € V'(Z, p),
E(p) € So(X,p) solve (6.4.2). Then for any nonnegative real number ro > 3/2 such that
ro + 1/2 is not an even integer, and any arbitrarily small § > 0, there exists a constant

C such that

IE = Z®)r2em) < CUITo = Uo®)lm1/2(0) + 2~ Vo (0) 1170 (36))-

Proof. Let U € L2 (%) and

J

€ Sp(2) be such that

1

1

P Yo

/ divEvdp =0  for allv € L} (),
b
and then, from Lemma 6.3.1,

IE = Elle2m) < CllUo = Uo ()l 112720 (6.4.12)

~

To conclude the estimate, we use Lemma 6.4.2 as follows:

LE-somEq=- [0 -velavnEd=- [ 10U v

— /2[0 —U(p)| divE(p) dp = /E[S —E(P)E(p) dp,
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since 7'('1(7[32) diV; = div E(p), and then

I

—ILE]dp < |E—Z0) 25 lIE - TE| 125

IE - S0, = [ - 20
b
Next, since II,, is a bounded operator in L?(X),

IE=Z2@)2s) < 2 - pEllL2(s)
< IE - Zh 12 - ey + T2 - Tl
S CIE=Ellezs) + 12 - WpElL2(s) < CllU0 = Uo @)l m1r2(v0) + IE — IpEllL2(s)

< CllUo = Uo®) | 172 (0 + 2~ [ Uo ()] 1170 (30

where we used Lemma 6.4.7 to obtain the last inequality. The theorem follows from

(6.4.12) and the inequality above. [

Comparing Theorem 6.4.8 with Theorem 6.3.12, we see that the estimates for
the mixed approximations are worse than the ones for the Galerkin approximation. For
instance, if Uy(p2) = Uo(p)(p2) = p2, then we can bound the error coming from the
mixed methods as

_ _ —144
IE = E@)lr2cs) < Cp 0ol 70 (70)

while we bound the error from the Galerkin methods as
VU = YUz < Co 2 [Uolmro o)

It is not clear whether the upper bound of Theorem 6.4.8 is sharp or not, and, to the
best of our knowledge, there is no numerical evidence to support either case. The culprit
for this possible loss of accuracy is the use of a duality argument. In fact, Eriksson [31]
worked out a one-dimensional example and showed that the duality argument does not

yield the best possible error estimate for the p-method.
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Chapter 7
Variational approaches for

modeling elastic plates

This chapter presents various classes of models for a linearly elastic isotropic
clamped plate problem. The models that we consider here are based on two varia-
tional principles which are the analogues of SP and for SP’ for elasticity. They are the
Hellinger—Reissner principles. This approach appeared in a joint work with Alessandrini,
Arnold and Falk [2], which included an error analysis for one of the models, based on
the two energy principles (or Prager—Synge theorem).

In what follows we describe the resulting equations for some “low order” models.
Most of these equations never appeared before in the literature.

Let Q C R? be a smoothly bounded domain and let ¢ € (0, 1] represent the plate
thickness. The plate occupies the set P¢ = Q x (—e,¢). We denote its lateral side
by 0P; = 02 X (—¢,¢), and the union of its top and bottom by 0Pf = Q x {—¢,¢e}.
We are concerned with the problem of finding the displacement u: P® — R3 and stress

o: P* — R3%3 (the space of 3 x 3 symmetric matrices) such that
ége — 2(98)’ divge — _ia in Pé"

(7.1)
on = g° on OPL, u®=0 on OP;,

where f: P° — R3 and ¢°: OP{ — R? represent the volume and traction loads. We

denote the symmetric part of the gradient of u by

1
() = 5(Vur + V7 w),

ie., e;j(u®) = (O + Ojui)/2. Also, (divo®); = 23:1 0j0%;. The compliance tensor
A is such that A7 = (1 4+ v)7/E — vtr(7)d/E, where E > 0 is the Young’s modulus,

v €[0,1/2) is the Poisson’s ratio, and § is the 3 x 3 identity matrix.
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Extending the notation previously employed, we use one underbar for first order
tensors in three variables, two underbars for second order tensors in three variables,
etc. Similar notation holds with undertildes for tensors in two variables. We can then

decompose 3-vectors and 3 x 3 matrices as follows:

U o o
u=\~1, o= T .
- us - g 033

The three-dimensional elasticity problem decouples into two problems, one related
to the stretching of the plate, another related to the bending. For a function k defined
on P® or P, there is a unique decomposition into its even and odd parts with respect

to x5, i.e., k = k" + k94 where

E k(x®, x5) + k(x®, —x§) E k(z®,x5) — k(x, —x5)
keven(g )= —=~ 5 ~ ’ k_odd(g )= 5 = .

We decompose then

where

m

even even odd
s u® s o€ o€
e __ ~ e __ A ~
E - aodd 9 g - odd T geven )
Uus (Q )T o5

dd odd even
b uao b o° o°
e _ [ U e” _ ~ ~
y - geven 9 g - geven\mp Eodd 9
u3 (o )" o8

even odd ~ even odd
gas N <g£ > gsb N ( ga > fas N <)Z:£ ) fsb N ( Z:E )
J E,uclv:l 9 J geven 9 J 8odd 9 J geven .
93 93 f3 f3

It is easy to see that the stretching part yss, gss is the solution of (7.1) with g° replaced

Eb

by ges and f€ replaced by fs. Similarly for the bending part z_fb, o
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Section 7.1 — The HR models. It is possible to characterize the solution of (7.1)

in an alternative manner. Indeed, let
V(P) = {ve H'(P*) : v=00n 0P} }, S(P7)=L*(P").

Then the first Hellinger-Reissner principle, or HR, for short, holds.

HR: (u®,0°) is the unique critical point of

1
—/ AT:deE—/ T: e(v)dwe—l—/ fa-vd:re—l—/ g° -vdxf
- = 2 pe == T 7 e — = = - e - - apj:_ -~

on V(P9 x S(P°).

Finding the critical point of L is equivalent to find u® € V(P?) and 0 € S(P*)
such that
/ égszzdg—/ e(u):rdx® =0  forall T € S(P°),
’ r (7.1.1)
/ o e(v)dmaz/ f'vdace—i—/ g-vdx® for all v € V(P®).
eT T 7 pe - T T ops ~ — 7~ -7
A first type of models appears when we look for critical points of L in subspaces

of V(P¢) and S(P¢) that have polynomial dependence in the transverse direction. For

instance, let p be a positive integer and let

V(P®,p) = {v e V(P%):deggv < p, degzvs <p— 1},
(7.1.2)
S(P*,p) = {1 € S(P?):degy 7 <p, degz 7 <p—1, degz 33 <p—2}.

Then a critical point (u®(p), o (p)) € V(P*,p) x S(P¢,p) of L characterizes the HR1(p)
model. Carefully varying the polynomial degrees of the components for displacements
and stress yields different subspaces and models. We summarize some of them in the

table below. Besides the already defined HR4 (p), we also present the HRo(p) and HR3(p)

models.
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TABLE 7.1. HR Plate models.

model degzo degzo deggoss deggu degsus
HRi(p) p» p—-1 p-2 p p—1
HR2(p) p p—1 P p p—1
HRs(p) p p+1 P p p+1

In the case of a plate under bending, for p odd, HRy(p) was called MPp in Alessan-
drini’s thesis [1]. For p = 3 it yields the model of Lo, Christensen and Wu [38] (for both
bending and stretching). Still considering the bending situation, the HR3(p) models
were denoted by MP(p + 1) by Alessandrini [1], and for p = 1 it is also referred as the
(1,1,2) model [6].

Analogously to the original three-dimensional problem, the models can be equiv-
alently characterized by a weak formulation, i.e., we shall seek u®(p) € V(P%,p) and

o°(p) € S(P*¢,p) such that

/E Ao (p):Tdx — /5 e(u®(p)):7dx® =0 forall T € (P, p), (7.1.3)

/ o°(p): e(v) dz® :/ f~vdm5+/ g-vdz® forallve V(P p). (7.1.4)
pe -0 pe T 7 ops T~ -

With the choices of spaces presented in Table 7.1, the existence and uniqueness
of solutions for (7.1.3) and (7.1.4) follows from e(V(P¢,p)) C S(P*%,p). Note also that
for both the HRo(p) and HR3(p) models, 1;1_12(‘_/(P5,p)) C S(P¢,p) and it follows that
the constitutive equation Ao* (p) = e(u(p)) is satisfied exactly. As a consequence, u®(p)
is the minimizer (in V(P*¢,p)) of the potential energy

J(g)—l/ A le(v): e(v) da® — f-gdge—/ g° -vdx®,
2 Jpem =2 e opg ~
i.e., HR2(p) and HR3(p) are minimum energy models. This sort of model is quite wide-

spread in the literature, but a very upsetting characteristic is that its simplest version,
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HR5(1), is worthless. In fact, Paumier and Raoult [47] showed that for a minimum
energy model to be consistent, i.e. to be asymptotically convergent to the biharmonic
model as € — 0, uz(p) must be at least a quadratic polynomial. HR3(1) is the simplest
consistent minimum energy model, but its final form is more complicated than the mem-
brane and the Resissner-Mindlin models, having one extra equation (and unknown) in
each case. The HR;(p) is not a minimum energy model. It is convergent for p = 1 and it
yields a membrane problem for the stretching part and a problem of Resissner—-Mindlin
type with shear correction factor 1 for the bending part.

Before presenting details regarding the lowest order example for each of the HR

models, some notation is necessary. If we define A7 = (14 v)7/E —vtr(7)d/E, then
NAY A~ ~ A

AT — ET336 v
Ar = | »~
= B F g

It is useful to know (and straightforward to check) that

FE v
—1 _
é Z_1+V(L+1—Vtr(z)£)'

Let

The constants

—E? —
B m 20w
2(1+v)

will appear in what follows.
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The HR; (1) model. We first present its final form and then show how to derive

it. Writing the model solution as

N 7.1.5.
o)) = (2@ 0, (£ &5 ) (715
o)X )= 0 0 (QO)T(gs) 0 ’
Then for the stretching part we have that n satisfies the membrane equation
-1 _ %0 0 .
—€d,£Vé S(Q)_§,f +g in ,
(7.1.6)

After determining 7, we are able to find the in-plane components of the stress from
go = é_lg(ﬂ). (7.1.7)

Concerning the bending part, ¢ and w solve the Reissner-Mindlin equation with shear

correction factor 1:

3
—% divé_lg(sg) +eMe —Vw) = —¢(

[f+g")  inQ (7.1.8)

IS

1
2
eddiv(p — Vw) = %fg + 95 in Q, (7.1.9)

=0, w=0 on 0f2.
The in-plane and shear stress components are found from

ol =—A""e(p), o’ =A-¢p+Vuw) (7.1.10)

o]

We deduce the above equations by assuming (7.1.5) and using (7.1.3), (7.1.4).

Considering the stretching problem first, we use test functions of the form

T(z%) = (Z% ) 8) , where 7 € £2(Q),
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in (7.1.3). From

and an integration in the vertical direction, equation (7.1.7) holds.

Similarly, if we
substitute v (z°) = (

o 1
ET,O)(QE), where v € H (), in (7.1.4) and integrate in the

vertical direction, then
1 .
/ ol e(v)dacE—/(ifo—l—z-:_lgo)-vdac8 for all v eHl(Q). (7.1.11)
QN A ~ Q A~ = ~ o~ ~ ~
Equation (7.1.6) follows from (7.1.11) after an integration by parts and from (7.1.7).

The procedure to realize the bending part of HR;(1) is basically the same. As-
suming the test functions in (7.1.3) to be of the form

T(x%)z§ T(2°
T(z%) = (E(f(ég)?) N(a )> ) where T € £2(Q) and 7 € %2(9),
and using that
ATaxs v,
AT = 1%~ 3,1_‘ B s
=— > L tr(7)xs

we see that (7.1.10) follows. Next we use v (z) =

(07 (2%)a5,0) with v € H' () as test
functions in (7.1.4), and then

23

R e(v)+2e0”-vda® = /
Q 3 A~ A~ ~ ~ o~

(€i1 —l—2€g1) v dx®
Q

for all v € H' (2). (7.1.12)

Substituting (7.1.10) and integrating by parts yields (7.1.8). We assume then that
v"(2°) = (0,v(z%)) where v € H'(Q) and (7.1.4) yields

/ 25g0 -Voudz® = / (efY 4+ 2¢9)v dz* for all v € H'(Q). (7.1.13)
Q Q

Finally, using (7.1.10), we see that (7.1.9) holds.
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The derivation for other models is analogous and become tedious as p increases.
We present then the final equations for few of them.

Since the HRy(1) model is not consistent, we choose to not present the final
equations. See [2] instead. Nonetheless, it is worthwhile to mention that the same
spurious mode that appears in the bending part also shows up in the stretching situation.

The HR3(1) Model. It is the simplest consistent minimum energy model. Writ-

ing the solutions as

then we have for the stretching part that

—ediv A~ te(n) — 12e¢; V(divy + %Zw) =—f"+4° in Q,
~ A 4 X 4 L T4

£

2
. C2 52 1 1 1 .

66162(d1VQ+EW)—§)\Aw: §f3 + g3 in Q,

n=0 w=0 on 0f2.

Note that this model takes into account the transverse components of the load that also
contribute for the stretching. These terms are not present in the HR;(1) model or in
the membrane equation coming from asymptotic methods. The stress components for

stretching come from substituting
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The displacement components under bending solve

3
€ qioa-1 3 . 3 o 0y _ 1
—gdivé e(p) —4e Ycl(dlvg—icy,u ) teMp—Vw )——5(5

~

. &
erdiv(p — V') = 5 f3 + g5,

2 3 5_2

€ . .
%)\dWYuﬂ + crea(divp — 502(4)2) = T(—fg2 —eg9).

Here we have a set of equations that are more complex than HR4 (1) but also include the

second moment of f3.
The equations below yield the stress components:

. 3
gl = —A_lg(g) — 12¢1 (divp — §ng2)£,

AN

0’ =AN-p+Vu’), o>=AVd?
3
033 = —6crca(dive — 502w2).

Section 7.2 — The HR' models. Another way to characterize the solution of (7.1)

is by the second Hellinger—Reissner principle, or HR' for short.

Define

V'(P?) = L*(P?), S,(P°)={7 € H(div,P?) : Tn =g on OP% }.
Then we have
HR': (uf,0°) is the unique critical point of
/ 1 g 3 g € g
L'(v,7)== At @ Tdx® + divr -vdx® + fevdx
- = 2 PE == - - - - - - PE - - -
on V'(P?) x é’é(Pa).
An equivalent statement is that u® € V'(P¢) and 7 € S (P*) satisfy

Aaazzdg—i—/ u® -divrda® =0  for all 7 € Sy(P°),

pe == - - -

/ dive® -vdz® = / —f-vdz® for all v € V'(P?).
€ Pe
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By seeking a critical point for L' on subspaces V'(P<,p) x S} (P¢,p) C V'(P?) x

S5, (P?), we define classes of HR' models. The elements of these subspaces will have cer-
tain polynomial dependence in the transverse direction, and we will specify four differents

classes of HR’ models in the table below.

TABLE 7.2. HR’ Plate models.

model degzo degzo deggoss deggu degsus

HR|(p) p p—1 p p p—1
HRy(p) p p+1  p p p—1
HR3(p) p p+1  p p p+l
HRy(p) p» p+1 p+2 p  p+1

For pure bending and p odd, Alessandrini [1] denoted HR/ (p) by HR p.0, HR5(p)
by HRp + 1.0, and HR)(p) by HRp + 1.1. A nice feature of some of the above models

is that div S4(P¢,p) = V'(P*,p) and therefore, not only
divo®(p) = -7y, [,

where 7\, f¢ is the orthogonal L? projection of f¢ into V'(P¢,p), but also o°(p) minimizes
the complementary energy

Je(1) = 2/, ,;11 : Tdxf

over all T € Sy (P¢,p) such that divr = —m,, f°.

We summarize next, for p =1, some_of the HR' models. To derive the equations
of a particular model, we proceed as in Section 7.1. See also [2], where the equations for
HR/(1) are found explicitly. As the HR} (1), and HR}(1) models are not consistent we
do not show them here.

The HR5(1) Model. Assume that the displacement

u(a®) = (Q(ga)) n <_§(é?)x§) 7
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and the stress

o gO(%s) €_lg0$§
2z = <€‘1(g0)Tx§ g3 >
ol (2°)5 o%(z°)[1 — e72Qa(25)] + g'
" <<gP>T<g€>[1——e-2<92<w§>1+-<g1>T e~ a3 )'

Then, the equations defining the first components of the displacement for the stretching
part are

v

. — € .
—z-:divé 1£(Q):§J:O+g0+51_VYg§ in Q,
n =0 on 0.

Note that here we have basically the same equations as in HR; (1) plus a term taking into

account the contributions of gi. It is easy to compute the in-plane stress components by

substituting
0_ 2-1 1
7= A7)+ Tk
For the bending part we have that
3
€ qop-1 5 _ Loy 9 v 2w 0 :
—gdivé g(sg)—i—ge)\(sg—Yw)——s(if +6g)—ms V g3 in Q,

ge)\div(g—Yu)):gf;?-i-gg—f—%divgl in €,

=0, w=0 on 0f2.

This time we find the Reissner-Mindlin model with shear correction factor 5/6.

The stress components can be found by substituting

1_ -1 V 10 0o 9 1
g =—A"clp)+ e 958 ¢ = AM=g+Vw)—g]

The HR) (1) Model. We look for displacement solution in the form:

: —et)zs
%“‘(wwn9+<w@%+w@m@@ﬂ+%>’
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and the stress

o= (L) )

_\Z /7 -1 — e 1

€ 93
O'I(IEE)CCE gO

@O (1 Q) +
+< r (29)(1 — e 2Qa(u5) + ¢ )
(2°)7(2°)(1 — e 2Qa(5)) + (g1 ohy(a®)(w5 — 2 Qs(a5)) + 985

The equations defining the first two displacement components for the pure stretching

case are

A1 _ &0, 0 v €0, L, :
—€df£Vé g(n)—}f +g —i—el_VY(gdlvg —|—§f3—|—g3) in €,

Q:() on 0f).

Next we can compute the other unknowns by substitution.

v
1—v

€ .. 1
gozé_lg(ﬂ)—i— <§dlvg0+§f§+g§> J,

e .. 1
0(3)3 = gdlvgo+§f317

o= plovtg)+ ok + ol
For pure bending,
—idivA (Se)+5€)‘(5€ Vw ;f +
3 ~ N 6
_ #—y)é)’ Y(div gl +65_1 04 f3 + § _2f3) in Q.

)
—eAdiv(p —Vw) = gfg? + g9+

5 —divg1 in €,

6
sz w=20 on 0f).

This is again a Reissner-Mindlin model, with shear correction factor of 5/6. Additional
moments of the load are taken into account. Compare with the HR;(1) and HR5(1)

models.
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For the other unknowns,

1 4-1 LA T | 10,10, 9 20
A T DA AN R TR H e
5 5 1, .. _ 1 5 _

7' =GNe ) ~gel ol =glivg' ve 4 5+ e ),

0 , et
1p73 T 3p s
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Chapter 8

Concluding discussion

In this dissertation we proposed and applied a technique to estimate approxima-
tion properties of various variational models. The results obtained here are more general
than previous ones, and take into account, simultaneously, both the thickness of the
domain and the order of the model. Using our own notation, we describe next in more
details some works that are closely related to ours.

In the first paper of a series of three, Vogelius and Babuska [56] analyze the
convergence of minimum energy models for scalar elliptic problems in a multidimensional
plate P¢ with thickness €. They consider the homogeneous problem (f¢ = 0) with
Neumann boundary condition (¢ # 0) on the top and bottom of the plate and zero
Dirichlet condition on the lateral side 0P, and project the exact solution into a subspace
Vi that is not always polynomial, but depends on the coefficients of the problem. If
the boundary layer is disregarded, a N-term truncated asymptotic expansion Sy (u®)
belongs to Von. So, using the fact that the model minimizes energy, they estimate the

modeling error as follows:
[u* —uanlle < inf flu” —vllp < |lu” = Sn(u?)l|e, (8.1)
veEVaN

where || - ||z denotes the energy norm and uj, € Vaon denotes the model solution. They
then bound the right hand side of (8.1).

There are some drawbacks in this approach. First of all, if we were to consider a
general function f€ # 0, then the subspace Vy would depend on f€ as well. This, as we
point out in the introduction, occurs in a generalization for linearly elastic plates by Miara

[42], where the subspaces depend on the loads. Secondly, it is not clear how to derive
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sharp bounds in norms other than the energy norm, or how to estimate variational models
that are not of minimum energy type. Finally, (8.1) disregards the influence of N on
the rate of convergence. In a second paper [57], they study in details the approximation
properties of the space Vo (with € = 1) and are able to show that ||u® —u$ ||z converges
to zero with N. Note however that the convergence in € and in N have to considered
separately.

The same difficulties arise in the Ph.D. dissertation of Schwab [49] and in a paper
of Ovaskainen and Pitkéranta [46]. Schwab starts his thesis by studying minimum energy
models for the Laplace problem in a multidimensional plate. He first analyzes the prob-
lem in the semi-infinite “plate” R x (—¢, ), thus avoiding the boundary layers. The way
he obtained his estimates is essentially the same as described above. He considers next
a bounded plate and estimates the modeling error by comparing the difference between
the solutions of the unbounded and bounded problems. Finally he investigates linear
elasticity problems in the unbounded domains R x (—¢,¢) and R? x (—¢,¢).

Ovaskainen and Pitkédranta analyze the minimum energy models for a thin linearly
elastic strip under traction. In this work, they also use a truncated asymptotic expansion
to derive upper bounds for the modeling error.

In our work with Alessandrini et al. [2] we proceeded in a completely different
way. We analyzed the HR}(1) modeling error for a linearly elastic clamped plate. The
analysis was based on the two energies principle (or Prager-Synge theorem). The HR'
models are amenable to this kind of approach, as the stress tensor satisfies the equilibrium
equation (for simple loads) and the traction boundary conditions, by construction. To
apply the two energies principle, one has only to correct the trace of the displacement at
the lateral boundary. The final result is a O(e!/?) convergence rate in the relative energy

norm, for a variety of loads and tractions. It is not clear how to extend these ideas to
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the HR models nor how to take into account the influence of p in the convergence. And
again bounds in norms other than the energy norm seem out of reach.

We consider the strategy presented in this thesis quite flexible, and free of the
above mentioned disadvantages. Previous approaches could only estimate minimum
energy and HR’ models in the energy norm. In contrast, we are able to analyze models
that are not of minimum energy or HR' type, and we can bound the modeling error in
various norms. Also, we obtain estimates which simultaneously show the effect of £ and
p. The method requires a detailed and rigorous asymptotic analysis, but when this is
known, as it is for the Poisson and the linearly elastic plate problems, the method is

relatively simple to apply and leads to sharp, transparent estimates.
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Appendix A

Projection operators

We discuss here some properties of polynomial approximation, and the results of
this appendix are used in Chapters 3 and 6, and also in Appendix B. Our main reference
is the article by Bernardi and Maday [14]. We start by recalling the inverse inequality

for polynomials.

Lemma A.1 (Inverse inequality). For any integer n and real number r such that

0 < n <, there exists a constant C' such that

vl zr-1,1) < CPQ(T_n)HUHH"(—l,l)
for every v € ).

Recall that 7, denotes the L? orthogonal projection operator from L?(—1,1)
to Pp(—1,1). Recall also that frz}) denotes the orthogonal projection operator from
H'(-1,1) N L?(~1,1) to P,(—1,1), and that #' is the orthogonal projection opera-
tor from H'(—1,1) to Iﬁ)p(—l, 1), both with respect to the inner product that induces
the norm | - |g1(—1,1).

The following result holds, [14], [17], [18].

Lemma A.2. For any nonnegative real number s, there exists a constant C' such that
if r < s, then

CP(ST/Q)_SHSOHHS(—LU ifr <1,

e — mpellar(=1,1) <
Cp2T_(1/2)_S”QDHHS(—l,l) if 1 <,

for any ¢ € ||| s (—1,1)- Also, for 0 <r <1 < s, there exists a constant C' such that

e = #pellar(-1.1) < CP*lllms(-1,1y  forp € H(—=1,1) N L*(~1,1),

le — Fpellar(—1,1) < CP"Sllellgs(-1y  for ¢ € HY(=1,1) N H*(—1,1).
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We prove now the boundedness of some projection operators.

Lemma A.3. For any nonnegative real number r, there exists a constant C' such that

for ¢ € L*(—1,1),

Cllelgsr/z—1,1 ifr <1,

ool ar(=1,1) < .
CH@HH?T*UQ(_LU if1<r,

and for p € H'(—1,1) N L?(—1,1),
Cllelmr 1,1 ifo<r<1,
Hﬁ;SOHH’"(—l,l) < C”W”HSr/z—l/z(_l,l) ifl1<r<2,

CH@HH?T*‘?/Q(_LD if2 <r.

Proof. The bounds for 7, follow immediately from Lemma A.2, and we use these to find

the bounds for ﬁ;. Indeed, if 2 < r, then

7 ellmr (-1, < ClFEpe) lar—1(—1,1) = Cllmp—1¢ | r-1(—1,1)

< CH@/HH?T*WQ(—LI) < CHSOHHQT*3/2(—1,1)'

The case 1 < r < 2 follows from similar arguments, and for 0 < r < 1, we employ

Lemma A.2. O

We again use the upper index (p2) on the projector operators to indicate the

action on the variable p, only. The following error estimate holds.

Lemma A.4. For any real number s > 1, there exists a constant C such that for any

real numbers 0 < a < b,

e — 720l 25y + 19 = T2l L2500y < CP 11N 12 (a0 b (—1,1))-
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Proof. Note first from Lemma A.2 that for almost every p; € RT,

lle — 73 Pl 2y, )l = 70l r2(v,, ) < CP oIl 115 (45,

and then we conclude the estimates by integrating in R™. [
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Appendix B

One-dimensional mixed approximations

We discuss here mixed approximations for some one-dimensional equations. The

results of this appendix are used in Chapter 4.

Lemma B.1. Given u € H?(—1,1) N L?(—1,1) and ¢ = v/, there exists unique u(p) €

P,(—1,1) and o(p) € Ppy1(—1,1) with o(p)(—1) = o(—1), and o(p)(1) = o(1), such that

/ [0 —o(p)]T + [u—u(p)]’ dps =0 for all T € Py (—1,1),
- (B.1)

1
/1[0 —o(P)vdpa =0  forallvePy(—1,1).

Moreover, for any nonnegative real number s, there exists a constant C' such that

lu@)llL2(—1,0) + lle@)lar (-1,1) < Cllullgz-1,1),
lu—u@)zz(-1,1) < CP_2_8HU||H8+2(—1,1),

Yl v,y

lu —uw@)g1/2(—1,1) < Cp~
lo —o®)llz>(-1,1) < Cp ' *llullgeva(—1,1),

lo =@l -1,1) < Cp~°[lullgsvz(—1,1).-

Proof. Let 6(p2) = (1/2)(0(1) + o(—1)) + (p2/2)(c(1) — o(—1)), and define o¢(p) =
o(p)—ao € ICE’pH. Using the framework of the mixed methods, it is easy to show the well-
posedness of problem (B.1) with o(p) replaced by o¢(p) + . In fact, with the notation

of Lemma 4.2.1, let

X =P, (-1,1), M=P,(-1,1),

1 1
a(U,T)—/ oTdpy  b(T,v) —/ v dps.

1 -1
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Since 0:X := {7/ : 7 € X} = M, both the coercivity of a(-,-) and the inf-sup condi-
tion are satisfied, so the existence, uniqueness and stability results hold for u(p), o¢(p),
and therefore for o(p) as well. We prove next the error estimates. From the second
equation in (B.1), we see that o'(p) = mpo’, and then, for s > 0, |0’ — o' ()| £2(=1,1) <
Cp~||o|lgs+1(—1,1)- We proceed to prove the L?(—1,1) estimate of o — o(p). First note
that using (B.1) and Lemma 4.2.7,
1 1
[ o= awitoodin = - [ = vl o0)

= —/_ [u — u(p)|mpoq dpa = —/ [u —u(p)log(p) dpa = / [0 —a(p)loo(p) dp2,

1 -1 -1

where 09 = 0 — ¢. Then

1
lo = o @211, = / o= (p)lion — 7h100) i
<llo - U(p)HL2(—1,1)HUo - 707;+1UOHL2(—1,1)

< Cp~'*llo = o)l 2 (=1, llooll e+ (=11

from Lemma A.2. We estimate next u — u(p) in L?(—1,1) by a duality argument. Set
@€ H*(—1,1) N L*(—1,1) and 6 = @' € H'(—1,1) as the solution of §’ = Tpu — u(p).
Then ||@]| g2(—1,1) + 16|z (=1,1) < Cllmpu — u(p)l|£2(=1,1), and from Lemma 4.2.7,

Iy = w1 = | 11 myu — u(p))o” dpa = | 11 mpt = u(@)](,,6)’ da
-/ 11 fu— ()0 dpa =~ | 11 o — o)k, 15 dps
_ /_11 [0 — o(p)](6 — #L416) dpa — /_11 [0 — o(p))6 dp-
-/ o — o6 — #18)dpr + / o — o) (i — i) ds

-1 -1

<C(p o —o@lzcipllellm 1,0 + 220" = o' Oz, llal g2 -1,1) -
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So, [|mpu — u(p)||L2(—1,1) < Cp~2~*|lul|gs+2(—1,1), and we conclude the result using the
triangle inequality
lu —u(P)llL2(-1,1) < llu— mpullp2—1,0) + [mpu — w(p)llL2(-1,1),

and Lemma A.2. Finally, the H'/?(—1,1) estimate comes from an application of Lem-
mas A.1 and A.2:

flu— U(P)||H1/2(—1,1) <lu— 7T10“||H1/2(—1,1) + ||Impu — u(p)HHl/Q(—l,l)

<O~ 4 p7 ) Jul erz 1.1y < CP 0l grerz (10
]

Lemma B.2. Under the same hypotheses of Lemma B.1, for any nonnegative real

number s there exists a constant C' such that
Cllullzz(-1,1 if0<s<5/4,

||u(p)HHs(_171) < C”uHHSS—'?/ZI(_l’l) if 5/4 <s< 7/4, (B2)
CHuHH“q/z(_l,l) if 7/4 S S.

Proof. Define u(p)(p2) = ffi olp)dz —d € I@)p+2(—1,1), where d is a constant that

enforces the zero average. Since @'(p) = o(p), then (B.1) implies that

/ [@/ (p)T 4+ u(p)T'] dpy = 0.

-1

Integrating the first term by parts, and using that @ (p) and u(p) have zero average, we
have u(p) = mpu(p). We can bound then arbitrarily high norms of u(p). Let s > 5/4.

Using Lemma A.3, we have that

lu@) | zze(—1.0) = Impa (D)o (-1.1) < CllaP) | r2s-172(-1,1)

< Cllo@)lge-s/2(-1,1) < Cllo’ )l rr2-sr2(1,1) = Cllmp0” | rze-ssz (1,1
C ‘0'/”H35—15/4(_171) if 5/4 <s< 7/4’

<
CHU/||H4S*11/2(—1,1) if 7/4 <s.
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Using that o = u’ the result holds for s > 5/4. For 0 < s < 5/4 follows immediately

since, in this case, [u(p)]|se < [u(P)lgos < [u(@)mz. O
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Appendix C

Notation index

Rectangle
Domains.
R =(—1,1) x (—¢&,e) — Page 17
OR; ={—1,1} x (—¢,e) — Page 17
OR% = (—1,1) x {—¢,e} — Page 17
R=(-1,1) x (—1,1) — Page 17
ORp, ={-1,1} x (—1,1) — Page 17
ORy = (—1,1) x {—1,1} — Page 17
R§ — Page 40
Function Spaces and Norms.
S(R7) = QQ(RE) — Page 31
S(R*,p) = {Z € S(RF) : degymi <p, degyma <p— 1} — Page 32
St (R°) = {o € H(div,R®) : 0-n =g on Ry} — Page 44
Ste(Re,p) = {1 € 5,-(R%) : degy 71 < p, degy 7o <p—1} — Page 45
V(R®) ={ve H'(R®) : v=0on R} — Page 31
V(Re,p) = {v e V(R°) : degyv < p} — Page 31
V/(R) = L?(R®) — Page 44
V/(Re,p) = {v € V'(R®) : degyv < p} — Page 45
9lcory) = 19(=1, =1 + [g(=1, )] + [g(1, =1)| + |9(1,1)| — Page 21
I Dllor,, Ny = Zszo Ha%kaL?(aRL) + ||8%k9\|0(aRL) — Page 21

1l (m,s,r) = IVl Ezm ((~1,0);m5(~1,1)) — Page 21
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ICE llv,r = [[fll(v,0,r) + l9llm~ ors) — Page 21

as = [fllo,5) + lgll2(or.) — Page 38

al = || fllm=@r.) + |9lcior,) — Page 38

ar = | fllct,s,r) + 9l e (om.) — Page 38

a=I(f,9lla,r + I(f, 9)ll2,0r, — Page 38

Other definitions.

deg, — polynomial degree in the x5 direction — Page 32
ey — Page 24

p— =e (1 + ) — Page 20

pr =c (1 —xy) — Page 20

Plate
Domains.
Q) — Page 5
P =Q x (—¢,e) — Page b
OP; = 02 x (—¢,e) — Page 5
0P =Q x {—¢e,e} — Page b
P=Qx(-1,1) — Page 8
0P, = 00 x (—1,1) — Page 63
0Py = Q x {—1,1} — Page 63
OP5 = Q x {—1,1} — Page 72
Q =R+ x (0,21) x (—1,1) — Page 76
0Q+ =R* x (0,27) x {—1,1} — Page 76

Function Spaces and Norms.



1l (m,s,pey = llull zm (@ ms (—ee)

[ull(m,s,py = llullerm @imre (1,1

HY(Q; P,(—a,a)) — space of polynomials with coefficients in HY(Q) — Page 6

S(P¢) = L*(P*) — Page 69

S(P<,p) = {7 € S(P%) : degy 7 < p, degs s <p— 1} Page 69
S (P?)={o € H(div,P?) : 0-n =g on P} — Page 73
V(P?)={ve H'(P?) : v=0o0n 0P} — Page 6

V (P, p) = {veV(P?) : deggv < p} — Page 69

V/(P¢) = L?(P¢) — Page 73

Other definitions.

aj = —(r(0))"*! — Page 66

a} = (j + 1)(k(0))’ — Page 66

a§ = (§/2)(j + 1)(s(0)) ' (9) ~ Page 66

as = |fllzms(—1,1) + lgllz2opy) — Page 71

8} = | fllis e -1,y + lgll s ops) — Page 71

a’ — Page 71

degs — polynomial degree in the x3 direction — Page 69
ey — Page 68

J(p,0) =1 — pr(0) — Page 66

Kk — curvature of 9€) — Page 66

p — variable in the normal direction of {2 — Pages 8, 65
p=cec 1p— Page 66

0 — arclength of 9X) — Pages 8, 65
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Semi-infinite Strip
Domains.
Ye={pe¥:p =t} PageT9
0YL =RT x {-1,1} — Page 20
Y =R" x (-1,1) — Page 20
E(t,s):{BEE 1t < p1 < s} — Page 79
Function Spaces and Norms.
LZ(X) ={veD(X): wve L*(X)} — Page 80
[vllzz () = llwollL2(s) — Page 80
So(2) = {Z eD'(¥) : ”Z”gé(g) < o0, 7-n=0ondYi} - Page 97
Izl = (1div T2 | 5+ I7le)) " - Page 97
So(E,p) = {Z € 5p(X) @ degym <p,degy T3 <p+ 1} — Pages 49, 98
V(E)={veD(E):ve Ll(%), Vve L*(X)} - Page 80
[ollvcs) = (I0]135 ) + | V0325 ~ Page 80
olvesy = (fy | Vol dp + [, v* dp2) '’ ~ Page 81
Vo(2)={veV(E) : v=0o0ny} — Page 82
V*(X) — Dual space of V() — Page 82
| - [[v+(x) — dual norm — Page 82
V(Z,p) ={ve V() : degyv < p} — Pages 35, 89
Vo(2,p) = {v € Vo(Z) : degyv < p} — Pages 35, 89
V/(2,p) = {v e Li(X) : degyv < p} — Pages 49, 98
Other definitions.
coo(u) = [ p1f(p)dp + [, wdps — Page 79

Cw — Wirtinger constant — Page 84
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w(p) = (14 p1)~" — Page 80

Projection operators
mp: L2(—1,1) — P,(—1,1) — Page 54

: H'(—1,1) = P,(—1,1) — Page 54

=1

Lo HY(—1,1) N L*(—1,1) — P,(~1,1) - Page 37
I, = (1), 7%, 2)7: SH(S) — S(S,p) ~ Page 100

my : L? projection into V/(R?, p) or into V'(P¢,p) — Pages 45, 73

Other definitions
H*(D), H*(D), H™(D, E) — Sobolev spaces — Page 15
L?(a,b) — functions in L?(a, b) with zero average — Page 15
P,(a,b) — space of polynomials of degree p defined in (a,b) — Page 6
P,(a,b) = P,(a,b) N L?(a,b) — Page 10
P,(a,b) = P,(a,b) N H'(a,b) — Page 48
[x] — greatest integer not greater than x
0j, 0ij, 8;“ — derivatives — Page 5
0, — derivative in the y direction — Page 15
¥ ¢°, g' — Pages 32, 69
J(s) =max{j € Z : 2j < s} — Page 39
n, n — outward normal — Page 15
v — Pages 9, 25, 68
L; — Legendre Polynomials in (—1,1) — Page 32
Q;(z) =e’L;i(e7'z) — Page 32

X—, X+, X — cut-off functions — Pages 8, 27, 68
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