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Variational problems

For many PDE problems, the solution is characterized as a
stationary point of and appropriate energy functional £ over
an appropriate function space S.

Poisson’s equation:
e ]- 2 °r1
minimize L(u) = 5 Vu|“dx — | fudx over H ()
Q Q
Stokes equations: (u,p) is a saddle-point of:
1 5 ,
L(u,p)== [ |Vu|"de+ [ pdivuder — [ f-udx
2 Jg Q Q

over H1(Q,R") x L%(Q).




Finite element methods

Given a subspace S}, of S we obtain an approximation to the
solution u by seeking a critical point uy of £ over 5},

When the space S}, is constructed piecewise with respect to
some triangulation of the domain €2, this is a finite element
method.
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inite element meshes in 2D

In 2D meshes are usually made of triangles and/or
quadrilaterals (sometimes allowing curvilinear elements along

boundaries and interfaces).
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Finite element meshes in 3D

In 3D, tetrahedra, bricks, and prisms are most common.
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Reference elements

All the elements are images of simple reference elements
(unit simplex, unit cube, . .. ) under low degree polynomial
mappings.
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Construction of finite elements spaces

. Fix a function space S on the reference element K,
usually consisting of polynomials.

. Specify degrees of freedom: a set of linear functionals
C'>°(K) — R which are unisolvent on S.

. Fix a map F'x from the reference element to the actual
element and use it to transfer the reference element
functions to the actual element:

S(K)={toFgl|ae§}

. Define the global finite element space S}, as functions
which restrict to S(K) on each K, and for which
corresponding degrees of freedoms agree.




The canonical projection operator

In view of the unisolvence of the degrees of freedom, we can
define a projection operator I : C°°(K) — S on the
reference element, and then transfer it to the actual element
g : C*(K) — S

A

(HK’U,) OFK = H(UOFK),

and finally piece these maps together to get
[Ty, : C>°(Q2) — Sh.




Example: Lagrange elements of degree 1 and 2

Reference maps are affine.
Assembled finite element

spaces consist of all cont.
p.w. linear functions.

P1
Reference maps again affine.
Assembled finite element
spaces consist of all cont.
o p.w. quadratics.
Po

With Py we may also use quadratic maps from the

reference element to match curved boundaries. In this

case the function space on the curved element contains
non-polynomial (rational) functions. o







