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Abstract

In this thesis, we develop an algorithm for the efficient solution of elliptic boundary
value problems in R3. In particular, we use linear finite elements on tetrahedral
meshes to discretize the problem and a multilevel V-cycle solver to solve the resulting
linear system. The nested sequence of meshes used by the multilevel solver are
constructed adaptively using an a posteriori error estimator. The values of the
error estimator are used in conjunction with a locally adaptive tetrahedral mesh
refinement procedure based on bisection of tetrahedra to obtain the sequence of
nested meshes. We prove that the repeated bisection of tetrahedra yield only a
finite number of similarity classes of tetrahedra, and hence degenerate tetrahedra
are not produced while the nested meshes are created. The locally adaptive mesh
refinement algorithm is recursive, and we prove that it terminates in a finite number
of steps.

As an application, we consider initial data problems in numerical relativity,
and show that the adaptive multilevel algorithm presented here may be used for

the effective and efficient solution of these.
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Chapter 1

Introduction

In this thesis, we present a code (AMG3DP1) for the numerical solution of linear
elliptic boundary value problems in R%*. AMG3DP1 is an acronym for “Adaptive
Multi-Grid in 3-Dimensions using P1-finite elements”. The algorithm uses piecewise
linear finite elements on tetrahedral meshes to discretize the problem, adaptive
mesh refinement to create a sequence of meshes capturing the essential nature of

the solution, and a multigrid solver to solve the resulting system of linear equations.

1.1 Motivation

A major motivation for the development of the code comes from numerical relativity.
A collaborative effort is under way to construct an observatory capable of detecting
gravity waves. The Laser Interferometric Gravity-wave Observatory (LIGO) should
be capable of detecting gravity waves emanating from violent cosmological events.
In particular, the coalescence of two concentrated spiraling bodies (black holes) is
expected to be observable by LIGO. In view of this, there is some urgency to be able
to numerically simulate this event. An effective numerical simulation of this event
can be used to create a library with which observations from LIGO can be com-
pared. The nature of the gravitational waves emanating from the coalescence of two
black holes (binary black hole collisions) are determined by the Einstein equations.
These are a system of ten nonlinear coupled second order partial differential equa-
tions. The unknowns in the Einstein equations are the ten independent components
of the symmetric metric tensor that determines spacetime. In numerical relativity,
it is common to view spacetime as a foliation of three dimensional space like hy-

persurfaces. This decomposition allows the Einstein equations to be decoupled into



a system of four equations that need to be satisfied on each spacelike hypersurface
and six other equations that are used in evolution. The problem of determining a
symmetric metric satisfying the four equations on an initial space like hypersurface
is the initial data problem. Under further simplifying assumptions, the initial data
problem reduces to the solution of a semilinear elliptic boundary value problem
on a complex geometry in R3. An efficient and accurate solution of this problem
plays an important role in the determination of the nature of gravitational waves
emanating from the coalescence of two black holes. In this work, we use Newton’s
method to reduce the initial data problem to a sequence of linear problems, and
employ AMG3DP1 to solve the resulting linear elliptic boundary value problems.
A description of the origin of the initial data problem for black hole collisions is
provided in Chapter 6.

Under certain symmetry assumptions, the initial data problem for colliding
black holes reduces to an elliptic boundary value problem in R% In this case,
existing codes like PLTMG [5] solve the problem effectively. Unfortunately, we
were unable to find a code with similar features that would solve the general initial
data problem for colliding black holes and other interesting astrophysical situations.
This led to the development of AMG3DP1. The next section describes the main

features of AMG3DP1.

1.2 Outline
The algorithm used in AMG3DP1 has the basic structure of a full multigrid and
is similar to that used in MGGHAT [29], which solves a linear elliptic boundary
value problem in R? using finite elements, adaptive mesh refinement and multigrid
solvers. We now describe the algorithm for computing the finite element solution
to a linear problem using AMG3DP1.

Start with a coarse conforming mesh 75. Generate meshes 71,7z, ... ,Tar, each

refining the previous, with the number of vertices in 7; being approximately double



that of 7;_i. The approximate solution will be computed in the finite element
space Vs associated with the finest mesh T3 using the nested sequence of finite
element spaces in a multigrid V-cycle iteration. The requirement that the number
of vertices in the mesh approximately double is made in order to obtain an efficient
multigrid solver. In fact, it can be shown under suitable hypotheses that the number
of operations needed to solve the linear system is proportional to the dimension of

Var. The multigrid iteration will be discussed in Chapter 4.

In order to obtain an accurate discrete solution with as few unknowns as nec-
essary, the meshes 7; will be constructed adaptively. Specifically, to obtain 7; from
Ti—1, we compute the discrete solution in V;_; and assign an error indicator to
cach tetrahedron in 7;_; based on the residual of the discrete solution. From these
error indicators we determine how much each element of 7;_; needs to be refined.
The error indicator and some basic facts about the finite element method will be

discussed in Chapter 2.

Once we have computed both the discrete solution in V;_; and an indication
of the desired level of refinement for each tetrahedron in 7;_, we need to apply an
algorithm to construct a refined mesh 7;. Besides achieving the desired degree of
local refinement as closely as possible, our algorithm must ensure that the meshes
produced are conforming and that the tetrahedral shapes do not degenerate. The

mesh refinement procedure will be discussed in Chapter 3.

Based on the error estimation, mesh refinement, and multigrid algorithms in
Chapters 2, 3, and 4, we will give a full algorithmic description of AMG3DP1 in
Chapter 5. In this chapter, we will also address the issue of solving a semilinear
elliptic boundary value problem using this algorithm, and present some numerical

tests to show that AMG3DP1 is an efficient and reliable code.

As we have mentioned before, Chapter 6 deals with the origins and formulation

of the initial data problem for numerical relativity using the conformal imaging ap-
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proach of York [36]. In this chapter, we also present numerical tests demonstrating
the ability of AMG3DP1 to tackle such problems effectively by considering model
problems for which the exact solutions are known.

Chapter 7 gives a summary of the work.



Chapter 2

The finite element method and an

error estimator

In this chapter, we recall some well known results about the finite element method
as applied to a model second order boundary value problem on an open, bounded
domain in R3. The discussion is restricted to piecewise linear finite elements on
tetrahedral meshes, but the results generalize to finite elements of higher order and
to non-tetrahedral meshes (see for example, Section 2.2 in Ciarlet [15]). The residual
error estimator used in adaptively refining the mesh is also described in detail. This
was first developed and analyzed for a problem in one dimension by Babuska and
Rheinboldt [3, 4]. The derivation given here follows that of Verfiirth [33, 34]. The
remainder of this chapter is organized as follows. In the first section we describe
the general linear boundary value problem that can be solved by AMG3DP1 and
give its variational formulation. Section 2 briefly discusses some ideas related to
the finite element method. This leads to the formulation of a discrete problem
assoclated with the variational problem in Section 1. Some definitions concerning
tetrahedral meshes are also given in this section. These are needed in formulating
the discrete problem and in the derivation of the error estimator. Section 3 deals
with the derivation of the error estimator. We also show that the error estimator

provides an upper bound for the actual error in an appropriate norm.



2.1 The linear boundary value problem

We consider boundary value problems of the following form:

(1) —div {.él(z)grgdu} + b(z)u = f(z) in €,
(2) u:gp(z) on I'p,
(3) .él(f)glzxdu -n + c(z)u = gN(z) on I'y.

Here 2 C R? is an open, bounded, polyhedral domain with boundary I" and outward
unit normal n, and = Q is an arbitrary point. The boundary of €2 is the union of
the closure of two disjoint open sets I'p and I'y, I' = T'p U Ty, where the closure
is with respect to the boundary. We shall assume that the coefficients a;; of the
matrix A are piecewise continuously differentiable and the coefficients b and ¢ are
piecewise continuous with respect to the finite element meshes introduced below.
Although the boundary value problem (1)—(3) allows for more general coefficients,
these smoothness assumptions are required for our numerical algorithms. Similarly,
we shall assume that f and gy are piecewise continuous, and ¢gp is the restriction
to I'p of a continuous function up with square integrable derivatives. It is also
assumed that gp is piecewise linear with respect to the meshes considered. Further,

assume that the matrix A is symmetric, and that the differential operator in (1) is

elliptic; i.e. there exists a constant 3 > 0 such that
(4) gtég > pE'E forall £ €RY, 2 € Q.
Let
Vo={veH' (Q) |lv=00onTp},
and
Vb ={up+v|lveV}={ue H (Q) |[u=gponTp}.
The weak formulation of the boundary value problem (1)-(3) is:

Find @ € Vp such that

(5) a(t,v) = l(v) for all v € Vp,



where a( -, -): HY(Q) x H'(Q) —» R,and I(-) : H'(2) — R are defined by

(6) a(u,v) :/ K,ﬂgrad u> -gradv 4+ buv} dx —I—/ cuv ds,
Q ~o ~ I'n

(1) l(v):/vadx—l—/FN gnv ds.

Here we use the usual Sobolev spaces H® (w), with s a nonnegative integer and w

an open subset on R™. The norm on this space is

1/2
2
ol = 3 [lovelar]
|| <s 7
where the summation is over all nonnegative n-multi-indices . When w = 2,

the subscript w in the norms will be dropped. If 5 > 0 on 2, ¢ > 0O on 'y, and
meas (I'p) > 0, then the bilinear form «a is coercive on Vp, and it is easy to apply
the Lax-Milgram lemma to deduce the existence of a unique solution 4 of (5) (see
for example pages 164-167 in Quarteroni and Valli [31]). Existence and uniqueness

holds in other cases as well; for example, for the pure Neumann problem (¢ =

0,T'p =0),ifb>0on Q.

2.2 The discrete problem and the finite element method
Let Wy C Vo and Wp C Vp be finite dimensional subspaces. The Galerkin method

defines an approximation 4 to @ as the unique element of Wp for which
a(u,v) =1(v) for all v € Wp.

The finite element method involves special choices for the subspaces Wy and Wp.
For defining these subspaces, the domain € is partitioned by a conforming tetra-
hedral mesh. By a tetrahedral mesh of 2 we mean a set of closed, nondegenerate
tetrahedra whose union equals the closure of €2, and the interiors of the tetrahedra
in the set are pairwise disjoint. A mesh 7 is said to be conforming if each face

of each tetrahedron in 7T is either a subset of the boundary or a face of another
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tetrahedron in 7. We shall assume that the mesh conforms to the subdivision of the
boundary into its Dirichlet and Neumann parts in the sense that any face contained
in I belongs entirely to I'p or entirely to I'y.

We now make some definitions that will be used to characterize different meshes
of . For an arbitrary tetrahedron 7, denote by h(r) its diameter, by p(7) the
diameter of the largest ball contained in 7, and define by o(7) = h(7)/p(7) a shape

constant of 7. For a mesh T, define the mesh size and shape constant by

h(T)= max h(r) and o (T) = max o (7).

A family of meshes {7} is called shape regular if the following two conditions are
satisfied:

inf 2 (7) =0 and supo (T) < oo.
T T

The definitions of the subspaces Wy and Wp will require a classification of the
vertices (nodes) of tetrahedra appearing in a mesh. To this end, denote by N (7)
the vertex set of 7, and let N (T) = Urer N (7). The set N (T) is partitioned into

Dirichlet, Neumann, and interior parts given by
Np(T)={veN(T)|vCTp}, Nn(T)={veN(T)|v<Tn},
and - No (T) = N(T)\ [N (T)UNN (T)].

Denote by P; (1) the space of all linear functions on a tetrahedron 7, and set for an

arbitrary conforming mesh 7
X(T)={ve H (Q) | v|r € Pi(r) for every T € T },
Vo(T)={v e X(T) | v(v)=0forall v e Np(T)},
Vp(T)=4{v e X(T) |v(v) =gp(v) forall v € Np (T)}.

Choosing Wy = Vo(T) and Wp = Vp(T), the discrete problem on T is:
Find ur € Vp(T) such that

(8) a(ur,v) =1(v) for all v € Vu(T).



The following convergence result is standard (see for example pages 171-174 in

Quarteroni and Valli [31]).

Theorem 2.2.1 Let Q be a polyhedral, open, bounded subset of R and let {7}
be a family of conforming, shape regular meshes of ). Suppose that the bilinear
form a( -, -) is continuous on Vp(T) x Vo(T), V-elliptic on Vo(T) x Vo(T), and
that the linear functional [(-) is continuous on Vy. Then, the discrete problem has
a unique solution uy € Vp(T) for every T in the family, and ur converges to G in
H'(Q) as h(T) — 0. Moreover, there exists a constant C' such that if the exact

solution @ € H?*(Q), then

la = wrlly < Ch(T) [|ull,-

2.3 A residual error estimator
To obtain a prescribed level of accuracy in the discrete solution, the mesh needs to
be sufficiently fine. For problems where the solution or its derivatives has singular
or nearly singular behavior in certain parts of the domain only, we will use a finer
mesh in these regions than in the remaining part of the domain. This decreases the
size of the linear system that needs to be solved to obtain a discrete solution to some
prescribed accuracy relative to a uniform mesh. For the efficient implementation
of an adaptive procedure along these lines, we need to know which portions of the
mesh needs to be refined. This may be decided a priori based on the problem
and/or the geometry. Another approach is to use an a posteriori error estimator.
A posteriori error estimators are quantities that are computed using the discrete
solution and information about the mesh, and have been the subject of extensive
study (see for example Verfurth [33]). The main characteristics that are desirable
in an a posteriori error estimator are the following:

e It should be computable from the discrete solution on the mesh, mesh infor-

mation, and the data of the problem.
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e Its computation should be far less expensive than the computation of the dis-
crete solution.
e It should yield reliable upper and lower bounds to the true error in some norm.
We will use a residual error estimator which assigns a number to each tetrahe-
dron in a mesh. The basic idea is to estimate the residual of the discrete solution us
in an appropriate norm. This section briefly discusses the derivation of the residual
error estimator for each tetrahedron in a mesh based on an approach of Verfurth
Let T be a conforming mesh of €, and w7 denote the finite element (discrete)
solution associated with 7. Let R : H' () — V5" denote the residual mapping
defined as follows:

For all w € H' (Q) and v € Vj,
(9) (R(u),v) = a(u,v) —l(v) = a(u — a,v).
Then for any u € Vp and v € Vp,

(10) |t —ul|l, <C Sup a(tt —u,v) < C|[R(w)lly,» -
lol],=1

Thinking of u as an approximation to the exact solution, we see that the H! norm
of the error is bounded by the norm of the residual in the dual space. In deriving
an expression for the residual error estimator the right hand side of (10) will be
approximated by quantities that are computable using the discrete solution and the
functions appearing in the boundary value problem (1)—(3). We now make some
definitions associated with the faces of a mesh 7. For any 7 € T, denote by F(7)
the set of its faces and let F (7)) = |J,c7 F(7). The face set F (7)) is partitioned

into Dirichlet, Neumann, and interior parts given by

Fp(T)={neF(T)|pCTp}, Fn(T)={pecF(T)|pCTn},

and  Fo (T) = F(T)\[Fp(T)UFn (T)].
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For any u € Vp and v € Vj, integration by parts gives

(R(u),v) :/Q {.Agrgdu-grgdv—l— (bu—f)v} d:z;—l—/ (cu —gn)vds

'y

(11) = Z/ —le Agradu) + bu —f} vde

TET

—|—Z/ Agradu n)vds—l— Z / cu — gn)vds.
reT v or

neFN(T)
Here nr denotes the unit outward normal to the tetrahedron 7. For any face p €
FN (T)UFa(T), let ny denote the unit normal to p, where the normal is assumed
to be pointing outward with respect to Q if p is a Neumann face and is arbitrary
for an interior face. Let ¢ € L?*(Q) be piecewise continuous with respect to the
mesh 7. For any p € Fq (T) denote by [c,o]u the jump of ¢ across the face p in the
direction of ny:

[c,o]u(z) = tl_l)rgl_i_cp(x + tnu) — hm c,o(:z; — tnu) for all T E .

The discrete problem (8) gives (R (ur),vr) = 0 for all vy € Vu(7). Combining
this with (11), we obtain:

For any v € Vp and vy € Vo(T),

(B (ur),v)| = (R (ur),v = v7)|
< Z H—div(églzxd uT)
T€T

(12) + >

rEFa(T)

+ Z HAgraduT i

wEFN(T)

HU - UTHO;T
07

Agradur | | o= o7l

o

o UTHO;N'

Now choose vy = I7v, where I7v is the Clément interpolant [16] of v. We recall

the approximation properties of this operator. For 7 € T and p € F (7)) let

Wy ::U{T’€T|TOT’7E@} and w, ::U{TIETHLQT/%@}
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be the union of tetrahedra meeting 7 and p respectively. Then for all v € Vy

1/2
lo = Irvllg, < eih(r)llvlly, and |lo = Irvlg, < ez (RG] o]l -

where ¢; and ¢ depend on the shape constant o(7 ), and h(u) := diam(p). These

estimates are proved in [33]. Choosing vy = I7v in (12) we have

(Bur), o) < 3 eah(r)| = div(dgradur) + bur = £ ol

TET

bl |[Aedurn] | e,
HEFQ(T) F0s

bl |Aeadur o+ eur —gn|| el
HEFN(T) o

2

< max{cy, e} Z [h(r)) H— div(églzxd wr) +bur — f

TET 0;7
2
+ Z h(u)‘ {.ﬁlgraduh-nu}
REFa(T) s = o
1/2
2
T Z h(u)‘égraduT'nu‘|’cuT—gN
REFN(T) =T ~ O3
1/2
Al + > IR,
Te€T REFQ(TIUFN(T)
2
<erloly | 3 )P ||- div(Agradur) + bur — f )
TeT T
2
b3 )| [Aeadar ]
REFa(T) s = Sillosu
1/2
2
5 sl )
- - O

for all v € Vy, where ¢7 depends on the shape constant o(7). Choosing u = ur

in (10) and using the last estimate we get

i = wrlly < € D2 () ||~ div( Agradur) + bur — £
TET

2
07
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2

~

(13) + Z h(u)‘ {égrﬁxduT-nu}u

O;p
1/2

2
+ ) h(u)‘égrgdw-gwrcw—gw“w ,

where C'is a constant depending on the shape constant of the mesh. The right hand
side of the last expression is a candidate for an a posteriori error estimator since it
involves only the known data A, b, f, ¢ and gy, and the discrete solution uy. We
will define the residual error estimator for every tetrahedron in 7 based on this.
The calculation of the integrals involved may be simplified by using quadrature.
Alternatively, the functions involved in the data can be replaced by simpler functions
(by projection onto appropriate spaces) and exact integration can be performed. We
will follow the latter approach.

Let 7 € T and p € F(7) be arbitrary. Denote by ], the barycenter of 7,
and by x} that . For an arbitrary continuous function ¢, denote by ¢, and ¢,
the projections onto the spaces of constant functions Po(7) and Po() given by the

value ¢ at ], and zf . For an arbitrary matrix M = (m;;) € R**3, let

0i (mq1)

-

s
I
—

0i (mi2) |,

-

s
I
—

divM =

-

I
-
I
—

0i (my3)

where z;,1 <1 < 3, are the coordinates in R?, and 9; is the partial derivative with
respect to x;. Since w7 is piecewise linear, grad u7 is constant on any tetrahedron
7. It follows that for each 7 € T

div <.ﬁlgrad uT> = divA - grad ur.

The residual error estimator for any 7 € T is now defined as

2

Nr = ([h(T)]z - <div~§>r : glzxduT + brur — fr

07
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2

(14) D DI 1)

{.ﬂugrad uT - nu}
REF(M)INFa(T) ~ #

~

O;p
1/2
2
S 7 PR ) B
HEF(F)NFn(T) o

where <div.A> is the matrix obtained from div.4A by replacing each entry by its

~
~ =/ r

projection onto Po(7), and A, is similarly defined using A and Po(p).

Remark 2.3.1 The first term in the expression for 7, is related to the residual
of ug, the second to the jump of its gradient across interior faces, and the third
to the boundary operator. In the simple case where the matrix A is constant, the
term <div.ﬁl> - grad ug drops out from the calculation of .

~ %), O

Observing that each interior face is counted twice in a summation over all

tetrahedra in the mesh, we get

i~ url, <€ (Z S

2 . B . ‘
reT reT { <divéx> - <div“z4> } gradur

+ ) RPN = b urll, + > (R F = F g,

2

07

TeT TeT
2
> h<u>\\{<4—4~>g@dw
LEFa(T) - - 103
2
+2 ko [ (A- 4) smadur g
nEFN(T) - o

1/2
2

Y mle=aurl, + X b fox = (9n),

pEFN(T) pEFN(T) o
from (13) and (14) by using the triangle inequality. The last expression says that
the H! norm of the error is bounded by the residual on the mesh together with
the L? norms of some consistency terms that arise due to the projections of the
input data onto appropriate subspaces. On the other hand, Verfiirth [33] has shown

that 7, is bounded by the H! norm of the error on w; and the L? norms of some

appropriate consistency terms for a general class of elliptic problems. The model
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problem of this section is a special case of the general problem considered there and

the result holds for the model problem:
. 1/2
nr <C <Hﬁ —ur|i,, + consistency terms > .

Note that the residual error estimator satisfies the requirements that were listed for
a good a posteriori error estimator.

Observing that gradus and n, are constant on any 7 and p, we get

0= I { = (AvA) (F) - aadur +5(f) ur (2],) — f (o7,)} meas (7)

+% >, h(u){ A(ah,) gradur guh}zmeas (1)

pEF(T)NFalT) ~

2
+ 3 n{ Al gradur - n + e (el wr (ef,) — g (ef,) | meas (1)
REF(MNFn(T)

This expression is used for calculating n, in AMG3DP1.



Chapter 3

Bisection of Tetrahedra and adaptive

mesh refinement

In this chapter we present an algorithm for producing a nested sequence of conform-
ing, locally adapted tetrahedral meshes starting with a coarse conforming mesh. The
algorithm yields a conforming mesh by first subdividing a selected subset of tetrahe-
dra in a given conforming mesh and then continuing to subdivide other tetrahedra
as needed until a conforming mesh is obtained. The second stage of the algorithm
is called closure refinement. We also ensure that the sequence of nested meshes
produced by the algorithm have a bounded shape constant. In describing our mesh
refinement algorithm, we will follow a two-part approach. First, we present an algo-
rithm for the subdivision of a single tetrahedron. The second part makes repeated
use of this algorithm to produce a conforming mesh from a given conforming mesh
and a selected subset of it. Similar approaches for producing adapted, conforming
meshes in two and three dimensions have been presented by many authors (see for
example [5, 8, 25, 29]).

There are two main approaches for subdividing a single tetrahedron: octa-
section and bisection. Zhang [38] and Ong [30] have studied the octasection of a
single tetrahedron and its use to obtain uniformly refined meshes. Octasection has
to be augmented by bisection to obtain meshes that are locally adapted. Bey [11]
has recently studied the use of octasection augmented by bisection to produce lo-
cally adapted tetrahedral meshes. Bisection is an alternative to octasection for
subdividing a single tetrahedron and it is simpler than octasection in the sense that
subdividing a tetrahedron using bisection produces one new node, while octasection

gives rise to six. The number of new nodes produced is of considerable importance
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since all neighboring tetrahedra in the mesh that share an edge containing a new
node have to be subdivided to yield a conforming mesh. The implementation of
the closure refinement is therefore more complicated if octasection is used for sub-
dividing a single tetrahedron. However, it is harder to ensure that the tetrahedra
produced by bisection are nondegenerate. The exclusive use of bisection to pro-
duce locally adaptive meshes has also been studied before. The algorithm used in
AMG3DP1 is based on a bisection algorithm of Bansch [8]. However, the descrip-
tion of the algorithm given in this chapter different and easier to follow. A detailed
description of algorithm bisect-tet for subdividing a single tetrahedron and some

related properties are given in Section 1.

Two tetrahedra are similar if one can be transformed into the other by trans-
lation and uniform scaling. By definition, similar tetrahedra remain similar after

any affine transformation.

Remark 3.0.1 Note that since uniform scaling allows for scaling by negative
numbers, tetrahedra that are related via “reflection with respect to the origin” are
similar. On the other hand, tetrahedra related to each other via reflections relative
to lines (or via rotations) are not similar. Thus, the definition of similar used here
is different from the usual definition. However, this definition is commonly used in

the literature (see for example [11, 24, 26]).

It has been shown by Béansch [8] that the tetrahedra produced by his bisection
algorithm are nondegenerate, but he does not provide a bound for the number of
similarity classes of tetrahedra produced. On the other hand, Maubach [26] provides
an algorithm for the bisection of n-simplices for any n which has the advantage of
being in a compact form, and it has been shown by Arnold and Pouly [1] that the
number of similarity classes of n-simplices produced by this algorithm is bounded
by nn!2"~2. They have also shown that this bound is sharp for n = 3. We show in

Section 2 that bisect-tet is in a certain sense equivalent to the Maubach algorithm for
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n = 3, and hence prove that the number of similarity classes of tetrahedra produced
by repeatedly applying bisect-tet is at most 36. The Maubach algorithm is only
applicable to certain types of tetrahedra. However, we show using the properties
of bisect-tet that this does not interfere with our analysis, and that the repeated
application of bisect-tet to arbitrary tetrahedra still produce a finite number of
similarity classes. The number 36 is an improvement on an upper bound of 168
given by Liu and Joe [24] for an equivalent bisection algorithm based on longest
edge bisection.

In Section 3, we present algorithm local refine which performs the adaptive mesh
refinement process. This algorithm is recursive and we show that it terminates in
a finite number of steps for the particular application that we consider. Arguments
for the termination of similar recursive algorithms have been provided by Bénsch [8]
and Liu and Joe [24]. However, the arguments given in Section 3 are self contained
and provide a detailed and clear proof that is different from these.

The bisection algorithms of Bénsch [8], Liu and Joe [24], and Maubach [26] are
all similar and equivalent to each other. The algorithm presented in this chapter is
equivalent to all of these and we give detailed proofs of the essential features that

are needed for the success of such an algorithm.

3.1 Bisection of a single tetrahedron

In this section we describe algorithm bisect-tet for bisecting an arbitrary tetrahe-
dron. The bisection of a tetrahedron entails the introduction of a new vertex at
the midpoint of a selected edge of the tetrahedron which we call the refinement
edge. Two new edges are created by joining the new vertex to the two vertices of
the original tetrahedron that do not lie on the refinement edge. The key ingredient
in describing bisect-tet is a specification of the refinement edge. For this purpose,
define a marked tetrahedron to be a tetrahedron for which the refinement edge is

specified; some additional information is also assumed to be given. This additional
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information is used to specify the refinement edge and additional information for

the children produced by bisect-tet. Precisely, we have:

(1)

Each marked tetrahedron has a unique refinement edge on which the new vertex
is created when the tetrahedron is bisected. The two faces of the tetrahedron
that intersect at the refinement edge are its refinement faces. The refinement
edge is taken as the marked edge for each of the two refinement faces.

Each nonrefinement face of a marked tetrahedron also has a marked edge. A
tetrahedron is called planar if the marked edges of its four faces lie on a plane.
Each marked tetrahedron is assigned a flag; the flag will always be unset if the
tetrahedron is nonplanar and it may or may not be set if the tetrahedron is

planar.

Each marked nonrefinement edge of a marked tetrahedron is either adjacent or

opposite to the refinement edge. Thus, there are 3 types of marked tetrahedra.

(1)

(3)

Adjacent-Adjacent (each nonrefinement face has an adjacent marking); these
are subclassified into planar and nonplanar. The nonplanar case will be denoted
by NP-AA (Non-Planar Adjacent-Adjacent), and the planar case by P (Planar).
The planar case is further classified according to whether it is flagged or not.
These two subcases will be denoted by P-F (Planar-Flagged) and P-UF (Planar-
UnFlagged), and how the two arise will be clear after the description of bisect-
tet is complete.

Opposite-Opposite (each nonrefinement face has an opposite marking); this
will be denoted by NP-OO. In this case, a pair of opposite edges are marked in
the tetrahedron; one as the refinement edge, and the other as the marked edge
of the two nonrefinement faces intersecting there.

Adjacent-Opposite (one nonrefinement face has an adjacent marking while the

other has an opposite marking); this will be denoted by NP-AO.

Figures 1 and 2 show the four types of tetrahedra. Each marked nonrefinement edge
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is indicated by a double line and the refinement edge is indicated as a marked edge
for both faces containing it. The tetrahedra in Figure 2 are obtained from their
counterparts in Figure 1 by cutting open along the edges incident on the vertex at
the peak (the faces of the tetrahedra in Figure 2 are shown as triangles of equal

area for COIlVGIlieIlCG) .

P NP-AA
NP-OO NP-AO

Figure 1. The 4 types of tetrahedra.
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Figures showing the typical bisection of a tetrahedron and the bisection rules
for all tetrahedra will use the open views of Figure 2, while a figure in Section 3
showing all the tetrahedra created by three bisections of a parent will use the closed

view of Figure 1.

VA VANYAVAN

P NP-AA

YAVANNYAVAN

NP-OO NP-AO

Figure 2. The 4 types of tetrahedra — cut open.

A marked tetrahedron 7 will be denoted by the 4-tuple (N(7),7,,mr, fr),
where
(1) N(7) = {zg, 21, 22,23} denotes the vertex set of 7 (z; € R® 0 <7 < 3) as in
Chapter 2.

(2) rr is a particular edge of 7 (representing its refinement edge).
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(3) my is an ordered pair of (not necessarily distinct) edges of 7 with the property
that neither is the refinement edge and each nonrefinement face of 7 has exactly
one element of m, (these are the marked nonrefinement edges of 7).
(4) fr is a flag which is always unset (= 0) if 7 is nonplanar, and it may or may
not be set (= 1) if 7 is planar.
Denote by Ty the set of all marked tetrahedra. As in Chapter 2, let F(7) denote
the face set of a tetrahedron 7. Let a tetrahedron 7 be bisected to create children
7 and 7(®. A face p € .7:<T(i)> ,t = 1,2 will be called an inherited face if p €
F(7), and a cut face if 4 G p' for some p’ € F(7). The bisection process will also
produce a new face and four new edges. Two of these will be produced via the
bisection of an edge of the parent. We will give a detailed classification of the edges
produced by the repeated application of bisect-tet in Section 3. Figure 3 shows the
inherited (i), cut (¢), and new (n) faces in a typical bisection. The new vertex is
denoted by n and the new edges are 1n,2n (obtained by the bisection of edge 12 of

the parent), and 3n,4n.

4
1 2 1 (© n n © 2
—_— =
) + ©)
0 % QL
4 3

4 3 4

Figure 3. Typical bisection of a tetrahedron.

Given a marked tetrahedron 7 (P-F, P-UF, NP-AA, NP-OO, or NP-AO), for a
description of algorithm bisect-tet, it suffices to give the marked edges for all faces
of 7 and 7?) | and to specify if the flag is set or unset for a planar 7). Moreover,
the marked edges for the bisected tetrahedra should be such that each 7(% has a

unique refinement edge.

Algorithm 3.1.1
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{T(l), 7(2)} +— bisect-tet (1)
Input: A marked tetrahedron 7.
Output: Marked tetrahedra 7(*) and 7(2).

(1) Bisect 7 by joining the midpoint of its refinement edge to each of the two
vertices not lying on the refinement edge to create children (1) and 7(?) (these
are geometric tetrahedra without any markings and A <T(i)> is known).

Mark the faces of the children as follows:

(2) Each child has exactly one inherited face. This face inherits its marked edge
from the parent, and this marked edge is the refinement edge of the child.

(3) Each child has two cut faces. For each of these cut faces the marked edge is
the edge opposite the new vertex with respect to the face.

(4) Each child has one new face (common to both children). The new face is marked
the same way for both children. Unless the parent tetrahedron is planar and
flagged, the marked edge for the new face is the edge opposite the new vertex
with respect to this face. If the parent is P-F. it is the edge connecting the new
vertex to the new refinement edge.

(5) The flag is always unset in the children, unless the parent is planar and un-
flagged.

The bisection for the five cases (P-UF, NP-AA, NP-OO, NP-AO, P-F) together

with the markings for the children are shown in Figure 4.

Note that bisect-tet outputs only tetrahedra of types P-F, P-UF, or NP-AA.

All of these are such that their marked nonrefinement edges are adjacent to the

refinement edge. Thus if T4 denotes the image set of marked tetrahedra obtained

via bisect-tet , T4 ; T . Observe also that the repeated application of algorithm

bisect-tet to a tetrahedron produces the cycle

NP-AA — P-UF — P-F — NP-AA — ...

for the types of tetrahedra that are generated (tetrahedra of the type NP-OO and
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Figure 4. The bisection rules for all the cases.

2

=
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NP-AQ yield P-UF tetrahedra after one bisection). This is equivalent to the cycle

given by Béansch [8]. He calls the tetrahedra red, black, and black-black respectively.

The next proposition is easily verified with reference to Figure 4.

Proposition 3.1.2

(1) The marked nonrefinement edges of the parent are the refinement edges of the

children.

(2) A planar tetrahedron is flagged if and only if the new vertex created during its

bisection is an endpoint of a marked nonrefinement edge for each of its children.

(3) If a tetrahedron is planar and unflagged, then each child is planar with the
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plane opposite the new vertex containing all of its marked edges.

3.2 Similarity Classes
Maubach [26] has provided an algorithm for the bisection of an arbitrary n-simplex
in R™. We now present his algorithm, and show that in the special case n = 3,
it is equivalent to bisect-tet (if we restrict bisect-tet to having only NP-AA, P-
UF, and P-F tetrahedra as input). Also, the local mesh refinement algorithm that
Maubach provides is more restrictive than the one presented in the next section.
The Maubach algorithm takes as input an ordered (n + 1)-tuple of points in R”
giving the vertices of the n-simplex and a number d € {1,2,... ,n} determining its
refinement edge. Denote a tagged-n-simplex by t, where t = ((xo,x1,... ,2,),d) is
a ordered pair defined as follows:
(1) (zo,%1,...,&y,) is an ordered (n + 1)-tuple of points in R™ such that the set
{zg,21,... ,2,} are the vertices of the geometric n-simplex associated with t.

(2) de€{1,2,... ,n} is a number such that xgx, is the refinement edge of t.

Algorithm 3.2.1
{t(l), t(z)} +— bisect-n-simplex (t)
Input: A tagged-n-simplex t.

Output: Tagged-n-simplices t(") and ¢(2).

‘ d—1ifd>1,
(1) Set d\¥) =
n iHd=1.
(2) Create new vertex z = %(:1;0 + xq4).
(3) Create t(V) = ((:1;0, Tlyeee s Bde1y 2y Ldg1yeeer Tn) ,d(1)>.

(4) Create t(?) = ((:1:1,:1;2, e LAy 2y LTy ey L) ,d(2)>.

To prove that bisect-tet is equivalent to bisect-n-simplex when n = 3, we will
show that the same tetrahedra (3-simplices) are produced by repeatedly applying
bisect-tet (bisect-n-simplex) to an arbitrary tetrahedron (3-simplex). For an effec-

tive comparison of the two algorithms we need to associate tagged-3-simplices to
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marked tetrahedra and vice versa. To this end, introduce the set J7 of all tagged-
3-simplices, and define a mapping ¥ : T — T as follows:

Let t = ((wo,21,22,23),d) € Tp. Then F(t) = (N(7), 7+, mr, fr) with N(7) =
{zo, 21, 29,23} and

(1) Ifd =3, rr = xos, my = (xox2,x123), and fr =0 (7 is NP-AA).

(2) Ifd =2, rr = xgx2, my = (xox1,2122), and fr =0 (7 is P-UF).

(3) Ifd=1, rr = 2021, my = (xoxs,x123), and fr =1 (7 is P-F).

The next proposition follows from the definitions.

Proposition 3.2.2 The following diagram commutes.

‘IT (—T> T M

bisect—n—simplexl lbisect—tet
Trx Tr 255 Tp x Tp
Proof. Suppose t = ((xg,x1,22,23),3) € T, and {t(l),t(z)} € T x T is pro-
duced by bisect-n-simplex (t). Then t!) = ((xg, 21, 22, 2),2) with z = (z0 + 3) /2,

and consequently F (t(1)> yields the marked tetrahedron

({51?0751?1751?272}7{11?0:1?2} ) (51?0:1?1751?1:1?2) 70)-

On the other hand, F(t) = ({wo, 21, 22,23}, {xoxs}, (vox2,x123),0) which is NP-
AA. and one of the marked tetrahedra produced by applying bisect-tet to this is

F (t(1)>. A similar verification is easily carried out for the other cases. O

With some obvious abuse of notation, we will sometimes refer to the marked
tetrahedron (N(7),r-,m, f-) as the tetrahedron 7. Define application of bisect-tet
m times to a tetrahedron 7 to mean that bisect-tet is applied once to 7, once to both
its children, and so on, until we have m such applications producing 2™ tetrahedra.
Any tetrahedron obtained via the repeated application of bisect-tet to 7 will be
called a descendent of 7. We assume a similar definition for the repeated application

of bisect-n-simplex and the n-simplices produced. Proposition 3.2.2 implies that if
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bisect-n-simplex is applied m times to a tagged-3-simplex, the images of the 2™
descendents under the mapping F are exactly the descendents obtained by applying
bisect-tet m times to the image under J of the parent. Note that descendents are
elements of T or Tys. In particular, let t € T be a tagged-3-simplex. Associate
to each descendent of t obtained via a repeated application of bisect-n-simplex a
geometric 3-simplex having the same vertex set as that of the descendent and make
a similar association for the descendents of an arbitrary element of J3; obtained via
repeated applications of bisect-tet. Proposition 3.2.2 then implies that the geometric

shapes produced by the two algorithms are equivalent in the following sense:

Corollary 3.2.3 The geometric 3-simplices obtained by applying bisect-n-simplex
m times to t € T are exactly the same as those obtained by applying bisect-tet m
times to JF ().

We have provided a prescription (function JF) for constructing a marked tetra-
hedron from a tagged-3-simplex. We next present a method for constructing a
tagged-3-simplex from a marked tetrahedron. Let ({vg,v1,va,v3}, 77, mr, fr) € Ta
be a marked tetrahedron 7 and let ((xq,z1,22,23),d) € T be a corresponding
tagged-3-simplex.

o If 7 is NP-AA with some choice for its refinement and marked nonrefinement
edges (say rr = vov1, mrs = (vovz,v103)): Set d = 3 and choose 19 = vy and
x4 = vy (the end points of the refinement edge). Set x; = vz (the vertex deter-
mining the marked nonrefinement edge with one vertex as x4 is #1). Obviously,
x9 = vy. Note that the choice of g and x4 can be reversed. However, given
one of the two possible choices for xg and x4 the other x; are specified uniquely
based on the marked nonrefinement edges. In particular, the two tagged-3-
simplices corresponding to the given marked tetrahedron are ((vg,vs, v, v1),3)
and ((v1,v2,v3,v0),3).

o If 7 is P-UF with some choice for its refinement and marked nonrefinement
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edges (say rr = vov1, mrs = (vovz,v102)): Set d = 2 and choose 19 = vy and
rq = v1 (the end points of the refinement edge). Set x1 = vy (the vertex
which determines the two marked nonrefinement edges is 1 and zgxj 2 is the
plane containing all the marked edges). Note that the choices for x¢ and x4
can be reversed but the choice of x; (and hence x3) is fixed. In particular,

the two tagged-3-simplices corresponding to the given marked tetrahedron are

((U07U27U17U3) 72) and ((U17U27U07U3) 72)

o If 7 is P-F with some choice for its refinement and marked nonrefinement
edges (say rr = vov1, mry = (vovz,v102)): Set d = 1 and choose 19 = vy and
rq = v1 (the end points of the refinement edge). Set x5 = vy (the vertex
which determines the two marked nonrefinement edges is 3 and zgxjx3 is the
plane containing all the marked edges). Note that the choices for x¢ and x4
can be reversed but the choice of x3 (and hence x3) is fixed. In particular,

the two tagged-3-simplices corresponding to the given marked tetrahedron are

((U07U17U3,U2) ) 1) and ((U17U07U3,U2) ) 1)

In all the cases listed above, the image under J of either of the tagged-3-
simplices is the given marked tetrahedron. Moreover, Proposition 3.2.2 says that
the images under F of the 2™ descendents of either tagged-3-simplex via m applica-
tions of bisect-n-simplex are the 2™ descendents of the original marked tetrahedron

obtained via m applications of bisect-tet.

Proposition 3.2.4 The mapping F takes T onto T4 and is 2 to 1.

Proof. The definition of  and the method for constructing tagged-3-simplices

from marked tetrahedra in T4 given above imply that F is onto. Moreover, we
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directly verify using the definition of F that

9?((1’0,1}1,1}2,1}3),3) = ?((1?3,1’2,1?1,2?0),3),
9?((1’0,1}1,1}2,1}3),2) = ?((1?2,1’1,1’0,1’3),2),

9?((1’0,1}1,1}2,1}3),1) = ?((1?1,1’0,1’2,1’3),1),

which implies that J is at least 2 to 1. Another direct verification gives

T (w0, 1,2, 23) , d) = T ((wg, 2y, 25, 03) , d')

if and only if d = d’" and either x; = 21,0 < < 3 or they are related by one of the

cases given above. Thus, J is 2 to 1. 4

We have thus shown that the algorithms bisect-tet and bisect-n-simplex are

equivalent in the sense of Proposition 3.2.2.

Remark 3.2.5 For any given tagged-3-simplex, the case d = 1 corresponds to the
marked tetrahedron being P-F, d = 2 to P-UF, and d = 3 to NP-AA. Thus, bisect-
n-simplex admits only tagged-3-simplices corresponding to marked tetrahedra in
J4 as input. Even though the types of tetrahedra to which bisect-n-simplex is
applicable are restricted, it will not pose a problem in our analysis for similarity
classes since tetrahedra of type NP-OO and NP-AQO are never produced as children
via bisect-tet, and we will treat these cases separately.

The finiteness of the number of similarity classes of tetrahedra produced by
bisect-tet follows from the fact that the number of similarity classes of n-simplices
produced by the repeated application of bisect-n-simplex is bounded by nn!27~2,

We now state a technical result from [26] that is required in what follows.

Lemma 3.2.6 Let t' be a descendent of the tagged-n-simplex

t=((0,e1,e1 +e2,...,e1+e2+...4+€,),d)



30

obtained via k applications of bisect-n-simplex, where B = {ey,e2,... ,e,} is an

arbitrary basis of R™. Define integersr € {0,... . n—1}and¢>0byn—d+ k=

r + qn, let (vo,21,... ,2,) be the ordered vertices of ¥, and define y; = x; — o
torv=1,2,... ,n. Then, there exist two linear mappings ©= and R from R" to R"
such that {r(e1),7(ez),... ,m(en)} is a permutation of the basis vectors of B, and

R(e;) = te;, 1 <1 < n (R is a reflection relative to the basis B), with
1\ i
yi:<§> oziRﬂ'Zej 1< <n,
7=1
where
1 1<i<n—r,
a; =
1/2 n—r+1<i<n.

As there are n! possibilities for the permutations w, 2™ possibilities for the
reflections R, and exactly n different vectors «;, a first estimate for an upper bound
on number of similarity classes produced by the repeated application of bisect-n-
simplex is nn!2". Recalling that the reflections R and —R give n-simplices in the
same similarity class, this estimate improves to nn!2"~!. Obviously, this bound
is not sharp. For the simple case n = 2, the above estimate gives 8 similarity
classes while only 4 types of triangles arise in the repeated bisection of an arbitrary
triangle. We now give a proof due to Arnold and Pouly [1] showing that the number
of similar classes of n-simplices produced is bounded by nn!2"~2. This bound is
sharp for n = 2 since it gives 4 similarity classes in this case. They also show by
considering a particular tetrahedron that this bound is sharp for n = 3. The idea of
the proof is to show that each n-simplex produced is similar to another n-simplex
via a translation. For n = 3, this estimate improves the upper bound of 168 shown

by Liu and Joe [24] for an equivalent algorithm based on longest edge bisection to

36.

Theorem 3.2.7 The number of similarity classes of n-simplices produced by the

repeated application of bisect-n-simplex is bounded by nn!2"~2,
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Proof. We will use the notations introduced in Lemma 3.2.6. Observe that ¢
does not play a role in the count for the number of similarity classes of tetrahedra
and we will assume ¢ = 0 without any loss of generality. Define the mappings
ﬁ:R"%R"andR:R"%R"by

7T(€n—7’+1—j) 1<y<n-—r,

(1) (ej) =
7 (€e;) n—r+1<j<n,
R —Rr(e;) 1<j<n-—r,
(16) Rr(e;) =
R (e;) n—r+1<j<n,
for 7 € {1,2,... ,n}. Observe that 7 is a permutation and R a reflection relative to
B. Note that the ordered set (0,y1,ya, ... ,yn) represents the vertices of the tagged-

n-simplex ', and denote the ordered set of vertices of another tagged-n-simplex ¢
by (0,31, G2, »§n) With §; = a;RF Y\ e; for 1 <i < n. Let & : R" — R" be

the translation defined by

(17) d(x) :x—Rﬂ'Zej =T — Yn—pr.
j=1
Then ®(0) = —Rr Z_: ej and
j=1
—Rﬂ'Zej 1<i<n—r,
j=it1
D(y;) =<0 i=n-—r,
1 n—r 1 7 .
—§R7TZ€]‘—|—§R7T Z €; n—r+1<:<n.
7=1 Jj=n—r+1

Using (15), (16), and the definition of §; we get ® (0) = g,,—, and
Un—r—i 1<1<n—r,
D(y;) =<0 i=n-—r,

U n—r+1<i1<n.
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Thus, ¥ is related to £ via the translation ®. The theorem follows from Lemma 3.2.6

and the discussion following it. O

It follows that the number of similarity classes of tetrahedra produced by the
repeated application of bisect-tet to arbitrary tetrahedra of type P-F, P-UF, or
NP-AA is 36. Since one application of bisect-tet to tetrahedra of the type NP-OO
and NP-AQO produce children of type P-UF, the repeated bisection of a NP-OO or
NP-AOQO tetrahedron will produce a maximum of 72 similar classes of tetrahedra.
This ensures that in an adaptive mesh refinement procedure involving the repeated
application of bisect-tet, the meshes produced will have finite shape constants. Such
a procedure is presented in the next section, and it is shown that the locally adapted

meshes produced are also conforming.

3.3 A locally adaptive mesh refinement procedure

This section describes an algorithm that produces a sequence of locally adapted,
nested, conforming meshes. Algorithm local-refine starts with a conforming mesh
T and produces a conforming mesh 7' by first bisecting a selected subset of T and
then performing further closure bisections to ensure a conforming mesh. Algorithm
local-refine will be used to create a sequence of nested, locally adapted meshes
starting from a coarse conforming mesh 7. Since local-refine uses bisect-tet, all
tetrahedra in the coarse mesh have to be marked. A mesh is said to be marked if
each tetrahedron in it is marked. A marked, conforming mesh with the property

that each face has a unique marked edge will be called a conformingly-marked mesh.

Remark 3.3.1 Recall that if a face is shared by two marked tetrahedra in a
conforming mesh, it is possible for the face to have distinct marked edges. By
definition, a conformingly-marked mesh excludes this possibility.

Given an arbitrary conforming mesh 7g, the following procedure yields a
conformingly-marked mesh 7o (by an obvious abuse of notation we denote both by

7o): Choose the longest edge of each tetrahedron in 7y as its refinement edge and
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mark the longest edge of the nonrefinement faces (small hypothetical perturbation
of the coordinates of vertices are performed to break ties). If we further assume
that the flag is unset for all tetrahedra in 7y, the procedure gives a conformingly-
marked mesh with no flagged tetrahedra. The assumption that the coarse mesh has
no flagged tetrahedra will be key to most of the analysis in this section. Let &£ (1)
denote the edge set of a tetrahedron 7, and set £(T) = {J, s € (7) for an arbitrary
mesh 7. A tetrahedron 7 € T is said to have a hanging node on an edge e € £ (1)
if both e and its children belong to £(7) (where the child of an edge is one of the
two line segments created by bisecting it). Note that a mesh is nonconforming if
and only if it has at least one tetrahedron with a hanging node.

Given a mesh 7 and a subset S, local-refine can be broken up into two steps:

(1) Bisect all tetrahedra in S using bisect-tet.
(2) Repeatedly bisect all tetrahedra with hanging nodes in the resulting mesh until
a conforming mesh 7" is obtained.
A detailed description of this algorithm requires some terminology and many inter-
mediate algorithms. These algorithms and their properties will be presented here
with the ultimate goal of showing that the second step of local-refine has only a
finite number of repetitions in the application that we consider.
For a marked tetrahedron 7 set &(7) = £ (1), and denote by &£ (7) the set of
25 line segments defined as follows:
o The 4 line segments obtained by joining the midpoints of each marked edge of
T to the opposite vertex with respect to the face containing the marked edge.
e The 8 line segments obtained by joining the midpoints of each marked edge to
those of the other two edges of the face (or faces) of 7 for which the edge is
marked.
o The line segment obtained by joining the midpoint of the refinement edge of

to that of the opposite edge with respect to 7.
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e The 12 line segments that are the children of the 6 members of &€ (7).

Let NP-##* denote any nonplanar tetrahedron. For any descendent 7' of a
tetrahedron 7, define the bisection level of 7/ to be the number of times bisect-tet
is applied to 7 to obtain 7’. Let BL (7') denote the bisection level of 7/. The next
result about the edges of descendents created by the repeated application of bisect-
tet to an arbitrary tetrahedron is obtained by direct calculation. It can be verified

with reference to Figure 5.

Figure 5. Three applications of bisect-tet to the dif-
ferent tetrahedra.
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Lemma 3.3.2 Let 7 be a marked P-UF (NP-xx) tetrahedron and 7' a descendent
of r. If BL(r') < 3 then ' has edges in &(r) U & (7), and if BL(7) = 3, 7/ is
P-UF (NP-AA) with edges in & (7). Moreover, the mesh T = {r/|BL (') = 3} is a
conformingly-marked mesh with £(T) = & (r).

For k > 2, recursively define & (7) by
Ex(T) = {U& (7")]7" is a descendent of 7 with BL (') = 3k — 3}.

The next corollary follows from Lemma 3.3.2 and the observation that in 3 applica-
tions of bisect-tet to an unflagged tetrahedron 7 each face of 7 gets subdivided into
4 faces by a line segment joining the midpoint of the marked edge to the opposite
vertex, and those joining the midpoint of the marked edge to the midpoints of the

nonmarked edges (see Figure 5).

Corollary 3.3.3 Let r be a marked P-UF (NP-##) tetrahedron and ' a de-
scendent of 7. If BL (') < 3k then 7' has edges in &(7) U & (r)--- U &(r), and
if BL(r') = 3k, 7' is P-UF (NP-AA) with edges in (7). Moreover, the mesh
T = {#/|BL(#') = 3k} is a conformingly-marked mesh with £(T) = E().

Let T be a marked mesh and § C 7. Algorithm bisect-tets creates a (possibly)

nonconforming mesh 7' from 7 by bisecting each tetrahedron in S using bisect-tet.

Algorithm 3.3.4
T' +— bisect-tets (7, .9)
Input: Marked mesh 7 and S C 7.
Output: Marked mesh 7.
(1) Perform bisect-tet (7) for all 7 € S to create T'.
Further, denote by bisect-all the algorithm that bisects all tetrahedra in a
marked mesh: bisect-all (7)) = bisect-tets (7, 7T ).
We will now use bisect-all to create a sequence of nested, uniformly refined,

conforming meshes beginning with a coarse conforming mesh. This sequence of
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meshes has some special properties which will be used later. Let Qg be an arbitrary

coarse, conformingly-marked mesh with no flagged tetrahedra, and set
Qr = bisect-all (Qr—1) for k > 1.
Set the bisection level of all tetrahedra in (g to be zero, and let

Ek (Qo) ={UEk (T) | for all 7 € Qo }.

The next proposition is a direct consequence of Lemma 3.3.2, Corollary 3.3.3, and

the definitions.

Proposition 3.3.5 The meshes Qsi,k > 1, are conformingly-marked, have no
flagged tetrahedra, consist of tetrahedra with bisection level 3k, and have & (Qo)
as their edge set.

To clearly classify the edges that appear in the meshes @)} for arbitrary k,
define the generation of an edge as gen (e) = k for all e € & (Qo) (= £ (Qsx)). The
generations of all possible edges that appear in the repeated application of bisect-all
to Qo are given in Table 1 together with the types and bisection levels of tetrahedra
that are created.

The next lemma is a consequence of the definition of the generation of an edge

and follows from Table 1.

Lemma 3.3.6 Let 7 be a descendent of a tetrahedron in Q. If BL (1) < 3(k+1),
then gen(e) < k+1 forall e € £(7), and if BL (7) = 3(k + 1), then 7 is unflagged
and gen (e) =k + 1 for all e € £ (7).

Since (o has no flagged tetrahedra, all P-F tetrahedra have bisection level
3k +1or 3k + 2,k > 0. Moreover, a P-F tetrahedron with bisection level 3k + 1
is the child of a tetrahedron with bisection level 3k, and a P-F with bisection level
3k + 2 is the parent of a tetrahedron with bisection level 3(k + 1).

We now present algorithm refine-to-conformity which takes a marked noncon-

forming mesh as input and repeatedly applies bisect-tet to tetrahedra with hanging



Table 1. Edge generation and tetrahedra type.

Bisection Types of Generation of
Level Tetrahedra Edges
0 P-UF | NP-%x 0

1 P-F P-UF 0,1

2 NP-AA P-F 0,1

3 P-UF | NP-AA 1

4 P-F P-UF 1,2

5 NP-AA P-F 1,2

6 P-UF | NP-AA 2

3k P-UF | NP-AA k
3k+1 P-F P-UF Ek+1
3k +2 NP-AA P-F Ek+1

3(E+1) P-UF | NP-AA E+1
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nodes until a conforming mesh is obtained. This algorithm may not terminate for

arbitrary nonconforming meshes, but we will prove that it yields a conforming mesh

in a finite number of steps in the particular application that we consider.

Algorithm 3.3.7

(3)

T' +— refine-to-conformity (7)

Input: Marked mesh 7.

Output: Conformingly-marked mesh 7.
Set S = {r € T | 7 has a hanging node}.

It 5 0,

T «— bisect-tets (7, .5)

T’ <— refine-to-conformity (T)
Else, 7' =T.

A mesh 7" is said to be a refinement of T if it is any one of the meshes Ty with
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T +— bisect-tets <7N’k_1,5k_1> (k > 1), with To = T and Sy C Ti. The notation
7' 37 indicates that 7' is a refinement of 7. The next proposition shows that in
a particular application of refine-to-conformity to meshes that are refinements of a
conformingly-marked mesh with no flagged tetrahedra, the algorithm terminates in

a finite number of steps.

Proposition 3.3.8 Let T 1 Qo be a marked mesh such that BL (1) < 3k for all
T € T (note that if BL(r) = 3k, 7 is unflagged). Then, refine-to-conformity(7)
terminates and BL(7) <3k 43 forall T € T".

Proof. The marked mesh T produced in the first pass through Step 2 has the
property that BL (1) < 3k + 1 for all 7 € 7. Thus, by Lemma 3.3.6 gen (¢) < k +1
for all e € E(T).

Let 7 37 be such that gen(e) < k+1lforalle e 5(%) (equivalently, BL (1) <
3(k+1) forall 7 € 7). Let 7 € T have a hanging node on ¢ € £ (7). By definition,

both e and its children (which have generation strictly greater than e) must be in

E(T). Thus, gen(e) < k+ 1 (equivalently, BL (7) < 3(k + 1)).

Thus, all tetrahedra with hanging nodes in the meshes 7 produced within
refine-to-conformity have bisection level < 3(k 4+ 1). We have shown that refine-
to-conformity terminates, BL(7) < 3(k + 1) for all 7 € 7', and T’ is conforming.
The proposition follows if we recall that faces in a mesh are subdivided according

to their unique markings. O

Next, we introduce algorithm local-refine which yields a conforming mesh by
first bisecting a given subset of tetrahedra in a conformingly-marked mesh and then

resolving any hanging nodes in the resulting mesh by refine-to-conformity.

Algorithm 3.3.9
T' +— local-refine (7, .5)
Input: Conformingly-marked mesh 7 and S C 7.

Output: Conformingly-marked mesh 7.
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(1) T <— bisect-tets (T, S).

(2) T’ <— refine-to-conformity (T)

Remark 3.3.10 Note that the subset S may be chosen so as to refine a particular
region in the mesh 7. Note also that if we choose a marked nonconforming 7 and
the subset S of tetrahedra with hanging nodes in 7 as input to local-refine, refine-
to-conformity and local-refine will produce identical outputs.

The next result is a direct consequence of Proposition 3.3.8.

Theorem 3.3.11 Let To = Qo be a conformingly-marked unflagged mesh. For
kE >0, choose Sy C T arbitrarily and set Tip41 = local-refine (7, Si). Each call to

refine-to-conformity from within local-refine terminates. Moreover, Qz; 1 Tk.

3.4 Example of a locally adaptive mesh

In this section we show by considering examples that local-refine produces adapted
meshes that are quite local. The coarse mesh 7q is the mesh of six tetrahedra for
the unit cube [0, 1]* shown in Figure 6. Note that all six tetrahedra share the edge
that is the diagonal of the cube. This is the refinement edge (longest edge) for all
7 € To. The marked edges for tetrahedra in the coarse mesh are determined by
the longest edges of its nonrefinement faces (these are the diagonals of the faces of
[0,1]%). This choice of refinement and marked edges implies that all tetrahedra in 7o
are NP-AA. This example has been considered by Maubach [26]. Observe that all
six tetrahedra in 7 are similar since they are related to one another by coordinate

permutations. In particular, the vertex sets of of the six tetrahedra in 7y are

{(0,0,0),(1,0,0),(1,1,0),(1,1,1)}, {(0,0,0),(1,0,0),(1,0,1),(1,1,1)},
{(0,0,0),(0,1,0),(1,1,0),(1,1,1)}, {(0,0,0),(0,1,0),(0,1,1),(1,1,1)},

{(0,0,0),(0,0,1),(0,1,1),(1,1,1)}, {(0,0,0),(0,0,1),(1,0,1),(1,1,1)}.

The criterion for adaptive local refinement is that any tetrahedron intersecting the



40

hemisphere
1
H = {(:zj,y,z) cR?| (2 —05)* 4+ (y —0.5)* 4+ (¢ — 0.5)* = T with « > 0.5}

is bisected. In other words, for any mesh 7 the set S C 7T in local-refine is § =
{r € T|TNH #0}. Maubach [26] has shown that for this special choice of coarse
mesh tetrahedra the number of similarity classes of tetrahedra produced by repeated
bisection is 3. This is verified by our computations using the tetrahedron shape
measure introduced by Liu and Joe [24], as well as a more traditional measure
involving the ratio of the circumscribed to inscribed sphere for each tetrahedron.
Let 7;4+1 = local-refine(7;,5) be the mesh obtained from 7; by taking the
the subset S of 7T, as defined above. Figures showing various views of Tig are
presented in the next two pages. In all figures involving 7i¢, it is referred to as the
hemisphere-adapted mesh. The mesh 716 has 25,448 tetrahedra and 4,864 nodes.

Figure 7 shows a cloud of points representing its nodes, while Figure 8 and Figure 9

1

show cuts through the mesh along 2 = 1 and y = 3

5 respectively. It is clear that

local-refine locally adapts the mesh very well in this case.
We will give many more examples of locally adapted meshes produced by

local-refine when we consider numerical examples to demonstrate the capabilities

of AMG3DP1 at the end of Chapter 5.
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Figure 6. Coarse mesh for [0,1]%: 6 tetrahedra and 8

nodes.
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Figure 7. Hemisphere-adapted mesh: the nodes for

the adapted mesh.
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Chapter 4

Some aspects of the multilevel solver

Multilevel solvers have established themselves as one of the most efficient meth-
ods for solving linear systems arising from the discretization of partial differential
equations. In many cases they can be shown to require only O(N) operations to
compute a discrete solution involving N unknowns. In this chapter we present a
multilevel algorithm suitable for solving linear systems that arise from the finite el-
ement discretization of the model boundary value problem of Chapter 2. There has
been a lot of work on the convergence theory of multilevel methods for systems of
equations arising from finite element discretizations of boundary value problems (for
a detailed discussion and references, see for example Bramble [13]). The method
presented in this chapter is a V-cycle applied to the sequence of refined meshes
that are obtained by the adaptive mesh refinement procedure of Chapter 3. The
convergence for this method is shown in Bramble and Pasciak [14].

The V-cycle algorithm has two main components: smoothing on a finer mesh
and error correction on a coarser mesh. The smoothing step damps out the oscil-
latory parts of the error on the finer mesh and the remaining part of the error is
transferred to the coarser mesh and corrected there. For an efficient implementation
of the algorithm, we introduce 2-level (hierarchical) bases in addition to the usual
nodal bases that appear in the implementation of the finite element method. Basis
changes between the two will be used in transferring the error from the fine to coarse
mesh and the correction from the coarse to the fine mesh (however, the method is

not the “hierarchical basis multigrid method” of Bank, Dupont and Yserentant [6]).

In Section 1, we begin by presenting the V-cycle in operator form (based on
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the solution of some operator equations in appropriate spaces). Nodal bases for the
finite element spaces are then used to derive an equivalent form involving vectors
and matrices. Finally, some algebraic manipulations yield a form that is symmet-
ric. The V-cycle algorithm uses a sequence of meshes; the transfer of the error from
a finer to a coarser mesh and of the correction from a coarser to a finer are two
important steps in the V-cycle. In our implementation, these are achieved via basis
changes. Section 2 describes these basis changes (nodal to 2-level and vice versa)
and their use to perform the transfer between fine and coarse meshes. Section 3
describes the smoothing step. Moreover, we present a multilevel solution algorithm
for the boundary value problem of Chapter 2. This uses the transfer and smooth-
ing algorithms introduced in Sections 2 and 3 and is derived from the symmetric
algorithm at the end of Section 1. This is the form of the algorithm that we use in

our implementation in AMG3DP1.

4.1 The V-cycle for finite elements

Let {Tk}kMzo be a nested sequence of conforming meshes and denote by
M M DM
{Xi}ymo - (Vi dimo» and {V5 }k:O

the spaces analogous to X(7),Vo(7T), and Vp(7) introduced in Chapter 2. The
discrete problem on T is:

Find u7, € V;P such that a (up,,v) = [(v) for all v € Vj.

Definition 4.1.1 The nodal basis for the space Xy will be denoted by {Qbf}f\jl

and defined as
1 at node ¢ of Ty,

0 at all other nodes of Ty,
where Ny := dim (7).

The discrete solution u+7, can be decomposed as

ur, = Y un(i)of + >, ur (1) &F =t 2k + i

iEND (Tr) PENQ(Tr)UNN(Tr)
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where 2, € VkD and tg € Vi. The discrete problem on 7T is equivalent to:

Find 4y € Vi such that a (g, v) =1(v) —a(Zg,v) for all v € V.

Definition 4.1.2 Let Ay : Vi — Vi, and L € Vi be defined by
(Agu,v) = a(u,v) and (Lg,v) =1(v) —a(Z,v) for all u,v € Vj.
The discrete problem on 7Ty is:
(18) Find 4 € Vi such that Aty = L.

Let Q’,z_l : Vi — Vi_1 denote the L*-projection. The adjoint operator Q’,ﬁ_l :
Vi—1 — Vi is then the inclusion. The V-cycle method is an iterative method for
the solution of (18), and can be described as:

Start with an initial guess u(()k) € Vi, and compute uzlk"gl from u?k) by the
formula

uzlk"gl = ufyy — Br <Aku?k) — Lk> \

where the action of the V-cycle operator By : Vi — Vi on an arbitrary element
of Vi is described by algorithm operator-V C}. This description uses a smoothing
operator Ry : Vi — Vi, which is assumed to be known and is usually chosen to be

easily computable.

Algorithm 4.1.3
Bjv +— operator-VCy (v)
Input: v € Vi, Rj for 0 < j <k,and A; for 0 <7 <E.
Output: Biv € Vy.
(0) By = A"
For &k > 1 define B}, in terms of Bj_{ as:
(1) 1 = Rpv (pre-smooth).
(2) Ty =21 — Qi_lBk_lQllz_l (Agx1 — v) (coarse level correction).

(3) Brv = 3 — R (Agx2 — v) (post-smooth).
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Note that Step 2 of operator-V (' makes it a recursive algorithm. Also, this
step uses the operators A;, R; for j < k as it involves the computation of B; for
J < k. When the method converges, the sequence {u(‘k)} converges to the solution
tr of (18). We next present an equivalent form of the operator-VC} involving
vectors and matrices.

For an arbitrary v € V}, denote by mpv the vector of coefficients in the expansion
of v in terms of ¢¥, and by v the vector of inner products of v with the same basis

functions. The two quantities are defined via the equations

Ny
T Z(ﬂ'kv)i qb;c and (Mkv)z - (Uvqb;c)v
=1

where (7mv); and (pgv); denote the i-th components of mxv and pgv respectively.

The two maps 7 : Vi — RV and pr Vi — RN are isomorphisms, and
(k) - (ppw) = (v,w) for all v,w € V.

Let Ay denote the stiffness matriz associated with the basis ¢F. The symmetric

matrix A; € RV*Nk has entries a( f,qbf)

Remark 4.1.4 Note that these definitions make sense for any basis of X. Later,
we will introduce the 2-level basis for the spaces X and distinguish clearly between
the nodal and 2-level representations of vectors and stiffness matrices associated
with nodal and 2-level bases.

The next proposition is a direct consequence of the definitions.

Proposition 4.1.5 The following diagram commutes.

Vi —25 Vi

ﬁkl luk

RN A g

Proof. Let v € Vi be arbitrary. Then, using the definitions and linearity

Ny,

(kArv); = (Ago, ¢F) = a(v,0F) = a | Y (miv); 68, oF

i=1
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N
Z le,Qb Fkv)j = (Akﬂ—kv)i‘

4

Thus, pre-multiplication of the vector of coefficients of an arbitrary element
in Vi by the stiffness matrix yields the vector of inner products of the image of
the element under Aj. This, and similar equivalences stated below will be used
in deriving the matrix form of the V-cycle algorithm. Let Cllz_l : RV 5 RNk-1

determined by
Ny,

qbf_l = Zc”qb"; fori=1,2,..., Np_q,

=1
be the transformation matriz for the bases of Xj and X;_;. It follows from direct

computations that the following diagrams commute.

Q! Qi1
Vk —_— Vk 1 Vk—l —_— Vk
llkl luk—1 7714—1\[ lﬂ'k
k—1 Ck
R Ne ko R Ne—1 R Ne—1 k_1> R Nx

The matrix C¥_| is the transpose of the matrix Cllz_l, and the second diagram
is a consequence of the first by taking adjoints and observing that 7 = (/,LZ)_I,
where p7 is the adjoint of pp. The first diagram states that the vector of inner
products of the L?-projection of any element in V} is the same as the result of
pre-multiplying its vector of inner products by the transformation matrix and the
second has a similar interpretation. We shall now define matrices Ry, , By € RNx* N

corresponding to the smoothing operator Ry and the V-cycle operator By such that

the following diagrams commute.

VkLVk Vk—>Vk

I

RN R, g RV =5y RN
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These say that pre-multiplication of the vector of inner products of an arbitrary
element of Vi by the smoothing (V-cycle) matrix is the same as the vector of
coefficients of the element in Vj obtained by the application of the smoothing (V-
cycle) operator. The matrices Ay, Cllz_l, CF_,, and Ry are related to the V-cycle

matrix By according to the following result:

Theorem 4.1.6 Let v € Vi be given and let x1,x9, and Byv be defined via
operator-V . Set v = upv, &1 = w7v1, and ¥y = wpry. Then,
(1) &1 = Ryv,
(2) &y =@ — Cﬁ_lBk_lCllz_l (Agpzy — v),
(3) Brv = @3 — Ry (Agxz — v).

Proof. The relations follow from the definitions and commutative diagrams
above. For example, Step 3 follows from Step 3 of operator-VC}, as follows:
Step 3 of operator-VCy, is Brv = 13 — Ri (Agae —v). Applying 7 to both sides
we get mp Brv = @5 — mp Ry (Apxo — v). The properties involving Ry and By give
Brurv = @3 — Ripig (Agx2 — v). Distribution of p over the two terms on the right
and the properties of the operator A give Step 3 of Theorem 4.1.6.

Steps 1 and 2 follow from their counterparts in operator-V Cy by calculations

similar to the one given above. O

In view of Theorem 4.1.6 the matrix-vector analogue of operator-VCy, is:

Given u?k) € RV, the sequence {u(‘k)} is obtained by
u?k—i;l = u(‘k) — Bk <Aku?k) — Lk> 5

where Ly = pgLg, and the action of By on an arbitrary v € R is described by

algorithm matriz-V Cj.
Algorithm 4.1.7
Brv ¢+— matrix-V Cy (v)

Input: v € RV, R;for 0 <j <k,and A; for 0 <7 <E.
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Output: Brv € RV,
(0) Bo = A;".

For &k > 1 define By, in terms of Br_; as:
(1) x1 = Ryv.
(2) Ty =2 — Cﬁ_lBk_l Cllz_l (Agpzy — v).
(3) Biv = 2 — Ry (Agay — v).

We will now derive an equivalent form of matrix-V'Cy which is symmetric in

the sense that the two smoothing steps have a similar structure. Moreover, the
transfer of the error (respectively correction) from the fine to coarse (respectively

coarse to fine) is demonstrated clearly.

Proposition 4.1.8 Set
v = ulty — Re (Acufiy — i) and 2y = gy — ChoBimi O (Argy = L)

Then u?k"';l = z(k) — Rk (Akz(k) — Lk>.

Proof. The proof is immediate by the observation that y) and z() are the
quantities obtained in Steps 1 and 2 of matrix-V' Cy on taking v = Aku?k) — Lg as
input. O

Notice that if we view the calculations for y), 2z(), and u(‘k"gl as the three
steps that yield one iteration of the V-cycle method, the computations for y)
and u(‘k"gl have the form of a stationary linear iterative method for the solution of
Arx = Lj. In fact, the operator Rj (and hence the matrix Ry) will be chosen such
that these steps are equivalent to performing Gauss-Seidel iterations on Age = L.

Remembering that Cllz_l(:’,z_ly = y for all y € RV~1, the calculation of Z(k)

can be rewritten as

G (2 — ) = —Bea G (Akyry — L) -

Since the V-cycle is an iterative method, this is equivalent to solving

Ak—lcz_l (Z(k) - y(k)) = —Cz_l (Aky(k) - Lk)
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approximately using the V-cycle. Hence, the computation of z(;) in Proposi-
tion 4.1.8 is equivalent to the following two computations:

Find g—1) € RNr=1 solving

Ak—19-1) = A1 Gy — G (Aky — L)

and then z(; € RN is given by

2ty = Yy + Choy (G- — Gy -

Remembering that the definition of By is recursive in the sense that it uses B; for
J < k, Proposition 4.1.8 and the above calculation gives a symmetric form of the
V-cycle described in algorithm symm-V C. Algorithm symm-V () takes the nodal
stiffness matrix Ay, a right hand side L, and a vector u(‘k) as input and outputs
the vector u(‘k"gl obtained by performing one iteration of the V-cycle to the system
Aku?k) = L. Note that the algorithm will call symm-VC; for 7 < k, and the right

hand side vectors for these calls are computed within the algorithm (in particular,

it is not equal to L; when symm-VC; is called).

Algorithm 4.1.9
u(‘k—gl +—— symm-V C}, <u?k),Ak, Lk>
Input: u(‘k) € RN R, for 0 <j <k, Ajfor0<j<k, and Ly.
Output: u?k"';l e RVx,
(1) Yk = u(‘k) — Ry <Aku?k) — Lk> (pre-smooth using u(‘k) as initial guess).
(2)  Let BExy = A G My — G (Akyny — L)
The coarse mesh problem is Ag_1Yr—1) = Ex—1.
(3) If k 75 1, set u?k_l) = Cllz_ly(k),
u%k_l) — Symm'vck—l <u(()k_1)7Ak—17 Ek—1>7 ﬁ(k—l) = u%k_l)'
Elseif k=1,

Solve AoY(0) = Eo exactly.
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(4) Z(k) = Y(k) T k| <:’:’(k—1) — Cllz_ly(k)> (add back correction).

(5) u(‘k"gl = z(k) — Rk (Akz(k) — Lk> (post-smooth using z(x) as initial guess).
The stiffness matrices A;,7 < k, are used in symm-V . We could store all

the stiffness matrices associated with 7; for j < k, but this can cause problems

in the implementation. The dimensions of the spaces X; are not known a priori;

they are obtained by the adaptive mesh refinement procedure as the computation

progresses. To overcome this difficulty, the matrix Ag_; will be computed from Ay

via a change of basis. To this end, we introduce a 2-level basis for X} using the

meshes T and Tr_;.

Remark 4.1.10 The choice of the initial guess u?k_l) in Step 3 of symm-V Yy is
nonstandard in the sense that many V-cycle algorithms start with a zero initial guess
for the coarse mesh problem. This is due to the fact that the coarse mesh problem
of Step 2 may be written as a linear system for the “correction” y_1) — Cllz_ly(k),
or for the “solution” y(,_1) as we have done. Zero is a good initial guess in the
former case, while the projection of the smoothed solution gy is a good choice in

the latter.

4.2 Basis changes and transfer operators

Ny,

=1’

Definition 4.2.1 The 2-/evel basis for X is denoted by {flk} and defined as

oF Tt H1<i< Ny,

7

oF I Ny_q <i < Ny

7

Here it is assumed that Ny_; 4+ 1,... , Ni, are the nodes (vertices) that appear
in 7 but not in T;_1. These will be called new nodes for level k. The 2-level basis
defined above is the hierarchical basis based on the two meshes Tp—1 and 7. A
hierarchical basis for the space X, is defined similar to the 2-level basis except that

it uses the hierarchy of meshes 7y, ... , 7. Figure 10 gives an example of nodal and
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NODAL

2-LEVEL

Figure 10. Nodal and 2-level bases in R*.

2-level bases for two meshes in R!. The finer mesh is obtained via a refinement of
the coarse mesh, and the new nodes for the fine mesh are denoted by a e.

Let Ap and Zk be the stiffness matrices associated with the nodal and 2—
level bases of X;. Matrices and vectors associated with the 2-level basis will be
characterized by putting a ~ above them. The linear system we want to solve is
Arxz = L. The use of the nodal stiffness matrix in the formulation of the linear
system is standard. Each row of the matrix Ay is associated with a node in 7.
Based on the special numbering of the nodes, the stiffness matrices Ay and Zk can

be partitioned as

~(e0) (o)
AECCC) A;:f) ~ Ak .

Ak = { abe atn | and Ae= G L |
k k Ay Ay

where ¢ and f are abbreviations for coarse and fine. Here fine represents all new

nodes at level k and coarse stands for all other nodes. Any vector v € R ig
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represented using the two bases as

N Ny,
UZZ(U)ZLbf:Z(;)Z zkv
=1 =1

and partitioned as
B (0
V=0 |
The matrix that transforms the vector of coeflicients of an element in V}, from its

2-level to its nodal representation is called the 2-level matrix.

Definition 4.2.2 The 2-level matriz denoted by Hy (the letter H indicates the

connection of the 2-level basis to the hierarchical basis) is defined as

[l o]

where | denotes the identity matrix of appropriate order as determined by the
partition into coarse and fine, and S € RWr=Ne—1)X(Nk—1) hag entries s;; with
S;j = ff (zi,yi,2i). Here (x;,yi,zi) are the coordinates of the i-th node.

The coefficients s;; represent the values of some of the basis functions in the
2-level basis at the nodes that appear in the finest mesh only (Ny_1 < < Ni). The
basis functions involved are some of the nodal basis functions for the mesh 75_;.
With reference to Figure 10, S € R**5, and each row of S has exactly two non zero

entries. In general we have,

Si; — 5;6 (xlvylvzl) = qbf_l (xlvylvzl) for 1 S.] S Nk—l-

The transformation matrices introduced earlier can be written as

Ci7'=[1 ST] and cz_lz[;],

and the definition of Hy gives Zk = HkTAka. The nodal system Apx = Lj is the

system of equations that are solved for obtaining the finite element solution on Vj,
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and the 2-level system Ag@ = Ly is used in reconstructing the coarse mesh problem

on Vi_1. Noting that the two systems
Are = Ly and HEAjHgH "2 = HY Ly

are equivalent, we have T = H,;laz and Ek = HTLk For yx) = {y((k)) y((;:” S

RN%, the equivalence of the two systems Aryry = Ly and Aky(k) = Lk leads to the

relations
~(cc) ~(F1)
Ak _ AE:C) ‘|‘STA§€fC) ‘|‘A5:f)s —I-STAECff)S, Ak _ Agcff)7
~(fe) ~(cf)
(19) Ak _ Agng) ‘|‘A§€ff)57 Ak _ AE:f) ‘|‘STA§€ff)7

SO 0 ) ) g0
Yo =Yk Y® = Y — Y

L;CC) _ L;{,‘C) + STLECf), L(f) L(f)

and the nodal stiffness matrices Ay and Ap_; satisfy Ap_y = C’g_lAkCQ_l. The
coarse mesh problem (Step 2 of symm—VC'k) is:

Given ypy = {y((k)) y((,]:” € R™ computed in Step 1, find Yk—1) € R Nk—1

satisfying
CE=1ALCE (ﬁ<k_1> _ yE;D = CF 1 (L — Argg) -
The first equality in (19) and the definitions of the transformation matrices give

Al =11 STA, {S

] = Ci_lAkcﬁ_l

Using (19), the coarse mesh problem in Step 2 of symm-V C} can be rewritten as:

Given y() = {y((k)) y((,]:” e RN+ find Y(k—1) € RNr=1 satisfying

N(cc) N(cc)

(cc) (C) T p(fo) (C) (cf) T AU, (0)
=AY TSTAY Ty T AT SY (k)—I—S A5y

(6) 4 GTLLD _ plee)y ()
+ L7+ STLY — Ayl

T p(fe), (¢) TAD, ()
—STA; Y — STA; Yii

() (f)
— AT Y0y
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) (e) (ef) (., (f) (e) H(, ) (e)
=St + L7 — A <y(k) —Sy(k)> —STA; <y(k) —Sy(k)>

~(e) () GO\ (0P (o)
_ —-<Ak L STAL :)(yM)——Sy“0>

~(cf)

~(e) ~()
=L —A

koY)

Remembering that the coarse mesh part of the 2-level stiffness matrix is the nodal
stiffness matrix of the coarser level, it immediately follows that the construction of
the nodal stiffness matrix Ag_; from Ay can be realized via a basis change. The
process of constructing the coarse mesh problem is called restriction. Restriction
involves the creation of the problem to solve on Ti_1 given the nodal stiffness matrix
on T, the nodal representation of a right hand side vector E, and the vector yy,
created in Step 1 of symm-V C} (recall that Ex = Ly for the fine level mesh T in

symm-VCp).

Algorithm 4.2.3
(Ak—1,Er_1) «— restrict (y(k),Ak, Ek>
Input: Ay, E¢, and y) from Step 1 of symm-V Cy.
Output: A;_; and E;_;.
(1) Compute Kk, Ek, and 5(k)-
(2) Compute Ej_1 = EE:) — ZE:]C) 5§f) and Aip_ = ZE:C)
Coarse mesh problem is Ag_1Yr—1) = Ex—1.

Note that restrict only creates the coarse mesh problem that needs to be solved
on mesh T;_1 after the pre-smoothing step has been performed for the nodal system
on Ti. The solution of this problem on Tj_; again involves a V-cycle iteration. Thus,
to obtain the solution of the the coarse mesh problem on Ti_i, pre-smoothing
is performed on it and a new coarse mesh problem is formulated for T;_o using
restrict. This process is recursively repeated (Step 2 of symm-VCy) till a coarse

mesh problem is formulated on 7. This problem is solved exactly and the correction

is added back to the next finer mesh. Post-smoothings are then performed on this
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corrected problem before adding back the correction to the next finer mesh. This

process is repeated till we get u(‘k"gl The process of adding the correction from the
coarse mesh (Step 4 of symm-VC}) is called prolongation. This can be summarized

as:

Given y) € RN and Y(k—1) € RNe=1 compute Z(k) € RN* by
— Ck -~ _ (c)
() =Y T ko1 \Ye-1) = Y1) ) -

Using the relations (19), we obtain

ro(e)
_ ¥
2k = H

AP (c)
+ [S] {y(k—l) - y(k)}
LY k)

[ y((,?) + Yk—1) — y((,?) ]
L9 59 + S gy Syl
[ Y(k—1) Y(k-1)
“lagan =m0 ]

We will denote by algorithm prolong the algorithm that realizes the process of
prolongation.
Algorithm 4.2.4
Z(ry +— prolong (Y(xy, Yk—1))
Input: y;) € RN and Y(k—1) € RMe=1 from Steps 1 and 3 of symm-V C.
Output: z;) € RNk,

(1) Compute 5(k)-
Y(k—1)
(2)  zwm =He|
Yk
The algorithms presented in this section assume knowledge of the transforma-
tion and 2-level matrices. The basis changes do not interfere with the efficiency
of the multilevel algorithm. The matrix S has only two nonzero entries in every
row. This is a direct consequence of the fact that we use linear finite elements and

the mesh refinement procedure does not introduce any new nodes in the interior

of tetrahedra. The restriction and prolongation procedures involve computing the
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action of the matrix Hyx. This means that the number of operations involved in
these procedures is a small multiple of the number of new nodes at the finest level.
If we assume Ny = FNi_q, for some F' > 1, the work done for the restriction and

prolongation is O(Ny).

4.3 The smoothing operator

The description of the multilevel solver will be complete once we describe how the
smoothing operations are performed. The smoothing will be performed by doing
Gauss-Seidel iterations on the system Agax = Ej using an appropriate initial guess.

Let Ar be decomposed as
A =Dp+LTr +LTY,

where Dy denotes the diagonal part of Ag, and LT, denotes its lower triangular
part. The Gauss-Seidel method for the solution of Ay = Ej, is:

Given an initial guess xg € RN+ compute ;41 form x, by
(20) Tpi1 =2, — (Dp +LT1) 7" (Agz, — Ly) .

Bramble and Pasciak [14] have shown that in applying multilevel V-cycle to locally
adaptive meshes, the smoothing can be performed in only those parts of the domain

where the new nodes are being added during the refinement phase.

Definition 4.3.1 Any two nodes i,57 € N (7T;) will be called neighbors if

supp (¢f) [ supp (¢}) # 0,

where supp(y) denotes the set of points on which ¢ is not zero.

In Steps 1 and 5 of Symm-V Y, we will perform the smoothing on all new
nodes for level &k, and all neighbors of these that are not new nodes for level k. It
is known that if the smoothing is performed only on the new nodes for level &k, and

the smoothing operator is such that the smoothing step corresponds to a symmetric
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Gauss-Seidel method for the linear system, the V-cycle method is the “hierarchical
basis multigrid method” of Bank et.al. [6]. It is also known that the hierarchical
basis method is not efficient for elliptic boundary value problems in R? (see for
example Xu [35]). The smoothing used in AMG3DP1 is sufficient to overcome this
difficulty while not interfering with the O(N) efficiency of the V-cycle iteration. If
we assume N = FNjp_q, for some F' > 1, the number of operations needed for
smoothing on all nodes at level k is O (Ng). Obviously, if the smoothing is done for
only some of the nodes at level k, the number of operations needed to perform the
smoothing step will be O (N ). The Gauss-Seidel method (20) can be rewritten as

For 1 <1 < Ny,

(), = (L) = o (Y @)+ Y (i),
j<i >
Using this formulation, we can perform the smoothing on any subset of the nodes
in Tx. Let algorithm smooth-GSj be the algorithm that performs Gauss-Seidel
smoothing on Tj. It takes Ag,Ex,® € R™, and a subset S of nodes in N (7}) as

input and outputs a vector &’ € RV,

Algorithm 4.3.2
&' «— smooth-GSi (Ag, Ex, @, 9)
Input: Ag, B,z € RN, and S C N (Tx).
Output: 2’ € RV,
(1) Set N (S)={i € N (T)|i is a neighbor of some n € S}.
(2) For i € N (S),
(x'); = (Ex); — % (Z Aij (;13)] + E Aij (5’3/)]‘)
1\ j<i >
We will now use algorithms restrict, prolong, and smooth-G S}, to rewrite symm-
V. The algorithm we present here (algorithm solve-M Gy, ) solves the linear system

arising from the finite element discretization of the boundary value problem (1)-

(3) using the mesh 7. It involves repetitions of symm-V C}, starting with an initial
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guess u(()k) till some convergence criterion is satisfied. Recall that for any two meshes

Ti and Tr_1, the nodes are assumed to be numbered such that the new nodes for

level k are the ones with numbers Ny + 1,... , Ng. The smoothing on the mesh T

will only be carried out for the new nodes for level k.

Algorithm 4.3.3

(3)
(6)

’Il(k) +— solve- MGk <Ak, Ek,u?k)>
Input: Ay, E;, and initial guess u?k) e RVx,
Output: u € RNr approximating @y, € Vj.
Set n = 0.
If |[Avufy, — B > tol.
Forj=Fkk—-1,...,1
()’
(A]‘_l, E]‘_l) +— restrict <y(j),Aj, E]> and u?j_l) = Cj_ly(j)

Y(;) +— smooth-GS; <A]‘7Ej7un {r:Nj1<v< Nf})

End For.
Solve Aoy (o) = Eo.

For yj =1,2,... k

2(j) ¢— prolong (y(;), ¥(j-1))

u?]ﬂ)'l +— smooth-G'S; (Aj, Ej,z(y,{v:Njo1 <v < Nj}>
End For.

n «—n+ 1 and go to (1).

Else ’Il(k) = u(‘k)

This method for the implementation of the V-cycle has been used before. In

particular, Bank [5] uses it to implement the hierarchical basis method in PLTMG.

The same procedure has also been used by Mitchell [29] for implementing the V-

cycle in MGGHAT. This form of the V-cycle does not involve recursive calls to

subroutines and is easily implemented using Fortran.



Chapter 5

AMG3DP1 and an application to semilinear

problems

The first part of this chapter describes the algorithm used by AMG3DP1 to solve the
boundary value problem (1)—(3) of Chapter 2. The algorithm uses the residual error
estimator n, of Chapter 2, a locally adaptive mesh refinement algorithm similar to
local-refine of Chapter 3, and the multilevel algorithm solve-M Gy, of Chapter 4.
Algorithm linear-bup in this chapter is similar to a full multigrid. Starting with a
coarse mesh 7Ty it creates a sequence of nested meshes 7y, 71, ... , each refining the
previous with the requirement that the number of nodes in the meshes approxi-
mately double at each step. The approximate (finite element) solution is calculated
on the current mesh 7; together with the residual error estimators 7, for 7 € 7j.
The calculation of the approximate solution involves the solution of a linear system.
This is achieved via solve-MG;. The values of n; are used to decide how 7; is re-
fined to obtain 7;4;, and the finite element solution on 7; is interpolated onto T;44
to be used as the initial guess for the V-cycle iteration there. Algorithm adapt-mesh
creates an adapted conforming mesh using a given conforming mesh. Adapt-mesh
ensures that the number of nodes in the mesh is approximately doubled, and at-
tempts to equidistribute the error estimator on the finer mesh. The finite element
solution, nodal stiffness matrix, and nodal right hand side vector associated with
the coarse mesh are also input to adapt-mesh and the corresponding quantities for
the fine mesh are output by it. Section 1 describes adapt-mesh and linear-bvp in
detail. AMG3DP1 can handle domains with spherical boundaries. The procedure

used for this is also outlined briefly at the end of Section 1.
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Section 2 describes a Newton multilevel method to solve semilinear boundary
value problems. For solving the semilinear boundary value problem on a given mesh,
the method requires the solution of a sequence of linear boundary value problems.
These are solved using solve-M G} and the solution to the last problem is used in
conjunction with adapt-mesh to create the next finer mesh. Algorithm semalin-bup
is an algorithm based on these concepts and is presented in this section.

In Section 3 we present some numerical tests that demonstrate the abilities and
also some limitations of AMG3DP1. We also provide an example of a semilinear

boundary value problem solved using semilin-bvp.

5.1 An algorithm for linear boundary value problems
Given a marked conforming mesh 7, the nodal stiffness matrix Ay, the nodal
representation L7 of the linear form [(-), and the finite element solution w7, adapt-
mesh produces a conforming mesh 7' such that the number of nodes in 7' are
approximately double that of 7 and the tetrahedra in 7 with higher values of
n, are bisected “more” than those with lower values resulting in an approximate
equidistribution of the error estimator in 7'. Moreover, the updated stiffness matrix
A, the updated vector L7, and the interpolated solution w7 are also output by
adapt-mesh.

We first present an expression for calculating a number ¢, assigned to each
7 € T with the following property:

e The number of nodes in the mesh obtained by bisecting each 7 € T ¢, times
is approximately twice the number of nodes in 7.

e The values of the error estimator is approximately the same for all tetrahedra
in the mesh obtained from 7T by bisecting each 7 € T ¢, times (the error is
equidistributed on the new mesh).

We assume that the values n, are known for all 7 € 7 and use these to obtain

an expression for ¢,. Theorem 2.2.1 says that the H' norm of the error due to the
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discretization decreases like h (7). Locally adapted meshes may contain tetrahedra
with widely varying diameters. The mesh size h (7 ) defined in Chapter 2 is not
useful in characterizing the size of such meshes. For these meshes, it is common
to use the number of nodes in the mesh as an indicator of its size. Define a finite
element method to be of order « if the error due to the discretization decreases like
N~ Since we use linear finite elements in AMG3DP1, the method has optimal
order 1/3 in the H' norm. Assume that the mesh 7 has N = card(N (7)) nodes
and recall that for a uniform mesh 7, N~'/3 = O(h (T)). In this section the symbol

~ will be used to indicate that two quantities are comparable.

Remark 5.1.1 Most of the discussion is heuristic and is used to design an al-
gorithm that gives approximate node doubling in the sequence of meshes that are
created during the solution of a boundary value problem by AMG3DP1. However,
algorithm adapt-mesh of this section performs well in practice.

Theorem 2.2.1 together with the discussion and definitions above gives

_1
i —url, Ny

i —urll, ~ N3

If n7 and UT are the residual error estimators for an arbitrary tetrahedron 7 in 7
and T’ respectively, it follows that

> (7Y

TET!

Sl

TET

ol

~ 273,

Assuming that the error estimators are approximately equidistributed on 7' so that

nT =57 forall € T', we obtain

i

/ 2—
(21) nT =

N 2CELI'd(T) Z <T/Z~>2 ‘

TET
Note that we have assumed that the mesh 7' has 2 card(7) tetrahedra and it follows

from (21) that 7 is computable from 7 and u-r.
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Assuming further that the exact solution 4 € H?(), we get the following

estimate for the error:

i —url e~ b () a3, = 0 (h(7)7).

Recalling that ||a — UTH? R~ Z (nf)z if we ignore the consistency terms in the
TeT
computation of n,, we get (nf)z ~h (T)5 by comparing 7 with the last expression.

When a tetrahedron 7 is bisected into 7(1) and 7(?) by a plane passing through the
midpoint of an edge and the two vertices of 7 that are not on that edge (as is done
in bisect-tet), we have h <T(i)>3 ~ vol(rV) = s vol(t) ~ %h(T)S. Assuming that

the two values 77%) are approximately equal, it follows that

(n%)z (o)
mI)? )

=275 for i = 1,2.

By a similar argument, we have

;N\ 2
<Ur<i>>
(22) W o 2_5(]7—/3 for 1 S 7 S 2qT
e

for any descendent 7(¥ of 7 obtained by applying bisect-tet ¢, times. If we assume
that 7' is obtained from 7 by bisecting each 7 € 7 ¢, times, and the criteria of
approximate equidistribution of the error estimator together with approximate node
doubling are satisfied for 7', ¢, satisfies (22) with nzi) = ﬁT/. Hence, the equation

for determining ¢, is

| (17)" - )

_ 2 7\ ?
(23) 274 /3 (U;r> = <77T> orgr = — 1n 25/3

Algorithm adapt-mesh is based on bisecting subsets of tetrahedra in 7 as indi-
cated by ¢, and then ensuring that the resulting mesh is conforming. However,

since adapt-mesh also updates the matrices, vectors, and solution during the mesh
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refinement process, we will need algorithms parallel to bisect-tet, bisect-tets, and
refine-to-conformity which perform these updates together with the inherent mesh
refinement features in these algorithms. Some definitions and notations needed for
these are presented next. A marked mesh 7 is called number-graded if there is a
number ¢, > 0 assigned to every 7 € T. For an arbitrary number-graded mesh T
with nodal basis {qbV}VEN(T) associated to the finite element space X (7)), denote
by A7 the nodal stiffness matrix, by Ly the vector of inner products associated

with the linear form, and by v an arbitrary nodal vector of coefficients.

Algorithm wup-bisect-tet is an algorithm that bisects a single tetrahedron in a
number-graded mesh and updates the stiffness matrix, right hand side, and any

vector associated with the mesh.

Algorithm 5.1.2

(T, v, A, L) «— up-bisect-tet (T, 7, v7, A7, L7)
Input: Number-graded mesh 7, 7 € T, nodal vector v,
nodal stiffness matrix A7, and nodal right hand side L.
Output: Number-graded mesh 7', nodal vector vy,
nodal stiffness matrix A7, and nodal right hand side L.
(1) {T(l), 7(2)} +— bisect-tet (1)
T = (T\ () U {0, 70),

¢-y = max(0,¢r — 1), 1 =1,2.

(2) Let 1419 be the refinement edge of 7 and v, = %(1/1 + v2) the new node;
(v7), ifveN(T),
(v77), =4 1
5 [(UT)Vl + (UT),,Q] if v=uv,.

(3) The rows and columns of the square matrix A7 are indexed by N (7) and
those of A7 by N (T') = N (T) U {vn}; A7 is derived from Ay by setting the
(v1,12) and (vg, 1) entries to zero, and adding a row and column corresponding to

v, with nonzero entries a (¢,, ¢, ) and a(¢,, ,¢,), v € N(7) U {v,}.
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(4) Append [ (¢,, ) to L7 to create L.
Next, we describe algorithm up-bisect-tets and up-refine-to-conformaty which
have the same mesh refinement features as the corresponding algorithms in Chap-

ter 3, and are based on up-bisect-tet.

Algorithm 5.1.3
(T', o7, A, L7v) «— up-bisect-tets (7, S, vr,Ar,L7)
Input: Number-graded mesh 7, S C 7, nodal vector vr,
nodal stiffness matrix A7, and nodal right hand side L.
Output: Number-graded mesh 7', nodal vector vy,
nodal stiffness matrix A7, and nodal right hand side L.
(1) If S 10,
Choose 7 € S
(T, vy, Az, LFr> +— up-bisect-tet (T, 7, v, A1, L1)
Set S =5\ {7}
(7', 07, A1, L) «— up-bisect-tets (T, S, vy, Az, Lfr).
(2) Else, 7' = T, vy = vy, A = Ay, Ly = L.
Algorithm 5.1.4
(T',v7, A1, L11) «— up-refine-to-conformity (7, v7, A7, L7)
Input: Number-graded mesh 7, nodal vector v,
nodal stiffness matrix A7, and nodal right hand side L.
Output: Number-graded conforming mesh 7', nodal vector v,
nodal stiffness matrix A7, and nodal right hand side L.
(1) Set S = {7 € T|r has a hanging node}.
(2) If S 10,
(T, vy, Az, LFr> +— up-bisect-tets (T, S, vr,A7r,L7)
(T',v7, A1, L) «— up-refine-to-conformity (T, vy, Az, LFr).

(3) Else, T/ = T, U7 = UT’aAT’ = AT7 |_7~/ = |_7-,
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Algorithm adapt-mesh takes a number-graded conforming mesh 7T, the stiffness
matrix A7, the right hand side vector L7, and the finite element solution wr as
input. It is further assumed that the numbers ¢, for 7 € T are calculated using n,

and (23).

Algorithm 5.1.5
(T ur, A, L) «— adapt-mesh (T, ur, A7, L7)
Input: Number-graded conforming mesh 7, finite element solution wr,
nodal stiffness matrix A7, and nodal right hand side L.
Output: Number-graded conforming mesh 7", interpolated solution w7,
nodal stiffness matrix A7, and nodal right hand side L.
(1) Set S = {r € T| with ¢- > 0}.
(2) If S 10,
(T, us, Az, LFr> +— up-bisect-tets (T, S, ur,Ar,Ly)
<7~’, us, Az, L¢> +— up-refine-to-conformity (T, ws, Az, LFr>
(T, u, A, L) «— adapt-mesh <7~’, ui, Az, L¢>.
(3) Else, 7' = T, up = up A7 = Ay, Ly = L.

We are now ready to describe algorithm linear-bvp for solving the boundary
value problem (1)—(3) of Chapter 2. This takes a marked mesh 7y and an initial
guess ufo) as input, and it is assumed that 7o has no flagged tetrahedra. The
algorithm cycles between calls to solve- M Gy, and adapt-mesh until the finite element
solution gy is close to the exact solution @ of the boundary value problem as

determined by some tolerance parameter.

Algorithm 5.1.6
ul «— linear-bvp <76, ufo)>
Input: Conformingly-marked mesh 75 with no flagged tetrahedra
and initial guess Ufy)-

Output: Approximate solution u/ for (1)-(3).
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Set k = 0, and compute Ag, Lo.
(1) gy — solve- MGy (Ax, Li,uiy, ).
(3) If “stopping criterion” is met, u/ = U(p)-
(2) Else, Compute 1, and ¢, for all 7 € T}, using wy,
<7’k+1, Wyt Abt Lk+1> «— adapt-mesh (7, x> Ax, Li)
kE<+—k+1 and go to (1).

Note that in view of the assumption that the mesh 7y has no flagged tetra-
hedra and the equivalence of adapt-mesh and local-refine in terms of their mesh
refinement features as indicated above, the calls to adapt-mesh at Step 2 of linear-
bvp terminate. Note also that we use a generic form of the the stopping criterion
for linear-bvp in Step 2. In practice, a target number of nodes may be used as a
stopping criterion. Recently, Becker et.al. [9] have studied the stopping criterion for
multigrid solvers coupled with adaptive techniques for finite elements. The incorpo-
ration of such criteria in AMG3DP1 will be a subject of further study. Linear-bvp
is a full multigrid algorithm since it uses the interpolated value of the finite element
solution from a coarse mesh as the initial guess for the V-cycle iteration on the fine
mesh.

AMG3DP1 is set up to be able to handle domains with spherical boundaries
(the boundary value problem to be solved for finding initial data for the collision
of black holes is posed on such a domain). Assume that the spherical boundaries
of the computational domain are approximated by the faces of tetrahedra in the

coarse mesh 7To. Let

E(T) = &a (Ti) U &r (T)

be the decomposition of the edges associated with 7T; into its interior and boundary
parts. During the course of creating Ti41 from T using adapt-mesh, any new nodes
that are introduced as the midpoint of an edge e € & (7y) is projected onto the

surface of the corresponding sphere. This ensures that the spherical boundary I' is
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better approximated by the computational domain as linear-bvp progresses.

5.2 An algorithm for semilinear boundary value problems

Consider semilinear elliptic boundary value problems of the following form:
Lu = —div {.ﬁl(:p)gradu} + f(z,u) =0in Q,

(24) u=gp(x)on'p,

~

A(x)gradu - n + e(z)u = gn(x) on I'y.

The assumptions on the domain, boundary, and coefficients A, gp, ¢, and gy are
the same as in Chapter 2 and we assume % e’ (Q) Define ag (-, - ) : H'(Q) x
H'(Q) - R by
ag (u,v) = / K,ﬂgradu) -gradv + f(:z;,u)v} dx —I—/ (cuv — gnv) ds.
Q ~o ~ ~ I'n
The weak problem associated with (24) is:

Find @ € Vp such that
(25) ac(t,v) =0 for all v € Vp.

A multilevel Newton scheme is to generate a sequence {ﬁ(k)} of approximations to
. The quantities 4, are approximations to solutions of problems similar to (25)
posed on the finite element spaces associated with a nested sequence of conforming
meshes of . Considering the sequence of meshes {Tk}kMzo and the associated spaces
introduced in Chapter 4, the scheme for obtaining ;) is the following:

Start with an initial guess u?k) € V,P and compute uf,—:)l € VP from u‘(jk) € V,P such

that
(26) b <u{k);u{2‘)1 _ u{k),v> = —ar <u{k),v> for all v € Vg,
where bg(u; -, -) : H(Q) x H'(Q) — R is a bilinear form given by

af
be(w;u,v :/ [ Agradu ) - gradv + ——(x,w uv} d:z;—l—/ cuv ds.
clwsuv) = | |(Asradu) -grade + 5o w) 5
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The sequence {ufk)} converges to t). Note that (26) corresponds to one iteration
of Newton’s method for solving the semilinear problem on 7. In particular, (26) is

the discrete problem on 7 associated with the linear boundary value problem

. ; of af .
+1 +1
—div <.§(£)gr3d ufk) > + 8u{k) ufk) = %ugk) — fin €,

uf,—:)l = gp(z) on I'p,

Alw)graduf - n +e(z)ufy) = gn(z) on Ty,

J

where f and aaf are evaluated at (x, ufk)) Problems like (26) will be solved using

the multilevel scheme of Chapter 4 to create the sequence u{k) until two successive
entries in the sequence are close enough. For a mesh T, the last u{k) is used in
conjunction with the adaptive mesh refinement algorithm described in the previous
section (adapt-mesh) to obtain the next mesh 7;11 and the solution is interpolated
onto the associated finite element space and used as the initial guess u?k_i_l). Bank
and Rose [7] have analyzed a class of multilevel methods for nonlinear finite element
equations that include the above scheme as a particular case. A key assumption
in their analysis is that each iteration of multilevel method for solving the linear
boundary value problem reduces the error by a fixed factor independent of the
level k, and this is true for the multilevel solver introduced in Chapter 4. They
show that the number of Newton’s iterations required is asymptotically equal to
one, and that for linear finite elements the optimal order of convergence is 1/3.
Algorithm semailin-bup takes a marked conforming mesh with no flagged tetrahedra
and an initial guess as input and outputs an approximate solution for the semilinear
boundary value problem (24). For describing semilin-bvp, we will need algorithm
adapt-solution which is similar to adapt-mesh except that it does not have the nodal
stiffness matrix and nodal right hand side as either input or output. This actually
requires another set of algorithms similar to the ones preceding adapt-mesh in the

previous section, but we assume the existence of these without giving them explicit
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names. Let u‘(jk) be the vector of coefficients associated with u{k) in terms of the

nodal basis for 7.

Algorithm 5.2.1
u/ «— semilin-bvp <76, ufo)>
Input: Marked conforming mesh 7y with no flagged tetrahedra
and initial guess Ufy)-
Output: Approximate solution u/ for (24).
Set k=0, 7 =0, and u‘(jk) = ufo).
(1) If Hu‘gk) — ﬂ'kﬁH > tolerancey,
Create A’ . and L’

(k) (k)
" S 4
u‘gk) +—— solve-M G, <A‘(7k), L‘Zk), u‘gk)>

associated with (26)

(k)
J—Jj+1 goto (1)

(2) If Huj+1 — u‘gk)H > tolerances,
(3) Else, compute n, and ¢, for all 7 € T using u‘g,—:)l

<Tk—|—1, u(()k—|—1)> +— adapt-solution <Tk, u‘g,—:)l>

E+—FEk+1 j+«—0,goto(l).
(4) Else, u/ = Uy

Since semilin-bvp involves only one Newton’s iteration per level in the asymp-

totic range, 1t follows that the number of operations needed to solve a semilinear
problem is equal to that for solving a linear problem on the finest mesh together
with the operation count leading to the formulation of this problem. Since the so-
lution of a linear problem by solve-M G}, involves O(Ny) operations, as do the steps
involving the construction of the stiffness matrix and right hand side for the linear
problem, it follows that semilin-bvp on Ts involves O(Nyy ) operations. The success
of semilin-bvp depends on the choice of a good initial guess. For the applications

that we consider, we assume the existence of such an initial guess.
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5.3 Numerical examples
In this section we show by considering various numerical examples that linear-bvp
converges with optimal order 1/3 in the H' norm. We also show optimal conver-
gence rates for a semilinear problem solved using semilin-bvp. All the problems
considered in this section are posed on the unit cube Q = [0,1]* and are such that
the exact solution is known. Problem 3 has mixed boundary conditions (both Neu-
mann and Dirichlet) while all other problems have Dirichlet boundary conditions
only. Problem 2 is taken from a model problem considered by Duval et. al. [20],
and Problems 1 and 5 are adapted to three dimensions from a collection of elliptic
boundary value problems in R? given in [32]. The exact solution for Problem 3 has
a boundary layer behavior, while that for Problem 4 has singular derivatives. Prob-
lems 1-4 are linear problems and Problem 5 is semilinear. All the problems except
Problem 2 are such that the solution or the gradient changes rapidly in some por-
tion of 2. The adaptive mesh refinement in AMG3DP1 is supposed to capture this
behavior and refine the meshes locally in such regions. A more detailed description
of each problem is given later.

The coarse mesh 7 is taken to be a uniform mesh having 96 tetrahedra and
35 nodes for all the problems. For the class of problems considered in this thesis
|v]|1 is equivalent to the energy norm defined by |[v||% = a(v,v). This energy norm
of the error is used to show convergence rates for the problems considered here. It

is also known (with reference to Theorem 2.2.1) that
i — urllo < C[R(T))* |1,

under some additional assumptions on the boundary value problem (1)—(3). Thus,
AMG3DP1 has optimal order 2/3 convergence if the L? norm of the errors are
considered. For each problem in this section, we also report the L? norm of the

errors. All integrals involved in the computation of errors, as well as those in
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computing stiffness matrices and right hand sides, are evaluated using one-point
quadrature rules like the ones used in the evaluation of 1, in Chapter 2.
Numerical experiments suggest that two iterations of the V-cycle (two repeti-
tions of Steps 2—4 of solve-M Gy,) are sufficient for its convergence. Increasing the
number of iterations does not change the finite element solution by an amount that
is significant in the computation of the errors. Thus, we use two iterations of the
V-cycle in all of our numerical tests. In other words, for our numerical tests, Step 1
of solve- MG}, is replaced by the statement “For n = 0,17. We use an exact solver
using LU-decomposition from LAPACK for the exact solve in Step 3 of solve- M Gy.
As we have mentioned before, a target number of nodes may be used as a
stopping criterion for linear-bvp. Since we are interested in studying the convergence
rates for the errors, the finite element solution is computed for meshes that are
sufficiently fine so as to capture the essential features of the solution. All the
calculations are done using a Fortran 77 code using single precision on a DEC Alpha
workstation (DEC 3000 model 500 with a 150 MHz DEC Alpha processor). For the
numerical tests, we compute the finite element solution using the highest possible
number of nodes (this replaces the stopping criteria in Step 2 of linear-bvp and
Step 1 of semilin-bvp). The fact that adapt-mesh approximately doubles the number
of nodes in each step and that this process is problem dependent introduces a range
of values for the maximum number of nodes for which the solution is computed for
each problem. This number varies between 40, 000 and 94, 000. The criterion for the
number of Newton’s iterations in Step 2 of semilin-bvp is chosen quite conservatively.

In fact, we choose this to be

o |
(i) = (uly),

Even this conservative choice requires at most two Newton’s iterations per level for

<107 forall v e N (Tk).

Problem 5 (and also for most problems that we have tried using semilin-bvp).
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Remark 5.3.1 AMG3DP1 can handle much more complicated domains including
domains with spherical boundaries. Elliptic semilinear boundary value problems on
domains with spherical boundaries having Robin boundary conditions arise natu-
rally in the course of finding solutions to the initial data problem for black holes.
There are some simple situations where the exact solution of such boundary value
problems are known, and some other cases where quantities of physical interest (for
example, total energy) have been reported in the literature. We will show at the
end of the next chapter by considering these problems that AMG3DP1 gives satis-
factory error rates for the first class of problems, and that the physically relevant
quantities obtained by using AMG3DP1 compare very well with published results.
This will demonstrate that AMG3DP1 can handle spherical boundaries and non

Dirichlet boundary conditions efficiently.

For Problems 1-5 we report the energy and L* norms of the errors obtained
using adaptive refinement and compare them with the corresponding values using
a uniform refinement of meshes. Given any conformingly-marked mesh 7 with
no flagged tetrahedra, 7' is said to be an uniform refinement of 7 if 7' +—
bisect-all® (7). Recall that 7’ will be conforming (by Proposition 3.3.5). The figures

showing the errors are plotted on a log-log scale and use the following conventions:
e The z-axis shows the number N~/3 where N is the number of nodes for an
arbitrary mesh. Note that this quantity is an indicator of the mesh size. So,

we expect to see optimal rates of 1 for the energy error and 2 for the L? error.

e The y-axis shows the absolute value of the error.

e We use a “0” to indicate the energy norm, and “x” to indicate the L? norm of

the error using adaptive mesh refinement. The corresponding quantities using
uniform refinement are indicated by “straight” (respectively “dotted”) lines
joining the o’s (respectively x’s).

The figures for the errors also have lines of slope 1 and 2 drawn so that the
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actual convergence rates can be compared with these. Views of the adaptively
refined meshes and isovalues of the solution are also shown for each problem. These
are shown on the same figure whenever possible, but in some cases separate figures
are provided as they give a clearer idea of the details. Also, for some problems
we show a cut through the adapted mesh (the plane of the cut is given in the
caption for the picture in this situation). All figures and pictures are titled with
the problem number and a short description of its content. The pictures of the
meshes are generated using the mesh viewing routines in the finite element package
MODULEF. The adaptively refined meshes are not shown for the finest mesh for
any problem as this does not render a clear image owing to the large number of
elements in the mesh. However, the adaptive nature of the meshes are evident from
the pictures provided. We next present the problems together with their salient
features in detail. A short description of the relevant results are also presented.
Since the absolute energy and L? norms of the error are reported for the convergence
rates, we also report the relative percent enerqy error for each problem. This is the
quantity 100 x (|| — ur||g/||4||g). The relative percent L* error can be defined
similarly using the L? norm. The values of this are not reported explicitly for each
problem, but are approximately 1/10 that of the relative percent energy error for

all the cases.

Problem 1. Choose A= 1,0

0,Cny =0, and gp = uex in (1)—(3) where
Uex — <[L'2 _ [E) <y2 o y) <22 . Z) e_a[(x_a)2+(y_b)2+(2_c)2]‘

Thus, we solve —Au = f on {2 where f is chosen such that uey satisfies the equation.
The exact solution is smooth but is strongly peaked at (a, b, c) € R? for large values
of a. For our numerical test we use the parameters (a, b, ¢) = (0.25,0.25,0.25) and
a = 100. The effective local refinement around the point (0.25,0.25,0.25) can be
clearly seen from Figure 12 which shows a cut through the domain along the plane

z = 1/4. This is an intermediate adapted mesh having 2,116 nodes and 11,418
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tetrahedra. Figure 11 shows the absolute errors in the energy and L? norms for
both adaptive and uniform mesh refinement. It clearly indicates the improvement in
the errors provided by adaptive refinement in comparison with uniform refinement.
The finest mesh using uniform refinement has 68, 705 nodes and the relative percent
energy error is approximately 15.85%, while the maximum number of nodes using

adaptive refinement are 62, 738 and the corresponding relative percent energy error

is 4.95%.

107 107" 10°

Figure 11. Problem 1: o = 100, (a,b,c) = (
absolute energy and L? errors.

W=
W=
W=
S—’

Problem 2. Choose b =0, 'y = 0,

9D = Uex = e)\az:-l-u?;l—l—crz7 and "A — 0 1+ y2 0
- sin(x) 0 14 22

in (1)-(3). Thus, we solve —div(Agradu) = f on Q where f is chosen such that uex
satisfies the equation. We take A\ =y = 3 and ¢ = 1 for our numerical test. Note
that unlike Problem 1 uex does not change rapidly in any particular portion of the

domain. Thus, the norms of the error for adaptive and uniform refinement should
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PROBLEM 1

2,116 NODES
11, 418 TETRAHEDRA

MESH and | SOVALUES

LEGEND

6378E- 06
8157E- 04
2000E- 03
7184E- 03
2368E- 03
7552E- 03
2736E- 03
7920E- 03
3104E- 03
8288E- 03
3472E- 03
. 8656E- 03

[ e

goRROONNEROO

Pl ane x=1/ 4.

Figure 12. Problem 1: o = 100, (a,b,c) = (i, i,

).

W=

be close as is indicated in Figure 13 showing the absolute errors in the energy
and L? norms. The errors show an optimal rate of convergence. The relatively
large values of the absolute errors are not a cause of concern as is indicated by the
corresponding percentage relative energy errors. For uniform refinement the finest
mesh has 68, 705 nodes and a relative percent energy error of 2.85% while the finest
mesh using adaptive refinement has 54,956 nodes and relative percent energy error
of 1.86%. Even though there is not much difference between the errors produced
by uniform and adaptive refinement in this case, the meshes produced by adaptive

refinement capture the behavior of uey quite well (Figure 14). Note that

<3€31:—|—3y—|—z 3631:—1—33/—1—2 €3x+3y—|—z> — 10631:—1—33;—1—2
9 9 .

grad tex = and |grad wey |*

Thus, on any plane parallel to the zy plane both |uex| and |grad uex| behave like
e3* 139 while for planes parallel to the 2 or yz planes their behavior is determined
by €3*1% and €Y7 respectively. This qualitative difference in behavior of the exact

solution is captured well by the adaptive mesh refinement procedure as seen in
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27088
and z=1.

1, y = 1, and z = 1 plane of € for the intermediate

10°
1,

PROBLEM 2
NODES
19, 448 TETRAHEDRA

MESH and | SOVALUES

4,102

LEGEND
T
x=1, y=

10™

Figure 13. Problem 2: A = 4 = 3, 0 = 1; absolute

energy and L? errors.
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adapted mesh having 19,448 tetrahedra and 4, 102 nodes.

Figure 14 showing the =
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@ =3, 0 = 1; solution.

Figure 14. Problem 2: A
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Problem 3. Choose A = €2£, b=1 Iy = {(z,y,2)ly,z =00r 1}, ¢ = 0,
gy =0, and gp = tex in (1)—(3) where uey = 1—e%/¢. Thus, we solve —e2 Au+u =
f on ©Q where f is chosen such that wey satisfies the equation (f = 1). We report
the absolute errors in the energy and L* norms for ¢ = 0.05 in Figure 15. This
problem is known to have a boundary layer near + = 0. We know that u., = 0 for

x = 0, and it changes rapidly in the = direction. In particular, for e = 0.05,
Uer(7) = 0.99 X uey(1) for x = 0.23.

The adaptive mesh refinement captures this behavior quite well as seen in Figure 16
which shows the isovalues of the solution as well as the mesh on the faces ¢ = 0,
y = 1, and z = 1 for an intermediate adapted mesh having 11,303 nodes and 54, 780
tetrahedra. The local mesh adaptivity in the region having the boundary layer is
quite clear. The absolute errors in the energy and L? norms for both adaptive
and uniform refinement are shown in Figure 15. The finest mesh using uniform
refinement has 68, 705 nodes and the corresponding relative percent energy error is
1.87% while the finest mesh using adaptive refinement has 93,792 nodes and the
corresponding relative percent energy error is 0.74% (the relative percent energy
error is 1.71% using 11,303 nodes using adaptive refinement).

Problem 4. Choose A =1,b=0,Ty =0, and gp = uex in (1)-(3) where
Uex = (:1;2—|—y2—|—22)a/2. Thus, we solve —Au = f on £ where f is chosen such that u.y
satisfies the equation. A direct evaluation yields that uey € H' \ H? if —% <a< %
We performed tests with 0 < o < % so that the solution had singular derivatives
at (0,0,0). The absolute errors (using both uniform and adaptive refinement) in
the energy and L* norms for @ = 0.1 are shown in Figure 17. It is clear that
the adaptive procedure shows optimal orders of convergence as well as substantial
improvement over uniform refinement. In particular, the finest mesh using uniform

refinement has 68, 705 nodes and the corresponding relative percent energy error is

75.36% while the finest mesh using adaptive refinement has 40,633 nodes and the
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54, 780
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Figure 15. Problem 3: ¢ = 0.05; absolute energy and
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Problem 3: € = 0.05; solution.

Figure 16.
on 2\(0,0,0) and has a singular derivative at (0,0,0). Figure 18 shows the isovalues

corresponding relative percent energy error is 3.59%. The exact solution is smooth
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of the solution on the planes *+ = 0,y = 0, and z = 0 for an intermediate adapted
mesh having 9, 870 tetrahedra and 2,171 nodes, while Figure 19 shows the mesh on

the same faces. The local mesh adaptivity near (0,0,0) is clear.

Remark 5.3.2 It can be verified via a direct computation that uey, € H?® for
s < 1.6 and ¢ H® for s > 1.6. The errors obtained using uniform refinement show
convergence rates of 0.6 and 1.6 in the energy and L2 norms as expected (the solid

and dotted lines in Figure 17).
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Figure 17. Problem 4: o = 0.1; absolute energy and
L? errors.

Problem 5. Choose A = I, f(z,u) =u® —h, 'y =0, and gp = uex =
(zyz)®/? in (24) with a = 20. The resulting semilinear problem is —Au + u® = h
and it is solved using semilin-bvp of the previous section. The energy and L? errors
are reported using the approximate solution of the final linear problem solved on
a mesh. Figure 20 shows the absolute energy and L? errors. The optimal order
of convergence for the method and the improvement provided by adaptive mesh

refinement compared to uniform refinement can be clearly seen. The finest mesh
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PROBLEM 4

2,171 NODES
9, 870 TETRAHEDRA

| SOVALUES

LEGEND

1. 0560
0. 9481
0. 8668
0. 7856
0. 7043
0. 6230
0.5418
0. 4605
0.3792
0. 2980
0.2167
0.1354

8. 8335

, and z=0.

X
1l
o
<
1l
OVt

Figure 18. Problem 4: a = 0.1; solution.

Figure 19. Problem 4: o = 0.1; adapted mesh having
9,870 tetrahedra and 2,171 nodes showing the = = 0,
y = 0, and z = 0 planes.

using uniform refinement has 68,705 nodes and a corresponding relative percent
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energy error of 14.24% while the finest mesh using adaptive refinement has 59, 323
nodes and a relative percent energy error of 2.3%. The exact solution and its
derivatives are smooth and the large value of o implies that most of the variation
of the exact solution occurs in the vicinity of (1,1,1). A view of the mesh on the
=1y =1, and z = 1 faces of ) for an intermediate adapted mesh having
5,988 tetrahedra and 1, 321 nodes clearly shows the local mesh refinement near the
corner (1,1,1) (see Figure 21). The back view for the mesh is not shown since it
is relatively uninteresting. In fact, it shows a uniform mesh (as is to be expected
since the solution and its derivatives are zero on the faces © = 0, y = 0, and z = 0).
Using the same intermediate adapted mesh, the isovalues of the solution are shown
in Figure 22. The Newton’s iteration converged in two steps for all meshes in the

asymptotic range and in one step for the two finest meshes considered.
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Figure 20. Problem 5: a = 20; absolute energy and
L? errors.

Recall that if the consistency errors introduced due to the approximation of

functions appearing in the boundary value problem by their projections while com-
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Figure 21. Problem 5: a = 20; adapted mesh having

5,988 tetrahedra and 1

321 nodes showing the z = 1,

Y

y =1, and z = 1 planes.

PROBLEM 5

NODES

1,321
5, 988

TETRAHEDRA

| SOVALUES

LEGEND

y=1, and z=1.

x=1,

= 20; solution.

Figure 22. Problem 5: «

. We report the “estimated

2
T

puting 7, are ignored, we have || —ur||;, < C Y 71



84

error” given by <ET€T 77,%)1/2 together with the absolute energy error in Figure 23.
The estimated errors are represented by a *’s while the absolute energy errors are
represented by o’s (the absolute energy errors are shown for easy comparison of the
two quantities). The figure is drawn on a log-log scale with the = axis representing
mesh size. Note that the ratio of the two quantities is nearly constant for all the
problems. The value of this constant is approximately equal to 10 for all the prob-
lems considered here (note that different graphs in the figure have different scales in
the y direction). This is an indication that the residual error estimator may be used
to devise good stopping criteria for adaptive algorithms. However, this will require
much more detailed analysis and a reliable method for estimating the constant C
appearing above.

The number of operations needed for the solution of a linear boundary value
problem using AMG3DP1 is expected to be proportional to the number of nodes in
the finest mesh. We would also expect a similar result for semilin-bvp. We report
this in Figure 24. The figure reports the total CPU time in seconds for the solution
of Problem 5 using semilin-bvp against the number of nodes on a log-log scale. As is
clear from the figure, the operation count for our algorithm is very nearly optimal.
A straight line with slope 1 would indicate that the algorithm is O(N) and this
line is also shown in the figure for comparison with the actual data. The actual
data points are shown by o’s and connected by line segments. A similar optimal

operation count behavior was also observed for the other problems.
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Chapter 6

The initial data problem for binary black
hole systems

The theory of vacuum general relativity can be mathematically formulated as a
system of ten coupled, nonlinear, second order partial differential equations called
the Einstein equations. The unknowns of this system are the components g, (0 <
p,v < 3) of a symmetric metric describing spacetime. Each g, = gu, (¢#) is a
function of the coordinates x* of spacetime. The Einstein equations are too compli-
cated to solve except in very particular cases involving many symmetries. In fact, in
most realistic astrophysical situations, such as the spiraling coalescence of two black
holes, an initial value formulation of the equations is necessary for understanding
and computing solutions. The initial value formulation for the Einstein equations
involves a foliation of spacetime into space like hypersurfaces parameterized by a

time like coordinate. In particular, the ADM (3+1) decomposition [2] for the metric

Guv 18:
(27) ds® = guydatde” = — (a® — 3;3") dt* + 2B;dx* dt + v;;da'da’

where Greek indices are assumed to take values 0, 1,2, 3, Roman indices 1,2, 3, 20 is
assumed to be the time like direction for spacetime, and the summation convention
is used. The induced symmetric metric 5;; is the metric for the space like hyper-
surfaces and has six independent components, the function « is called the lapse
function and the vector ¢ is the shift vector. Four of the ten equations obtained
by projecting the Einstein equations on the above foliation does not involve second

order time derivatives of ~;; (see for example [28]). These four equations are called
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the constraints. The six equations which involve second order time derivatives of
~ij are the evolution equations. The scheme for computing solutions to the Einstein
equations is:

e Determine “appropriate initial data” for one of the space like hypersurfaces

(this involves the determination of the initial space like hypersurface).

e Evolve the initial data using the evolution equations.

The lapse and the shift are not dynamical variables for the constraint or evo-
lution equations. They represent the freedom in choosing coordinates in general
relativity. In fact, this arbitrariness in the choice of the lapse and the shift is used
in facilitating the computation of solutions for the evolution equations. As in many
time dependent second order equations, each evolution equation is rewritten as two
first order differential equations. This involves using a “time derivative” of the
metric v;; as a dynamical variable together with the metric itself. The dynamical
variable used for this purpose is the extrinsic curvature K;j. Let gin denote the

unit future oriented normal to one of the arbitrary space like hypersurfaces. Then

0 0 < . .
%= %3, + [3'0;, and the extrinsic curvature of the slice is defined as
n

. 1 0
Kij= o (Dzﬂj + D;fi — a%‘j) ;

where D; represents the covariant derivative on the slice associated with ~;;. The
metric ~;; is intrinsic to the space like hypersurface and describes its geometry,
while the extrinsic curvature is a measure of how the hypersurface is embedded
in spacetime. “Appropriate initial data” on an initial space like hypersurface ¥
consists of specifying the pair (v;;, ;;) satisfying the four constraint equations.
Thus, we have twelve quantities that satisfy four equations. York [36] has given a
conformal decomposition technique that provides a framework for finding (v;;, ;)
satisfying the constraints. We present the conformal imaging approach to construct

initial data for the spiraling coalescence of two black holes in Section 1 (see for
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example [12, 17, 22, 23, 36]). The problem reduces to the solution of a semilinear
elliptic boundary value problem on a domain with spherical boundaries in R3.
Cook et.al. [19] have investigated the solution of the elliptic boundary value
problem using various numerical schemes. In Section 2, we present an algorithm
for solving the initial data problem using semilin-bvp of Chapter 5. We show via
numerical results in particular cases for which the exact solution is known, that our
algorithm performs well (shows near optimal order of convergence). Even though
we consider the initial data problem for the collision of two black holes, our solution
method is quite general in the sense that it is applicable to initial data problems
arising from a large class of astrophysical situations. We also comment on this at

the end of Section 2.

6.1 The initial data problem

The four constraint equations for vacuum general relativity are the Hamiltonian

(scalar) constraint

(28) R+ (tr K)? — K;; K =0,
and three momentum (vector) constraints

(29) Dj (K" —~"trK) =0,

Here R is the Ricci scalar curvature associated with ~;;, tr K the trace of Kjj,
4% the inverse of the symmetric matrix 7;; such that v;v* = &, and indices
are raised and lowered using the metric v;;. Following the approach of York [36]
and Cook [17], we will next specify the various choices that fix the topology of the
initial hypersurface ¥ and determine which components of +;; and I;; are freely
specifiable.

Since we consider the initial data for astrophysical situations like the collision

of two black holes, the hypersurface ¥ is assumed to be asymptotically flat. A
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common method for choosing the topology of ¥ is to assume that it consists of
two identical asymptotically flat hypersurfaces (sheets) connected by two throats
or Einstein-Rosen bridges (cf. Einstein and Rosen [21], Misner [27], Cook [17]).
The two throats represent the black holes on ¥, and the two sheets are assumed
to be identified via an isometry condition that is satisfied by the metric and the
extrinsic curvature. It is known that if the two black holes are represented as spheres
having radius a; and centers C; € R? for 7 = 1,2, the two sheets are represented by
{z e R¥|& — C;| > a;,i = 1,2} as point sets (cf. Kulkarni [22]).

Assume that the physical hypersurface (space) ¥ is conformally related to a
background space 3 so that the physical metric v;; = ¥*7;;, where ¢» > 0 is a

conformal factor and #;; is the conformal background metric. Further, let
- 1 -2y 1 -
(30) I&i]‘ :Ai]‘—l—g’}/i]‘trﬂ = Ai]‘—l—g’}/i]‘trﬂ,

where A;; is the trace free conformal background extrinsic curvature. In terms of

the variables v, ¥;;, A;j, and tr KX, the scalar and momentum constraints can be

rewritten as

o1 -1 1
(31) A¢p— R - Ew (tr K)° + §¢_7AijA’J =0,

_ _.. 9 L
(32) D;AY — gwa”Dj tr K = 0,

where all quantities with bars are assumed to be computed using the background
metric ;5. Since v;; has six independent components and the conformal factor
must satisfy the scalar constraint (31), 4;; has five independent components. Simi-
larly, the vector constraints (32) determine three of the six independent components
of K;j, tr K accounts for one, and the remaining two are contained in A;;. Thus,
once the quantities 4;;, tr K, and A;; are given, equations (31) and (32) may be
solved for ¢ and the remaining three components of K;; leading to the construction

of initial data.
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For studying binary black hole systems, a common choice for 7;; is the flat

space metric é;;. This choice has two advantages:

(1) The scalar constraint simplifies (R = 0).

(2) The operators A and D; become the usual flat space operators.

It is also assumed that the slice ¥ is maximally embedded in spacetime, so that
tr ' = 0. This assumption decouples the scalar constraint (31) from (32) and
reduces the vector constraints to D; A% = 0.

Bowen and York [12] give closed form solutions of these vector constraints for
the case of a single black hole. Kulkarni et. al. [23] provide solutions in the form
of formal infinite series for multiple black holes. Cook [18] provides an efficient and
accurate method for evaluating the formal series in the case of two spiraling black
holes. This procedure requires that the radii a;, centers C;, linear momenta P;,
and spin S; for the two holes be known.

Assuming that the vector constraints have been solved for A;;, the scalar con-
straint (31) is rewritten as a semilinear boundary value problem using inversion
symmetry and asymptotic flatness to construct the boundary conditions. Kulka-
rni [22] has shown (extending the approach of Bowen and York [12] for one black
hole) using inversion through a sphere that the initial data for binary black hole

systems needs to be specified only on
{:13 € R3| |£13 —Cl‘| > a;,1 = 1,2}.

Under the assumptions mentioned above, the scalar constraint reduces to solving

the semilinear problem
- 1 o
(33) Ay = —§¢_7AijAl] in {&€R’||e—Ci|>a;,i=1,2}

for . If I'; = {@ € R®||x — C;| = a;} is the boundary of the i-th black hole, the

isometry condition on the physical metric v;; gives the following as the boundary
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condition for :

o1
8ni * 2(11‘

(34) Y =0onT,,

where n; is the unit outward normal to I'; with respect to C;. The asymptotic
flatness of ¥ translates to the condition | l|im 1 = 1. To pose the semilinear
r|—0o0

boundary value problem on a finite computational domain, a multipole expansion

for the conformal factor is truncated to give an approximate boundary condition
o _1—-v
or

comparison to the radii of the black holes and the distance |Cy—C3| (see for example

at some large value of the radial distance r measured from the origin in

York and Piran [37]). If we denote by Br = {® € R®||z — C;| < R} a ball with
large radius R, by I'g the boundary of Bg, and by B; = {a: eER3|e - C;| < ai}

the ball with radius «;, the boundary value problem for determining ¢ is

(35) Ayp = —é;/;_?AijA” in Br \ (B U By),
oY 1 .
(36) on —|—2ai;/)—00n I;,e=1.2,
(37) 8_¢+1¢:10n Cr.
or r r

Taking @ = Br \ (B1UDBy), I'p =0, and Ty = Tr UT; UT9, (35)-(37) has the
form of (24) of Chapter 5. Here we have identified u with ¢» and chosen A = I and
f(z,u) = —éH(f)u‘7 where H(z) = A;;AY is a known function. Note that the
normals 12; to I'; point into the domain €2, and this interferes with an usual existence

and uniqueness analysis for the problem (the coefficient —1/2a; multiplying ¢ in (36)
oY 1

8mi B 2(11‘

is not positive when the condition is rewritten as Y = 0 with m; = —n,;
the unit normal to I'; pointing outward with respect to ). However, We will

proceed under the assumption that (35)—(37) admits a locally unique solution.

Remark 6.1.1 The conformal imaging approach is quite general in the sense
that it provides a framework for the solution of the Einstein equations for various

physical phenomena. An important first step in this approach is the construction
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of initial data for the initial space like hypersurface. This involves the solution
of the constraint equations (31) and (32). Different astrophysical situations lead
to different choices for the background metric 7;;. However, given any symmetric
background metric 7;;, the first term in (31) always has the form div(.ﬂgrgd ),
where the matrix A is derivable from %;; and is symmetric. Thus, if tr K and H(z)
are known (equivalently, the extrinsic curvature K;; is known), the scalar constraint
reduces to a semilinear equation like (24) of Chapter 5 for any choice of 7;;. If the
hypersurface 3 can be replaced by a finite domain in R?® and appropriate boundary

conditions are specified, the resulting boundary value problem can be efficiently

solved using semilin-bvp.

6.2 Numerical examples
The conformal imaging procedure outlined in the previous section also applies to
the case of one black hole. The function H depends on the linear and angular
momenta associated with the black hole. In the simplest possible situation, the
function H is zero. This corresponds to time symmetric initial data and the scalar
constraint reduces to Laplace’s equation. The exact solution is known in this case
(this is the Schwarzschild solution). Bowen and York [12] also give a model value
for the function H (which is not identically zero) and the corresponding analytic
expression for the conformal factor ¢ satisfying (35). This solution also satisfies
the boundary conditions (36) and (37). Both the Schwarzchild and the model
Bowen-York solutions are radial. This model H will be denoted by H,,4e; and
parameterized by a quantity P representing the linear momentum of the black hole
(it actually represents a linear momentum (0,0, P)). When P = 0, the conformal
factor corresponding to H,,,4.; reduces to the Schwarzchild solution.

Other model values of H proposed by Bowen and York for one black hole are
essentially two dimensional in the sense that the expression for H depends on r

and 6 if we consider spherical polar coordinates (r,6,¢) for R®. The expression for
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the conformal factor ¢ is explicitly known only when H(= Hyoder) is independent
of 8. Two other expressions for H that we will consider will be denoted by Hjin
(corresponding to a black hole having linear momentum), and H,,, (corresponding
to a black hole having angular momentum).

We will perform all computations involving one black hole on a domain € =
Bgr \ By with C; = (0,0,0), a; = % 3, and R = 1028ay. Other authors have
considered these test problems before. In particular, Cook [17] has solved them on
a two dimensional domain by exploiting the inherent symmetries in the solution.
He uses a finite difference discretization and a multigrid method for solving the
resulting equations on a domain where the outer radius R is approximately 22, 000
times the radius of the black hole a;. He uses a 16 x 6(= 96) grid as the coarse grid
and a 1024 x 384(= 393216) grid as the finest grid for his multigrid.

The expression for H,,,q4.1 and the corresponding exact expression for ¥, ,det

1S

p? 2\ °F  6a2 242E )\
Hmodel =06— (1 - a_1> and 77Z)model == (1 +— + % + a13 + a_i> )
T T T

r r r

where E = (P? —|—4a%)1/2 and P is a parameter as mentioned before. The expressions
for Hy;, (respectively H,pg) are parameterized by a linear momentum parameter P

(respectively J) and are given as

a2 2 a2 a4
(1— —3) +2cos” § <1+4—;+ —i)
r r r

J2
Hong = 1874—6 sin? 6.

9P2
Hijp = —
2t

Y

Two quantities of interest that are associated with the conformal factor (equiva-

lently, the metric «;;) are the ADM-energy and ADM-mass defined as

1 1 1/2
/H¢ Tdv + Yds and M= / vt ds .
~ 167 dray Jr, 167
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The ADM-energy represents the the total energy of the initial spacelike slice X
computed in Cartesian coordinates under the assumption that the outer boundary
I'r represents a sphere of arbitrarily large radius. The ADM-mass is related to the
area of the throat, and is expressed in Cartesian coordinates above (these quantities
can be defined for any space like hypersurface if the metric is known, but the
expressions given above have been deduced for the special case that we consider by
using the scalar constraint and boundary conditions). Note that these quantities
are known analytically for Hy, o401, and Cook [17] has reported these for a wide
range of values of the parameters P and J corresponding to Hy;, and Hayng. These
reported values have been used by other authors (see for example Duval et. al. [20])
as reference values for code validation. In Problems 6-8 below, we solve the scalar
constraint by taking H to be equal to Hy,04e1 in Problem 6, Hy;,, in Problem 7, and
H,ng in Problem 8. In all cases report the computed values of E and M scaled
by the radius of the black hole (denoted by Ecomp/a1 and Meomp/a1) and compare
them with the corresponding calculations of Cook for different choices of P/a; (for
Problem 6 and 7) and J/a? (for Problem 8). The scaled values of the energy and
mass used as reference will be denoted by E,.f/a; and M,.¢/a; and relative errors
will be computed as

Eref _ Ecomp

ai ai

Eref

ai

Mref _ Mcomp
ai ai

100 x ‘ and 100 x

Mref
ai

For Problem 6 we also report on the absolute energy errors for two choices of
the parameter P (P/a; = 0 representing the Schwarzchild solution, and P/a; =
10 representing the solution of a general semilinear scalar constraint). We also
report the estimated errors in these two cases. Cook reports on the average relative

pointwise error defined as

1 |(mit)y — (wr)y|
card(N (7)) Z

i~ wrlle, =
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for amesh 7, where 7t is the vector of coefficients associated with the exact solution
t as defined in Chapter 4, and w7 the finite element solution corresponding to 7.
For the values of the parameter P mentioned above for Problem 6, we also report
the ¢4 errors.

The energy and estimated errors for the various meshes are represented using
o and * respectively as was done for the numerical examples in Chapter 5. The
average relative pointwise errors are represented on the same graphs by +’s joined
by solid line. The coarse mesh for the one hole domain Q = Bpr \ B; has 1,440
tetrahedra and 286 nodes.

Problem 9 deals with the calculation of the conformal factor for the problem
of two colliding black holes. Here, we solve the scalar constraint on the domain
Q= Br \ (B1 U By), with Cy = (0,0,-b), Cy = (0,0,b), az = 2a1, a; = a and
R = 128a. The linear and angular momenta P; and S; associated with the holes
are assumed to be known. Thus, the function H is computable using a procedure
of Cook [18]. We show that algorithm semilin-bvp is O(N) in this case and show
pictures of the resulting mesh and solution.

Problem 10 deals with an initial data problem where the background metric
~ij 1s not the flat space metric. The details on this problem together with references
are given in the description of the problem.

The problems were all solved using the same parameters as the ones used in
the numerical examples in Chapter 5 (two iterations of the V-cycle and the same

stopping criterion for the Newton’s iteration).
Problem 6. Choose .ﬁl =1, floz,u) = —tu""Hpoder, Ip =0, Ty =T UTg,
-1

— on Plv 0 on Pl,
2@1

c=97 and gy =14 1 .
- T — onlg.
R onlpg, R

The computed and reference (analytic in this case) values of the ADM-energy and

mass are reported in Table 2 together with the relative errors. We used a maximum
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of less than 70,000 nodes in our finest mesh for all choices of the parameter P, and

it is clear from Table 2 that the relative errors are quite good.

Table 2. ADM-energy and ADM-mass for Hodel-

Pl/ay | Evegfar | Ecomp/ar (relative error) | Myes/ar | Meomp/ar (relative error)
0 2.00000 1.97825 (1.09%) 2.00000 1.96345 (1.83%)
5% 5.38516 5.34288 (0.78%) 2.71750 2.66409 (1.96%)
10 10.1980 10.0669 (1.28%) 3.49257 3.42347 (1.98%)
17.5 | 17.6139 17.2142 (2.27%) 4.42876 4.33908 (2.02%)

Figure 25 reports the absolute energy norm of the error (o) and the estimated
error (*) for P/a; = 0 (linear problem). As is evident from the line with slope
1 on the graph, the convergence rate is optimal. Also, the estimated error over
estimates the absolute energy error by a factor of approximately 10 as was the case
for the numerical examples of Chapter 5. The figure also shows the average relative
pointwise error (+’s joined by line segments). A line indicating a slope of 2 is drawn
for comparison. The figure is drawn on a log-log scale and has the mesh size on the
x axis. Figure 26 shows the same quantities for P/a; = 10 (semilinear problem).
As is clear from these two figures, the errors and rates are quite comparable for the
two problems. For P/a; = 0 Cook reports an average relative pointwise error of
0.00345 using his finest mesh of 393,216 grid points, while we get a value 0.00469
using 62,441 nodes, while for P/a; = 10 we get an average relative pointwise error
of 0.00302 using 59,248 nodes as compared to 0.00178 reported by Cook for his
finest grid.

The conformal factor corresponding to H,, 4. 1s radial, and this is seen for the
computed solution in the two views showing the isovalues and mesh on the plane
x = 0 for an intermediate adapted mesh having 13,378 nodes and 73, 584 tetrahedra

in Figure 27 and 28 using P/a; = 10. Figure 27 shows the intersection of the plane
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with the domain €, while Figure 28 is a zoom of this plane (near (0,0,0)). We also

know that the conformal factor has steep gradients near the black hole while it is
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flat away from the hole (asymptotic flatness of the initial slice). This behavior is

captured quite well by the adaptive mesh refinement.

PROBLEM 6
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Figure 27. Problem 6: P/a; = 10; solution.
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Figure 28. Problem 6: P/a; = 10; solution (zoom).
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Problem 7. Choose .A = £, fla,u) = —éu‘7Hlm, I'p =0,y =T Ulg,

and .
" on Iy, 0 onlYy,
c= 1a1 and gy =14 1
= on T'g, = on I'g.

The computed and reference (reported by Cook) values of the ADM-energy and
mass are reported in Table 3 together with the relative errors. We used a maximum
of less than 70,000 nodes in our finest mesh for all the choices of the parameter P,

and it 1s clear from Table 3 that the relative errors are quite good.

Table 3. ADM-energy and ADM-mass for Hy;y,.

Pl/ay | Evegfar | Ecomp/ar (relative error) | Myes/ar | Meomp/ar (relative error)
1 2.34726 2.34696 (0.01%) 2.11263 2.09120 (1.01%)
5 6.13267 6.15093 (0.30%) 3.06881 3.07487 (0.20%)
10 11.5406 11.4480 (0.80%) 4.04867 4.06908 (0.52%)
17.5 | 19.8085 19.3742 (2.19%) 5.29517 5.22558 (0.58%)
Problem 8. Choose .ﬁl = £, fla,u) = —éu‘7Hang, I'p =0,y =T UTg,
and )
— on Iy, 0 on Iy,
ay
c=47 and gy =14 1
= on T, = on I'p.

The computed and reference (reported by Cook) values of the ADM-energy and
mass are reported in Table 4 together with the relative errors. We used a maximum
of less than 70,000 nodes in our finest mesh for all the choices of the parameter .J,

and it is clear from Table 4 that the relative errors are quite good.

Problem 9. Choose .A =1, fla,u) = —éu_7H, 'p=0,Ty=T,UTyUTg,
and .
_ on Plv 0 on sz
2a; .
c=97 and gv =14 1 for:=1,2.
— on g, 7 on I'g,
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Table 4. ADM-energy and ADM-mass for Hpg.

J/ai | Evef/ar | Ecomp/ar (velative error) | Mycr/ar | Meomp/ar (relative error)
1 2.04765 2.02800 (0.96%) 2.03275 2.00023 (1.60%)
100 10.4049 10.4498 (0.43%) 8.07053 7.99379 (0.95%)
10000 | 103.796 104.311 (0.50%) 77.5627 76.6156 (1.22%)

For the computation of the function H we assign zero spin to the two holes (S; = 0),
and linear momenta given by P; = (15,0,0) and P, = (—15,0,0). The centers of
holes are at a distance of 2b on the z axis, and the outer radius is 128a where «a
is the radius of the smaller hole. For our numerical example, we choose a = /3/2
and b = v/12(~ 3.46). Figure 31 shows the total CPU time taken for the solution
of this realistic problem against the number of nodes on a log-log scale. The actual
data points are indicated by o’s joined by line segments. A line of slope 1 is also
shown for easy comparison. It is clear from the figure that semilin-bvp shows a
O(N) behavior for this problem. It should be noted that more than half the CPU
time was spent in computing the extrinsic curvature H using a recursive formula
given by Cook [18]. The finest mesh had 63,133 nodes as compared to 585 for the

coarse mesh.

The computed values of the conformal factor have steep gradients near the two
black holes, and approach the constant value 1 away from the holes. The adapted
mesh near the two holes is seen clearly in a view of the mesh and the isovalues of
the solution on the x = y plane for an intermediate adapted mesh having 75, 300
tetrahedra and 13,899 nodes. Figure 29 shows the solution and isovalues for this

mesh, while Figure 30 shows the same plane with a zoom at the origin.

Problem 10. As a last example, we consider the application of our code to
solve the initial data problem for a single black hole plus Brill wave spacetime [10].

In this case, the conformal imaging approach still applies but the background metric
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Figure 29. Problem 9: solution.
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Figure 30. Problem 9: solution with zoom.
t flat. In particular, Bernstein et. al. [10] have studied this problem exten-

sively and specified a choice for the background metric. They use axisymmetry to

Yij 18 no
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Figure 31. Problem 9: total CPU time in seconds (y
axis) and number of nodes (x axis).

5

pose the corresponding initial data problem as a boundary value problem in R?, but
we will solve the same problem on = Bpr\ By used for the solution of Problems 6-8.
The boundary conditions are the same as the ones used in Problems 6-8.

For this case we choose I;; = 0 (the third and fourth terms in (31) vanish).
The background metric 7,5 is chosen so that the metric v = {~i;}(= ¢*7i;) is

2?e®l4y®  wy(e®I—1)
172-|—y2 172-|—y2

. . _(ntby2 _(n=b\2
=t l’y(;?qgl) 172-12-y2€22q 0 |, with ¢ = asin? @ |e= ()" 4 e
= <ty ety
0 0 e24

Here n = In(r/a; ), and the function ¢ (hence the metric +;;) is chosen to be inde-
pendent of the ¢ variable in spherical polar coordinates (r, 8, ¢). The parameter set
(a,b,w) represents the amplitude, position, and width of the Brill wave being con-
sidered. With this choice of 7;;, the scalar constraint (31) reduces to Ay — éR;/} =0
where A is the Laplacian, and R the scalar curvature computed using the metric

~ij. A direct computation reduces this to the equation

(38) —div(Agrad) + éR€2q¢ =0
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with
i i zy(1—e29) 0
1:2—|—y2 1:2—|—y2 - _2 _I_ . —I_ 7,,2
A= | zy(1—e29 226294 42 0 and R = (%9 qr QM’> ‘
~ x2_|_y2 1’2—|—y2 TZ 62‘1
0 0

Equation (38) together with the boundary conditions yields a linear boundary value
problem of the form (1)—(3). Bernstein et. al. [10] have computed and analyzed solu-
tions to this problem for a wide range of parameter values. We have also calculated
solutions for (a,0,1) with —0.3 < a < 1.3 using AMG3DP1. These preliminary
tests show good agreement with the reported values in [10]. For example, with
a = 0.1, Bernstein et. al. report the value 0.952 for the ADM-energy scaled with
respect to the ADM-energy for the Schwarzchild black hole (this corresponds to
a = 0 in this context), while we get the value 0.947 (a relative error of 0.52%).
Figures 32 and 33 show the mesh and isovalues of the computed solution for
a =1 (the data set (1,0,1) for the parameters) for an intermediate adapted mesh
having 8,905 nodes and 46,038 tetrahedra. Figure 32 shows a cut along the plane
2 = 0 while Figure 33 shows a cut along the plane z = 0. The qualitative behavior
of the solution is similar to that reported by Bernstein et. al. The solution is radial
in the z = 0 plane as expected, and the isovalues on the x = 0 plane show the Brill

wave.
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Figure 33. Problem 10: solution (z = 0).



Chapter 7

Summary

In this thesis, we have developed an adaptive finite element code for the solution of
linear (and semilinear) boundary value problems in R*. We use tetrahedral meshes
and linear finite elements. The solution of linear systems (semilinear problems
are reduced to a sequence of linear problems using Newton’s iteration) is achieved
via a multigrid solver using Gauss Seidel smoothing. Given a mesh and a finite
element solution, we compute a posteriori error estimators for each tetrahedron in
the mesh, and show in Chapter 2 that the H! norm of the error is bounded by
the error estimators on the mesh. The error estimators indicate which portions of
the mesh need to be refined so as to capture steep gradients in the solution. An
algorithm based on heuristic arguments that assigns a number to each tetrahedron
in the mesh indicating the number of times the tetrahedron is to be bisected is
presented in Chapter 5. This tries to ensure that the nested meshes produced
have a geometric increase in the number of nodes. The algorithm performs well
in practice. The actual subdivision of tetrahedra is accomplished by an algorithm
based on repeated bisection of tetrahedra. We prove in Chapter 3 that the repeated
bisection of tetrahedra give rise to a finite number of similarity classes, and hence
degenerate shapes are avoided in our nested meshes. We also prove that a recursive
algorithm for producing locally adapted meshes terminates in a finite number of
steps. We show by considering examples in Chapter 3, 5, and 6, that the meshes
produced by these algorithms are locally adapted. The numerical tests in Chapter 5
also show that AMG3DP1 demonstrates optimal rates of convergence for a wide

class of boundary value problems.
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The motivation for the development of AMG3DP1 comes from initial data
problems in numerical relativity. We show, by considering various examples in
Chapter 6, that AMG3DP1 effectively and efficiently solves such problems. In
particular, by considering the scalar constraint that needs to be solved to produce
initial data in the conformal imaging approach, we demonstrate that AMG3DP1
can efficiently solve this problem for arbitrary choices of the background metric.
The code is validated by comparing the results with published results for various
choices of initial data modeling different astrophysical situations. In most cases,
the published results are for “essentially two dimensional” initial data, but we solve
them as boundary value problems in three dimensions. Thus, we have shown that
AMG3DP1 can be used to generate general three dimensional initial data for a wide

range of astrophysical situations of interest.
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