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BBEIEHUNE

M30IePUMETPUYECKIE HEPABEHCTBA IOABUINCH B TEOPUYN BEPOATHOCTEN B Hava-
sge 70-X TOmOB IPY MCCIENOBAHUM TJIODAJBLHBIX CBOMICTB I'ayCCOBCKUX CJIYYallHLIX
nporeccoB. Hapsiny ¢ mpobieMo#i OorpaHMYEHHOCTU W HEIPEPLIBHOCTU, OTHUM U3
VHTPUTYIOIUX BOIPOCOB, CTOABIIMX B TO BpeMsd, OBLLI BOIPOC O XapakKTepe pac-
IpeIeseHus MAKCUMYyMa I'ayCCOBCKOIO MpOoIecca npu (3KeIaTelbHO ) MUHUMAJILHLIX
IPEANOJIOKEHNAX O KOPPEJANUNOHHON (yHKnuu. B yacTHOCTH, MOYKHO JIM rapaH-
TUPOBATL KOHEUYHOCTDL DKCIOHEHIMAJLHLIX MOMEHTOB MAKCHUMyMa OIDaHUYEHHOT'O
rayCCOBCKOro mpormecca? Y OLIBAIOT JIM XBOCTLI PACIpPEIENICHUA MAaKCUMyMa He
MenseHHee rayccoBckux! IlomokurennbHbIE OTBET HA HOCJETHUR BOIPOC OBLLI naH
B 1970 r. K. ®epuurom [127] u X. Jlanmay un JI. Hlennom [168] (B TO ke Bpems
A. B. Cropoxog [35] mokasas KOHEUHOCTH SKCIOHCHIMAJLHOTO MOMeHTa ). Jlannay
n [Ilenn ncnonn30Banu n300epUMETPUYUECKOE CBOMCTBO MAPOB Ha cdhepe (3HaMeHU-
tas teopema 1. JleBn), uro OLLIO, MO-BUAMMOMY, OJHUM U3 MEPBLIX NPUBHECEHUHA
FeOMETPUYECKUX PACCY:KICHUI TAKOT'O POJa B TEOPUIO I'ayCCOBCKUX CJIIYYaifHBIX
nponeccoB. Cremyromuil MCKIIOYATEILHO BAKHLIA Al B ®TOM HaIPaBJIECHUM OLLI
conenar B. H. Cynaroseiv, B. C. Hupenscorom (1974 r., [40]) u K. Bopennem
(1975 r., [89]), nokazaBmumuy Ha ocHOBe Teopemnl I1. JleBu skcTpeMannLHOe CBOM-
CTBO NOJIYIPOCTPAHCTB B M30IEPUMETPUUYECKON 3anadve I IayCCOBCKON MepBLI.
Nmenno, ob6o3naunM uepes 7, (CTapmapTHYIO) rayccoBckyioo Mepy B R™ ¢ mior-

HOCTLIO

dyn(z) 1 —|z|?/2 n
i e e , reR

(rme |x| oBosnauaer eBkannOBy HOpMY x). lus muoxkectBa A C R™ ompenesnum

€ro OTKPBLITYIO h-OKPECTHOCTD
Al={zeR":3a€ A, la—z|<h}, h > 0.

M30IIepUMETPUYECKOEe CBOMICTBO IMOJYIPOCTPAHCTB O3HAYaeT, UTO B KJIacCe BCEX
M3MEPUMDLIX MHOMKECTB A MaHHOW MepLl BeJIUUUHA fyn(Ah) IpUHUMAaET HaUMEHbIIee

3HAYeHUe, Korga A — moaympocTpaHCTBO:
Yu(A) = 1 (T) = Y (A") >4, (Th), T — nomymnpocrpamcTso. (0.1)
DTO CBOWCTBO MOYKHO 3AlICATL U KAK U30IMEPUMETPUYECKOE HEPABEHCTBO
Yn(A") > @ (@7 (ya(A)) +h), h>0, (0.2)

rae ®(h) = v1(—00,h| — pyHKIUA pacupeneneHns CTAHAAPTHOW HOPMAJILHOW CIIy-
vaitno#t senuunuans, u @1 — pynknus, obparras k ® (pasencrso B (0.1) gocTuraert-
cs Ha Jd060M mosympocTpancTBe). B wactHOCTH, RKOrma v, (A) = 1/2,

(") > B(h) 21— — 2 h>0. (0.3)



TayccoBckoe n3onepumerpuyeckoe HepaBeHcTBO (0.2) HAIIO MHOTOYUCIIEHHLIE
NPUMEHEHUS Kak B CAMOW TEOpUM TayCCOBCKAX IPOIECCOB, TakK M 3a ee Ipee-
namu (Hamp., B MaTeMaTudeckoid craructuke [46]). OCcoBeHHO MOy IAPHLIM CTAJIO
BoiTeratoniee u3 (0.3) HepaBEHCTBO ISl BEPOSATHOCTEN OTKIOHEHUI IPOU3BOJILHOM
¢pyrrnum g #a R™ ¢ munmunesoii korcTanTo# ||g||1ip < 1 OTHOCHTENLHO €€ MeqUaHLI
m(g)

a{lg —m(g)l = h} < eV (0.4)

Jlonyckas BOJILHOCTL pedYM, MOKHO CKa3aTh, UTO JIIOOAsd JUIIIUIEBA (YHKIUAA —
[OYTY KOHCTAHTA, WM — HA SA3LIKE MHOMKECTB — YTO ~mouTu Bee” (B CMBICJIE MEPBI
Yn) TOYKU €BKJIUIOBA TPOCTPAHCTBA PACIIOJNOKEHDI B MaJIOA” OKPECTHOCTU TUANEp-
nosepxuoctu {g = const}. Cuenys Tpaauuuu, yCTAHOBUBIIEHCS BO MHOIOM Giaro-
napa padoram B. /. Munnmana, CBOCTBO TAKOro poJa CTAJIU HAa3LIBATL (peHOMe-
HOM (cBoficTBOM) KOHIeHTparmuu Mepol (”the concentration of measure phenomenon”,
[190], [192], [216]).

BesycmoBHasa BaKHOCTE U MOTEHNMAIBLHAA 50 (YEKTUBHOCTD U30IEPUMETPUUECCKUX
HEPABEHCTB W HEPABEHCTB ISl KOHIEHTPAIMU MePLI (B IMMUPOKOM CMLICIE) OLLIN
MOHATHI ¥ OLEHEHLI HE TOJLKO B pAMKaX BEPOSTHOCTHLIX 3aaad. KoHeuyHO, M30-
mepuMeTpUYeCKre HEPABEHCTBA KAK TAKOBLIE, PACCMATPUBAEMBIE TOJILKO C TOYKU
3peHuss npPodIIEeMbl BKCTPEMAJILHOCTA T€X UIU WHLIX MHOMKECTB U, I'JIaBHLIM 00pa-
30M, B TEPMUHAX IME€PUMETPA MHOKECTB, y:Ke 0O0Jiee cTa JeT COCTABJAIOT BaKHLIA
pas3mei TeOMeTPUM, U UX CBA3DL, HAIIPUMED, C 3aadaMy MaTeMaTUYeCKOW (U3MKu
n teopun npocrpaucts CobosnesBa Gouia m3BectHa 3am0iro mo 1970 rr. (em. [12],
[25], [204]). OmHako, ¢ TOYKM 3pEHUS KOHIEHTPAIUN MEPLI, U30IMePUMETPUUECKUAE
HEPABEHCTBA CTAJU UCCIENOBATLCA OOJbINEH YACTHIO B PaAMKax ()YHKIMOHAJILHOTO
aHanau3a u Teopum BeposTHOocTeil. B 1968 r. Mwuanman [28] mcnonn3oBas u3o-
HepUMETPUYECKOE CBOWCTBO MIAPOB Ha cepe M HOKA3aTeILCTBA (M YTOUHEHIUS )
BayKHOW TE€OPEMDLI ACUMITOTUYECKOW T€OPUU HOPMUPOBAHHLIX ITPOCTPAHCTB — TEO-
peMbl /{BOPEIKOro o mouytu chepruuecKnX CEUEHUSIX BLIMYKJILIX CUMMETPUYHLIX TEJ
(paree MunabMaH OPUMEHSJI 9TY TeOpeMy HIPU UCCIEIOBAHUM CIHEKTPa PaBHOMED-
HO-HENIPEPLIBHLIX (YHKIUM, 3aJaHHBIX HAa €IUHUYHON chepe OECKOHEUHOMEPHOTO
6anaxoBa mpocrpancrsa, [26], [27], cm. rakxke [191]). ITomo6uo rayccoBckoMmy
CIIyYal0, 9KCTPEMaJILHOE CBOWCTBO MAapOB B M30IMEPUMETPUYECKON 3a1aUe Ha €au-

HruHO# chepe S ! C R™, To ecTn, cBoiicTBO
0n1(A)=0,1(B) = 0,_1(A") >0, 1(B") h>0, (0.5)

(rme A — mpoW3BOILHOE M3MepUMOoe TToAMHOKecTBo S" 1, B — map wa S" ! u 0,
— paBHOMEpPHOE, T.e., MHBAPUAHTHOE OTHOCUTEJLHO BPAINEHUN paclpeneeHre Ha

S"~1) Bmeuer mepasencTsa mia koumentpamuu ([28], [192])

T (AM) 21—\ [ 22 (g, 1 (4) = 1), (0.6)



Faa{ly=mo)| 20} < /T e (gl < 1) ©07)

(h-OKpeCTHOCTL W JIMNIIUIEBOCTL CJEAYeT MOHUMATL B CMLICJIE T'eOAe3UIEeCKOrO
paccrosinus). VIMEHHO B TaKOM BUe, IPOJUBAIONUIEM CBET Ha POJL Pa3MEPHOCTH
1 xapakrep 3aBucuMocTy oT mapamerpa h, HepasenctBa (0.6)—(0.7) Boipaskaror
(GeHOMEH KOHIEHTpanuu Ha cpepe. B TO BpeMsA Kak 9KCTPeMaJLHOCTDL MapoB 6OJIL-
e yKas3biBaeT Ha TeOMeTPUUYeCKoe CBORCTBO.

[Toxoskme o hopMe HEPABEHCTBA MJIS KOHIECHTPAIUU BLIIOJHAIOTCA U HA JUCK-

persom kyGe {0,1}", umenso,

P(AM) 21— (P(a)=1) (0.8)
P{lg—m(g) >h} <27 (|gllp < 1), (0.9)

rae P — paBuomepnoe (6epuynnuesckoe) pacupenenenue Ha {0, 1}", HO h-okpect-
moctr A" = {z : p(A,z) < h} (h > 1 menoe) u ycioBUe AUNIINIEBOCTH yiKe MOHM-

MaOTCHd B CMBLICJIE€ DACCTOSHUS XaMMuHTa

p(z,y) =card{i <n:z; #y}, x,y€{0,1}"

(0.8)-(0.9) cyrn caenctsusa teopemur JI. Xapmepa [147], mamemmero eme B 1966
I. peleHne COOTBETCTBYIOIER u3onepumerpuyeckoid 3anaum Ha {0,1}" (u 3mecn
mapol 06IaJaI0T SKCTPEMAILHLIM CBOXCTBOM).

DTV TPU M30IEPUMETPUYECKUE TEOPEMDBI, a TaKke CBA3aHHLIE C HUMU HEPABEH-
CTBa IJIA KOHIEHTDAIMU, CTAJIN KaK OLI KPAaeyrOJILHLIM KaMHEM MU HajlbHeRmmx
VHTEHCUBHLIX MCCJIEIOBAHU CBOWCTBA KOHIEHTDAIUM MEPLI B CAMOM IIMPOKOM
cmbicae. Hapsany c BblUileHEeHMEM KJIaCCOB IPOCTPAHCTB C MEPOM, Y IOBIIETBOPSIO-
IMUX TEM WM WHLIM HEPABEHCTBAM IJIsl KOHIEHTpaimu (nmpobiaema OBIHOCTH), BOT
yke 6osee 20 yseT UAyT TOUCKU METOMOB, MO3BOJAIOIMMUX IJ1y0/Ke MOHATL CBOWCTBO
KOHIIEHTpaIuy Ha cdepe, B rayCCOBCKOM NIPOCTPAHCTBE M Ha JUCKPETHOM KyOe.
[To-Buammomy, mokaszarennctso II. JleBum, orHOcsmeecs eme k 1919 r.  ([176],
[177]) monro ocraBasoch He mOHATLIM. C APYro#d CTOPOHDLI, HOKA3aTEILCTBO O.
Mvuara (1948 r., [206]) ObLIO y’Ke COBEPUIEHHO CTPOTMM, OJHAKO, OYECHDL JIJIVH-
HBIM 1 cJaOkHBIM. B 1980 r. M. I'pomoseiv [135] GbIIO IpencTaBiIeHO CTPOroe
u3soskeHue uneit JleBu ¢ o000OIEHNEM €ro TEOPEMBI Ha MMUPOKUA KITaCC PUMAHOBBIX
MHOTOOOpa3uii. Panee HoBoe, DoJjiee mIpocTOE MOKA3aTEILCTBO STOW TEOPEMDI, C MC-
MOJL30BAHNEM MHIYKINOHHOTO 9JeMeHTa, Oblno Haiaeno T. Purenem, sK. JIunnen-
mrpaycom u B. II. Muasmanom (1977 r., [130]). Iozmaee Munnman u [Ilextvan
[192] mpuBOAAT paccyskaeHue, MO3BOJAIONEE TONYUATL HEPABEHCTBO IJIs1 KOHIICH-
Tpamuu Ha cdepe, nmomobuoe (0.6), HA OCHOBE IayCCOBCKOIO HEPABEHCTBA TUIA
(0.4).

B 1976 r. . A. U6parumos, B. H. Cynakos u 5. C. Hupeascon [117] npenna-
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Ha npuMeHeHnM GopMyssl VITo K onpenesneHHBIM (YHKIMOHAJIAM OT OPOYHOBCKOI'O
NBWKEHUsI. B Y4acTHOCTH, MMM IOJy4YEeHO HOBOe, XoTsa u Oawuskoe k (0.4), mepa-
BEHCTBO UL OTKJIOHEHU JUNMUIEBLIX yHEKIUA g Ha R™ orHOCMTENLHO cpenHero

sHadenus Eg (B cMbIcie MepEL 7y,)
{9 —Eg>h} <2(1-®(h), h=>0. (0.10)

Ota crarbsa (Takke, kak u [40]), mO-BUAXMOMY, HOJIO OCTABAJIAChH HE3AMEUEHHOM
MHOTMMM UCcaenoBarensamu. llo-kpaiineir mepe, uepes 10 mer meron [117] 6nun

nepeotkpuir B. Mops u 7K. Iusne [202], nokasaBmmMu HEPABEHCTBO
Ee'9~B9) < ¢°/2 ¢ ¢ R, (0.11)
U BLITEKAIOIIYIO M3 Hero (HeMHOTro Gosee ciaabyio mo cpasrenuio ¢ (0.10)) omeHky
'yn{g—Eg > h} < e_h2/2, h > 0.

B 1985 r. lupenncoH uccaemxyer CBOWCTBO I'ayCCOBCKOW KOHIIEHTPAIUM C TOYKU
3peHus cMemaHnHbX 00beMoB [46, II), ucnonn3ys noayuenusie C. Ilese [116] Gec-
KOHEYHOMEDHDBIE aHAJOIM KIACCUUYECKUX HepaBeHCTB AsekcannpoBa—Penxens. B
YACTHOCTHU, B KJIACCE BLIMYKJILIX (YHKIWA ¢, UM [OKA3aH YCUJIEHHLIA BapUAHT

(0.11),
Eexp{infg(y) - 5 o —yl’} < exp{Eg}. (0.12)

DTO HEPABEHCTBO MOKHO 3AlICATL U B TEPMUHAX (IPOU3BOJILHOTO) OrPAHUYEHHOTO

rayCCOBCKOTO CJIydaliHOrO mpomecca Ty
Eexp { sup(z; — 07/2)} < exp {Esup z,}.
t t

Hpyroi nonxon k (0.12) memaBuo npemmoxken P. A. Burase [228]. B nelictBu-
TEJILHOCTU, DTO HEPABEHCTBO CIPABEIJINBO U JIIOOLIX M3MEPUMLIX (YHKIUN §:
ycaosue Boimykiaoctu cuato B pabore C. I'. Bobrosa u ®. Tetue [76], roe mano
MPOCTOE MOKA3aTEJNLCTBO, MCIOJIL3YIOIMEee TOJILKO HepaBeHCcTBO BpyrHa—-MuaKOB-
crkoro m moaxon Mops kK HepaBeHCTBAM Ui TaK HA3LIBAEMOW WHOUMYM-CBEPT-
ku (kpome Toro, (0.12) oka3niBaeTCs PABHOCUIILHBIM OIHOMY TPAHCIHOPTHOMY He-
PaBEHCTBY Ui T'ayCCOBCKOW Mepbnl, moayueHHOMY HemaBHo M. Tamarpamom, cwm.
[222]).

B 1983 r. omy6uukoBana Baskaas pabora A. Dpxapna [126], rae 6outa passura
TEXHUKA CUMMETPU3AIUU MHOMKECTB B rayccoBckoMm npoctpanctse (R™,~,). Uc-
cienys CBOWCTBA HEKOTOPLIX omepanuil mo ”yiaydmeHuo”’ MHOKECTB (COXpaHsIo-
mux Mepy Vn(A) U B TO sKe BpeMs He yBeqwmumBatommx snadenue v, (A")), Dpxapn

HOJIyYUJI TPSMOE IOKa3aTeILCTBO M3onepuMmerpudeckoii reopemor (0.1) (To ectn,



6e3 ucnonn3oBanus teopemol I1. Jlesu). WM Gouio mokazanHo m Apyroe 3amMeda-
TEeJILHOE HEPABEHCTBO Tuna LBpyHHA—MUHKOBCKOrO IS TayCCOBCKOW Meponl (CM.
rarxe [9], [14], [21])

(v ((1=t)A+1tB)) > (1 =)@ (vu(A4)) + t& ! (yn(B)), (0.13)

rne 0 <t <1,u Au B — npou3BoJbHbLIE HEMIYCTHIE BBIMTYKJIbIe MHOKecTBa B R”. Kaxk
sameueno M. Jlemy [176], eciu B3aTL B KauecTBe B map MOAXOIAMErO Pamnyca
¢ meHTpoM B Hyse u ycrpemuth t — 0, To B mpemene (0.13) mact rayccosckoe
M30MEePUMETPUUECKOE HEPABEHCTBO, OMHAKO, TOJLKO mis BLInykIoix A. Hemasuo
P. Jlatana [169] cusan yciaoBue BLITYKJIOCTU IJsi OJHOTO W3 MHOZKECTB UM, TAKUM
ob6pazom, (0.2) MOKHO paccCMATPUBATL KakK CJIEICTBUE HEPABEHCTBA Dpxapia (B
TO K€ BpeMs, [0 CUX HOp HeM3BeCTHO, cupasemuio jau (0.13) mis npom3BOILHLIX
n3mepuMbix A u B).

OHAaKO, TO-BUAVMOMY, U IPAMOE MOKA3aTEJILCTBO DPpXapma IrayCCOBCKOTO U30-
MEePUMETPUUECKOrO HEPABEHCTBA HE YMEHDLINIWJIO KeJIEHUEe HalTy 0ojiee KOPOTKUE
IyTU K TayCcCOBCKOW kounerTparuu. B 1985 r. Ilusne [202] nomxyuun nenoe cemeli-
CTBO MHTErpoO-audGpepeHnnaIbHbIX HEPABEHCTB MJIs TayCCOBCKOW Meponl, a Mop»
HAIIEJ Ui HUX COBEPIICHHO JIEMEHTApHOE NOkasareiabcTtBo (cMm. [9], [179]). B
YACTHOCTH, AJA JI000# Bommyksno ¢ysrnmum ¥ ma R m moboit cymmumpyemoir mo

Mepe v, raaakoir ¢pyrknuu g Ha R" ¢ rpamuenTom Vg

BU(g B < [ [ W(5(Te(w). ) o) dnalo) (014

DTO HEPABEHCTBO — OIUH M3 CAMBIX 2JIEMEHTAPHLIX MOAXOIO0B K I'ayCCOBCKOW KOH-
nearpamuu. Ipu ¥(z) = |z|, U(z) = |z]> u ¥U(x) = €%, (0.14) npespamaercs

COOTBETCTBEHHO B HEPaAaBEHCTBA

Elg - Eg| </ 3 E[Vy], (0.15)
2
Elg - Eg]* < “-E[Vg[, (0.16)
2
|Vgl?

Eed B9 < Ee 8 (0.17)

B wacraOCTH, ecnm ectn ycaoBme ||g||Lip <1, T0 |Vg| <1, u HepaBerctso (0.17)
npusout Hac K (0.11), mpasna, ¢ xyamell mocTosHHOW B 9kcmoHente. Hepasen-

crBo (0.16) ¢ onTuMaJLHON MOCTOSHHOM,
E|g — Eg|* <E|Vg|*, (0.18)

OLLIIO M3BECTHO OaBHO, XOTA MHOI'O pa3 W IIEepPEOTKPLIBAJOCL, 9TO — TaK Ha3bIBaet-

MO€ TaycCcOBCKoe HepaBencTBO tuma l[lyamkape. B 1975 r., ucciaenys cBOWCTBO



runepckaTus oneparopa Opumreina—yY nenbeka, JI. T'pocc [138] momyuunn Gonee

CUJILHOE HEPaBEHCTBO, JorapudMmudeckoe HepasencTso tuna Cobosesa
Eg’log g> — Eg®logEg®? < 2E|Vg|*. (0.19)

Bompoc o Tom, kakuMm 0Opaszom Takue JOrapu@MUUECKre HEPABEHCTBA, CBSI3AHLI C
rayCCOBCKOW KOHIIEHTpAaIelr, HayaJ WHTEHCUBHO MCCJIENOBATLCA JINIIL B TOCJIEI-
Hee BpeMs, U Mbl BEDHEMCS K 9TOMY BOINPOCY Mo3:ke. Kak Obl To HU OLLIO, Takoe
o0uiave HEPABEHCTB, JasKe MJIS IayCCOBCKOW MepPbI, €CTECTBEHHO BBI3LIBAET BOIIPOC
O TOM, KaKUe HePaBEHCTBA JIydllle, UM KAKUE HEePABEHCTBA OJIMKE K IayCCOBCKOMY
M30IIePUMETPUYECKOMY HepaBeHCTBY. Uto kacaercs mepasencts (0.15)—(0.19), To
KayKI0€ U3 HUX MOYKET OLITL MOJyYEHO KaK CJEICTBUE M30IMEPUMETPUYECKOTO He-
paBeHCTBa Ui rayCCOBCKOW Mepol. Ha stux mpumepax mposBiseTcs riayOoKas
CBSI3L M30MEPUMETPUUYECKUX HEPABEHCTB M HEPABEHCTB MJis KOHIEHTPAIUU C He-
paBerctBammu Ttuna CoboseBa, mpuyeM rayCcCOBOCTL UI'PAET JIUIIL IIOJYUMHEHHY IO
poan. UToOLI MOHATL TakKue B3AMMOOTHOINEHUs, JIydIle PACCMOTPETL KaK MOMKHO
DoJsiee aDCTPAKTHYIO CUTyalWio, TeM 0OoJiee, UTO IO HEPABEHCTBAM [JIsI KOHICH-
TPAIU HETayCCOBCKUX Mep HAKOIJIEH MNOBOJLHO OOTaThLIi MaTepuadl.

Boapmyro yacTs ncciaemnyeMnix n30MePpUMETPUUECKAX 33024 MOKHO PACCMATPU-
BATL B paMKax cienyiomeir abcrpakTHoit cxeMbl. C MPOU3BOJILHLIM METPUYECKUAM
npoctpanctsoM (M, p), cHaGKEeHHLIM GOPEIEBCKO BEPOATHOCTHOW MEpO# [, CBs-

3aHa (OYHKIIUAA
Ry u(p) = inf { u(A") : p(A) > p},  pe(0,1), h>0. (0.20)

Nudpumym B (0.20) Gepercs mo Bcem GopeseBckuMm muHO:kectBaM A C M mepnr

u(A) > p, n
Ah:{xGR”:EICLGA, pla,z) < h}

— OTKpLITasg h-OKpecTHOCTL A B MmeTpuke p. Pemurs n3onepuMeTpuyeckyo 3amady
nnss (M, p,p) — 3HauUMT Hafitu Ty (QyHEIMO R,, ABHO MJIM HESBHO, HAIPUMED,

yKa3aB 9KCcTpeMajbHble A. DkBuUBasieHTHO: misi Becex p € (0,1) m A > 0
sup p{ g —myp(g) > h} =sup p{g—my(g) < —h} =1- Ry ,(p),
g g

rae my(g) — KBAaHTUIL MOPAAKA P (QYHKIAM ¢ KaK CIIydaiiHOM BEJMYMHLI IO OT-
HOIIEHUIO K Mepe [, U CyIpeMyM OepeTcs B Kjacce Bcex (pyHEmuil g Ha M ¢ aun-

MIUIEeBO KOHCTAHTON

lg(z) — g(y)|
i = T <.
19l Lip SUP )

TakuMm 06pa3oM, u3onepuMeTpuyeckyto 3anauy B (M, p, i) ¢ reomeTpudeckoit pop-
MyaupoBko# (0.20) MOKHO NPENCTABUTL U KAK TUIUYHO BEPOATHOCTHYIO 3a1a4y O

BEPOATHOCTAX OOJLIIMX YKIOHEHWIA.
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Hpyroii ciocob onpeneneHns n3onepuMeTpudeckoi 3agauu B M cBs3aH ¢ MOHLI-

aTeM InepuMeTpa. Benuunna

h
+(A) = liminf 240 =)
pt(A) = limin 2

HA3LIBAETCA [-TlepuMeTpOM MHOkecTBa A C M (TOYHee, BHENIHUM [i-TIEPUMETPOM

no MunkosckoMy, cm. [198]), a dpyHKIUMA

Lu(p) = nf pt(A), 0<p<l, (0.21)

rae uaGuMyM Oepercs mo BceM usMmepuMbiM A mepol iu(A) = p, — usonepumerpu-
Jeckot ¢pyHEnueir mMepo! p. Ecam p He mMeeT aToMOB, TO »Ta (YHKINUA CBA3aHA C

Rh7u IPOCTLIM COOTHOIDEHMEM

1,(p) = lim inf T8 (0.22)

Hampumep, mma rayccosckoit mepror, B cuiry (0.1), mor nmeem I, (p) = gp(@_l(p)),

rae o(x) = ﬁe_wrz/z — IJIOTHOCTD 1. AHasormuso, ycrpemuss B (0.5) h — 0,
MBI ITOJIYYUM
on-1(A) = 0n-1(B) = of_(A) > o7 (B), (0.23)
_|_

u spauut I, (p) = o) (B), rne B — (mobo#) map wa S ! o, 1-meprr p. Dtun
onpenesgeHnsa, KOHEYHO, MMEIOT CMLICJI M IJId HEBECPOSATHOCTHLIX MeEp. TaK, KJIacC-

cumyeckoe m3onepuMerpudckoe HepaseHcTso B R™ ([12], [22], [142])
Vol ,,(A") > Vol,,(B"),

rae B — map B R™ o6bema Vol,,(A) = Vol,,(B), MO:XHO 3aIIMCATDL KaK yTBEDKICHUIE
06 m3onepumerpuyeckoii ¢pyurmuu Mmepnt JleGera Vol,: Iye, (p) = nwrl/np(”_l)/”
(wy, — 00BEM €OUHUYHOrO Mmapa).

Takum 06pa3oM, MBI UMEEM JIBE€ M30TEPUMETPUYUECKUAE 33,1aUU, CBSI3aHHLIE C MET-
PUYECKUM BEPOATHOCTHBLIM IPOCTPAHCTBOM: OOHA — O MUHUMU3AUUU IEPUMETPA
(6y;[eM ee B JaJibHeHmeM Ha3blBaTh M3O0NEPUMETPUUYECKORl 3amaveir B auddepeH-
nuaaLHOW opme), u apyras, popMaianbHo Gosee cinoskuas Beuny (0.22), — o MuH-
umusanuu Besuunsn (1 A®) (6ymeM ee HA3LIBATL M30MEPUMETPUYECKOR 3amaueii B
mHTErpaJLHO popme). B ”"kaHoHMUeckux” cuTyanusax, HaIpuUMep, KOTIa (L — Mepa
Jlebera B R, Ha cdepe mim rayccoBckas Mepa, ABE 3TU 330a4l SKBUBAJEHTHLI, U
MMO9TOMY TOBOPAT MPOCTO 00 mM3omepuMerpudeckoin 3amave. OmHarko, A MHOTUX
JPYTUX NPOCTPAHCTB (PYHKIUIO [?) ,, HEIb3s BOCCTAHOBUTEL IO QyHKIUuU I, u cie-
AyeT yTOUYHATL O KAKOIO poja 3alave WM HepaBeHCTBe uaer peun. (Coorser-

CTBEHHHO, CJIeAYET Pa3J1UYaThL HEPABEHCTBa M30MNEPUMETPUUYECCKOTO THUIIA

u(A") = Rp(u(A)), (0.24)
ph(A) = I(u(A)). (0.25)
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Paznuuwme mexay (0.24) u (0.25) nposBiasercs B Gosbiuell cTemeHn, KOrQa TAKUeE
HEPAaBEHCTBA MCCIEAYIOTCA He A ONTUMAILHLIX GyHEnuii Ry, u I,. Hanpumep,
n3 HepasencTs tuna CobGosnesa Buma (0.16)—(0.19) m mius MHOrMX APYTUX POJ-
CTBEHHLIX HEPABEHCTB, coiep:kamux L?-HopMmy rpamuenta (ecaum UX paccMaTpu-
BaTh, CKa’KeM, [0 OTHOMIEHUIO kK Mepe 4 B R'™), MOKHO M3BJIeUL HEPABEHCTBA MJIS
kounenTpanuu (0.24). OxHako, Takue HEpABEHCTBA HE CONEP:KAT B cebe nHpopMa-
IO O MepUMETPE MHOMKECTB, I M3 HUX HEJb3s M3BJeUb HepaBeHCTBO Buaa (0.25).
C mpyroit cropont, nepasencTsa Tuna Cobonesa, conepskamue L'-mopmy rpamu-
eHTa, BiIekyT HepaBeHcrBa kKak (0.24), tak u (0.25). Hampumep, ecam mcxomuro
r3 (0.15) u OPUMEHNTH €ro K IVIAIKUM JIMIIIANEBLIM (YHKIUAM, allpPOKCUMUDPYIO-
VM IOTOYEYHO MHIMKATOPHYIO QyHKImIO MHOxkecTtBa A C R™, T0 MBI mosmyumum B

npenese OIEHKY
Tn (A) 2 2\/2%(%1)(1 — m(A)). (0.26)

IIpu 7v,(A) = 1/2 o210 HEpaBEHCTBO ONTUMAJILHO — €CTL PABEHCTBO, Korga A —
HOJIYIPOCTPAHCTBO (M, 3HAYMUT, IOCTOSHHAS % B (0.14) me MOskeT OLITDL yirydIle-
Ha). Omrako, (0.26) caabee, yeM rayccoOBCKOE M30IEPUMETPUYECKOE HEPABEHCTBO,
samucannoe B auddepenmmansaoit popme, v, (A) > I, (7, (A)) npu v, (A4) # 1/2.

Ecnu nzonepnmepudeckne Hepasencrsa Buaa (0.25) urpator 6oiiee BayKHOE 3Ha-
uvenue mis teopun npocrpancts Cobonesa, To HepaseHcTBa Buaa (0.24) mocaT
6oJsiee TPUKIAMHOW XapakTep € TOYKM 3PEHUs KOHIEHTPAuU Mepbl (Ipu 9TOM,
OHU OCTAIOTCS OCMLICIEHHLIMU IS JUCKPETHLIX IIPOCTPAHCTB, IS KOTOPLIX M30-
nepuMerpryeckas GpyHinua I, Bcerma pasHa Hym1:0). OCOOEHHO BaKHOR B 3TOM
KOHTEKCTe SBJAETCA 3anada OO0 OIEHWBAHWU CBEPXY TaK Ha3bIBAEMOW (yHKIUN
xoumnenrparun «(h) = 1 — Ry ,(1/2). IlepBrie pe3yanbTaThl B 9TOM HAIPaBICHAN
6ot mosryuensl MunbmanoM B [29] u [30], uccnenoBaBmuM Ha OCHOBE TEOPEMDI
JleBu nmoBenenue ¢yHEIUM ¢ nis MHOToOoOpasuit ltudena u I'paccmana. Douee
MIPOKAE KJIACCH METPUYECKUX MIPOCTPAHCTB PACCMOTPEHBI B KHUre Mwuianbmana
n Mlextmana [1986 r., 192], rae GLuIM MOABEAEHLI UTOTM MHOTOJIETHER HEsATeNh-
HOCTU IO MCCJIENOBAHUIO CBOWCTBa KOHuHeHTpauuu. Jlis (KOMIAKTHBIX, CBSA3HDLIX )
PUMAHOBLIX MHOroobpasuii M pa3smMepHOCTH N > 2 C PUMAHOBOI METPUKON p u
HOpMaJIn30BaHHOW Mepoit JleGera p Ha M Obliu BLIOENIEHLI JBE XapaKTEPUCTUKM,
B TEPMUHAX KOTOPBLIX MOYKHO KOHTDOJMPOBATL moBemeHue ¢yHruuu «. Ilepsas n3
HUX — Tak HasbBaeMas kpususHa Puum R(M) (cm. [136]). Iyctn A C M wu3me-
pumo, u B — map ma cpepe S™(r) rakoro pamuyca r, uro R(M) = R(S™(r)) (ro
ecTb, nr—;l =R(M)). Ecnu pu(A) = 0,(B) (o, — HOpManu3zoBanHas mepa Jlebera
wa S™(r)), To mus Bcex h >0

u(A") > o, (B") (0.27)

(h — OKpecTHOCTU paCCMATPUBAKOTCA COOTBETCTBEHHO IO OTHOIIEHUIO K METPUKAM

Ha M u S™(r)). DKBUBAJEHTHO, B TEDMUHAX U30MEPUMETPUUECKUX (OYHKIUHA cripa-
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BeIUBO HepaBeHCTBO I, (p) > Iy, (p) mna Bcex p € (0,1). DTa Teopema, mOIyUeH-
wasg M. I'pomosomv B 1980 r. ([135], [136]), npumenunma u & camoii cpepe S™(r), u
Torna MbI npuxonuM k teopeMme II. JleBu. Kak cinencrBue, kak u Ha chepe, UMEOT
MECTO TayCCOBCKUE OLEHKU mis GpyHKuuu KoHneHrpauuu tuna (0.6).

Ilpyroe BaskHOe OTKpLITHE, caenanHHoe ['pomoBoiM u Mwunnmanom B [137], co-
CTOSAJIO B TOM, YTO (DYHKIUIO KOHIEHTPAIUU MOYKHO KOHTPOJUPOBATL B TEPMUHAX
EePBOro0 HETPUBUAILHOTO COOCTBEHHOTO umucaa A omeparopa Jlanmaca —A ua M.
DTO UMCIO MOKET OLITL OMPENESIEHO KaK ONTUMAJLHAS IIOCTOAHHAS B HEPABEHCTBE
tuna [lyankape

A Var(g) < E|Vg]* (=(-Ag,9)). (0.28)

(g — npousBonbHAA Tiankas GyHKIWMsA HA M, 1 MaTeMaTUUYeCKOe OKUNAHUE U IUC-
epcus MOHUMAIOTCS B CMbIcae Mepol 1). Kak nokasano B [137], nms Becex p € (0,1)

u h > 0 cunpaBeqiuBO HEPABEHCTBO

1= Ry u(p) < (1= p?) exp{—h/A1 log(1 +p)}, (0.29)

1, KaK CJenCcTBUe, (QYHKIMA (« MMeeT BKCIOHEHIaJbHOe yObBanume. Ha camom
nesie, onpenenenue (0.28) (B oriuyme OT MOHATUS KPUBU3HLI U CBA3AHHOTO C HEH
HepaBercTBa (0.27)) BLIBOOUT HAC AAJIEKO 3a PAMKUA PUMAHOBOW reomerpuu. B
vactHOCTH, HepaBeHCTBO (0.29) coxpaHser CUIy s NPOU3BOJILHLIX BEPOSATHOC-
THLIX MeTPUYeCKUX mpoctpancts (M, p, ), eciu, KOHEYHO, ONPENeNATL MOMIYJIDL
rpamuenta |Vg| nogxonsmmum obpazoM. Takum onpemnesneHreM CIIy:KAT COOTHOIIE-
HIIE

|[Vg(z)] = limsup M, x € M. (0.30)

p(z,y)—0+ p(x,y)

Hanpumep, eciu ncxomurh U3 rayccoBCKOTO HepaBeHcTBa Tuna llyankape (0.18),
TO MBI TOJIyYUM OCJIAOJEHHDLIA BapUAHT CBOWCTBA KOHIEHTPAIUUA AJA Y,. Jpyroi
BasKHLIA mpuMmep — mponakr-mepa g = v Ha M = R™ (¢ eBKAMmoBo#i MeTpukoi

p), MOCTPOEHHAS 10 ABYCTOPOHHEMY MOKAa3aTeJLHOMY paclpeneseHuio v Ha R ¢

dv(z) 1

de 2
1

Kape, IpuYeM ¢ \; = T OLLI BIEPBLIE OTMEUYEH, mo-BuauMomy, A. A. BopoBKOBLIM

—lz|

IIJIOTHOCTLIO . Tor ¢dakTt, uro v ynoBierBopser HepaBeHCTBY llyaH-

nu C. A. Yresoiv [10] (n mozmuee Knaaccenom [159]). IMockomnkry A1 (v™) = A1 (v),

B cuiy TeopeMmbl I'pomoBa-Munbmana,
a(h) =1- Ry ,(1/2) < S, c=log(3/2)/2, (0.31)

TO €CTbh, CBOWCTBO KOHIeHTpanuu mjis v". BopoBKOB m Y TeB u3ydau B [10] Be-
POSITHOCTHLIE MePLI Ha MPSMOW, yIOBJIETBOPSIONINE HepaBeHCTBY Tuma IlyaHkape,
BHE CBA3U CO CBOWCTBOM KOHIEHTPAIMU, HO MMU TaK:Ke OLLJIO MOJYyUYEeHO HepaBEeH-
cTBO, oueHb Gumskoe k (0.29). Kak Ouuio ormeueno eme B 1976 r. Iupennconowm,

No6parumoseiv 1 CynakoBoiM [117], MOKHO Takke MOIYYATh U30MEPUMETPUUECKUIE
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HepaBeHCTBa 1A nponakr-mep p” Ha R™, Tpamchopmupys mepy 7, B p” ¢ mo-
mombio orobpaskerus 1), (z) = (T'(x1), -+, T(zy)), rme T : R — R — mHeybniBaromasn
(GyHEIMA, MMeomas pacupeneaesne (i oTHOcuTeanHo vi. Ecmu | T||uip < ¢, TO n3

wepasencTsa (0.2) cpa3y mosaydaem

1 2 2
—1 —h?/2
Ry un(p) > (@ (p) + h/c); a(h) < e /2¢7 (b > 0).
Taxkue, He 3aBUCANME OT PA3MEPHOCTH, HEPABEHCTBA BLINOJHAIOTCS, B YACTHOCTH,
1
IUIsI PABHOMEPHOTO pacupenenenus ua kyoe [0,1]" ¢ ¢ = Wk O muako, oro6paske-
™

Hue 1, mepeBoasIee 1 B V HE ABJISACTCA JUIMIAIEBLIM, U IODTOMY U3BJIEYDL KAKYIO-
a0 MHGOPMALNUIO O KOHIEHTparuu ' Ha ocHOBe HepaBeHcTBa (0.2) HeNb3s, HO
HA OCHOBe HepaBeHCTBa Ilyamkape — moxkuOo. Hesn3s, kak 6o1mo ormeveno B [117],
noxyunTs Ha ocHoBe (0.2) u HEPABEHCTBO IJIsi KOHIIEHTPAIUU Ha IUCKPETHOM Kybe
{0,1}": u 3mecn dpyurnusa T we Oyner aunmmnesoii. [Tozauee Mul 06Cy UM pa3Iy-
HbIe TIOAXOMbI K CBOMCTBY KOHIIEHTPAIIMM Ha OCHOBE HepaBeHCTB Tumna llyankape,
HO cefiuac sumb orMeruM, uTo HepaseHcTBO (0.29) coxpaHsSeTcs M IUIsi MHOTHMX
JICKPETHLIX IpocTpaHcTB (cM. [57]).

W3zonepumerpudeckue 3aJadr U CBOWCTBO KOHIIEHTPAIIAUW IS paclpeneaeHut
Ha MUCKPETHBLIX MPOCTPAHCTBAX yiKE CaMU MO cebe COCTABIAIT OOJLITOE HAIPAaB-
JIeHre Ha CThIKe MHOTUX auctuiimi. (Ciona MOKHO OTHECTU U PSI APYTUX DKC-
TPEMAJLHLIX 337a4: 3a0avy O MUHUMAJLHOM YKCJe IPDAHUYHLIX pebep MmoaMHO-
’KeCTBa KOHEUYHOTO rpada mpu ¢ukcupoBanaoM obneme (”edge-isoperimetric prob-
lems”), o MHO¥keCTBaxX C MUHUMAJLHBLIM AAAMETPOM U O MHOKECTBAX, UMEIOIUX
MUHUMAJLHLIA AraMeTp B cpenHeM (M30quaMeTpajbHLIe 3a1aul), 3alaui O MUH-
MMU3AMAN PA3JIUYHLIX TOBEPXHOCTHBIX MEP, O HEKOTOPBLIX APYTUX ()YHKIMOHAIAX,
3aJaHHDLIX HA ceMelCTBaX MOIMHOKECTB AUCKPETHOrO Kyba (CBA3aHHLIX, HAIPUMED,
¢ noustuem ”influences”) m 1.n. Heroropnie m3 sTux 3amau MCCIem0BAIUCE €IIe
B Havajse 1960-x rr., OMHAKO, I'TABHLIM O00OPa30M C TOYKU 3PEHUA DKCTPEMAILHOC-
TU T€X WJIM WHLIX MHOXKECTB M, B YACTHOCTH, HAaXOJUJIACL BHE C()epbl MHTEPECOB
poan pasmeprocTu. llocimennee OTHOCUTCS U K KIACCUYECKONW M30MEPUMETPUUEC-
KOI1 3a/adye Ha NUCKPETHOM KyOe.

Kak 3amaga o KOHIEHTpAIUU MePLI AUCKPETHLIE U30IMePUMEeTPUUECKre HePaBeH-
CTBa CTAJIM M3ydaThLCs JUML ¢ cepenuHnl 1970 rr. (cHavasza B paMKax TeopuUun
KOAVMPOBAaHUS, I'JI€ CBOWCTBO KOHIIEHTPAIUM MOSABUJIOCH MOIA mMeHeM ~ blowing-up
property” ). Wcnoan3ys uaaykuuio mo pasmepnoctu, B 1976 r. Anncseme, [akc
n Kepuep [51] nokasniBaroT HepaBeHCTBA MJIsl KOHIEHTPAIUYA NPOU3BOJLHLIX MPO-
makr-mep P = p" ma muckpernom kyGe {0,1}" tuma (0.8) (u, Gomee o6mo, Ha
npocrparcTBax M"™ ¢ KOHEUHBIM MHOkeCcTBOM M), omepupyst Ipu 5TOM rayCCOBC-

KOl m3onepuMeTpudeckoir GpyHkIme. B yacTHOCTH, MU TOKa3aHO HEPABEHCTBO

P (A" >®(@ (P (A4)) + %), h > 1 ueroe, (0.32)
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rme A € {0,1}", a = ———, w = min(u({0}), n({1}), u A" — h-oxpectHOCTE
3y/log(1/w)
B CMDICJIE PACCTOAHUA XaMMUHTa. 10T (akKT, YTO Takue HEePABEHCTBA I KOH-
NEHTPAIUY IOJLKHLI ObLITh ~Ge3pa3ianunnl’ mo oTHomenuio k mepe p wHa {0,1} (B
npennonoxkeanun P (A) > % nocrosgaas a B (0.32) mosker ObiTh BoIOpaHa ab-
COJIIOTHOW) CTaJl OUeBUAHLIM HABEPHOE HEMHOIO IO3:Ke, KOTJa CTaJl MPUMEHSATLCS
METOJ] MapPTUHTAJILHLIX pa3HocTedl. MapTUHTAJILHLIA TOAXOM, MCIOJIL3YEMLIA u
paHbLIle IPU U3YYEHUM CyMM HE3aBUCUMLIX BEKTOPOB (BIEpPBLIE, MO-BUIAMMOMY, B.
B. FOpunckum [47] nu K. Asymoii, coraacuo [192] u [219]), 6o amanTupoBas k
3ama4yaM O KoHIeHTparuu B pabore Mops [187] (MM GLIIO MOIyUYEHO HEPABEHCTBO
IUIsI KOHIIEHTPAUY Ha, CUMMETPUYeCKol rpymnme, cm. takxke [209], [192]). IIpu ra-
KOM IOAXOJ€e MOKHO IOJYyYUThL JOBOJILHO abCTPakTHYO Bepcuto HepaBeHncTsa (0.8)
st mponakr-mMmep P o= py X -+ X p, Ha M = {0,1}" (u maske HA TPOU3BOJLHBIX
IeKapTOBLIX npousBeneHusx M = My X --- X M,,) no oTHOmEHUIO K ” B3BEIIEHHOMY

PaCCTOSIHUIO XamMmuHra

n n
pa(x,y):Zozil{x#yi}, x,y € M, a; >0, Za?zl.
i=1 i=1

Nmenno, B Takoili merpuke st h-OKPECTHOCTU Aga moboro muokectBa A C M

1
MepDLI P(A)ZE CIpaBeIINBO HePaBeHCTBO [192]

1—P (Al ) <epe /e ph>o, (0.33)
¢ abCOMIOTHLIMU MOCTOSHHLIMU €1 = 2, ¢o = 16. CymecTByeT u Apyro#f moaxom K
(0.33), npennosxkennniii B 1986 r. K. Mapron [185]. On ocHoBan Ha T.H. ”TpaHc-
HOPTHLIX” HEPABEHCTBAX U MO3BOJISIET MOJNYydYaTh OOJlee TOUHLIE KOHCTAHTLI (CM.
rakxke [186], [222], [76]). B mepasenctse (0.33) pa3zmMepHOCTL n y:ke Kak ObI CIIpsi-
TaHa, OMHAKO, HA CAMOM JeJjie, €Ile He BUIHO HUKAKOW CBf3U C rayCCOBCKOW KOH-
neHTpanueii. /leficTBUTEILHO, €CiIM PACCMATPUBATDL U30IEPUMETPUYECKYIO 38129y
st paBHOMEepHOro pacupenesnenusi P ua {0,1}" mo OTHOWEHUIO K €BKIUIOBOMY
paccrosamio B R™ (1.e., ana h-okpecrrocteit A" = A + hBy muosmects A C R™),
To mist Bcex p € (0,1) m h > 0 MLI UMeeM OYEBUAHOE COOTHOILIeHUE (OTMEYEHHOE
eme B [117])
inf P(A") = p mpm n— oo,
P (A)zp

Y B 9TOM CMBICJIE HET HUKAKOW ~He 3aBUCHAIME” OT pa3MEpPHOCTU KOHIICHTPAIUU.
Omuako, ecau paccMaTpPpUBATL U30IMEPUMETPUYECKYIO 3a0ady HE B Kjaacce Bcex A,
a TOJBKO MU BBIODYKJIBIX A, TO Kak M B rayCCOBCKOM Cily4yae, MBI MMEEM IeJIO C

=)

”HacTOAMER” KOHIEHTPAIeH:

- W< L7 n_
1-P(A") < P © , A CR" — Bomyrio. (0.34)
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DTO BaskHOE OTKpLITHE OLLIO caenano B 1988 r. M. Tamarpanom B pabore [213],
HavaBued cepuio riayBoKuxX paboT TOro aBTOpa MO UCCJIEI0BAHUIO CBOWCTBA KOH-
neHTpanuu npoxakr-mMep. Hepasencrso (0.34) oka3niBaeTCs CIPABEIUBLIM IJIS
mobnix mpoxakT-mep Ha KyGe [0, 1], u mozmnee Tanarpan [215], [219] nonyuaer
9TO yTBeP:KIEHUE Kak CiencTBre ycuieHHoro Bapuanta (0.33) s mpomakr-mep

Ha abOCTPAKTHLIX MEKAPTOBLIX ITPOM3BEIEHUIX
1-P <ﬂA'3a) <ce Ml >, (0.35)
«

(Tak 4TO (POPMAILHO HU O KAKOW BLIIYKJIOCTH PEYM HE UIAET) U HAXOAUT AajLHEeH-
mye yCcuieHus »Toro coricrsa B [221]. OCHOBHBIM MOTMBOM CTAHOBUTCS Y:KE HE
CTOJILKO CBOWCTBO KOHIIEHTPAIUU CaMO IO cebe, CKOJILKO KeJaHne IOHATL IPUPOLY
MHOkecTB A Mepnt 1/2. B 9ToM abcTpakTHOM MOTUBE CYHIECTBYET MHOTO KOHKDET-
HBIX Tpobisiem. CBOWCTBO KOHIEHTpauuu B npomakT-npocrpanctBax (M, ps, P)
[O3BOJIAET KOHTPOJIMPOBATL (MPUOIMAKATL IO YKUCILY COBHAJAKOMMUX KOODIUHAT)
"moutu” Bce TOuku ¥ € M kakoii-To omHOR TOouko# a B A. Mol momyunm Gau3KYyIO
K M30IePUMETPUYECKOR 3amady, eciu OymeM KOHTPOJMPOBATL TOYkU & € M Ko-
HEYHLIMU IOAMHO:KecTBaMu A MomuocTy g > 2. COOTBETCTBYIOIIEE HEPABEHCTBO
M30MEePUMETPUUECKOro Tuna 6nuto noaydueno Tasarpanom B [214]. Bmecte ¢ (0.34)
OHO COCTaBJIAET TOT 0a3UC, HA OCHOBE KOTOPOT'O MOXKHO HAJIEKO IPOIABUHYTL MHO-
rue KJaccudeckue nmpodieMbl T.H. ~BEPOSITHOCTU B OAHAXOBLIX MPOCTPAHCTBAX ,
Takre KaK MHOTOMEDHLIA 3aKOH IOBTOPHOTO JIOrapu(M, paclpenejeHrne HOPMBDI
CYyMM He3aBHCHMLIX BeKTOpOoB (cMm. [214], [179], [176]).

Tarksxke mpobaemy KOHIEHTpanuu mpomakr-mep P = pu”

B E€BKRJIMXOOBOM IIPO-
crpauctBe R™ Tamarpan CkJIOHEH pacCMaTPUBATL HE C TOYKU 3PEHUS ONEHUBAHUS
CKOpoCTU yObIBaHUA (GyHKIUM KoHIeHTpamuu «. [lo Tanarpany, Oosee Ba:KHON
SABJISETCS 3aJadva O HAXOKICHUU BMECTO OOLIYHLIX €BRJMAOBLIX h-OKpPEeCTHOCTEH
muOKecTB A" B HeKOTOpOM CMBICIEe MMHMMATLHLIX OKpectHOCTeil Uj(A) (TouHee,
O HAXOMKIEHUU OIEePAaIUy, ONUCLIBAIONUIEH TaKue OKPECTHOCTH), MU KOTOPLIX BLI-

noausierca cpoicTtBo: mia Bcex A CR™, a € R, h >0
P (A) = p((—o0,a]) = P (Un(A)) > p((—00,a + h), (0.36)
I HEMHOTO B GoJiee ocinabiaeHHONW ¢opMme, Kak CBOWCTBO KOHIEHTPAIUU
P ()2 = 1- P(Ui(4)) < aoh), (0.37)

HampuMep, ¢ ¢ymrmmeii suma ag(h) = ce ¢, B caygae P = v,, Uy(A) = A",
(0.36) ectn B TounocTu nzonepumerpuyeckas reopema (0.1). Eme oguo oTrpuiTre,
cnenannoe Tanarpanom B [216], cocrour B TOM, uTO cBO¥icTBY (0.36) ymoBiaerBo-
pser mpomakt mepa P = 1", mocTpoeHHas MO JBYCTOPOHHEMY IIOKA3aTEILHOMY

pacupeneJeHno V Ha R, opmyeM OJist OerCTHOCTGﬁ B Oa

Un(A) = A+ ¢;hBy + ¢oVhBs,
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rue cj, ca — abCOJIOTHBIE NMOCTOAHHLIE, a By m By — emunnuynnie mapol B R™ B
cMoicte Merpukn {1 m /2 coorBeTcTBEHHO. B WAaCTHOCTH, BLIIOJHAETCSA CBOWCTBO
(0.37) ¢ yka3aHHO! (yHKIUEH vy — T.H. TAJarpaHOBCKOE CBOWCTBO KOHIEHTDAIN
mist v, Heosupmauuoe ciencrsue sToii Teopemnr Tamarpana (1, BO3MOKHO, OC-
HOBHOW MOTHUB) COCTOUT B TOM, 4TO, TPAHCHOPMUDPYS V™ B 7, C IOMOILI0 0TOOpa-
sxenns suna T (x) = (T(x1), -+ ,T(x,)), MBL OpUIOEM K IayCCOBCKOM KOHIEHTDA-
U, TO €CThb, K HepaBeHCTBY Buma 1 — v, (A") < cre—h’/ez (fyn(A) > %) MoskHO
TaKUM Ke obOpa3oM TpaHCcHOpPMMPOBATL V"' WM B Apyrue, HaIpuUMep, JOTapupMu-
YeCKU BOTHYTBLIE IPONAKT-MEPHI 4", IpU 3TOM OyIOyT CIPaBeIMBLI HEPABEHCTBA,
anasgoruuasie (0.37) (mupokuid KiIacC HEPABEHCTB TAKOIO BUIA MOAydeH B [219)]
B pamrax T.H. ~penalties”). B 1991 r. Mops [188] HECKOILKO yCOBEPIIEHCTBO-
Bas nmoaxon Tasarpana, BBens B KauecTBe (hYHKUMOHAINLHOW dopmbr mius (0.37)

9KCIIOHECHIIMAJILHLIE HEPpABEHCTBA

/ eSwg(T) du”(x)/ e—9(@) du™(z) < 1,

rme g — NIpom3BOJbLHaA n3Mepumaa ysrnusa Ha R™ n

n
Sug(o) = int [9(0) ~ 3 wle: ~ u0)
i=1
— nHQUMyM-CBepTKa g ¢ pyHEIMeR Y -, w(z;). Takue HEPABEHCTBA JETKO PACIPO-
CTPAHAIOTCA ¢ N = 1 HAa MHOTOMEpHBIE IPOCTPAHCTBA, U B ciaydae = v &k (0.37)
IpUBOAT HepaBeHCTBO Mops ¢ ¢ymkmueii w(x) = ¢ min(|z|, |z|?) mpu moaxoaamem
c>0.

3aMeTuM, 4TO CBOMCTBO (0.37) IJISI MEPLI V"' — CYIIEeCTBEHHO 0oJiee CUILHOE 10
cpasaeHuio ¢ HepaBeHcTBOM (0.31), BoITekaromero u3 HepaBeHCTBa Tuna llyamka-
pe. Tem He MeHee, kak OBLUIO HENABHO MOKaszaHo B pabore Bobkosa u Jlemy [83],
HepaBeHcTBa Tuna llyankape HOBOJLHO CUIBLHBI U HA CAMOM JEJI€ BIEKYT CBOWCTBO
koHnenTpanuu (0.37) mis npoaakT-Mep mazke Ha IPOU3BOJILHLIX METPUYECKUX IIPO-
crpancrBax. lpyro# (”unpopmannonunii”’) moaxon K HepaBeHcTBaM Tamarpana
npemioker A. IlemGo n O. Befirynu [123], [124].

WNrak, ¥ rayccOBCKOW KOHIEHTPAIMU BEIyT MO-KpaiiHell Mepe ABa MOAXOOa, OC-
HOBAHHLIE HA M3YyUYEHUM HErayCCOBCKUX IPOJAKT-Mep: HepaseHcTBO (0.37) mus v™
1 HepaBeHCTBO Ha muckperHoM KyGe (0.34), koTOpoe B pe3yibTare IPUMEHEHUS
MEHTPAJLHON IPEeNeIbHON TeOpEMBI TPEBPAIAETCA B HEPABEHCTBO

1 2
| (AM) < — L ks
T )_vn(A)e ’

npaBaa, TOJLKO Ajs BLITYyKILIXx A C R™. B oboux ciayuasix HeaL3s OUEHUTDL ~ra-

CCOBCKMiT’ mmepuMmer MHOKECTB UM IIOJYYUTDL, HaIIPpUME N30IIEPUMETPMNYECCROEC
) )

HEPaBEHCTBO B AU PepeHnnaIbHOR Gopme

Ty (A) = cp(@7 (7 (4)), (0.38)
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OyCThL Aaske C TOYHOCTLIO IO HEekoTopo# mocrosuuoir ¢ € (0,1). DrTo Ouino Obi,
KOHEUYHO, DOoJjiee CUILHOE YTBEP:KIEHUE, YeM IMPOCTO T'ayCCOBCKAs KOHIIEHTPAIUI,

rak Kak (0.38) 9KBUBAJIEHTHO HEPABEHCTBY B MHTErPAJILHON (hopme
n(A") > ®(@7H(7,(A)) +ch), h>0.

Takoe Dosee menmkaTHOE CBOWCTBO OBLIO noka3aHo M. Jleny, pa3BuBIIMM TEXHUKY
nosyrpynn mis oneparopos Opumreiina—Y neubeka [176] (eme pamee Jlemy npu-
MEHSAJ ®TY TEXHUKY [JIs [OJIyUCHUs HEPABEHCTB I KOHIeHTpamuu [173], [174]).
Kpowme Toro, kak oka3anoch, MOKHO BoiBecT HepaseHcTBO (0.38) u HA OCHOBE 1O I-
XOAAMUX U30MEPUMETPUYECKAX HEPABEHCTB HA AUCKPETHOM Ky0Oe, yCTAHOBJIEHHLIX
Tanarpanom B [217] (cM. Takke [220]).

3aMeTuM, YTO Ha AUCKPETHLIX, HAIPUMepP, KOHeYyHbIX npoctpanctBax (M, p, u)
(B orsmume oT ”HENpepBIBHBEIX” ) GECCMBICIEHHO omnpeneiaTh nepumerp pt(A) u
n3onepuMeTpuyeckyo ¢pyurnuio I, ¢ momomsio (0.21). Tem me menee, (muckper-
Has) rpaHuna MEO:KecTBa A C M — nonsitme Buosine ocMmbicienHoe. Tak, B cayuae
nuckperaoro kyba M = {0,1}" ¢ paccrosamem Xammunra p rpanuneii A C M
cayswuT MuEOEEeCTBO A = A\ (M \ A)! Touek, neskamux nwa rparuunom pebpe (rae
Al osmauaer h-okpectrocTh B cMmbicae p mpu h = 1). Kaxnas Touka r € M umeer
n " cocener” {s;(x)}1<i<n, OUpenenseMbix paBeHcTBaMU (S;(x)); = x; UpHU j # i, n

(si(z)); =1 — ;. Muosxkectsa
OA={xec A:Fisi(x)¢ A}, 0_A={x¢ A:3is;i(z)ec A}

cocToAT u3 rpaHnvHbix Touek A C M coorBercTBeHHO ¢ ”BHyTpeHHe#” u ” BHemI-
7

Heir” cTopoubl, Tak 4yto 0A = 0;A U O0_A. Torma teopemy Xaprepa MOKHO

9KBUBAJICHTHO 3allICaTh KakK HEPaBEHCTBO
P (0+A) = P (04+B),

rne P — paBHomepnoe pacnpenesnenve Ha M, u B — map (XaMMuHra) Takoro ke
"obbema”, urou A. Besuuuna P (04 A) MOkeT CIy:KUTL CBOETO pOIa HEPUMETPOM
A, HO »Ta XapPaAKTEPUCTUKA OKA3LIBAETCS HOBOJLHO IPy0o#i (TOUHEe, HEJOCTATOYHO

TOHKOUW IJIs HpI/IJIOH-CGHI/Iﬁ). Boavme napopmanuu Hecet B cebe GpyHKIUA
ha(z) =card{i <n:(ze€ A, si(zr)¢ A) nmm (z ¢ A,s;(x) € A)}

— UMCJO TPAHUYHLIX pedep, y KOTOPLIX T CIY:KAT ONHOW M3 BEpPIIUH. (YHKIUS
haly 6nna BBemena . A. Maprynucom, mokasaBmuMm B 1974 1. 1o cymecTBy

HEPABEHCTBO M30IEePUMETPUYECKOrO Tuna [23]

P(a+A)/AhAdP > ¢(P (A)), (0.39)
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rae ¢ — mnosoxkurenvHas ¢Gyarmus Ha (0,1), Ha 3aBUCAmAS OT PA3MEPHOCTU MN.
Maprynuc ycranosun (0.39) maxke B Gosiee obmeid curyanum, korma P = My —
nponaxkr-mMepa Ha {0,1}" ¢ MapruHaJILHBIM PACIpENEeIeHUEM i), IPUAMICHBAIONEM
maccy p € (0,1) Touke 1 m ¢ = 1 — p — Touke 0, U COOTBETCTBEHHO IPaBas 4acCTh
¢ = c(p, P (A)) rakke 3aBucur or p. Takoe yTBep:kIeHNe OLIIO OCHOBHBIM IIATOM
P AOKA3aTEILCTBE OOHAPYKEHHOIO UM CBOWCTBA B PaMKax TeOpuu rpadoB, HEIHE
Ha3piBaeMoM ~threshold phenomenon”: mius moroTOHHBIX MHOKecTB A C {0,1}" dyH-
KIWsA p — ,ug(A), HENIPEPLIBHO Bo3pacTasa BMecTe ¢ p oT 0 1o 1, nemaeT B HEKOTOPOit
TOUKE Py PE3KUl CKAYOK (TO €CTh, ABJAETCS ~'MOUTH WHIUKATOPHOW (QyHKIMEH WH-
repsana (pg,1)). Tanarpan uccaenosan B [217] KOTUYECTBEHHYIO CTOPOHY TAKOTO

CBO¥iCTBa, IpHUYEM HA OCHOBE 0OJIee CUILHOIO HepaBeHCTBA 1o cpaBHeHuo ¢ (0.39):

[ Vhadp = K, (P (), (0.40)
A

Bnecw Io(t) = J(t(1 —t)), J(s) = s\/log(1/s), P = pup, u K, — nocrosmmas,
3aBUCAINAA TOJLKO OT p. Tamarpan paccmarpusaer Beaumuuny [,vhadP kax
MOBEPXHOCTHYIO M€EPY, POACTBEHHYIO rayCCOBCKOMY MEPUMETPY, a CaMO HEPABEH-
ctBo (0.40) — Kak QUCKPETHYIO BEPCUIO rayccoBCckoro HepasercTBa (0.38) (3ame-
TuM, UTO QyHKIUA [j MOKET OLITL OLIEHEHA CBEPXY U CHU3Y TayCCOBCKOW mM30me-
pUMeTPUYeCKOl ¢pyuknmeir I, ¢ TOYHOCTLIO KO abCOMIOTHLIX MHO&uTenelt). Ilpu
nokaszaTeianLcTBe (MHAYKIUEH mo pasMmeprocTu n) Tamarpan ucnoan3yer ¢yHKIXO-
HAJLHYIO (GOpMY

K, Iy(Var(g)) <EMg, 0<g<I, (0.41)

ruoe

(Mg)(z) = ; (9(x) — g(si(@)™)?, w € {0,137,

mpeacTaBisier coO60M aHAIOr MOIYJIsI AUCKPETHOTO rpanuenTa ¢pyuknuu g Ha {0, 1}™
[Tpumenss mepasernctso (0.41) B mpocTpancTBax 60OJLIIEH pa3MEPHOCTU K (yHK-

UM BUIAQ

R —k n
gk(l’) :g( @ \/W;:k P )7 T € {071} )

c rnankuMm ¢GyuknuaMu g Ha R™ u ycrpemnsas k — 0o, MBI IpuaeM, B CUJy I€H-
TpaJbLHOU npenenbHoit TeopeMbl B R, kK aHamornynoMy (GpyHKIMOHAJILHOMY HeEpa-
BEHCTBY OTHOCHUTEJILHO I'ayCCOBCKO MEPHI 7Y, U 3aTeM, AlIIPOKCUMUPYA OYHKIUA-
MU ¢ WUHAUKATOPHLIE (yHKIMU, neficrurennsro moxyuum (0.38).

Taxkum 00pa3oM, MOKHO MOJYYUTL YCUJIEHHDLII BAPUAHT I'ayCCOBCKOW KOHIICH-
Tpanuu 1 Ha OCHOBe muckperHbix HepaeHcTB CoboseBa tuna (0.41). Ho mokmO
JI, OCHOBLIBAsICL TOJLKO Ha CBOWCTBAX MUCKPETHOrO KyOa, MOJYYUTL M30IEepPHU-
METPUUYECKYIO TEOPEMY B I'ayCCOBCKOM IIPOCTPAHCTBE B IOJHOM OOBLEME, TO €CTh,
n3Bieun HepaBeHCTBO (0.38) ¢ ¢ = 1 1 3HAYUT yCTAHOBUTL DKCTPEMAJILHOE CBOM-

crBo noaynpocrpancts (0.1)? Kak 6owuio npeanosnosxkeno B [117], Bpsax a1 MOKHO
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00OWTU reoMeTpPUUECKUE PACCYXICHUA TUIa cUMMeTpu3anuu. TeMm He MeHee, BTO
cHesaTh MOYKHO, MpuyeM Ha ocHOBe HepaBeHCTB CoboJsieBa COBEPIIEHHO 0CODOOTro
BUa, O KOTOPLIX B HaJbHelmeM mo#ner peub. Jlas moaMHOKECTB A AUCKPETHOTO
ky6a {0,1}", B momosHeHWe K TaJarpaHOBCKOW MOBEPXHOCTHOW Mepe, MLI MCCJIe-

OyeM B KadecTBe NUCKPETHOTO MEPUMETPA elle OAHY BEJNYUHY,

P+(A):/\/pthdP, P = py, (0.42)

n OOHVM M3 HaIllMX OCHOBHLIX PE3yJLTaTOB 6y,I[eT N30MepuMeTpnIEeCrOC HEPABCH-

CTBO IJIs paBHOMEPHOro pacupenesnenus P :
Pt (A) > p(& (P (4)). (0.43)

DTO — UMCTas KONUs TayCCOBCKOIO M3omepuMeTpudeckoro Hepasencrsa (0.2), 3a-

IUCAHHOTO B au¢depeHnmnaabLHoil popme

T (A) = o(27 (7(4)). (0.44)

Tpebyercs, oqHAKO, CHEJATL elle OAWH Iar, YTOOLI CBA3aTL STU IBa HEPABEH-
crBa — "nonuep:xkars” (0.43) HeKOTOPOHW (yHKIMOHANLHOW Popmoid. [leso B TowM,
uyTo ecau Mbl nombitaemcs mepelit ot (0.43) k (0.44) ¢ momMoOmBIO IEHTPANLHON
npenenbHOi Teopemnl B R, mpuMeHss mepBoe HEPABEHCTBO K IIOMHOMKECTBAM
{0,1}"* Buna

A = {(xl,...,mk) 1T € {0,1}”, 2(m1+--\-/—Ei—xk)—n € A}, ACR",

TO MBI, KOHeuHO, noxyuuMm P (A,) — v,(A) npu k — 0o 111 BCex 7y,-HENPEPLIBHLIX

A, omgHAKO, IPU N > 2 COOTHOIIEHUE
P "(Ag) = v (A), k= o0,

TepsAeT CUIY y:Ke UL TaKUX ~ PeryiasapHLIX’ MHOKeCTB A, Kak mMOJIympOCTPaHCT-
Ba. Cam mo cebe 9TOT (PakKT, Ha HEPBLIA B3IUIAL TPOTUBOPEUAIUA JTOKAILHOMN
IpenenLHON TeopeMe, MOCTOUH CaMOTO MPUCTAJILHOTO M3YYEHWUs, HO OH XOPOIIO
IOATBEP:KIAET UICI0 O TOM, UTO MEPEeXOoMd OT ~ MUCKPETHLIX O00BLEKTOB K ~Hempe-
PBLIBHBIM  HOJKEH COMPOBOKAATLCA ONPEAETEHHLIMU (YHKIMOHAJILHLIMUA COOTHO-
meHusaMu. [l M30omepuMeTprUdYecKuX HEPABEHCTB MLI PACCMOTPUM HECKOJILKO
(GYHKIMOHANLHLIX (OPM, HO B HAHHOM Ciydae, Ha quckperHoM kyGe {0,1}" ¢ pas-
HOMEPHBIM pacupenenenueMm P, mambosee cuUIbHOW M3 HUX OyIeT HEPABEHCTBO
BUIA

I(Eg) <E\/I(g9)*+|Vg]?, 0<g<1, (0.45)

rae |Vg| — Momynn AUCKpeTHOrO rpaireHTa,

Vg(z)| = Z:l’ g(w)—g(si(x)) ’2, ze{0,1}",
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u I(p) = p(®"1(p)). D10 PyHEIMOHAILHOE HEPABEHCTBO YiKe BJIEUET TOUHO TaKOe
’K€ HEPABEHCTBO IUIS TAyCCOBCKOW Meponl (B Kiacce BCeX JIOKAJILHO JIUMIIANEBLIX
¢yuruuii g va R™ co 3mavenusvu B [0, 1]), 1 Takoe rayccoBckoe HEpABEHCTBO Ha
VHIUKATOPHLIX (PyHKIUAX npusBener HAC K (0.44). C apyro#l cTOpOHLI, Ha WHAUKA-
ropubix ¢pyurnuax (0.45) npespamaercsa B HepaseHcTBO (0.43).

KaroueBoe cBo#icTBO (yHEKIMOHAILHBIX HepaBeHcTB Bupa (0.45), rmge, Boobe
rosops, ¢pyurmusa I MokeT OLITL T060% 1 KBaApaT MoIyis rpaauenTa |Vg|? MoxkeT
6nITL "mouTn” THOOLIM (aIIUTUBHLIM) OIEPATOPOM, 3aKIIOUYAETCS B TOM, UTO, €CJIN
TaKoe HEPaBEHCTBO CIPABEIJIMBO IJISI MEPLI [i, TO OHO OYIET UMEThL CUJLY IJIsd BCEX
npomakT-mep p'. Takum o6pa3zoM, MOKHO CKa3aTh, BCA MHPoOpManusa 0O dKCTpe-
MAJLHOCTU TMOJYIPOCTPAHCTB B IayCCOBCKOM M30MEPUMETPUUECKOM HEPABEHCTBE
comepskutcs B HepaBencrBe (0.45) ma aByxrtoueunoMm npoctpancrse {0,1}. Dto
CBOMCTBO HAM MO3BOJIAT WUCCJIEIOBTL M30MNEPUMETPUYECKYIO 3a1auy U IJIsS IIU-
POKOTO KJacca APYTUX MPOAAKT-Mep, KaK AUCKPETHLIX, TaK U ~ HEIPEePLIBHLIX .

OyHKIMOHANLHLIM (OPMAM M30MEPUMETPUYECKUX HEPABEHCTB (KAK MHTErpPalb-
HBIM, TAK U B AU PepeHnnaNbLHLIM) TocBsmena 1-g raasa. OQHAKO, 31€Ch MLI ele
He paccmarpuBaeM ¢popmy (0.45), mOCKONLKY B obmeM (HErayCcCOBCKOM) CIIydae
(0.45) me paBHOCMIBLHO M3omepuMerpudeckomy HepasencTBy ut(A) > I(u(A)). Oc-
HOBHBLIM Pe3yJLTATOM B 9TOH riase OyIeT cienyroliee yTBep:kaeHue (B HECKOILKO
ocnabJIEeHHOM BUIE TMPUBEIEM KOMOMHUPOBAHHLIA BapuaHT Teopem 1.1.1, 1.3.1 m
1.4.1 u3 coorsercrBenno §§1.1, 1.2 u 1.3).

Myctn (M, p, ) - TPOU3BONLHOE METPUYECKOE BEPOATHOCTHOE HPOCTPAHCTBO.
[Tyctn I — BormyTtas menpepoiBHas (yuknusa Ha [0,1], momoskurenvnas ma (0,1),

CUMMETPpHUYHASA OTHOCUTEJILHO TOYKHA 1/2 1 TakKas, 4TO

I(pq) I(p) 1(q)
e ST, T p.q € (0,1). (0.46)

Kak meobxomumoe ycimoBue nveeM I(0) = I(1) = 0. O6Gosznauum uepes F' (enus-
CTBEHHYIO, CTPOrO BO3PACTAIONULYIO, HEIPEPBLIBHO MUPHEPEHIUPYEMYIO) (YHKIUIO

pacnpenenenus Ha npsaMor R ¢ miaoTHOCTLIO f, yIOBIETBOPSIONENR COOTHOIIEHMIO

I(p) = f(F'(p), pe(0,1),

rae F~1 — ¢pyurmmsa, oopatras x F. Tomoxum Ry (p) = F(F~(p)+h). s xaswmnoi

¢yaEININ g HA M TONONKUM

(Ung)(z) =sup{g(y) : p(z,y) < h}, h>0.

Teopema 0.1. Cunenyromue yCcaoOBUs DKBUBAJEHTHDI:

a) IJs Bcex m3MepuMbnix MHOkecTB A C M

ph(A) = I(u(A)); (0.47)
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b) mus Bcex maMepumbix MHO:KecTB A C M u Bcex h > 0
u(A") > Ry (u(A)); (0.48)

¢) st BCeX u3aMepuMbIx GyHKmuiA g : M — [0,1] u h > 0
EUng = Rh(ER_1(9)); (0.49)

d) mua mo6o#t pyukuuwm g @ M — [0, 1], umeromell KOHEUHYO JUNIIANEBY KOH-

CTAHTY Ha Bcex mapax B M,
I(Eg) — El(g) < E[Vyg|. (0.50)

MaremaTuueckue ORUIAHUSA 31€Ch MOHUMAIOTCS B CMLICIE MEPLI (1. DKBUBAJEHT-
HOCTL ycJyoBuii a) u b) ycranaBiuBaercsa B § 1.1 — 3mech Ha caMOM Jeje UCIOJIb-
3y€eTCs JUIML HEIPEPLIBHOCTL U HOJIOKUATEILHOCTL GYHKIUM [ .

B tom canyuae, xorgma I = I, ymosaerBopsier ycaoBuaMm teopembl 0.1, (0.50)
AECTBUTEILHO MOYKET CIYKUTL (DYHKIMOHAJLHOW (POPMOR I (TOI{HOPO) n3011e-
pumerpuueckoro HepaseucTBa (0.47). B uwacrtHOCTH, BCEe YCIOBUs TEOpEMBLI BbLI-
[OJIHEHLI JJIsI TayCCOBCKON Mepol 7, (Mbl mpoBepuM 310 B §1.5). B aToMm cayuae
G yHKIUA

Ry(p) = ®(@7"(p) + h)

onrrManbHa B (0.48), u 3HaunT onTmMasbHO HepasencTBo (0.49) B ToM cwmblcie,
YTO OHO INIPEBPAINAETCS B PABEHCTBO HA WMHAMKATOPHBIX (YHKIUAX TOJIYIPOCT-
paucts. Crenyer Takxke orMeTnTh, uro upu I = I, ycmosue (0.46) meobxomumo
[t BoimostHeHus: Hepasernctsa (0.50).

B §1.2 Mpr ocTaHOBUMCS HA TPOCTERIMINX M3OMEPUMETPUUYECKUX 3a0aYUax — JJIs
BEPOATHOCTHLIX Mep Ha R (110 OTHOIIEHNIO K OOLIYHOMY PACCTOSIHUIO). Y3Ke B 9TOM
ciIydae MOYKHO MOJIYUYUTH CPABHUTEILHO OOJBIIOE CEMETCTBO N30NEPUMETPUIECKUX
¢yurnuii. B vactHOCTH, OymeT mOkKa3aHO, UTO JUIS CUMMETPUYHBIX JIOTapPUPMUIU-
€CKM BOTHYTBIX pacrnpeneieHuil p QyHKnus Rp, onpenesieHHas BBIIIE IO (DYHKIIANA
pacupenenenus F' mepot p, siasercsa ontumananuoid B (0.48) must Bcex h > 0.

Tor ¢pakT, 4TO HEKOTOPLIE U30TMEPUMETPUYECKIE HEPABEHCTBA MOTYT OLITL DK-
BMBAJIEHTHO 3alUCaHLI B BuAe HepaBeHCTB Tuna CobojeBa, KOHEUHO, XOPOIIO U3-
BecTeH B jureparype. Hampumep, m3onepmMmerprdeckoe HEPABEHCTBO IS MEPLI

JlebGera B R" skBuBasenTtuo mepaserctBy CoboseBa

(n—1)/n
| Wa@lde ¢ ( / \g<x>|”/<”—1>dx) , (0.51)
Rn n

roe g — IpOMU3BOJILHAA I'JIadKasl (i)yHKIJ;I/IH C KOMIIaKTHLIM HOCHUTEJIEM, M C = Cp —

1/

n
nwy' . DTO HEPaBEHCTBO ObLIO mOokazaHo B 1960 r. meszaBucumo Masbs [24] u Pe-

nepepom n Praemunrom [128] (¢ xyapmeit nocrosHuo# ¢, Hepasercrso (0.51) GbLIO
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panee nokasano lanbspno [134] u Hupenbeprom [196]). lokaszarennctso (0.51),
OCHOBAHHOE Ha TpuMeHeHuu Gopmyanl Kpoupona—Penepepa mias mHTErpasa or
MOIyJIs TPaANEHTa, .

/ IVglduz/ p{g > t}dt

R —o0
(rme p — abcomoTHO-HenpepniBHasA Mepa Ha R'™), cmenano oyeBUIHBIM TOT (akT,
YTO M IO OTHOWIEHWIO K ApyruM MmepaMm p Ha R" Hampumep, nns cy:keHUs MepLI
JleGera Ha obnactu B R™ mHepasenctso Buma (0.51) 9KBUBAJIEHTHO M30IEPUMET-
puueckomy mepaseuctsy put(A) > cu(A)~1/" Haumbonee obmee yTBep:meHme
B »TOM Hanpasiaenuu noayuua B 1985 r. O. C. Porxays [206], nokazasmuii, B
YACTHOCTH, YTO MJIsA MUPOKOrO KJIacCa OJHOPOMHLIX (YyHKIUOHAJIOB L, 3aTaHHLIX
Ha ceMelicTBe TIagruX (YHKIUA HA pPUMaHOBOM MHOroobpasuum M (¢ puMaHOBO#

Mepoii ), sepaBencTBo Tuna Cobosesa

/M Vol du > Lig) (0.52)

PaBHOCHMJILHO MU3O0IIEPUMETPUYECCKOMY HEPABCHCTBY
pt(A) > L(14), AcC M. (0.53)

K rakum ¢yHEIMOHANAM OTHOCATCH, HanmpuMmep, HOpMLL L(g) = ||g|| B npocTpanct-

Bax JleGera u, Gonee 00mo, B mpocrpanctsax Opmuua Ly (M, p) ¢ HOpMOT

19l Lo a1,y = inf{A > 0: E¥(g/\) <1},

rae U — ¢ysruus FOura (T.e., BLllykaas HeoTpUIATEILHAS YeTHas QyHKIusI Ha R,
rakasg uto VU(z) > 0 mpu = # 0). MokHO Takke paccMaTpPUBATL (YHKIMOHAJILI
L(g) = |lg — Eg||, 9ro mms BepoATHOCTHLIX Mep 0oJjiee eCTEeCTBEHHO (C Apyro#
croponnl, Teopema Porxaysa He mpummenuma k ¢yurnuonanam L(g) = I(Eg) —
El(g)). ©xBuBanentnocts (0.52) u (0.53) copaBemamBa Ha CaMOM [eje IS IPO-
M3BOJLHLIX BEPOSITHOCTHLIX MeTpudeckux npocrtpascts (M, p,u) (em. §1.6). B
§81.6 m 1.7 Mmu1 paccmorpuMm HepasencTBa Buma (0.52) mius (yHKIMOHAIOB BUAA
L(g) = |l9 — EgllLy(p,u), ¥ THaBHLIE BOTpOC, KOTOPLIA HAC OydeT WHTepecoBaTh,
COCTOUT B ciaenyoomeM: cymecTByeT au ¢pyurimusa FOura W, mis Koropoil HepaBeH-
ctBo (0.52) paBHOCHILHO (TOUYHOMY ) U30MEPUMETPUUECKOMY HEPABEHCTBY, TOUHEE,
CONEP/RUT B cebe TOUHOE WU30IMEePUMETPUUYECKOE HEPABEHCTBO HA WHIWKATOPHLIX
¢yuruumax ? Coraacuo (0606mennoii) Teopeme Porxaysa, ¢pyukuuio ¥ (ecau ona

CYIIECTBYET) CIeNyeT BLIOMpAThL TaKOW, uTOOLI mis Bcex mamepumbix A C M

11a = pllog s = Lu(p), p=p(A). (0.54)

B §1.6 0ynyr maiimener B TepmuHax I, HeoOXOAWMMLIEC M JOCTATOYHLIC YCJIOBUSA

st cymectBoBanusa ¢yuknuu FOura W, ynosaersopsomeid (0.54). Mol npoBepum
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BLITOJIHEHNE TMOJYYEHHLIX YCIOBUN B ABYX BaKHLIX CUTYaIIUAX — JJIA I'ayCCOBCKOM
MepLI 7Y, U A PABHOMEPHOTO pacImpeiyeHus o, Ha chepe S™ C R"™M!. Takum
06pa3oM, rayccoBCKOe m3onepuMerpuyeckoe HepaBeHcTBo (0.44) MOMKHO 3amucarh

1 kak HepasencTBo Tuma CoboaeBa

E|Vyg| > lg — Egll Ly ®7 4)- (0.55)

Takue HepaBeHCTBA I Y, paHee ucciaenosaauch M. Jlemy [171], a takke E.
Memunua u T'. Tanentn [201]. Ha ocHOBe raycCOBCKOTO U30MEPUMETPUUECKOTO
HepaBeHCTBa MU Obwio ycraHoBseno (0.55) mius mexkoropoix ¢ymrmui FOura U,
Benymux cebs kak rv/logzr nmpu Gonpmmx x (HAIOMHUM, YTO TAKOE HEPABEHCT-
Bo npu V(zx) = c|z| Gowo moayueno Ilusne). Ha unmmkartopHbix ¢yHEUAAX (B
ACUMIITOTUYECKOM CMBLICJIE), TOJyUYEeHHBIE UMU HEPABEHCTBA BJIEKYT W30MEPUMET-
puueckoe HepaBeHncTBo (0.38) ¢ HeroTopoii mocrosinuoii ¢ € (0.1), ogHAKO, OHU BCe
xe crabee, yem (0.44).

B §1.7 u npunoskernu OyneTr NOKa3aHO AHAJOTUYHOE yTBED:KICHUE IJIsI PABHO-

MEPHOI'0 pacupelelieHUus Ha cdepe:

Teopema 0.2. Ilycte n > 2. Cymectyet ¢pyurmusa FOura ¥, takas 4To B KIacce

BCeX JUNMUIEBLIX (yHKnuit ¢ va S™ cupasenmuBo HepaBeHcTBO Tuna CoboseBa
E|Vg| > |lg — Egll 1y (57 0.,) (0.56)

(MaTeMaTUUeCKue OKUAAHUS 6EPYTCA MO OTHOMIEHUIO K Mepe 0, ). Ilpu sToMm, ecan
npuMeHUTL HepaBeHCTBO (0.56) K HEKOTOPOH 1OCIIe I0BATENLHOCTH ¢y, CXOAAMEHACS
K WHIAKATOPHOW (YHKIUM KOMIAKTHOro MHOkecTtBa A C S™, ToO B mpemeiie MbI

HOJIyYMM DKCTPpeMasibHOe cBo¥icTBo mapos (0.23).

OTMmeTnM, YTO M30MEPUMETPUUECKOE HEPABEHCTBO Ha cepe, B OTJIUYME OT ra-
YCCOBCKOT'O WM30MEPUMETPUYECKOrO HepaBeHCTBa, 3amucarh B ¢Gopme (0.50) wmanm
(0.48) memn3s.

Mzur ucnonn3yem teopemy (0.1 B rimaBe 2 mpm m3y4YeHUU WU30IEPUMETPUUECKON
3amaun Uil IPOAAKT-MEP [0 OTHOUIEHUIO K PABHOMEDHOMY DACCTOSHUIO ((YyHKIM-
onaapHas popma (0.48) mO3BOILET OCYIECTBUATL MHIAYKIMOHHLIA mar, cMm. §2.1).

yctn (M, p, ) — cenapabeanbHOE METPUUYECKOE BEPOATHOCTHOE HPOCTPAHCTBO.
Cuabmum nekapToBy cremenn M™ meTpuroi

p00<x7y): max p(xhyl)? $7y€Mn7
1<i<n

u nponakT-Mepoit p". llomoskum
Ri i (p) = inf{p"(A") : A C M"™, u"(A) = p},

rme p € (0,1), h > 0 u A" — h-okpecTHOCTL MHOEecTBa A B CMLICTIE METPUKHA Po.
[Monownm Ry, e = inf,, Ry 4, Tak aTo GyEEmUA R = R) 00 ABIAECTCA HaMITyUIIeH

B HEpaBEHCTBaX

p'(A") = R(u"(4)), AcC M, (0.57)
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B NIPEANOJOKEHUN, YTO ~ PA3MEPHOCTL’ 7 MOKET OLITL MPOU3BOJLHOW (TO €CTh,
sTa (YHKIUS ONPEIesseT pelleHre M30MEePUMETPUYECKON 3amaun miis GeCKoHed-
HOMEPHOH! mpOJakT Mepol 4°° B M 1m0 OTHOWIEHUIO K NCEBIO-METPUKE poo(T,Y) =
Sup;>1 p(i, Yi), ©,y € M).

OcHOBHOW pe3yaLTAT TJIaBLl 2 COCTOUT B CJIEAYIOMIEM: €CJIU MDLI PEluM U30-
IepUMeTpUYecKyo 3amady mias (M, p,p), To ecTsb, Halinem ¢yHKIUIO Rj ,, TO MBL
MOKEM PEeNIUTL U30NepUMeTpuYeckyto 3amauy u miusd (M) peo, u°°) — Haitu ¢yH-
Ko Ry, - (B mpeanonoxenun, uro Ry, BorayTa Ha unrepsadte (0,1)). Vmenno,

nmMeeT MeCTO:

Teopema 0.3. Ilycts h > 0. IIpeamonossum, uto ¢pyukmms Ry, , BorayTa Ha (0,1).
Torpa ¢ysrmua R~ — MakCUMaJbHas CPeAu BCeX HeyObIBalomux Omeknuii R :

(0,1) = (0,1), maxxopupyeMbIx ¢yuknmeir Ry, , u Takux, yro mias Bcex p,q € (0,1)

R(pq) < R(p)R(q), S(pq) > S(p)S(q),

roe S(p) =1— R(1 —p).

Hemuoro B 0Goisee obmeM Bume sTa Teopema OynmerT mokazaHa B §2.2. Xora
onucanue GyHKIUN [3j, ;o onpenesseT ee HeABHO, KaK CIeACTBUAE, MOAKHO IOy YUTh
ABHOE DeIIeHNe M30IePUMETPUYECKORl 3amadm Ui pAfa MHTEPECHLIX pacIpene-
aernii. B §2.3 Mbl npumenuMm teopemy 0.3 K CUMMETPUUYHBIM JIOTapPUPMUUECKU

BOTHYTBHIM MepaM p Ha M = R, nisg KoTopbIx (QyHKIUA
Rpu(p) = F(F~*(p) + h)

m3sectHa (§1.2) (roe F' — ¢pyHrmsa pacupenesnesus (). B kiIacce Takux Mep MOYKHO
ATL HEOOXOAMMOe M NOCTATOUYHOE YCJIOBME IJfA COOTHOmeHus Ry ,» = Ry ,, 4TO
03HAYAET, YTO SKCTPEMAJLHLIMUA MHOKECTBAMU B U30MIEPUMETPUUECKON 3amaue Iiis
(R"™, poo, ™) OymyT ”crapgaprabie” MOJLYIPOCTPAHCTBA, TO €CThH MHOKECTBA BUIA
{z € R" : 21 < const}. Tarkum ycaoBueMm okaswiBaercs HepaBeHcTBo (0.46). s
rayCcCOBCKOW MepLI Y, ~cTapmapTHLle” MOJIYIPOCTPAHCTBA SABJISIOTCS DKCTPEMAIIb-
HLIMU B M30MEPUMETPUYECKON 3amade MO OTHOIICHUIO K OOJiee CUILHOMY €BKIIU-
MOBOMY PaCCTOAHUIO. DBoJsiee Toro, mpu n > 2 »TO CBOWCTBO XapaKTepU3yeT ra-
YCCOBCKME MepLI B Kjacce Bcex mpomakr-mep Ha R™ (ecm. §3.1). Tem ne menee,
" cranmapTHLIE” MOJYIPOCTPAHCTBA OYAYT SKCTPEMAJLHLIMUA W IJIs MHOTUX Hera-
YCCOBCKUX PACIpeIeseHnid, eciii paccMaTpuBaTh h-OKPECTHOCTHU IO OTHOUIEHUIO K
METPUKE Poo. | UMUYHLIM TPUMEPOM MOMKET CIIY:KUTL T.H. JOTUCTUUYECKOE PacIpe-
nmesienue i ¢ QyHrued pacupenenenus F(z) = H;ez Biusko#t k HEMy sBIISET-
cs IBYCTOPOHHEE IMOKa3aTeJLHOE pacupeneienue v, omHako, yciaosue (0.46) s
HEro yiKe He BLINOJHAETCA. B §2.4 MBI IPOMIITIOCTPUPYEM NMPUMEHEHUE TeOPEMDI
0.3 Ha mpuMepe OJHOCTOPOHHErO MOKA3ATEILHOTO PACIPEIEIEHUS (i C TIIOTHOCTLIO

f(x)=e"*, x> 0. Byner nokaszana
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Teopema 0.4. Ilnsa Bcex p € (0,1) mu h >0

Rp, o< (p) = min {po‘, 1—(1 —p)l/o‘} , o= e M

Takoe aHAJIUTUYECKOE ONMUCAHUE COINEP/KUT B cebe M HEKOTOPYIO MH(OPMALIO
06 srcTpeManbHbix MHOxecTBax B (0.57) ¢ R = Ry yo. Vmenno, "mouru” skc-
TPEMAJILHLIMU B 9TOM M30ME€PUMETPUYECKOM HEPABEHCTBE SBJAIOTCA JUO0 KyOLI,
aubo mononHeHus k kybam. B §2.5 mur pacemorpum mepaserctso (0.57) mis 6osee
Y3KOIO KJIACCa MHOMKECTB — TaK HA3LIBAEMDLIX MAeajoB (MOHOTOHHLIX MHOMKECTB B
R"), a B § 2.6 mokaskeM, 4TO IJIf MOKA3ATEILHOIO PACIPEICTICHU /i B KIACCE TAKAX
MHOMeCTB mpu ycaosun " (A) = const Bemmumna u"(A") (yxe mpu ¢urcuposan-
HOM 1) MUHUMU3UPYETCS TOJLKO Ha Kybax. 3amMeTyM, 4TO KyObl — 9TO maphl B
R"™ B cMDICIIE METPUKU oo, U YTO IOJYIPOCTPAHCTBA TOKE MOMKHO DACCMATPU-
BaThL KaK IIAapLl DECKOHEUHOTO Paauyca. PacCMOTpEeHHLIE MPUMEPDLI MOATBED:KIa-
0T, TAKUM 06Pa3oM, HeGPOPMAILHLIA TE3UC: IJIs MUPOKOTO KIACCA METPUYECKUAX
IPOCTPAHCTB C MEPOH DKCTpEMAJLHLIE MHOMKECTBA CJIEAYET UCKATL CPEIU IIapOB
U UX NONOJHEHU# (a Takke, UX MOTOUEUHLIX NIPEAEIIOB).

Hakonen, B §2.7 nccienyercs rakoe cBOMCTBO: Ry 00 (p) > p A HEKOTOPOTO
(oxBUBasenTHO, mis Bcex) p € (0,1). D10 CcBOWCTBO, B HEKOTOPOM CMLICJIE MU-
HUMAJILHOE TpeOGOBAHME C TOYKU 3DEHUS KOHIEHTPAIMU MEePLI, TOKE MOKET OLITDh
copMyInpoBaHo B TepMuHax Rj, ,: cymectByer € = e(h) > 0, Takoe 4TO I BCEX
pe€ (0,1)

Rpu(p) = p+ep(l—p).

DTO ycioBME MOKET OLITL maJiee ympomreHo aias mep Ha M = R, ecau tpeboBarn
BLIIIOJIHEHNE HEPABEHCTBA Rj, ,0(p) > p ¢ HEKOTOPBIM (HOCTATOYHO OOJIBIINM) h:
HeyOLBatomee oTobpaxkernue 1), mepeBodmee ABYCTOPOHHEE pacHpeleseHue U B

u, JOJIZKHO ITOPOXKAATDL KOHeqHLIﬁ MOAYJIL, T.€.,
T3 (h) = sup{|T(2) — Tu(y)| : |z —y| < h} < +00, >0 (0.58)

(3mecn h yske MOskeT OLITL MpOM3BOJLHLIM). Y ciosue (0.58) ompeneinser 3ameda-
TEJILHBIA KIACC BEPOATHOCTHLIX DACIpENeeHuil Ha IPSAMOM, CBA3aHHLIA C HEKOTO-
pPLIME JPYTUMMIU DOACTBEHHBIMU 33ladaMy (Kak-To HepaBeHcTBa Tuma [lyamkape).
K HeMy MbI BO3BpATHMCS TO3Ke, U cefiuac JUIML OTMETUM CJIenyOlee.

ITycts ((;)i>1 — HOCIENOBATENLHOCTDL HE3aBUCUMBIX CJIyYalHLIX BEJIMYMH, MMe-
fomux pacupenenenue p. Torga (0.58) paBHOCHMILHO TOMY, UTO IOCJIELOBATENb-
Hble MaKCUMyMbl max((i, ..., ,) ¥ MEHUMYMEL min((y, .. ., (,) UMEOT pacupenee-
HUsI, 0Opa3yomue nocie MeHTPUPOBAHUs IIOTHOE (IPEeIKOMIAKTHOE) ceMelicTBO
B c1ab0# TOMOJIOrUY MPOCTPAHCTBA BEPOATHOCTHLIX Mep Ha npsiMo#. Eciau B3saTh
IEPBYIO YaCTbh 9TOrO YCIOBUsA (KACAIOMYIOCH MAKCHMYMOB), TO TAKO€ CBOWCTBO

nccienoBasoch panee B pabore JI. ne Xaana u I'. Punnepa [141], namequmx psnx
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5KBUBAJIEHTHLIX ()OPMYJINPOBOK HEMOCPENCTBEHHO B TepMUHAX (DYHKINU pacupene-
JleHna Mepol (. Kcam B3ATL 00e yacT! »TOro yCJI0BUA, TO OHU BIEKYT KOHEYHOCTD
SKCIIOHEHIIMAJILHOTO MOMeHTa. Takoe HeOOXOAMMOe YCJIOBHE Ui CBOWCTBA KOH-
neHTpaiuu Obuio Brnepsole ormedeno M. Tamarpamom B [216] (Proposition 5.1).
Panee msonepumerpuueckas 3anada Uisd OPOJAKT-Mep 4" B METPUUYECKUX IIPO-
cTtpancTtBax M"™ ¢ paBHOMEPHBIM PaCCTOSHMEM IIPAKTUYECKN HE PACCMATPUBAJIACD.
Uckaouenue cocrasiser oxaa padora II. Amupa u B. II. Munsmana [58], B Ko-
TOPO# OLIIU MOJIyUYEHLI HEKOTOPLIE OOIMUe OMEHKU M (DYHKIUU KOHIIEHTPAIUU
a(h) =1-— Rh’un(%) B TEpPMUHAX Rh,u(%)- [lomyyenHble OLEHKM NPUMEHAIUCH K
chepe M = S9!y 3areM K HEKOTOPLIM 3aIadaM JIOKAJLHOW Teopnr GaHAXOBLIX
IIPOCTPAHCTB.

B rnase 3 Mol y:ke ucnonnsyeMm GpyHKImoHaNLHYIO popmy (0.45) m npumensiem ee
K QVCKPETHBIM M30IEePUMETPUYECKUM 3adadaM IJsd IponakT-Mep P = pg X X py,
Ha nuckperrHoM kyOe {0,1}" u, 6osee 0bmo, Ha pemerke Z". Obmee yTBep:KICHIE
0 CBO¥icTBe ”aqIUTUBHOCTU , TTO3BOJISIONIEM PACIPOCTPAHATL TaKUe HEPABEHCTBA
Ha MPOJAKT-MEPLI JII00OO pasmMepHOCTH, moka3niBaerca B §3.1. B §3.2 momyuen

OCHOBHOM pe3yanTaT I'JIaBLI:

Teopema 0.5. s mwo6o#i pyrruuu g : {0,1}™ — [0, 1] BumosHseTCs HEpABEHCT-
BO (0.45) mo oTHOmEHMIO K paBHOMepHOMY pacupeneinenuto P ua {0,1}" ¢ rayccos-
ckoff mzonepumerpuueckoit ¢pyurnueii 1(p) = p(®~1(p)). ¢ynrmua I onTumannHa
(mambonpinas) B 3TOM (yHKIMOHAILHOM HEPABEHCTBE B KIACCE BCEX HENPEPLIBHLIX
¢yurmmii Ha [0,1], ymoBuaersBopsromux ycuosuto I(0) = I(1) = 0. B wacrtrOCTH,

MMeeT MECTO m3onepuMerpudeckoe HepasercTso (0.43).

OueBuaHO, €CciM HECKOMLKO ¢yHEIURA [1, I3, ..., yIOBIETBOPSAIOT HEPABEHCTBY
Buna (0.45), TO eMmy ymoBieTBOpseT M cymnpemyMm Takux ¢yHruuid. [TosTomy,
MOKHO TOBOPUTL 00 onrtmmasbHo# ¢ymrnuu [ B (0.45). EcrecrBener Bompoc,
HACKOJILKO yHUBepcaiabHbl HepaBeHcTBa (0.45) u (0.43), u B 4aCTHOCTH, BBLITOJIHS-
IOTCsI JI OHU B KJIacCe APYIUX nNpomakT-mMep P =y na {0,1}™. OxaswiBaercs, 4To
B 9TOM IIJIaHE PABHOMEPHOE pacClpelelieHre UI'PaeT 0COOYI0 POJb, U MLI HE 3HAeM,
MOKHO JIM TOJIYYUTL TAayCCOBCKOe wu3omepumerpudeckoe HepasercTBo (0.44) na
OCHOBe NVCKPETHLIX (YHKIMOHAJLHLIX HepaBeHcTB Tuna (0.45), ecau ux paccmar-
pUBATL IO OTHOIICHWIO K APYTUM IPOIAKT-MepaM. 1eM He MeHee, CIpPaBeIInBO
HEPABEHCTBO

PT(4) > (@71 (P (A4)). (0.59)

1
Noh
Tarkue HepaBeHcTBa M3yvatoTcs B §3.3. Kak orasbpBaeTcs, OHU MMEIOT MECTO HE
TOJLKO IJisg mponakT-mep P = My, HA {0,1}", HO — mpm HamIexameMm 060OIEHUN
nuckpersoro nepumerpa (0.42) — m mis TpomakT-Mep BO3MOYKHO C PA3HLIMU Map-
TMHAJLHLIMU PAaCIPENeICHUIMY Ha MTPOU3BOJLHLIX MEKAPTOBLIX INTPOU3BEICHUIX.

1
[Tpu »TOM, MOCTOSIHHAST —= He MOMKeT ObIThL yayumena B (0.59). Hackoanbko Touno

V2

9TO HEPABEHCTBO IO OTHOMEHWIO K NpoJakT-mepam P = u, nokasvisaer npumep
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MHOMEECTB

Ap(a) = {z € {0,1}": lerWZpZ”_np <a}, a€R.

B sTOoM caiyuae, B cuay IEeHTpaJNLHON TpeneaLHOW TEOPEMbI, IPU N — 00

= 9@ (P (An(@))) ~ = p(a),

B TO Bp€eMs KaK, B CUJIY JIOKAJILHOL HpG,Z[eHLHOﬁ TEOPEMDI,

P (An(a)) = (VP +v2) ¢(a)

(samermm, uro 1 </p+,/q <v2). Ipumenaa (0.59) k npomakr-mepam P = pl

C MaJbIMMX P (OTCIOI[& I BBITEKACET OITUMAJIbHOCTHL KOHCTAHTBI MLI IIpyaeM

1
V2 )
K aHAJOTMYHOMY M30IEPUMETPUYECKOMY HEPABEHCTBY MIJI MHOTOMEDHOT'O pacipe-
nenenns Ilyaccona (§3.4).

B §3.5 mur nccaenyem moBenenue koHCTaHT K, (Kak (QyHKINM mapamerpa p) B
wepasercTse Tanarpana (0.40). DTo Takke OKA3LIBAETCS BO3MOKHLIM HA OCHOBE
¢yuarmmonannHol popmut (0.45) ¢ omepaTopom M BMECTO AMCKPETHOTO I'PAIUEHTA.

J— n
[Mapanneavuo (0.40), mus npomakr-mep P = p, Tamarpam paccMarpusain B

[216] Takkxe HepaBEHCTBA BUIA

/ VhadP > cP(A)(1— P(A4)). (0.60)
A

VM GBLTO yCTAHOBJIEHO TO HEPABEHCTBO C MOCTOAHHOM ¢ = ¢, mopanka /pq. CHOBa
npumenss (0.45) ¢ ¢yrrnwmeii [(t) = t(1—t), mor noraskem (0.60) ¢ mocrosaHOM ¢ = 1
(rar caencrBue, ¢pyurmumio c(p, P (A)) B Teopeme Maprynnca MOKHO BBIOpaTh He
3aBucsmell or napamerpa p). Bosee 06mo, B § 3.6 MbI onumeM Bce BEPOSTHOCTHLIE
pacupenenenus p #Ha Z, Takue uTo HepaBeHCTBO (0.60) BLINONHAETCS MJIS IPOIAKT-
Mep P = p" ¢ HekoTOpO#t MOCTOAHHOW ¢ He 3aBucsmeir or pasmeproctu n. Ilo
AHAJOTUU C AUCKPETHLIM KyOOM, C KaKIbIM MHO:KeCTBOM A C Z' MbI CBA3LIBAEM

¢ yHKIIIIO
ha(x) =card{i<n:xz €A, (x+e ¢ Anmmux—e; ¢ A)},

rae (e;)i<n — KaHoHmdeckuii 6asuc B R™. Ilpm n=1 (0.60) ectr m3omepumerpu-

YyecKkoe HepPaBeHCTBO Ha Z BUIA

(01 A) = e u(A) (1 = u(A)), (0.61)

rae 0+ A = {ha > 0} — nuckpernas rpanuna A ”c BHyTpeHHe#! cTOPOHLI” , IpUYeM

[JIsI OJHOTOYEYHLIX MHOKECTB OHO IIPUMHUMAET BU I

uw({a}) > cF(a)(1— F(a)), ac€lZ, (0.62)
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rae F(a) = p((—o0,al) — pyHrmms pacnpenenenuss Mepol f. Mbl HOKa:KeM, UTO C
TOYHOCTLIO O IMOCTOSHHLIX, 3aBUCHANUX TOJILKO OT i, HepaseHcTBa (0.60)—(0.62)
9KBUBaJEHTHLI apyr Apyry. C TouHOCTLIO 1O mocTosiHHOW HepaBencTtBo (0.61)

OKa3LIBaeTCHd paBHOCI/IJIbHBIM n ﬂI/ICerTHOMy HepaBeHCTBy THUIIA HyaHKape
c¢Var(g) < E|Ag\2

st oneparopa Ag(x) = g(x+1) — g(x). Takue HepaBeHCTBA OLLIM HEJABHO UCCIIE-
noBaHLI B onHOM padote Jly, rme momydena xapakrepusamnus, HECKOJILKO OTIUIHAS
ot (0.62).

Hakownern, ormerum, uto HepaBeucTBo (0.45) mis rayccoBCKOW MepLI 7, C rayc-
COBCKOII M30mepuUMeTpUYEcKoi pyHKImner I MOKeT OLITL JOKA3aHO U aHAJUTUIECKUA
(6e3 MCnoaL30BaHUSA QUCKPETPHOUW Bepcum). DTo ObLIo moka3aHo B pabore Bakpu
u Jleny [62] (u 3aTem B pabGore Jlemy [178]) ma ocrmoBe oneparopos OprHmTelina—
Y nenbexka.

B nocnenmmeii 4-# rimase Mbl mcnosnbdyeMm (GyHKIUMOHAJILHYIO popmy (0.45) mis
M3yUYEHUs T.H. U30lepuMeTpudeckux KoHcTaHT [s(u), BBemenuoix B 1970 r. JLxk.

A. Yurepowm [108] B KOHTEKCTE PUMAHOBOW TeoMeTpun:

: (4
Is(p) =  inf — .
(v) 0<p(A)<1 min{p(A), 1 —p(A)}
31ech [ — BEPOATHOCTHASI Mepa Ha cenapabebHOM MEeTPUYECKOM MPOCTPAHCT-
Be (M, p), pt(A) — mepumerp, onpenenennniii coornomenuem (0.42), u uaGUMYM
6epercs o BceMm maMmepuMmbiM A C M meper 0 < p(A) < 1. To ecrn, ¢ = Is(pu) —

onTUMAaIbLHAS IOCTOSHHAS B M30IepUMeTpUdeckoM HepaBeHcTBe (”HenpepnBHOM”
anasore (0.60))

pt(A) > cmin{u(A),1 - u(A)}, AcC M. (0.63)

Kaxk 6nuto mokazano Yurepom, To HEPABEHCTBO BJIeUeT HepaBeHCTBO Tumna llyan-
Kape
A1 Var(g) < E|Vg|? (0.64)

¢ moctosaHHOR A\ = ¢?/4. VI3omepumeTrpuueckue KOHCTAHTLI CBA3aHLI W C PAIOM
npyrux HepaBeHcTB tuna CoboseBa. Hampumep, 9KBUBaIeHTHOW (yHKIMOHAIL-

HOW (popmoit st (0.63) CILyKUT HEPABEHCTBO
cElg —m(g)| < E[Vy],

rae m(g) — Mequana g (B CMbICIe MepLI [t), OTKyIa CIenyeT Oamn3Koe K HeMy (9k-

BUBaJICHTHOC C TOYHOCTLIO OO abCoOIITHOrO MHO}KI/ITGJIH) HEPaBEHCTBO

< Elg - Eg| < E[Vg|. (0.65)
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Jliist rayCCOBCKOM MEPEL L = 7Y, KAK YK€ OTMEYaJloCh, BIEPBLIE HEPABEHCTBO BUIA
(0.65) 6outo ycranosieno Ilusne, mpudyeMm Ge3 UCHOIL30BAHUA U30LMEPUMETPUYEC-
koii Teopemsbl. Corsacuo teopeme 0.1, (0.63) MOMKHO 3amncaTh U B MHTEIDAJILHON
dopme

u(A") = F,(F7 (u(A) +ch)),  h>0, (0.66)

1
rne F, — ¢yHKUIMA pacupeneneHus MepLl V C IJIOTHOCTBLIO e #l 2 ¢ R. B
5TOM CMBICJIE UV 00Ja1aeT HEKOTOPLIM SKCTPEMAJLHLIM CBOMCTBOM MO OTHOIIEHUIO
k (0.63). Bonee touno, ecau (0.63) 3anucarh B TEPMUHAX U30MEPUMETPUYUECKON

ClDyHKI_II/II/I KaK HEPAaBEHCTBO
I,(t) > cmin{t,1 —t}, te]0,1], (0.67)

TO MOYKHO OOHADYKUTL, YTO IPU [ = V DTO HEPABEHCTBO OOpAIAeTCS B DaBEH-
cTBO ¢ ¢ = 1 (9TO O3HAUAET, UTO MHOKECTBA (—00,Z| ABIAIOTCA DKCTPEMAILHBIMUI
B OJHOMEDHOW M30IeprMeTpUYecKoOd 3amave s Mepol V). Brepsoie 3T0 yTBepk-
neave B popme (0.66) ¢ u = v Gouto mokaszano Tamarpanom B [216].
Mui cToMM mepes MHTPUTYIOIUM BOIPOCOM: COXpaHsaTcs au HepaBeHcTBa (0.63)
n (0.65)—(0.67) mus mpomakr-mep P = v™ ma R" (¢ eBrnmmmoBoi#i merpukoii) c
HEKOTOPOW MOCTOAHHOM ¢, He 3aBucsmeil or pasmeproctu? Win, mHade, BEpHO
au, yro inf, I's(v™) > 07 Karx Mol 3naem, mis Mepol P BomonHsieTcs HepaBeH-
crBo Tamnarpana (0.36), nmas Goupmmx h Gosee cuibHOe, ueM (0.66) ¢ u = P,
B TO BpeMms, kak npu Maiusix h (0.36) maer omenmry (0.63) aumb ¢ ¢ = ¢, — 0
(mpu n — 00). DTa rUmoTe3a OKA3LIBAETCS CIPABENINBON, IPUUEM IJIsI BCEX BEPO-
ATHOCTHBLIX Mep f Ha (abCTPAKTHOM) METPUUYECKOM IpocTpaHcTBe M, y KOTOPLIX
Is(p) > 0.

B §4.2 Oymer mokaszaHo ciemyolee yTBep:kAeHue (OCHOBHOE B ®TOI riase).
st muONKECTB A C M"™ m ¢yuruumii ¢ sa M" OymeMm onpeneisars u"-mepumerp
(u™)"(A) u monyan rpamuenta |Vg| cormacno onpenenenuo (0.30) mo oTHOmEHUIO

K METPpHUKEe €BRJIMIOBOI'O TUIIA

dist(z,y) =

Bynem nmpennonaraTtb, 4To miid Bcex n > 1 1 0Jid BCeX JUNIINIEBLIX (YHKIUA ¢ HA

(M™,dist) mus p"-mouyrn Bcex x € M™
Vg(@)l® = Vo), (0.68)
i=1

rae |V, g(x)| osmavaer Monynn rpamuenta ¢yHKIMM T; — ¢(r) (3HaUYeHMA T; Ipn

J # 1 QUKCUPOBAHLI).

Teopema 0.6. Ilmsa Bcex n > 1
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Ycnosue (0.68) Bcerma BLIIOJHEHO, HAIPUMED, IS abCOIIOTHO-HENPEPLIBHLIX
mep 1 Ha M = RF. §4.3 M1 uccemyem Gosee meTaanLHO CATYAIMIO Ha IpsaMoi M =
R: B sTOM canyuae mepasercrsa (0.63), (0.66) u (0.67) sKBHBaJIEHTHBEI TOMY, YTO
Hey OnIBarolee oroopaskenue 1), nepeBoadlee V B (i, UMEeT JUNMUIEeBY KOHCTAHTY
|Tullip = 1/c, m T0 06CTOATENLCTBO MO3BOJIAT HAM IIOJHOCTBLIO M30ABUTHLCA OT
ycaosus (0.68).

YTo0OBl OCYyIMECTBUTL WHAYKIMOHHLIA Iar Ipu JOKa3aTeibcTBe Teopembl 0.6,
MDLI HE MOKEM WCIIOJL30BATL BLIMIEYTOMSAHYTLIE HEPABEHCTBA, MOCKOJILKY BXOILI-
amas B HUX (ONTUMAaJILHAs) KOHCTAHTA € 3aBUCUT OT pa3dMepHocTd n. IlosTo-
My MLl mcciaenyeM (GopMmainbHo Gosee cuiabHOoe HepaBencTBo (0.45) ¢ dyHkumMen
I(t) =t(1—t). 3mech HAM OTPEBYETCS YCTAHOBUTL YCUJICHHLIA BAPUAHT TEOPEMDI
Uurepa — wepasenctsa tuna [lyankape (0.64)—(0.65) nis mopm npocrpancts Op-
mnya Ly (M, ) (ocobyro poas 6yner urpars ¢pyuakuus FOura U(x) = /1 + |z]2—1).
CootBercTByOmue pe3yabLTaTnl npusogarcsa B §4.1. Kak caencrsue, Mbl momydmm

MHOTOMEpPHOE HepaBeHCTBO Tumna llyamkape mo oTHomenuio ¥ Hopmam Opamua

19 = Eglly e umy < CIVGllLyarn, um) (0.69)

¢ nocrosuuo#i C, 3aBucsmeid Tonbko ot ¥ u nzonepumerpuyeckoit koucrantot 1s(p)
(3mecn g — mpousBosbHas GpyHKIUA HAa M™, cymMMuUpyeMas o Mepe [ U UMEeOIas
KOHEUHYIO JIMIIIUIEBY KOHCTAHTY Ha Bcex mapax B M™). Ilas rayccoBCKo# Mepol
u" = v, HepaBerncTBo Buga (0.69) Gouto panee moxydeno [Iusne Ha ocrose (0.14).

Bo BTOpO# yacTu riaBbl B KAYECTBE OCHOBLI MBI PACCMATPUBAEM yiKe He U30IIe-
prMeTpuYecKre KOHCTAHTLI, a caMu HepaBeHcTBa tuna Ilyankape (0.64), a rakke

aorapupmuuckne Hepaserctsa Cobosesa
Eg’log g> — Eg°logEg? < 2¢E|Vg|°. (0.70)

Kak u (0.45), 9Ty HepaBeHCTBA PACHPOCTPAHAIOTCA C METPUYECKUAX BEPOSITHOCT-
HBIX pocTpancTB (M, p, i) Ha MHOrOMepHbIe mpocTtpancTa (M™, dist, u™), npuyem
6e3 morepu B KOHCTaHTaX. Hcuau orpanmumthcsa caydaem M = R, To cormacuo
B. Maxkenxaynry [193], Bonpoc 0 TOM, Kakue BEPOATHOCTHLIE MEPLI HA IIPAMOU
noaunHATCA HepaBeHcTBY (0.64) ¢ Hekoropnmm A1 > 0, 6o11 permen B KoHue 1960
rr. B paborax Apromant, Tamentu u Tomacennu. OH uMeeT UIMHHYIO U UHTEPEC-
HYIO MCTOPUIO, TECHO CBSI3AHHYIO C HEKOTOPLIMU HepaBeHCTBaMU Xapau (HEKOTO-
pble M3BeCTHBIE pe3yibTarnl obcysknatorcsa B §4.3). B §4.4 6ynyr onucannl Bce
BEPOATHOCTHLIE PACHpEeNeeHus [ Ha npsAMoid, ynosiaersopsrouue (0.64) B kiacce
BCeX BLIMYKJILIX QyHKIUA ¢ (1 He obsi3aTennbro ynosiaerBopstomue (0.64) B kiacce
BCeX ¢). ODTO Ooisee ciraboe TpeGoBaHUE K [i MOTUBUDPYETCsA 3axaveil o6 oneHu-
BAHUM AUCIEPCUN MAKCUMYMa, OTPAHUYEHHOTO CJIyUaHOTO MPOIecca, JUHERHO To-
POKIEHHOIO HE3aBUCUMDLIMU BeJIWYMHAMU. Kak pe3ysiLTar, MLl IPUIEM K KIACCy

pacupenenenui, obnanaroumux csoicrsom (0.58).
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B §4.5 paccmarpuBaercs yke abCTpaKTHOE METPUUYECKOE BEPOATHOCTHOE POC-
tpauctso (M, p,p). 31mech u3ydaercs CIeLyomuidi BOIPOC: KAKOBO ~Hauxymmee”
noBenenre ¢yHKIuu KoHmeHTpammu «(h) =1 — Ry, ,»(1/2) B mpennonoxennu, 4ro

BoinosTHeHO HepaBeHCTBO (0.64)7 Mbr mokaskeM, UTO CHPaBEIINBO HEPABEHCTBO
a(h) <18 2VMh  p >, (0.71)

IIpu p = 1/2 2ra ouenka yrounsier HepaBeHCTBO | pomoBa-Mwuanmana (0.29), a
TaKKe HEKOTOpLIE APYTUe pe3yibTaThl (MLl 00CYIUM pPA3JUYHLIE TOAXOALI B TOM
ke §4.5). Kak nokasoiBaer npumep mepnt 4 Ha M = R ¢ mnoraOCTLIO \/)\_16_2\/)‘_1 =]
HepasercTBo (0.71) yike MOKHO PACCMATPUBATL C TOYHOCTLIO O MHOMKHUTEIs Kak
OKOHUYATEJLHOE.

C ToukM 3peHUs KOHIEHTpaIuu Mepbl, jJorapupmudeckre aHepaseHcrBa Cobo-
JieBa CTAJU UCCIeNOBATLCA HEAABHO, XOTSI OCHOBHAA Uaesi ObLIA BLIABUHYTA €Ile B
cepenenre 1970 rr. . XepbcTtom u 3aTteMm pa3suta B pabore IIsBuca u Calimona
(1984 r., [122]). UWpges cocrour B mpumeHeHum HepaBeHcTBa (70) K (QyHKIMAM
puna e/ umm el u MOCJEAYIOMEM aHaJM3€e M3BJIEKAeMOro aun¢depeHnaILHOrO

HepaBeHCTBa. B uactHOCTH, ecan ||g||rip < 1, To (0.70) Breuer
Ee'(0-B9) < ¢c°/2 4 c R, (0.72)

D10 HepaBeHCTBO Obuio mokazano M. Jlemy [176]. Poncrsennoe mepaBeHCTBO
anA Momentos et/ 6ruro panee moisyueno B pabore C. Auanr, T. Macynnr u U.
MMurekasot [54]. Takum oOpaszom, MOKHO HosydunTh HepasercrBo (0.11) mius ra-
YCCOBCKO#W Mepnl [ = 7, Ha OCHOBe HepaBencTtBa ['pocca (0.19). B §4.6 Gymer
MOKA3aHO, YTO M3 HepaBeHCTBa l'pocca MOKHO uM3BJIeYyhL u HepaBeHCTBO [lu3ne
(0.17), mpuuem c gyurmeil TOCTOAHHOW B ®kcmoHeHTe. Mol mosIyunM HEKOTOpOE

o6o0menue (0.72) u, B yactHoCcTH, BeBeneM u3 (0.70) HepaBeHCTBO
Ec9~ B9 < EeclVal®, (0.73)

rae g — Ipou3BOJbHAA GyHKUUA Ha M, MMeEIOmas KOHEUHDIE JINIIITAIEBLI KOHCTAHTDI
Ha Bcex mapax B M. Haxownern, B §4.7 OynyT onucaHbl BCe BEPOATHOCTHLIE MEPLI
Ha, TPSAMOM, yIOBIETBOpPSAOIME jJorapudpmudiekomy HepaBeHcTBY CoboseBa ¢ He-
KOTOPOi# MOCTOSTHHON ¢ < +00.

OcHOBHLIE pe3yILTATLI HACTOAIME paboTLI MOJyYeHbl aBTOPpOM B mepuoa 1993-
1995 rr. Teopemut 0.1, 0.3, 0.4 u 0.5 moryr ObLiThL Hailimenot B paborax [71],
[72], [73], [74], Teopembt 0.2 u 0.4 mokasaunl B coBMecTHBIX paborax ¢ K. Yups
[78], [80]. Heroropuie pe3yabrarnt 2-% yactu 4-# raaBLl OCHOBAHLI HA COBMECTHBIX
paborax ¢ ®. Ietue [76], [78] u M. Jleny [83]. Bonee meTasbHLIE CCBLUIKU CIETAHLI
B IPUMEUYAHUSIX, KOTOPbIE IPUBOIATCA B KOHIIE KayKIOW TJIABLI.

B rasxmo# rmaBe BemeTcsi OTOeJbHAST HyMEpaIWsa MU ONPENEJICHUR, TeopeM,
JeMM, 3aMevYaHuil u (HEeKOTOPLIX) BLIHOCHBIX (opmysn. Hampumep, rteopema 3.2.1

Oo3HaJaeT: TeopeMma 1 2-ro maparpada 3-ei riasbl.
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I'NTIABA 1. 2OPMbBI USOITEPUMETPUYECKNX HEPABEHCTB

§1.1. OcuoBuble nouaTtusa. VHTerpanbHas u nudepeHnuaitbLHasa

(hOPMDLI M30IIE€PUMETPUUECKIX HEPABEHCTB

[Iycte M — Tomosiormdeckoe MPOCTPAHCTBO, CHaAD:KEHHOE OOPEJIEBCKOW BepoO-
STHOCTHO# Mepoii (1, TO €CTh BEPOATHOCTHOW MepO¥#i, OmpeAeieHHO Ha o-aaredbpe
M3MepUMLIX 10 Gopento noaMuokecTB M (B manbHedeM M3MEepPUMOCTDL, B OTINYNE
OT [L-U3MEPUMOCTH, BCErJa O3HAUYaeT U3MepuMoCcTh no Bopesnio).

[IpenmonosxkumM, 4TO KakIOW TOuke x € M mocTaBiieHa B COOTBETCTBUE HEKO-
TOpasi OTKPLITas OKpecTHOCTL U(x) sToli Touku. Torma ¢ KaskALIM MHOKECTBOM

A C M MOKHO CBSI3aTL OKPECTHOCTDL

UA) = Ula) (1.1.1)

acA

(B wacrroctu, U(Q) = @, U(M) = M). Ilox n3onepruMeTpUYeCKIMY HEPABEHCT-

BaMU YaCTO IOHUMAIOT HEPABEHCTBA BUAA
u(U(4)) > R(u(A)). (1.12)
Hawnnyumeit B (1.1.2) aBiasgercs ¢yHKIus

R,(p) = inf p(U(A)), 0<p<l1, (1.1.3)
n(A)=p

rae napumym Gepercs no Bcem A mepont p(A) > p u3 Toro Kaacca moaMHOKECTB M,
st Kotoporo paccmarpusBaercs (1.1.2). Kak npaBuimo, TakuM KJIacCOM CILYsKUAT
KJIACC BCEX M3MEPUMLIX IMOAMHOKECTB M, 1 MLl 5TO OymeM BCermga Mpearnoararh,
eciIu He OrOBOpeHO mporuBHOe. Haxowmenwe R, MM 9KCTPEMAJLHBIX MHO/KECTB
B (1.1.3) npencrasaser coboii BecbMa abCTPAKTHYIO (HOPMYIUPOBKY M30IEPUMET-
pUYECKR 3amaun [ MEpLI [i.

O6uruno okpectHOCTL U(A) cTpouTCs ¢ MOMOMDLIO KAKOW-HUOy AL MeTpuku (miau
nceBno-meTpurn) p B M: B kavecre U(x) 6epercs orkpoireii map D(z, h) ¢ mes-
TpoMm B z u pamuycom h > 0. Torma U(A) = A" — h-okpecTHOCTH MHOMecTBa A,
u

Rn,(p) = Rpu,pp) = inf p(A"), 0<p<1, h>0, (1.1.4)
n(A)>p

3aBuCUT Takxke oT h. B sTom cayuae 3amava (1.1.3) mis kgacca BCeX M3MEPUMBIX
OAMHOkeCTB M MOKeT OLITHL Tak:xke CHOopMyINPOBAHA KaK 3a1a9a O BEPOATHOCTAX
OTKJIOHEHUI IMNIIUINeBLIX (QyHEnuii g Ha M oT cBomx kBamTHIe# m, = m,(g),

0 < p < 1. He#icrBurensuo, nycts |g(x) — g(y)| < p(z,y) nns Beex z,y € M. Hus
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muOKecTB Buma A = {g < m,} umeem A" C {g < m, + h}. CaemoBaremnno mis
Bcex p € (0,1) mw h >0

plg —my > hy <1 — Ry, u(p), (1.1.5)
plg —mp < —h} <1— Ry u(p). (1.1.6)

B oGownx mepasencrBax omenka 1 — Ry, (p) He MOoxkeT OLITL yJIydineHa, TaK Kak
(1.1.5) u (1.1.6) sxBuBaseHTHLI, a Ha ¢yHKIUAX Buaa g(z) = p(A4,x) = inf{p(a, z) :
a € A} (1.1.5) mpespamatorca B (1.1.2) ¢ R = R,. Otmerum, 4uTOo B Ciydae,
xorma Ry, (p) > p npnm Bcex p € (0,1) u h > 0, KBAHTUIN JNANIMANEBLIX (YHKIAN
OILIPENEIAIOTCA ONHO3HAYHO.

Koneuno, Hanbosiee MHTEPECHBIM IPUMEPOM CIIYKAT €BRJIUIOBO IPOCTPAHCTBO

M =R" c (P-meTpukoit

n 1/p
pp(T,y) = <Z|xi—yi|p) :
i=1

x=(r1, " ,xn), Yy = (Y1, ,yn) € R", 1 < p < 400. Ilpu p = 2, py — obuiunoe
EBRJIMIOBO PACCTOSIHUE; TIPU P = +00, Poo — PABHOMEPHOE PACCTOSIHUE Poo(T,Y) =
SUP|<j<p |Ti — Yi|. AHAIOrMYIHO OLpeNeNAIOTCA ICEBIO-METPUKA p, B OECKOHEUHO-
MepHOM nmpocTtpancTBe M = R*°.

Bounee 06mo, MoxkHO paccmarpuBarh B R™ okpectHOCTH MHOKeCTB Buga U(A) =
A+ W, coorBercrByromue okpectHocTsaMm touek U(a) = a+ W, roe W — mekoropas
OKPECTHOCTDH HYJsA. BaKHLIM TIpUMepPOM CIy:RKUT cMech W = hy B 4 ho By enunuy-
uoix (- u (?>-mapos. WnTepecno, uto eciu MbI BozbMeM ky06 W = (—oo, h)™, To 1o
OTHOIIEHUIO K METPUKE po, M30MEPUMETPUUECKAS 33JaUa B KJIACCE BCEX U3MEPU-
MBLIX MHOYKECTB OyHeT paBHOCWJILHA M30MEPUMETPUUECKON 3amaue B KJIACCE BCEX
MOHOTOHHLIX MHOKeCTB (TO ecth Takux A, uro z; < y; musa Bcex i1 < n, y € A
Bieuer T € A).

Myctn (M, p, 1) — MeTpUYECKOE IPOCTPAHCTBO C BEPOATHOCTHON Mepoit. Kpome

HEPpaBEHCTB BU A

u(A) > R(u(A)) (1.1.7)

IJII METPUUYECKUX IIPOCTPAaHCTB MMeEeTCA €Ine OIUH cIIoco0 3a,JaHnsI U30IIepruMeT-

pUYECKNX HEPABEHCTB, CBS3aHHLIA C MOHATUEM NepuMeTpa. Bemunuunna

. hy — u(A)
+A =1 f M(A) M(
pr(A) = liminf =50

HA3LIBAETCA [-lepUMeTpPOM MHOkecTBa A C M (TO4Hee, BHENIHUM [i-TIEPUMETDPOM

II0 MI/IHKOBCKOMY). HEpaBEHCTBa

W (A) > I(u(A)), (118)
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cBs3pBaoiue 'nepuMmerp’ u obbeMm”, OymeM Ha3LIBATL W30MEPUMETPUUYECKUMU
HEpaBEHCTBAMU B MU hepeHnnannLHo Gpopme (miau npocto auddepeHnmatbLHLIMI
M30MEePUMETPUYECKUMI HEPABEHCTBAMM) — B OTJIMYMeE OT HepaBeHCcTB Buaa (1.1.7),
KOTOpLIe Oy/1eM Ha3LIBATL U30MEePUMETPUYECKUMI HEPABEHCTBAMU B UHTET PAJILHOMN
Gopme (MaM MHTErpaJLHLIMU U30ME€PUMETPUYECKUMU HEPABEHCTBAMU ).

FEcmm (1.1.7) u (1.1.8) 3aIMCaHbl C ONTUMAJILHLIMU QyHEIuAMu R m I, TO oTH
HEPaBEHCTBA OyAeM HA3LIBATL TOYHLIMU M30MEPUMETPUYECKUMU HEPABEHCTBAMU.

Taxk xe rax u B (1.1.7), onrumasnsuoii B (1.1.8) sBisercs ¢yHKIs

(p) =1,,(p) = inf pt(A) (1.1.9)
n(A)=p

(uadpumym Gepercsi mo BceM mamepumbiM A mepot p(A) = p), koropas, B oTauyne
or R,, ompeneneHa Ha MHO/KECTBe 3HAYEHUI MepHl (1. DyneMm Ha3LIBATL ee, TakKe
Kak 1 (QyHEOUIO R, n3omepuMerpudeckoll ¢yHkmme#d Mepnl p (ykaspiBasg, ecin
HEOOXOIMMO, O KAKOTO POJa HEePABEHCTBAX WIAET peub). Hciau Mepa [ He nMeeT
aToMoB, TO [, ompenenena Ha BceM mHTepBase 0 < p < 1. B mobom crydae
1,(0) = I,(1) = 0; Ry, u(0) = 0, Rp (1) = 1.

3aMLIKaHUE U IPaHUIy MHO:KecTBa A Oymem 0003HAYATL, COOTBETCTBEHHO, A 1

dA. Ouesnmno, ecim p(A) > p(A), ro ut(A) = +oo. Ecom xe p(A) = pu(A), To
pt(A) = ut(A). Tosromy mepasenctso (1.1.8) MOXKHO paccMaTpPUBATL TOTLKO HA
3aMKHYTBLIX MHOKECTBAX, WM TaKUe K€ MHOKECTBa JOCTATOYHO PaCcCMaTpUBATL B
onpenenerun (1.1.9).

MEI IO IO K €CTECTBEHHOMY BOTIPOCY: SKBUBAJICHTHLI U HepaBeHncTsa (1.1.7)
u (1.1.8)7 Vnu, Tounee, IpU KAKUX COOTHONICHUAX MexKITy R u I 2Tu HEepaBeHCTBA

skBUBaAJIEHTHLI! OQueBUIHO,

I,(p) = liminf Bnpp) =P

h—0Tt h

Y

TO €CTh, PEMINB M30IEePUMETPUUECKYIO 3a1ady B ~UHTErpajbHON’ (opme, MLI IO-
JyJaeM U pelieHre M30IePUMeTPUYecKoil 3anaun B ~ nudhepeHnnanabHoii” Gopme.
Mosno nmu BoccTanoBuTh R, wepes [,7 B oOmem ciydae, KOHEUHO, HET: €CJIM MBI
PaCCMOTPUM M30IEPUMETPUYECKYIO 3a]aUy B MEeTPUKe p, = u(p), Tae u — HeOTPU-
naresLHas BO3pacTaromas Boruyras (ysknus Ha [0, 4+00), takas uro u(h)/h — 1
upu h — 0%, to I, , = I, , He U3MEHUTCs, B TO BpeMs Kak Ry, , , = Ry, pp
CYIMEeCTBeHHO 3aBUCUT OT u (u~ ' — (yHKOUA, obpaTHAS K u).

Caenyromuii mpuMep MOKA3LIBAET, YTO HasKe MJsS ~KAHOHUUYECKUX METPUK BO3-
moxHO I, = I,, 5O R} )y # Rp,. Ilycte M = R c oOvIuHOW MeTpukoit p, p —

||

1 _
ABYCTOPOHHEE ITIOKa3aTEJLHOE paclpeneJeHmue C IJI0THOCTLIO 5 (& ,alV— (O,IIHOC-

¥ x> 0. DrcTpeMaJInh-

TOPOHHEE) IOKa3aTEILHOE PACIPEIENICHNE C IIIIOTHOCTLIO €
HBIMY 1utst Mepel 4 1 v B (1.1.4) (cM. Teopemy 1.2.1) ABIAIOTCA MHTEPBAJILI BAIA
(—o0,u] n [v,400) (mpuueM, B CUIYy CUMMETPUU, IS MEPLI [t MOKHO PACCMATPU-

BaTb MHTEPBAJIbl TOJILKO IIEePBOIO BI/II[&), OTKY a OIPAMBIM BLIYMCJIEHUEM HAXOIUM,
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I(p) = I,(p) =min{p, 1 —p},

p/a, mpu  p < a/2,
Rpu(p) =4 1—a/(4p), mpu  a/2 <p<1/2,
l-—a(l-p), mpm p>1/2,

p/a, npu p < a/2,

Rp.(p) = { 1—a(l-p), npu  p > a/2.

rae a = exp(—h). Crnenosarensuo Ry, ,(p) < Rp,,(p), nprueM HEPpABEHCTBO — CTPO-
roe mpm «/2 <p < 1/2.

Tem He MeHee, B MOBOJILHO OOIIEH CUTya MOKHO HATH OTBET HA BOIPOC O TOM,
CYIIECTBYeT U, €CIN Ia, TO KAaKOBa MUHUMAJLHO BO3MOKHASA M30IIE€PUMETPUYECKAT
¢yHEIMA R HEKOTOPO MepLI B MHTErpAILHON n3onepuMerpudeckoii 3anave (1.1.4)
Ipy 3aJaHHON (GyHKIVU [ B COOTBETCTBYIOMER nu¢pepeHnmaIbLHOT n30IepuMeTPu-
uveckoid 3amaue (1.1.9).

HYCTL I — monoxurennHas HEeIIpEPLIBHAS (i)YHKI_II/II/IH, ommpeaeJyICcHHasI Ha MHTEP-

1/2 0
Y L
0 I(p) 1/2 I(p)

B obmem cayuae —oo < ay < 0 < by < +00. C ¢yurumeir I cBssreM (YHKIUIO

Baie (0,1). ITonoxum

pacupenenenus F', omHO3HAYO ONpEAECHAEeMYyIO CIEAYIONUMY CBOWCTBAMMU:
(i) F(af)=0, F(0)=1/2, F(b;)=1;

(19) F wmMeeT NOJOMKUTEILHYI0 HENPEPLIBHYIO NPOU3BOAHYIO f Ha MHTEpBAJE
(ar,br), npuuem mnsa seex p € (0,1) f(F~(p)) = I(p).

3nec F~1:(0.1) — (as,br) — dynrmas, obpatras k F, cyswennoit ma (ar,br).

3amMeTum, UuTO

P
Fl(p) = —, 0<p<l. 1.1.10
0=/ T v (1110

Bynmem roBopurh, uto ¢yHENUA pacnpenenenus F' acconmmupoBana c I. Mwmeer

MECTO:

Teopema 1.1.1. Caenyromiee yTBep:KICHUS SKBUBAJIEHTHDI:

a) nis Beex h > 0 u Bcex uaMepuMbix MHOKeCTB A C M, Takux uto 0 < p(A) < 1,
WA > (P (1(4)) + )
b) musa Bcex mamepumnix A C M, rakux uro 0 < pu(A) <1,

i (A) = (u(A));
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¢) HEPABEHCTBO B b) BLIMOJHsAETCA s Bcex MHOkecTB A C M wmepot 0 <
u(A) < 1, npencraBUMLIX B Buae 00beIUHEHUs KOHEYHOTO YMCJIa OTKPLITLIX MIapOB
(Ipu IOMOIHUTENLHOM Ipeanosoxkenuun, uro M — cemapabeianLHO, U OTKPLITLIE h-

OKpecTHOCTH mapos B M cyTh cHOBa maphol).
I/IHaULe FOBOpH, 9°KBUBAJICHTHDLI HepaBeHCTBa
Rpu(p) > F(F'(p)+h) mu  IL(p)>1(p). (1.1.11)

[Ipumepri. HepaBencta

L) >cp(l—p),  L(p)=c(p-p)"

rae ¢ — GQUKCUPOBAHHLIA MOJIOKUTENLHLIA napamerp, a p € (0,1) — nponsBosnHO,

COOTBETCTBEHHO S9KBHUBAJICHTHLI HEPABECHCTBaM

< P h
Rh,u(p) = p+ (1 —p) exp(—Ch) ’ ~ 0,

Ry, . (p) > % (1 —cos(ch)) +p cos(ch) + (p(1 — p))l/2 sin(ch)

npu 0 < ch < 7/2 — arcsin(2p — 1) (u Rp,,(p) = 1 npu Gonpmux 3HaueHnMAX h).
OTr HEPABEHCTBA IPEBPAIAIOTCS B PABEHCTBA COOTBETCTBEHHO [Jisi Mepol Ha R ¢

¢yHEKIUEH pacupeneleHns x € R (10 — Tak Ha3LIBaEMOE JIOTUCTUY-

1+ exp(—cz) ’
eCKOe paclpeeseHre) U IJisi PABHOMEPHOTO pDacIpeneieHus Ha IBYMEPHOU cdepe
B R? pammyca c.

Hpyro#n mpumep: M — wmHTEpBaJ Ha OPAMOUW UIMHLI C WJIN OKPYKHOCTL Ha
IIOCKOCTH JJIVHEL ¢/2 C PABHOMEPHLIA pacupenenenueM (. B sTom ciayaae I,(p) =
¢, Ry ,(p) = min{l,p+ ch} nna scex p € (0,1), h > 0.

OKBUBAJEHTHOCTD b) U ¢) MOKA3LIBAET, UTO YCIOBUSI HA MHOMKeCTBa A TUIA TIal-
KOCTU HE CYIEeCTBEHHLI B M30MEPUMETPUYECCKUX HEPABAHCTBAaX. B masbHEHeM 5To
CBO¥ICTBO OyeT MCHOJL30BAHO B M30MEPUMETPUUECKON 3amave Ha MPAMOR — yiKe
B ®TOM MIPOCTEHIIEM CIyUae MOKHO MOJYUYUTDL MUPOKUA HAOOP BO3MOKHBIX M30IIe-
pUMeTpUYECKUX (YHKIUEA, M KOTOPLIX HepaseHcTBa B (1.1.11) mpeBpamatorcs B
paBencTBa (cM. Teopemy 1.2.2).

CsoiicTBa a) 1 b) MOKHO CHOPMYIUPOBATL U B TEPMUHAX JIMMIIUIEBLIX ()YHKIINA.
[Iyctn ( — cayuaiiuoii smement B M, uMeromuii pacupenesieHue (i, U IycTh (* —

ciy4daiiHas BeJmuuvHa ¢ QyHKIUer pacupenenenus [, acconmupoBaHHO# C [.

Teopema 1.1.2. CaolictBa a), b) SKBUBAJEHTHLI CJIEIYIOUEMY YTBED:KICHUIO.
Hns mrobofi munmureBoii ¢pyurmuu g Ha M (||g||rip < 1) cymecTByer nummure-

Basg ¢yHKIUsa ¢* Ha upsamod R, Takas uro cayuabiunie Beamuwmunt ¢(¢) u ¢g*(¢*)

OIVMHAKOBO pacCIpenc/ICHLI.

HorazarenscrBo Teopemsel 1.1.1. Jloka3aTenbTBO 9KBUBAJIECHTHOCTH @) <=>b) He
OTJINYAETCSI OT HOKA3ATENLCTBA SKBUBAJIEHTHOCTU ()<= (), HODTOMY OTDAHUYIM-

ca nocaemaum. Ouesuano, ycrpemnsa h — 0T B HepasencTBe a), mosydaem c).
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Urobrl BLBeCTU a) u3 c), nonoxkum Ry(p) = F(F~1(p)+h) npu h >0, 0 <p < 1,
u R (1) =1 (mo menpepniBrocTu). Torma R, obpasyer cemeiicTBo (momyrpymmy )
HeyOBIBalOUMX HenpepnBHLIX ¢yukuuii Ha (0,1] co ciaemyromum cBOWCTBOM: miist
Bcex h,h' > 0 u Bcex p € (0,1]

Rpyn (p) = Ru(Rp (p)). (1.1.12)

Hawm myskHO mOKa3aTh, 4yTo s Bcex mommuozkectB A C M mepot 0 < pu(A) < 1,
W(AM) > Ry (u(A)). (1.1.13)

Hemuoro momugunupyem (1.1.13): BBemem nmapamerp o > 1 u onpenenum cemeiic-

TBO

R} (p) = Rpy6(p), h>0, 0<p<l.

Kak u npu 0 = 1, 310 cemeticrso ynosaersopser (1.1.12). Crauasa mokaskem, 4To
st mEOkecTB A C M wmepot 0 < pu(A) < 1, mpencraBuMLIX B Buae 00LEIWHEHUS

KOHEYHOT'O UHMCJIa OTKPLITLIX IIAapOB B M,
(A" > RS (u(A)), o> 1. (1.1.14)

[Monaras B (1.1.14) 0 — 1, Mot 661 moayunsn (1.1.13) mas Bcex TAKMX MHOMKECTB.

Uraxk, 3apurcupyem MHOKECTBO A M ompeneanm
A= {h > 0:(1.1.14) Bomouanserca aaa seex h' € (0, 7] }

Tak kax ¢ymxmas h — RI(u(A)) menpeprsra ma (0, +00), a dymrmsa h — u(A")
HenpepoiBHa Ha (0, 400) cieBa, yToOLl mokaszarh, uto A = (0,400), KOCTATOYHO

IPOBEPUTDH, UTO

i) € € A, 05 BCEX MOCTATOYHO MaJLIX € > 0;
ii) eciiu h € A, o h+¢ € A, mia Bcex HOCTATOYHO MaJbix € > 0.

ITo onpenenernuio ', mpu e — 0F
pw(A%) > p(A) + pt (A)e + o(e). (1.1.15)
C npyroii cropomni, Tak kax RZ(p) = p+ f(F~(p)) — + o),
RZ(u(A)) = p(A) + I(p(A)) % +o(e). (1.1.16)

[To ycmosuro pt(A) > I(u(A)), crenosarenvuo, cpasumBas (1.1.15) u (1.1.16),
OPUXOIUM K CBOWCTBY 1).

Iomyctum Temepn, uto h € A. Ecmu pu(A") > R7(u(A)), To »To HepaBencTBO
coxpamuTcs u ma h + € ¢ mocraTouno mMaanm € > 0 (Tak kak dymrmua h — pu(A")
me y6nBaet, a ¢pymrmmsa h — RY(u(A)) sempepuisaa). Ecmm e u(A") = RS (u(A)),
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BBesieM MHOKecTBO B = A" rak uro mo mepasemcTBy Tpeyronneumka B C AMTE
u mostomy p(Bf) < p(AME) muna Bcex € > 0. Ecmm u(Bf) = 1, 0 h+¢ € A
aBTOMATUYECKU. lIpeanoJosKumM, dTo ,u(BEI) < 1 mna mexoroporo ¢ > 0 u mycTn

€ (0,¢'). B wactrocru, 0 < pu(B) < 1. Tak rak no ycaosuro A mpencTaBuMo B
BUIe OOLeIVHEHUs KOHEYHOr'O YMCJIa OTKPLITLIX mapoB, A = Dy U---U D,, To u
Ah = Dt U ... U DI obranaer stum e cpoitctsoM. [Mostomy pt(B) > I(u(B)) m
MOKHO 3amucarh HepasencrBa (1.1.15) u (1.1.16) mua B:

1(B%) > w(B) + u*(B) e + ole),
RZ(u(B)) = n(B) + I(u(B)) % +o(e).

Crenosarenvuo p(B°) > RZ(u(B)) mus Bcex mocraTroyno Mainix € > 0. Ocraercs

3aMETUTDH, YTO

R (u(A)) = RZ(R] (u(A))) = RZ (u(A"))
= RZ(u(B)) < u(B*) < p(A"*°).

Takum 06paszomM, CBOWCTBO ii) TPOBEPEHO.

Tenepn snerxko pacnpoctpanuTsh (1.1.13) Ha mpoumsBoJLHBIE GOPEIEBCKUE MHO-
sxectBa A mepol 0 < p(A) < 1. Ecau A C M oTkpniTO, TO B cuity cenapabein-
HOCTH, IJIsi HEKOTOPOH! MOCJIeNOBATEILHOCTUA OTKPLITLIX mapoB D; C A (i > 1),
w(Ayn) = p(A) mpu n — oo, rae A, = Dy U---UD,,. Tax kak (1.1.13) cupasennmuso
mist Bcex A,, To ono Bepuo m misa A. Ilycr K C M 3amrayTo. MHOMX%ECTBO
K¢ otkpuito, mostomy u(K"€) > p((K9)") > Ry(w(K*®)). Ycrpemnsas ¢ — 01,

U Tak Kak (.. A° = A, momyudaem u(ﬁ) > Rp(u(K)) mus Bcex h > 0. Ho
1

e>0

mpu 0 < h' < h K" C K" u cnemosaremsuo p(K") > M(Kh’) > Rp(u(K)).
Yerpemassa b’ — h, noxygaem u(K") > Ry (u(K)). Hakomern, maas Tpou3BOILHOTO
M3MEPUMOro MHOKeCTBa A Hafimercs MOCIeqOBATEILHOCTDL 3aMKHYTLIX MHOMKECTB

K, C A, rakux uro pu(K,) — p(A) onpu n — oo. s Bcex h > 0 nmeem:
p(A") > p(K3y) > Ru(p(En)) = Ri(u(A))

npu n — co. Teopema 1.1.1 morazana.

YrBep:xaenue teopemol 1.1.2 Boitekaer ¢ yderom (1.1.5) m3 cuaenyromeii sie-
MeHTapHOR seMMEL ¢ £ = ¢((), KOTOPYIO MBI IpUBOAUM 0Oe3 TOKa3aTeaLCTBa (M),
0003HaAYaeT MUHUMAJLHYIO, & B IPUJIOKEHUN K Teopeme 2.1.2 — 0OqHO3HAYHO OmIpe-

NEJIEHHYI0 KBAHTUIIL TOPSAIKA D).
Jlemma 1.1.1. Ilyctn € u (" — cayualinnie Benmuumanl. HepaBeHCTBO
P{&<mp(§)+h}>P{C" <my,((")+h} (1.1.17)

BoinosHaeTcsa st Bcex p € (0,1) mw A > 0 Torga u TOJILKO TOrAa, KOrAa I HEKO-
ropoit nmunmunesoir pyurnuu ¢* : R — R (||g*||1ip < 1) cayuaiinnie Benudusnt § u

g*(C*) omuHAKOBO pacHpeneseHbl.
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§1.2. M3onepumerpudeckas 3agava Ha IPAMOUA

OcranoBuMcsa Ha IpocCTelmed m3omepuMerpudeckoin 3amauve, korma M = R —
BEINECTBEHHAS IPsAMas ¢ OOLIYHLIM €BKJIMIOBLIM paccrosiHueM p(x,y) = |z —y|. B
5TOM cJiydae h-OkpecTHOCTL Jdrboro memycroro muokectrBa A C R mosker OLITL
samucana kak cymma (mo Mumkosckomy) A" = A+ (—h, h), h > 0.

[Tycts p — BepositHOCcTHas Mepa Ha R ¢ (ymkimmeil pacupenenenus F(z) =
pu((—o0,z]), x € R. Bymem mpeanosararh, 4To [ COCPEIOTOYEHA HA HEKOTOPOM
uaTepBaJe (a,,b,) (KoHeEUYHOM Mau GECKOHEYHOM), HA KOTOPOM /i UMEET IIOJIOKU-
TEJLHYIO HENpepLBHY MI0THOCTL f. Ilpm sToM GymeMm Ha3LIBATL Mepy (i JOTa-
pudMrUecKn BOrHYTOH, ecau ¢yurnus log f BormyTa Ha (ay,b,). ns takux pac-

npeneaeHnil n30nepuMeTprUYIecKassa 3a1a4a UMeET IPOCTOE PEIIEHUE.

Teopema 1.2.1. Ecam mepa p jnorapupMmyeckKud BOTHYTa, TO IJI BCEX p €
(0,1) u h > 0, Besmumna u(A") u, xax crencrsue, Bemmumna ut(A) mpuEEMaer
HAVMEHDIIee 3HAUEHME B KjIacce BCeX MOoaMHOxkecTB R mepot pu(A) = p Ha uHTEp-

Banax Buna A = (—oo,u] nnmu A = [v, +00).

O6oznauum uepes F~!: (a,,b,) — (0,1) pynrmmio, obparnyto k F, cyskennoi
Ha (a,,b,). Torma Teopemy 1.2.1 MOKHO 3ammMCaTh Kak yTBEPXkIEHIE 00 M30IepH-

METPUYECKON (YHKIUU MEPLL [i:
Rpu(p) =min{ F(F~'(p) + h),1— F(F~'(1—p) — h) }. (1.2.1)

Kak cinencrsue,

L(p) = min{ f(F~ (), F(F~' (1~ p)) }- (1.2.2)

Ecmu M CUMMETPpUYHA OTHOCUTEJILHO cBOen MeAUuaHLI, TO B Ka4YeCTBE SKCTpPE-
MaJILHLIX MOMKHO paCCMaTpUMBaATL TOJILKO MHTEPBAJILI BUAA A= (—OO,'LL], n CIDOp—

myaet (1.2.1)—(1.2.2) ynpomatorcs:

Ruu(p) = F(F~ () + h),  Lu(p)=f(F~(p)). (1.2.3)

Jlerko BumeTn, ucnomin3ysi, Hanpumep, cooruomenue (1.1.10), 4To ¢ TOUHOCTLIO
no casura Mepnl oTobpakenue p — [ = f(F~!) aBaserca B3auMHO-0THO3HAYHBIM
COOTBETCTBUEM MEKIY KJIACCOM PACCMaTPUBAEMBIX DAaCIpENeNIeHU# [, U KIACCOM
BCEX IOJIOKUTENILHBLIX HenpepoBHLIX ¢yukuuii [ wa (0,1), npuuem smorapupmumy-
eCKasg BOIHYTOCTL MePLI [, PABHOCUJILHA BOTHYTOCTH I, a CUMMETPUYHOCTDL (4 OT-
HOCUTEJILHO CBOEH MeaMaHLl — CUMMeTpudHOCTH | OoTHOCUTENLHO TOouky 1/2 (To
ectnb, cBoiictBy (1 —p) = I(p) mus Bcex p € (0,1)). Takum oGpaszom, cumMMmeTpUd-
Hble (OTHOCUTENLHO HYJIA) JOrapruGMUUECKUX BOTCHYTLIE MEPDLI HA MPAMOW MOYKHO
3a/1aBaTh CBOVMMU M30IEPUMETPUYECKUMU (YHKIUAMU, KOTOPLIE MOI'YT OBITH IIPO-

M3BOJILHLIMY BOT'HYTLIMU ITOJIORUTEIJILHLIMU (i)yHKIII/IHMI/I Ha (0, 1), CUMMET  PUYHLIMN
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oTrHOocuTenbHO Touku 1/2. Hampumep, ¢yurmuwm I(p) = p(l — p) coorBercTByer
JorucTuyeckoe pacupenenenue, a ¢yurmuu I(p) = min{p,1 — p} — aBycToponuee
MOKA3aTeILHOE.

B neficrBurennuoctu, 06a coorHomenus B (1.2.3), BhIpaKaromue 9KCTPEMAIIL-
HOe CBOMCTBO mosyocei A = (—o0,u] B m3omepuMeTpudeckoid 3amade IJjsi MEpLI
i (COOTBETCTBEHHO B MHTErPAJLHON 1 muddepeHnuanbHoil GpopMe) BLINOJIHIIOT-
ca s 6oJsiee MUPOKOro KJIacca pacCMATPUBAEMLIX PacClIpeneseHui, 4yeM KJacc
BCEX CUMMETPUYHLIX JOTapUOMUUECKU BOTHYTHIX Mep. OKasblBaeTCs, 9TOT KIIAcC
MOZKHO JIETKO OIMCATD.

Bynem rosopurs, uro ¢yukmus I, onpenenennas va (0,1), cybanaurusua, eciau
I(p+q) < I(p)+ I(q) mus Bcex p,q € (0,1), Takux uro p + q¢ < 1. Vimenno, umeer

MECTO:

Teopema 1.2.2. Craenyiomniee yTBEP:KICHUS SKBUBAJIECHTHDI:
a) Ry u(p) = F(F~Y(p) + h) mus scex p € (0,1) u h > 0;

b) Iu(p) = f(F~'(p)) man seex p € (0,1);
c¢) oyurnus I(p) = f(F~1(p)), 0 < p < 1, cuMmmeTpudHa OTHOCUTENLHO TOUKU 1/2

1 cyO0anIuTUBHA.

Uatepsan A = (—oo, F~1(p)] mmeer u-mepy p, mosTOMY B KIacce paccMaTpUBae-

MBIX Mep BCerna
Ruu(p) < F(F~H(p) + h) = u((—o0, F~(p)]") ,

Lu(p) < F(F~(p)) = p* (=00, F~' (p)]) -

TakuM 00pa3oM, SKCTPEMAJILHOCTL HoJIyocelt (—oo, x| B "urTerpasibaoil” usonepu-
9 b
METPUYECKOI 3a1aue PaBHOCUILHA UX DKCTPEMAJLHOCTU B ~ auddepeHnmnaibHon”

I/IBOHepI/IMeTpI/ILIGCKOﬁ 3aga4e.

Cnencrue 1.2.1. Ecam B m3omepmMeTpryecKoil 3amadve AJs MEPLI [t DKCTPe-
MAJILHBIMU ABJSAOTCA MHTEPBAJILI BUAA (—00, ], TO ft cUMMeTpUYHa (OTHOCUTEILHO
CBO€li MeIMaHLI) 1 NMeeT KOHEUHLIA 9KCIOHeHIMAILHBIA MoMeHT: [exp(e|z|) du(z) <

400 mpu mocTtaTroyHo MaJoMm € > 0.

JIerko mokasarnh, YTO BTO YTBEP:KICHUE OCTACTCSA B cuiie ODe3 KaKuX-ambo mpe-
MIOJIOKEHUI TWIMa CYIECTBOBAHUSA IIJIOTHOCTHU, €CJIV CBOWICTBO 3KCTPEMAJILHOCTU
OTHOCHUTCS K U30ME€PUMETPUYECKIM HEPABEHCTBAM B UHTEIDAJILHONE Gopme (cMm. 3a-
meuvanue 1.2.1). 3amerum Takke, yTo Teopema 1.2.1 SBIASETCA YACTHLIM CILyYaEM
TeopeMbl 1.2.2, HO TOJILKO B IPEANOIOKEHUN CUMMETPUIHOCTU MEPLI L.

[Tpuctynum & mokasarennbcrBaM. Haunem ¢ (Gosee mpocTOro) MOKa3aTelLCTBA

TeopeMbl 1.2.2.

IlorazarenncTBo Teopemnr 1.2.2.
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YcanoBus a) u b) 9KBUBAJIEHTHLI B CULy TeopeMbl 1.1.1 u corsiacHo 3aMedaHuio
o tom, uto Ry ,(p) < F(F~'(p) +h), Lu(p) < fF(F(p)).
b) = ¢): mo ycaoBuio, mis no6oro (m3amepmmoro) MmuHOkectBa B C R mepnr
0<u(B)<1,
phH(B) = p(A) = I(u(4)),

rae A = (—oo, z] umeer Takyio e mepy, uro u B. Ilyctn p € (0,1), z = F~1(p),
B = [z,+00). Tak rak u(B) =1—p, ro u™(B) > I(1 —p). Ho p*(B) = f(z) = I(p),
caenoBatennuo I(p) > I(1 —p), nus Bcex p € (0,1). Samensia p ua 1 — p, mosyyaem
obparnoe mepaseHcTBO, u 3uauuT I(p) = I(1 — p) maa scex p € (0,1).

s norazarenbcTBa Cy0OananTUBHOCTH BO3bMeM uHTepBal B = [z,y] C (a,,b,),
mpudem z = F~1(p), y = F71(1 — q), rme p,q € (0,1), 0 < p+¢q < 1. Tar rax
u(B) = 1—q—p, o p*(B) > I(1 —q—p). Ho ut(B) = f(z)+ fly) = I(p) +
I(1 — q), caemoBaremvuo I(p) + I(1 —¢q) > I(1 — g — p). YduuroBasg KOKA3aHHYIO
cumMerpuyHOCTL (yuKImYy I, moxydaem I(p) + I(q) > I(p+ q).

¢) = b): mo teopeme 1.1.1, mocrarouno nposeputh HepaseHcTBo it (A) > I(p)
IUISI MHOYKECTB A MepLl p, IPeACTABUMBIX B BUAEe 00LEANHEHUS KOHEUHOIO YUCIA
OTKPLITBIX MHTepBatoOB A; = (a;,b;), 1<i<n. Mo¥kHO cuMTATDL, UTO DTU WH-
TEPBAJLI HE IIEPECEKAIOTCs U, 0Ojee TOro, YTO HET COBIANAIOMIMUX KOHIOB (Tak
KaK DU UX CKIEUBAHUU [-Mepa U [i~-TIePUMETD MHOKECTBa HE M3MeHATCs). [lycTn
cuavana n = 1, p(Ay) = p. Ecan a1 < a, nmu by > b,, T0 IOKAa3LIBATL HEYErO.
Ecmu a, < a1 < by < by, To momoskum p1 = p((—00,a1]), ¢1 = p((—o0,b1]), Tar uro

O0<pi<q1 <1, qu —p1 =p. B cuny cummerpuunoctu u cyodanaguTuBHocT 1,

pt (A1) = flar) + f(b1) = I(p1) + I(q1) = I(p1) + I(1 — @)
>I(p1+ (1 —q))=1I(q1 —p1) = I(p).

B obumem cayuae, korga n > 1, nomoskum p; = p(4;). Tak kak cBoiicTBo cybammu-

TUBHOCTU PACIPOCTPAHACTCA Ha JII00OO0e KOHEUHOE UMCJO CIATACMDIX, MMCEM:
n n
ptA) =) pt(A) = 1) > I(p).
=1 =1

Teopema 1.2.2 morka3aHna.

IoxkazarenncTtBo TeopeMmbl 1.2.1. Ilomoskum
Ri(p) = min{ P(F~(p) + 1), 1~ F(F~'(1~p) - )}

Tpebyercsi noka3arhb, 4TO I TOOLIX (M3MEPUMLIX) MHO:KECTB A, Takux uto 0 <
p(A) <1,
u(A") > Ry(u(A)), >0, (1.2.4)

CuauvaJia cmeaeM HEKOTOPLIE YIPOIIeHUs. BO-TMepBLIX, MOKHO CUUTATDL, YTO



42

(i) a = —00, b = +00, TO €CTb, [ UMEET MOJIOKUTEILHYI HENPEPLIBHYIO IMJIOT-
HOCTL f Ha Bcell BemecTBeHHOW npsamoli R u, 6omee Toro, uro

(ii) mpousBomnasi ¢pyuruuu log(f) cymecTByer BCrOIy W mpencrasiseT cOOO#
HETPEPBLIBHYIO YOLIBAIOMIYIO (YHKIIUIO.

IefictBurenvuo, ¢pyurnusa v = — log(f) Buimykia #a (a,b), MOSTOMY CyImECTByeT

IIOCJIENOBATENLHOCTD Uy, TU(PEePEeHIUPYEMDLIX BLITYKILIX (yHKIuil Ha R, Takux gro

1) mpousBonHas u, — HENPEPLIBHAS BO3pacTamas (yHKINI;
2) u, cxomMTCs MOTOYEUHO K u Ha (a,b) u K +00 Ha R\ [a,b];

3) fn =exp(—u,) ABISETCA MIOTHOCTHLIO HEKOTOPOW BEPOATHOCTHON MEPLI [i,.

Toraa Mepul [, JIOrapuMUUECKN BOTHY THI, YIOBIETBOPSIOT cBOcTBaM (i)—(ii), u,
KpoMe Toro, fi,(A) = p(A), mus Bcex (Gopesescknx) muO:kectBs A. B wactHOCTH,
F,(x) = F(x) nna scex v € R, u F, *(p,) — F~1(p), xax Toanko p, — p € (0,1),
rae F,, — ¢yHEnum pacupemenenus fi,, a F, ! — obopatauie k F,. Ecau 6u1 (1.2.4)

OLLIO MOKa3aHO MHJIS [i,, TO €CTbh,
i (A") = min{ B (F (a(A)) + k), 1 = Fu (B (1= pn(A)) = B) },

TO OCYUIECTBJISAS IPENEIbHLIA mepexon, Mbl Oul moayunnn (1.2.4) nas Mepot p.

Nraxk, npeanonosxum, aro cBoiicTBa (i) — (4i) BomoaHatorcsa. Vcnonb3ys Hempe-
pLIBHOCTL (yHKIMU Ry (p) mo nape aprymenTos (p, h), serko csectu (1.2.4) k pacc-
MOTDEHUIO MHOMKECTB A, IPEeNCTaBUMLIX B BUIE OOLEIUHEHUs KOHEYHOI'O YKCJIa
HeIlePeCeKaKMMUXCsl 3aMKHYTLIX nHTepBaioB. [lusa ynobcrsa GymeM paccMmarpu-
BaThL PACHIMPEHHYIO OPAMYIO |—00,+00]. B manpueiimem Gyner ymoGHee mMmern
eJI0 ¢ 3aMKHYTLIMU h-OkpectHOocTsamu A + [—h, h], Koropoie Takke 0603HAUNM
gepes A" (ouesmmmo, »TO He MeHser 3amauy). 3adurcupyem p € (0,1) mw h > 0.

B kauecrBe mepBOro mara nccieLyeM CHUTYaruioo, Korga A COCTOUT TOJLKO U3
OIHOTO MHTEpBaJa — 3[4eCh HaM mnorpebyercs Gojiee CUILHOE yTBEDIKICHUE, UeM
(1.2.4).

O6osuaunm uvepes A,(a) uarepsan [a,b] C [—oo0,+00] p-Mepol p, —oo < a < b <
+00. Ilepemennas a MOeT MEHATLCA B mHTepBate |—oo, F~1(1 —p)], a b = b(a)

OymeM paccMaTpUBATL KAk (YHKIWIO OT @, ONPEAEIIEMYI0 PABEHCTBOM

F(b) — F(a) = p. (1.2.5)
3ameTuM, 4TO MHOxKECTBO B)p(a) = (—00,a] U [b,+00), rne b = b(a), umeer p-mepy
1—np.

Jlemma 1.2.1. CymectsyeT ag = ag(p,h) € [—oo, F71(1 — p)], Takoe uro ¢ymnk-
s a — p(Ay(a)?) Bospactaer ma mHTepBase [—00,ap] M yOLIBaeT Ha WHTepBAaJe
[ag, F71(1 — p)]. To se camoe cupasemnuso u mis ¢yssnmm a — p(B,(a)?) ¢

HEKOTOPLIM ay).
IlokazaTenscTtBo. OueBuAHO, UTO (QYHKIUSA b BO3pacCTaer,

b(—o0) = F~(p), b(F~'(1—p)) = +oo.
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Iudpdpepennuposanne (1.2.5) maer f(b)b — f(a) = 0. IupdpepeHtupys §yHKIUIO
¢(a) = u(Ay(a)*) = F(b+ h) — F(a — h), Mu1 nomxyanm

F(a) = Fb+h — fla—h) = fb+h) L2 — f(a—h)

)
- J6+h)  fla—h)
= f(a) [ )

[Mpupamenus u(z + h) — u(z) crporo BoimykIod ¢yukimuu u(x) = —log f(z) npen-
CTaBIAIOT Bo3pacraromyio ¢ymrnuioo z € R. Ilostomy, ¢ymruma U(a) = f(a —
h)/f(a) Bospacraer, a ¢dyuruus V(a) = f(b+ h)/f(b) youBaer. Tarkum, obpasom,
QyHEIUA

¢'(a) _ _
f(a) —V(CL) U(CL)

HenpeprBEA 1 yonmBaeT Ha (—o0o, F~1(1 — p)). CrnenoBaTelnbHO BO3MOMKEH TOJILKO

OJVH U3 TPEX CIy4YacB:
a) cymecTByeT Touka ag € (—oo, F~(1 — p)), takaa uto ¢’ > 0 ma (—00,ag) u
¢’ >0 on (ag, F71(1 —p));
b) ¢ <0 ma (—oo, F~1(1—p));
c) ¢ >0 na (—oo, F~1(1 —p)).
B cayuae a) nepsoe yTBep:kmenue gemmbl 1.2.1 BomosHsercs ¢ ag € (—oo, F71(1—
p)). B cayuaax b) u ¢) oHO Takke BLmMoHAETCA ¢ ag = F1(1 —p) u ag = —o0,
COOTBETCTBEHHO.

IToka3aTes bLCTBO BTOPOTO yTBEP:KACHUA JeMMbl 1.2.1 He oTaudaeTcs OT HOKa-

3aTeJILCTBA MMEPBOTO, Tak Kak nmpu b — a > 2h
1 —u(By(a)*) = F(b—h) — F(a+h),

1 MOKHO MCIIOJL30BATL TOUHO TaKOW K& aHaJun3.

[Tepelimem TemepnL KO BTOPOMY ImAry: IMIPEANOJOMKUM, YTO MHOKECTBO A -
MepLI p IPeACcTaBiasgeT coO0 00LeauHeHre KOHEUHOTO YKCa HelePeCeKaromuX s
3aMKHYTBLIX MHTePBaJIOB A; = [a;, b;], —0o < a3 <by <...<a, < b, < +o0.

MowHO cuuTaTh, GoJee TOro, UTO h-OKPECTHOCTHM NAHHLIX WHTepBaJoB Al =
[a; —h, b;+h] HE MepeceraroTca. B npoTruBHOM ciyuae, ecau A?DA? # & IJIs HEKO-
TOPLIX ¢ < J, UMEEM AZ}-LUA? = lay, bj]h u, HosTOMy ABa mHTepBasa A; u A; (Bmecte
CO BCEMU BHYTDPEHHUMU MHTEPBAJAMU, €CIU TAKOBLIE HALYTCs) MOTYT OLITL 3aMe-
HEHBI Ha OIUH WHTEPBAJ [d;, b;|, Tak UTO Mepa HOBOTO MHO:KECTBA BO3PACTET, B TO
BpeMsl Kak Mepa h-OKPECTHOCTU He M3MEHUTCsS (IPUYeM HOBOE MHOKECTBO OymeT
y#Ke COCTOATL M3 MEHLIIero 4YMuCJa WHTEPBAJOB, HEMEPECEKAIOUUXCsS CBOUMU h-
OKPECTHOCTSIMU).

Tenepr OymeM M3MEHATL MHOKECTBO A, HBUTAs C PaCTSKEHUEM WU CRATUEM

mHTEpBAJILI A; Tak, 4TOOLI COXpaHANIAChL UX Mepa p; = u(A;) U ciexnoBaTesLHO



44

Mepa p BCEro MHOKECTBa A, M MpU STOM BHYTPEHHOCTU WHTEPBAJOB HE TEpe-
cekasnch. Takum 06paszoM, mpaBble KOHILI MHTEPBAIOB b; = b(a;) OymyT ompe-
nensarsbes nessiMu coraacuo (1.2.5). ITo memme 1.2.1 B cayuae, korga a; < ao(p;, h),
MBI MOKEM IBUTATL @; BJIEBO BILUIOTL IO TOYKM a; = b;_1 mpu ¢ > 1 mnm 1o a; = —0o0
npu i = 1. CooTBETCTBEHHO B ciyuae a; > ag(p;, h) MBI ABUTaeM a; BIPABO IO TEX
nop, noka b; = a;+1 npu ¢ < n unau b; = 400 Upum i = n.

[Mpumenssi sty npoueaypy K a060My M3 BHYTpeHHUX mHTepBaJoB A; (1 < i <
n, n > 3), MBI HOJYyYUM HOBLIA uHTepBas Al Mepnl p; u HOBoe MHOKeCTBO Aj,
ornnuaromeecs: or A tem, uro unrepsan A; 3amenen Ha A;. Torma p(A;) = p(A),

HO 1o ageMmMme 1.2.1

p(AY) <D p((A)") <7 u(Al) = p(A), (1.2.6)

Tak Kax Af = U(A;)h, u A? (1 <j <n) me nepeceratrorcsi. Kpome toro, A; Gyner
coCTOATL U3 N — 1 mHTEepBasa. MOKHO HPOIOIKUTL STOT HPOLECC U HOCTPOUTL
MHO:KeCTBa Ag, ..., A,_o. Ilocnennee MHOKECTBO OyJeT COCTOATL U3 ABYX MHTEP-
BasoB. Eme pa3 npuMeHss NPONeAypy K STUM JBYM MHTEDPBAJAM, MBI [IOJY UMM
MHO:KeCTBO B cienyommux Tpex TUIOB (BKJIIOYAs OYEBUAHBIE ClIydau n = 1 u
n=2):

B =[-00,a], B=[b+oc0|, B =][-00,a]U]Ib,+].

Bo Bcex cayuasx u(B) = u(A), u(B") < u(A"), rak xax (1.2.6) ucmomnzosamnock
Ha RKaxXKO0M Inare. YT00ODLI UCKIIOUNUTL MHOMKECTBA TpeThLero Tuia, oCracTCsa IIpu-

MEHUTHL BTOpOe yTBep:kaeHme geMMbl 1.2.1. Teopema 1.2.1 noka3ana.

HorazarenncTtBOo caenctBua 1.2.1. Tomoxum

C =liminf I,(p)/p.
p—0t

_ -1
IIyctn p € (0,1) ¢urcuposano. B cmay teopemor 1.2.2, ¢yuruma [, = f(F7)
CAMMETPUYHA OTHOCUTEJILHO TOYKM p = 1/2 (TO ecTh Mepa (i CUMMETPUYHA OT-
HOCUTEJLHO CBOEW MeIuaHLl m — MyCcTh 1Jisi onpenesnenHoctr m = 0) u cybannu-
tuBHa. [lostomy 1,(D pi) <> I,(pi) AIA KOHEUHLIX CeMeHCTB (p;) IOJIOKATEID-
HLIX YUCeJ, TaKUX YTO
> pi < 1. B cuny mHenpepnBHOCTH [, MOMKHO PACCMATPUBATL TAKKE CUETHDLIE
cemetricrBa. Ecau 6nr 6nto C' = 0, To mas mroboro € > 0 MOKHO OLLIO OLI BLI-
Opars Takyo mocienoBarensHocts p; — 01, uro I,(p;)/p;i < e. Buibupas nox-
[OCJIeOBATEILHOCTL (BO3MOMKHO C MOBTOPSIIONMMUCS YJIEHAMU ), MOKHO CUUTATD,

uyro Y p; =p. Ho rorma
L) pi) < Iu(pi) < epi =ep,

To ectb, I,(p) =0 (B cmay mpomssoasroctu ¢). CiemoBarensro C > 0. Tak kak
I, cummerpuyna oTHOCHTENLHO 1/2, To mus mexkoroporo ¢ > 0 I,(p) > cp(1 — p)
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mis Bcex p € (0,1). ITo Teopeme 1.1.1 (m cormacHo mociemyoIieMy HOpUMEDY,

CBA3aHHOMY C JOTUCTUYECCKUM pacnpeﬂeﬂeHMeM),

-1 _ p
F(F70) + 1) = Riplp) 2 ——Los . >0,

1
B wacTrOoCcTH, IpU p = 5 mAMeeM F(h) > nis Bcex h > 0, 4TO U HOKAa3LI-

1
— 1+ exp(—ch)
BaeT CYIECTBOBAHME KOHEYHLIX DKCIIOHEHIIMAJILHLIX MOMEHTOB.

Sameuanue 1.2.1. B yrBepsknenun ciaencrBus 1.2.1. ¢ mOMOIILIO TPUMEPHO TeX
’Ke paCCY:KIEHUl, MPUMeHAEMLIX K MHTET PAJLHON M30IePUMETPUYECKONR (yHKIIUN
Ry, (BMecTO 1)), MOMKHO CHATDL yCJIOBHE CYyIIECTBOBAHUS (HEMPEPLIBHOW IIOJIOMKU-
TEJLHOM) miaoTHOCTU Mepol 4. IleficTBuTennbuo, mycth (6e3 Kakux-ambo JOMOITHU-

TEJILHDLIX Hpe,IIHOJIO}KeHI/If/’I)

Ry u(p) = inf p(A")=F((F'(p)+h)") (1.2.7)
n(A)zp

nnsa seex p € (0,1) u h > 0 (F~1(p) oboznauaer HaUMEHLITYIO KBAHTUIL F' mOpsaka
p). To ecrn, nua raxmoro muoxkectBa A C R mepot 0 < pu(A) < 1 malinercs
nosyuaTepBat BUAa B = (—o0,b], Tako#t uro u(A) < u(B) u mpu stom u(Ah) >
w(B"). Ecam npuMmesnTsh 5TO CBOMCTBO K momyuHTepBasdaM Buma A = [a,+00) n
3aIMCcaTh €ro B TEePMUHAX CIydailHBIX BeaudmH & m (¥, Takux 4TO £ MMeeT pac-
npenesenue [, a (* = —¢, TO MBI IOJIYyYUM B TOYHOCTH HepaBeHnctso (1.1.17). B
cuny nemmer 1.1.1, mis mekoTopoii ¢pymrnuu ¢g* : R — R, raro#t uro || g*||rip < 1,
c.B. £ u ¢*(¢*) 6ynyr ommHaKOBO pacupemnesnesnl. OTCIOma JIErko IMOJydaeM, YTO
st HekoToporo a € R ¢.B. £ —a n (* oanHAKOBO pacIpeneseHbl, TO €CTh, Mepa [

CUMMETPUYHA OTHOCUTEJLHO CBOEH MenuaHDI.
Kpowme Toro, u3 (1.2.7) ¢ yueToM CUMMETPUYHOCTH [i, TOTyUaeM CBOXCTBO CyO6-

anmUTUBHOCTA QyHKIUA Ry ,: ansa Bcex 0 < p,q < 1, Takux uto p+¢q < 1,

Rh,u(p + Q) < Rh,u(p) + Rh,u(Q)- (1-2-8)

[Mokaxem, uro liminf, o+ Ry ,(p)/p > 1 mna Bcex mocrarouno Gompmux h > 0.
Ecmn sror liminf = 1, o nma Bcex € > 0 muoxectso E. = {p € (0,1) : Ry, ,,(p) <
(1 + €)p} Geckomeuno, u xpome toro 0 € E.. Ilostomy mna raxmoro p € (0,1)
MOYKHO TIO100paTh MOCJIEN0BATEILHOCTDL P, € ., Takyio uTo 1, = p1+---+pPn — P
npu n — 00. B cuny (1.2.8),

Rpu(rn) < Rp(p1) + -+ Ru(pn) < (1 +€)(p1+ - +pn) < (L +€)p.

Ycrpemias n — 00 U UCIOJbL3YsA HENPEPLIBHOCTL CileBa (GyHKIMU R, ,,, mOIydaeM
Ry ,(p) < (1+¢)p. B cuny mpousBonbrOCTH € > 0 M ¢ ydueToM OOPATHOrO Hepa-
BencTBa Ry ,(p) > p, mpuxomum k paseHctBy Ry ,(p) = p, p € (0,1). Ho rakoe

BO3MOKHO (mpu Bcex h > () TONBKO MIIs BBIPOKIAECHHOW MEpBHI.
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WNrak, moxno momobparn h > 0, po € (0,1) u ¢ > 1, rakme uro Ry ,(p) =
F((F~Y(p)+h)™) > cp nnsa seex p € (0, po] (meobxomumo cpy < 1). Ciuemosarensuo
F(F~Y(p) + 2h) > ¢p, T0 ectn, F~1(cp) — F~1(p) < 2h. B wacrroCTH,

F=H(cfp) = F7H(c"1p) < 2h

s Beex k=1,...,n, ec ¢ 1p < pg. Cymmmposanue no Bcem k maet F~1(c"p)—

n

F~1(p) < 2nh. TlpumMensas »To HEPABEHCTBO K P = Poc ", HOTyUaeM

F~Ypoe™™) > —2nh + F~(po).

Orcrona y»ke JIErKO Ipu HEKOTOpPOM a > 0 mosyuuTsh oneHky Buzma F'(x) > exp(ax)

opu r — —oQ.

Sameuanue 1.2.2. Paccmorpenue "wmHTErpajabHONR WM30MEPUMETPUYECKON 3a-
nayu 1iisi 6oJiee MIMPOKUX KJIACCOB, HEKEJIU TeX, O KOTOPLIX IJa PeYh B TEO-
pemax 1.2.1 m 1.2.2, npuBoauT, Kak MPaBUJIO, K DKCTPEMAJLHOCTU MHOKECTB,
COCTaBJIEHHLIX 0DOJIee, YeM M3 OQHOTO MHTEpBajaa. DTO, OAHAKO, B MEHLIIEH CTeleHn
OTHOCUTCA K ~muddepeHnnalLHo” M30nepuMeTprUYeckoil 3anave. Bo3bMmem nisa
nprMepa KJIacC OJHOBEPIIUHHLIX (yHUMOAAJILHLIX ) PACIPEICICHU] (1, HE NMEIOIX
aroMa B BepmmHE. B 3TOM ciyuae moxkHO mokasaTh ([H]), uro Bemmumma pt(A)
MUHUMU3UpyeTcs npu ycaosuu p(A) = p Ha HekOoTOpOM mMHTepBaje A = [z,y], TO

Li(p) = inf{f(F~'(p1)) + f(F"(p2)) : p1,p2 > 0,p1 + p2 = p}.

Ecmu paciapenejgaenue ( CUMMETPUYHO OTHOCUTEJILHO cBOEen BEpHOIMHLI M, TO BTO

BLhIpaKeHnEe YIIPOoIlaeTCsd:

Lu(p) = min{ f(F~"(p)), 2f (F~ " (min(p, 1 — p)/2))},

TO €CTh, B Ka4UeCTBE€ MUMHUMM3UPYIOMUX BLICTYIIAaOT MHTEPBAJILI BUIOA (—OO,.’I?], a
TaKXKe MHTEPBaAJbl, CUMMCTPMWYHLIC OTHOCUTEILHO M. HaanMep, ecjau |y mMeetT
IIJIOTHOCTDB

@) = z€R,

] +2)2 7
to f(F~(p)) = min{p?, (1 — p)?} u, cnenosarennuo

L. 2 2 1 —1
I(p) = - min{p”, (1 —p)°} = < f(F ().
OrMeTuM, 4TO KJIaCC OMHOBEPIIMHHLIX PACIpeNeseHnil BRIOUYaeT B ceOs BCe JOr-
apudMuUUIecKkn BOTHyTHIe Mephl. Ho To He BepHO miA Ki1acca Mep, ONUCAHHBIX B
teopeme 1.2.2. K mocnemgneMy Kiaaccy TPUHAMIEKAT MePa (i C MIOTHOCTLIO

flz)= el Jz] <log2,

nna kotopoit Gpyurnua I(p) = f(F~(p)) = max{p, (1 — p)} aBngercsa uzonepumer-
pudeckod GpyHKUMeHr, Tak Kak OHA yIOBJIETBOPSET CBOWCTBY ¢) u3 TeopeMnl 1.2.2.

HO, KOHECYHO, U HE sIBJISICTCS O,Z[HOBGpLHMHHOﬁ.
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§1.3. PyrrnmonansbHas popMa M30IMEePUMETPUUECKUX HEPABEHCTB. |

Bossparumcs k abcrpakTaO#i curyarnuu § 1.1 — n3onepuMeTprudecKUM HEPABEH-

CTBaM B MHTETrPAJLHOW GopMme
w(U(A)) = R(u(A)), (1.3.1)

rae (1 — (BopesieBcKas) BEPOATHOCTHAS Mepa B TOMOJIOTMYECKOM mpocTpaHncTtse M,
I OKPECTHOCTU MHOKECTB
UA) = Ula) (1.3.2)
acA
CTPOSATCS C MOMOIIBLIO HEKOTOPO# cucteMbl U(Z) OTKPBITHIX OKPECTHOCTEH TOUek
xr € M. B (1.3.1) R : [0,1] — [0,1] — merkoTopas BO3pacTarolias HENPEPLIBHAS
¢yurnusa, rakas aro R(0) =0, R(1) = 1.

CunpammBaeTcs: KOrja 1 Kak MO:KHO 0600muTs (1.3.1) ¢ "mMuO%ecTB” Ha " QyH-
ki’ ?  YUTobnl cmesnath BOmpoc 0ojee KOPPEKTHLIM, CJIEAYeT BBECTU IMOHSITUE
"okpectnoctu” Ug ¢yHEIUIA ¢ Tak, 4TOOLI HA MHAMKATOPHLIX (YHKIUAX ¢ = lg
HOJIyYNTL TpeskHee onpeneinenue (1.3.2).

Hna moboii pyurmuu g : M — R momoxum
Ug(z) =sup{g(a) :x € U(a)}, ze M. (1.3.3)

Torma, komeuno, U(lx) = U(A). B rauecrBe "mMomennHOro” HepaBeHCTBa OymeMm

pPacCMATPUBATDL CIEAYIOMYIO (YHKIMOHAJLHYIO ¢popmy mis (1.3.1):
EUg>R(ER'(f)), (1.3.4)

rie g — Npom3BoJIbHAA m3MepuMas (nmo Bopeio) ¢yukmusa sa M co 3HAYCHUAMU B
[0,1], R~! — obpaTtHas & R, u MaTeMaTHICCKAE OKMAAHUA MOHUMAIOTCA B CMBICJIE
MepPLI [.

OueBuaHO, HA WHAWKATOPHLIX (DYHKIUAX STO HEPABEHCTBO BO3BPAIIAET HAC K
nepBoHAYaJbHOMY HepaseHcTBy (1.3.1), Tak uro (1.3.4) neliCTBUTENLHO MOMKET
CIYsRUTL (PYHKIMOHAILHOK (popmoit qis (1.3.1). Ommaro, npumenenne (1.3.4) &
(GYHKIMAM, OPUHUMAIOMM IBA IPOM3BOJLHLIX 3HadeHWs (a He Toubko 0 m 1),
ysKe IPUBOIUT K HEKOTOPLIM CYIIECTBEHHLIM orpaHudeHusM Ha R. K cyacTnio, BO
MHOI'MX B&/KHLIX CJIydasX TaKue OMPDAHWUYEHUs HE YCUIATCS NPU PACCMOTDEHNU B

(1.3.4) Gomnee obmux ¢yHKIUHA.

Teopema 1.3.1. Ilyctn R : [0,1] — [0,1] — BO3pacTraromas BOrayTas ¢yHKIN,
R(0) =0, R(1) =1, obaamaromas cienyOmuMy cBoAcTBaMu: s Bcex p,q € [0, 1]

R(pq) < R(p)R(q), (1.3.5)
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S(pq) = S(p)S(q), (1.3.6)
rne S(p) = 1— R(1 —p), p € [0,1]. Torma, ecan (1.3.1) BLIIOTHSAETCS IS BCEX

n3MepuMbix MHO:KeCTB A C M, 1o (1.3.4) BhIMOMHSETCS I BCEX W3MEPUMBIX
¢Gyurmmii g : M — [0, 1].

Omnpenenennve 1.3.1. Bynem rosoputs, yro neyboBaromas ¢pyukuusa R : (0,1] —
(0,1] stBAIsIETCA MYJILTUINIMKATUBHLIM MogyseM, ecau R(pq) < R(p)R(q) muas Bcex
p,q € (0,1].

Omnpenenenne 1.3.2. MyabtunaukaTuBHLIA Momayan R OyaeM Ha3LIBATL COBEp-
meHHbIM MoayJseM, ecau S(pq) > S(p)S(q) mns Bcex p,q € [0,1), rme S(p) =
1—R(1-0p).

Bymem roBopuTh, UTO COBEPIINEHHLIA MOLYJIL R — HeTpUBUAJILHLIA, ecau R # 1

(TORIECTBEHHO).

B nannuefimiem mam morpebyercsi mMCClIenOBATL Pa3JIMYHLIE CBOWCTBA MYJILTU-
IVIMKATUBHLIX MOMyJieit. 31ech K€ TOJILKO OTMETUM, YTO HETPUBUAJILHLIA COBEp-
MIEHHLIA MOmysL R, moompeneneHHb mo HempepniBocTu pasencrBoM R(0) = 0,
[OJKEH OLITL BO3pacTaromeid (1 ciaeqoBaTelLHO HENPepLIBHOW) Oueknwmeid uz [0,1]

B [0,1]. IIpu sTom HepasencTso B (1.3.6) MOKHO 3amMCATDL Kak

R*(pq) < R*(p)R"(q),
roe R*(p) =1 — R71(1 — p) — cBoero poma ” nyanpuas” ¢ymknus & R (R™1 — ¢yn-
kiwst, obparnas k R). Takum obGpasom, Bospacratomasn oueknus R : [0, 1] — [0, 1]
ABIAETCs COBEPIIEHHLIM MOIYJIEM TOTZa U TOJILKO Toria, korna R u R* sBastorcs

OJMHOBPEMEHHO MYJILTUILINKATUBHLIMU MO Iy JIAMU.

[Ipumepwt. Ilyctn 0 < o < 1, A > 0. CoBepIIEHHLIMU MOIYJISIMU SBISAIOTCS
GyHKIUN:

1) R(p) = p* (nemma 2.4.3);

2) R(p) = min{p®,1 — (1 — p)'/*} (crencrBue 2.4.3);

3) R(p) = F(F~1(p)+h), roe dyurnus pacnpenenerus F IpUHAIICKNAT KIaccy,
onmcaHHOMY B ciaenctBum 1.4.1.

IlokazarenncTBOo TeopeMbl 1.3.1 OCHOBAHO Ha CIIEAYIOMEM yTBEDIKICHUN.

JJemma 1.3.2. Ilyctn R : [0,1] — [0,1] — Bo3pacraromas BormyTas ¢yHKINA,
takasg yro R(0) = 0, R(1) = 1. ¢yurumss R SBASETCS COBEPIIEHHLIM MOIYJIEM

TOTJa W TOJMLKO Torma, korma mid Bcex 0 <y <z <1, 0<p<1,
R(pz + (1 —p)y) < R(p)R(z) + (1 — R(p))R(y), (1.3.7)

niau, 6ojee oOIO, KOrga Ui JII000N (yHKIMU pacupenenerus F' HEKOTOPOl Bepo-

ATHOCTHOW Meponl Ha [0, 1]

R (/01 R7! dF) < /01 R(1— F(t))dt. (1.3.8)
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IlokazareancrBo. CHavasa 3ameruM, uro (1.3.7) npespamaercs B (1.3.5) korga
y = 0 m npespamaetcs B (1.3.6) korma x = 1, B To Bpewms, kak (1.3.8) npespamaer-
ca B (1.3.7) nns mep ¢ mBymsa aromamu. Takum obGpasom, ocraercs u3 (1.3.5)—
(1.3.6) Bemectn (1.3.7) u (1.3.8). 3adurcupyem c € [0,1] u p € [0,1]. JleBas

vacth (1.3.7) mocTosiHHA HA CerMeHTe
Ale) ={(z,y): 0<y <z <1, pr+(1-ply=c},

B TO BpeMs Kak IPaBas YacTh HPEACTABISEeT COOOW BOTHYTYIO (YHKIUIO HapLI
(z,y) € A(c). ITosromy (1.3.7) BLITOTHSAETCS HA BCEM CEIMEHTE, TOTIA W TOJILKO
TOrZa, KOrAa 9TO HEPABEHCTBO BLIMTOJHSAETCs B KOHIEBLIX Toukax A(c). Ho B kom-
IeBLIX TOYKax (z,y), oueBunno, y = 0 num = 1. Ilpwm rakux orpannuenunsax (1.3.7)
cBomurcs, coorBercrBerHo. k (1.3.5) u (1.3.6).

Insi norasarenncra (1.3.8), cuosa 3adurcupyem ¢ € [0, 1] u paccMoTpuM BbI-

IIYKJIO€ KOMIIAKTHOE MHOMKECTBO

K(c) = {F : /01 RYdF = c}

B IPOCTPAHCTBE BCEX BEPOSITHOCTHLIX pacupenenenuii va [0,1] (¢ Tomosorueii caa-
6ot cxomumoctn). CrHoBa sneBas dyacth (1.3.8) mocrosuna Ha M (c), B TO BpeMs Kak
mpaBas JacTh IPEACTABIsSEeT COOOW BOTHYTYIO HEIPEPLIBHYIO ()YHKIUIO ~TOUYKK”
F € M(c). Iosromy, (1.3.8) Bemounnsercsa Ha BceM M (c), Torga u TOJILKO TOrZa,
KOI'Zla TO HEPABEHCTBO BBIIOJHACTCA U BCeX sKcTpeMasibHbx Todek M(c). Ho
sKCTpeMaibLHble Touku M (¢) IMEeIoT MaKCUMyM IABa aToMa, a 1t Takux mep (1.3.8)

ceomurcsa k (1.3.7).

Sameuanne. YToOLI mocaemHee paccyskIeHUE CHeJaTh 0oJiee MOKa3aTEeJILHBIM,
MOKHO orpaHnduThcs B (1.3.8) Mepamu ¢ HOCUTEIEM B KOHEYHOM MHOMKeCTBE 1 =
{t1, -+ ,t,} C [0,1]. Ecau nomoxuts a; = R~1(t;), u ecmu p; — Beca F' B Toukax t;,

TO HaM HYXKHO HallTU 9KCTPEMAJILHLIE TOYKHM BLIIIYKJIOI'O KOMIIAKTa&

n n
Kn(e) =S (1o 5pn) 0 20, pi=1,Y aipi=c
i=1 =1

XopoIo M3BECTHO, YTO DKCTPEMaJbHLIE TOUKU MePEeCeUeHUs JTI0O0r0 MHOTOTPAaH-

HUKa A C TUIEPIIOCKOCTLIO JekaT Ha pebpax A. B mamem caydyae B poau

=1

BLICTYIIA€T CTAHAPATHLI CUMILIEKC, Y KOTOPOIO ®KCTPEMAaJbLHLIE TOUYKU CyThL DJe-
MEHTHLI CcTaHZapTHOro Oasmuca e; B R™, a rumepmiockocTh onpenensercs ypas-
HEHNEM Z?:l a;p; = c. CruemoBaresnLHO, TOYKM Ha pebpax OymoyT WUMeTL BUI
te; + (1 —t)e;, t € [0,1].
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HoxrazareanctBo Teopemnl 1.3.1. OTmerum npocreitmue cBoficTBa oneparmu U.
a) 0<g<Ug<1,ecmu 0<g<1;
b) {Ug >t} =U({g>t}) nns Bcex t € R;

¢) mosromy ¢yHkUs Ug MONyHENpepLIBHA CHU3Y U, CIEAOBATEILHO, U3MEPUMA.

C yuerom srux cBoiicTs u, npumenss (1.3.1) u (1.3.8) k ¢pyurmuu g : M — [0, 1]
¢ ¢yurmuell pacupenenenus F(t) = pu({g < t}), nmeem:

EUg— / w({Ug > t}) dt = / w(U({g > t))) di
> / R(u({g > t})) dt = / R(1— F(t)) dt
2R</0 R_ldF) =R(ER '(g9)).

Teopema 1.3.1 morazana.
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§1.4. dysrmmonaibHas opMa M30IEePUMETPUUECKUX HepaBeHCTB. 11

[Tpumenum teopemy 1.3.1 k wacTHOMY ciayuaro, korma (M, p, ;1) — MeTpuyeckoe
IPOCTPAHCTBO C BEPOSITHOCTHOW MepPO#i, mprudeM, Kak OOLIYHO, M30MePUMETPUUEC-
Kas 3ajlaua PACCMATPUBAETCA I KaHOHWYeckoit omepamum Up(A) = A" h > 0.
Bynem Tenepn ncxoauTh U3 M30IEPUMETPUYECKUX HEPABEHCTB, 3alIMCAHHLIX B AU(-
(epeHnmaIbLHOR PopMe,

p(A) = I(u(A)), (1.4.1)

rae [ — HEeKOTOpAs MOJOKUTENLHAs HenpepoiBHas ¢yukimus wHa (0,1), w A C M —
npoun3BosibHOEe u3Mepumoe (mo Bopemnro) muoskecTtBo Mepnt 0 < pu(A) < 1. Bynem
TakKe Mpeanosararh, 4To I CUMMETPUYHA OTHOCUTEILHO TOUKU p = 1/2.

Hama 3amaua — HaiTy COOTBETCTBYIOMYIO ()YHKIMOHAILHYIO popmy s (1.4.1).
Ecan 3anucarh 9TO HEpaBEHCTBO B MHTErPAJLHOW (opMme (MCHOIL3Ys Teopemy
1.1.1), To mo Teopeme 1.3.1 MBI MOKEM IMOJYUYUTL IEJO€ CEMeRCTBO (yHKIMO-
HAJLHLIX HEPABEHCTB, 3aWHICKCUPOBAHHLIX mapameTrpom h. [losTomy skemaTenbHO
HAWTV VHQUHUTE3UMAJILHYIO BEPCHUIO, KOTOpas colep:kaJja OLI B cebe Bce 3TO
ceMeficTBO.

IlycTn F' — ¢yHEIMA pacnpeneseHns, acCONUUpPOBaHHAA ¢ [: oHa Oblia ompene-

nena coorHomenueM (1.1.10) uepe3 o6paTHYIO (yHKINIO

F—l()—/pi 0<p<l (1.4.2)
p 1/2 I(t), p . .
CHOBa TOJIOXEUM

Ry(p) = F(F~'(p) + h), 0O<p<1, heR. (1.4.3)

A nantupys oupenesnenue (1.3.3), HaM ciemyeT OIpenEIUTD
Ung(z) =sup{g(a) : p(a,z) < h}, x€ M, h>D0.

Ecau 6n1 okazamnocn, uto npu Bcex h > 0 R ABAsSETCA BOTHYTBHIM COBEPIIEHHLIM

Momysnem, To mo teopeme 1.1.1 m 1.3.1
EU,g > RW(ER; ' (9)) (1.4.4)

IUIS BCEX M3MEPUMDLIX (yHEKIUA g na M co 3navenusamu B [0, 1] (R,:1 — obparHada K
R}, n MaTeMaTUYeCKUe OKUIAHNSA MOHMMAIOTCS B CMBICIE MeDPLI ). Mbl momydynm
MCKOMOE HEpaBeHCTBO, nonarad B (1.4.4) h — 0F.

YUTo0LI COBEpmNTL TaKOW IpenesLHLIE Iepexon, OTMETHM CHadaJlla HEKOTOPLIE
HeOOXOOUMEIE IIPENIOJIOKEHNA, BLITEKAIOMUE W3 TOro ¢akTa, 4ro Rj) obpasyer

ceMeliCTBO BOTHYTLIX COBEPIIEHHLIX MoayJiei. Bo mepBuix, ¢yuKuma R; DOLKHA
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6LITL Bo3pacratomeil 6ueknuit B (0,1), mpuuem R, (07) = 0, Rp(17) = 1 (1emma
1.4.2), 4TO PABHOCUJILHO TOMY, YTO HOCHUTEJNL MepLl F eCTh BCs BEIeCTBEHHAS

npsamasa R unu, B tepmunax [,

boa
/0 m = +o0. (1.4.5)

Bo-Bropuix, noaaras h — 07 B mepasencrse Ry, (pq) < Rpn(p)Ry(q), nomyyaem npy-

roe HeOOXOAMMOE YCJIOBUE:

I(If:) < Igf) + I(qQ), p.q € (0,1). (1.4.6)
DTO yCJIOBUE OKA3LIBAETCS TAKKE WM JOCTATOUYHLIM IJIsI TOrO, 4TOOLI Bece Ry, Oniaum
MyJILTULIMKATABHLIMU Monyisamu (nemma 1.4.3). B melicrBurenbHOCTH yCioBUe
(1.4.6) — Gomnee cmmbaOe, ueMm (1.4.5): ecanm 3ammcarnp (1.4.6) miIsa KOHEYHDLIX
HabOpOB (P;)1<i<n, B YacTHOCTH, Kak HepaseHcTBO I(p™) < mp™ 'I(p), nerko BobI-
Bectu onenkry I(p) < Cplog(l/p) ¢ meroropoit nmocrosmuii C, He 3aBUCAmER OT
p € (0,1). C yuerom cummerpuunoctu (yHkmuu | 3akaodaeM, uto (1.4.6) Biaeuer
(1.4.5), m mpm sTom 1(07) =I(17) =0.
3amerum, uto Mepa F cuMMeTpruuHA OTHOCUTEILHO HyJs (B CHIY CUMMETPUU-

woctu [), n mostomy kak ciaexncrsue (1.4.6) u (1.3.5) ¢yHKIMM

Sh(p) =1 - Ry(1—p) =R, (p) = R_n(p)

yaoBserBopsitor HepaBeHCTBY (1.3.6): Si(pg) > Sh(p)Sk(q) (B Tepmuuax ” myaun-
HOW” ¢yHkRIMM R} = Rp).

Hakonern, BormyTocTh Bcex R; paBHOCHMIBLHA BOrHyTOCTH (yHKUmmM I (1emma
1.4.5).

Takum obpasom, (1.4.6) u BormyTocTh ¢yHKUuu [ (B HONOJHEHUE K IEPBOHA-
YAJILHOMY YCJIOBUK CUMMETPUYHOCTH) — BOT T€ yCJIOBU, IPU KOTOPBIX MBI MOKEM
[OJIYUYUTL CeMelCTBO (yHKIMOHANLHLIX HepaBeHCTB (1.4.4). Urobul paccmarpu-

BaThL MaJibie h B JIEBO#I YAaCTU TOTO HEPABEHCTBA, BBEIEM CJICHYIOIIee

Omnpenenenne 1.4.1. Iuns ¢pyurknum g Ha M OyneM HA3LIBATL (yHKIIUIO

. lg(x) — g(v)|
Vg(z)| = limsup J9& =Wl e M, 1.4.7
|Vg(x)| p(;}y)sugl o) T ( )

MoxmyseM rpanuenTta g (momaras |Vg(z)| = 0 B n30IMpPOBAHHLIX TOUKAX).

OueBuguo, nna muddepeHnupyemoix ¢yuknuit ¢ va M = R” (c €BKJINIOBON
MeTpuKoit p = po) (1.4.7) ompenenser mMomxyan (T.e., {>-HOpMy) OBGLIYHOTO T'pau-
eHTa. B obmeM ciydae ycaoBUE HENPEPLIBHOCTUA FapAHTUPYyeET u3MepuMocTs V).
B manbpredimem Mbl OyeM NPUMEHATH 3TO ONPEIEJICHNE TOJLKO K (YHKIUASM, MMe-

IOMUX KOHEYHYIO JUMIMUIEBY HOpMY Ha Bcex mapax B M. B R"™ »to cBolicTBO
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CBOIUTCA K JIOKaJILHOT JIMMMMIINIEBOCTU, 1, Kak M3BECTHO, TaKMHeE ClD:YHKI_[I/II/I IIO4YTM

BCcrony mudpdepennupyemol (Teopema Panemaxepa).

Teopema 1.4.1. Ilyctn I — BormyTas menpepoiBHas ¢Gyuknusa Ha [0,1], momosxm-
renpHas Ha (0,1), cuMMeTpUUYHAsS OTHOCUTENLHO TOUYKMU 1/2 M yIOBJIETBOPSIOMIA
yeaoBuio (1.4.6). Cuenyromue yCIOBUs SKBUBAJIEHTHLL.

a) mua Becex mamepuMmbix MEOEeCTB A C M pt(A) > I(u(A));

b) st Bcex maMepuMblx ¢yukmmii g : M — [0,1] u A > 0

EUng > Ry(ER_1(g));

¢) mis mobolt pyuruum g : M — [0, 1], uMmeromedl KOHEUHYIO JTUNIMANEBY HOPMY
Ha Bcex mapax B M,

I(Eg) — EI(g) < E[Vg]. (1.4.8)

Hanpumep, pyHEIMOHAILHOT (HOPMON UIA M30NMEPUMETPUYECKOTO HEPABEHCTBA

pt(A) > cpu(A)(1 — p(A)) cnyssuT HEpABEHCTBO
¢ Var(g) < E[Vy|

(3aMeTnM, UTO 9TO HEPABEHCTBO — HEOMHOpOaHOe). B arom cayuae I(p) = p(1—p),
u HepaBeHcTBO (1.4.6), oueBnaHO, BemonHgeTcss. OXHO HOCTATOYHOE YCJIOBUE IJIS
(1.4.6) B TepMmuHax accounnpoBaHHON Gpyukmuu F' Oymer npuseneso B semme 1.4.4.

¢pyurnua I = I, onTuMaabHA IJIA HEPABEHCTBA B a). B »TOM BaskHOM ciydae B
IIpeAIO0JIOKEHNN HenpepeBHOCTH ¢yHKIMY I, yeiaosue (1.4.6) raxke n He0OX0 MO
IUUIs1 BLINOJIHEHUsT HepaseHcTBa (1.4.8): ecim ero NPUMEHUTH K ¢ C JIUNIIAIEBLIMU
GYHKIUAMU ¢, aIIPOKCUMUPYIOMMMU UHIUKATOPHLIE (GyHKINU 14 MHOxKeCTB A C

M wmepet p (rax B memme 1.4.1), 1o MBI monyunm HepaserncTso (1.4.6) ms I,.

IlokazatensctBo Teopembr 1.4.1. C yuerom ymomsuyToix jgemm 1.4.2, 1.4.3 u
1.4.5, a) Buaeuer b). Bmenem c¢) u3 b). Ilpemmosmosum, uro € < g < 1 — ¢ npnm
Hekoropom € € (0,1/2). Hamomuum, uro F mMeeT HENPEPLIBHYIO, MOJIOKUTEb-
HYIO Ha Bceil umcioBoit npamoii npoussoanyio f = F', npuuem I(p) = F'(F~1(p)).

Tormampue <p<l-—cwulhl <1
Ry(p) —p—I(p)h=F(F~'(p)+h)—p— f(F ' (p)h

= [ @)+ 0 - 1 @) de < wlih

rae w = w(s) - MOMYJIL HEMPEPBLIBHOCTU GYHKIUY f Ha uHTepBaJe [ac,b.] = [F~1(e)—
L,F-'(1-¢)+1]:

w(s) = sup{|f(u) = f(v)] : |u—v] < s7u,v € [ac, b}
Tax rak w(|h|) = 0 npu h — 0, nmeem

Rn(p) =p+I(p)h+cp(h)h, 0<p<1, (1.4.9)
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rae cp(h) — 0 mpu h — 0 paBHOMepHO Ha unHTepBase € < p < 1 —¢. Kak crencrsue,
ER_,(g) = Eg — EI(g)h+ o(h), h— 0.

CroBa, Tak kak ¢ < ER_j;(g9) < 1 — ¢ npu mocrarouno mananix h, npumensas (1.4.9)

k p=ER_;(g), nomyuaem
Ri(ER_4(g)) = (Eg — EI(g)h + o(h)) + I(ER_n(9))h + o(h),

TO €CTh,
Ryp(ER_p(9)) — Eg

h

=I1(Eg) —EI(9)+0(1), h>0 (1.4.10)

[Tepeiinem temepn k seBoii uactu HepaBeHcTBa B b). Ilpemmomoskum momosHu-
tennHO, uTo ¢(x) — g(y) < cp(z,y) mus Bcex x,y € M, T0 ecThb, g UMEET KOHEUHYIO
nunmunesy #Hopmy Ha Bcem M. Orcrona Upg(z) — g(x) < ch nns Bcex © € M n
h > 0. 3amerum, 4TO

Ung(z) — g(x)

; = limsup 9w ~9(z) <|Vg(z)|.

lim sup st o)

h—0t

[Mpumenss b), (1.4.10) u Teopemy JleGera o MaskOpupyeModd CXOAUMOCTHU, MOIY-

JaeM

. Ung — . Ung —
E|Vg| > Elimsup h9—9 hmsupEM
h—0t h h—0t h

> lim sup Bn(ER-1(9)) ~ By > [(Eg) — EI(g).
h—0+ h

Takum o6pazom, (1.4.8) yCTAHOBIIEHO NPU YCJIOBUM, YTO 3HAYECHUS ¢ OTAEIIEHLI
or 0m 1, u ||g]|Lip < +00. Ecnu ske mepBoe mpenmonoskenue HapyIeHO, HO BEIIOJI-
HEHO BTODPOE, TO MOKHO npuMeHnuTh (1.4.8) k ¢pyHKmuUAM ¢g. = min{max(g,¢),1 — ¢},
1t KOTOPBIX |9 |lLip < ||gllLip < +00. Yerpemusa € — 07, momyuaem (1.4.8) mus
g. Hakonen, B obmeMm ciydae, QUKCUDPYsS TOYKY o B M, paccMOTpUM yCEUeHUs

Buzna g,(z) = g(z)T.(x), r >0, x € M, rne

1, ecin  p(xo,x) < T,
To(x) =1 r+1—p(zo, ), eciu 1 < p(xo,x) <7+ 1,
0, ecim  p(xo,x) >r+1,

Ouesunuo, || T ||rip <1 u ||gr]lLip < |g(x0)| + 7C,, e C, — nunmuneBa KOHCTAHTA

g wa mape D(xg,r). Kpome Toro,

Vg(z)l, ectu  p(xo, 1) <7,

V9, (o)) = {

0, ecirn  p(xo,x) >r+ 1.

Ecnu e r < p(xg,z) <r+1, r < p(zo,y) <7+ 1, TO

19-(y) — g-(x)| < g(y) — g(x)| + |g(x)|p(, y),
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CJIe10BaTEJILHO

 limsu 19-(y) — gr ()]
Wgr(m”_lyﬂp p(z,y)

< [Vg(@)| + |g()].

YcerpeMiss 1 — +00 IO MHOMKECTBY TAKUX 3HAYEHUH, 1si KOTOPLIX u{x : p(xg, ) =

r} + p{x : p(xo,x) =r+ 1} = 0, moxyuaem
E|Vg,| <E|Vg| + E|g| Lr<p(zo,0)<r+1} — E|Vyg|. (1.4.11)

Mpumenss (1.4.8) k f, ¢ yuerom (1.4.11) u Toro, 4To g, CXOAUTCS K § MOTOUEUHO,
nosnygaeM (1.4.8) s g.

¢) = a): Kak paHee OTMEYaJOChL, JOCTATOYHO B HEPABEHCTBE () PACCMATPUBATD
TOJLKO 3aMKHYTLIe A. AnnpokcuMupys B (1.4.8) MHAMKATOPHYIO QYHKINIO 14 Jium-
MIANEBLIMUA (YHKIUAMYA U3 HUZKECIIE LY OMER JIeMMBI, MBI IPUXOAUM K HEPABEHCTBY

B a).

Jlemma 1.4.1. as mroboro 3amrayTOoro muoskectsa A C M cymectByeT mocie-
NOBATEJILHOCTL (GyHKIUA g, : M — [0,1], ||gn|lrip < +00, mOTOUEUHO CXOAAMUXCA

opm n — 00 K 14, TAKUX UTO

limsup E[Vg,| < 7 (A).

n—oo

JHoxkazarenanctBo. Ilyern A mHemycro. Tak kak g Bcex 0 < h < A’ Ah AN
y y ) ;

J-TIeEpUMETP MOXKHO ONPENEIUTL KaK

F(A) = Liminf 2AM) —#(A)
P = R

CrenoBaTenLuo IJs HEKOTOPH mocienosaTennbaoctu h, — 07 umeem

Aln) — (A
N( })Ln N( ) _>M+(A)

Bosbmewm ¢, € (0,1), rakue 4To ¢, — 0, 1 TOTOKUM
: p(Acnhn z)
on(a) = min {1, FET

rne p(B,z) = inf{p(b,z) : b € B}. Tax rax ||p(B,2)|rip < 1, umeem ||gn|lnip <
1

, u mosToMy |Vg,(x)| < ( st Bcex x € M. 3amerum, 4To IJIst

(1 —cn)hn 1—cn)hn

x ¢ A p(A,z) > h,, u o HepaseHcTBy Tpeyromnauka p(AShn 1) > (1 — ¢,)hy,.
Hns rakux = g,(x) = 1 u, caemosarenvuo |Vg,| = 0 Ha OTKPLITOM MHOMKECT-
e M \ A", Amanorumuno, g, = 0 ma (OoTEpEITOM) MHOmecTBe A" mosTOMY

|Vgn| =0 ma A" u, B wacTrOCTH, Ha A. Takum o6pasom,

p(AP) — p(A)

E|Vg,| <
Vol = =0 =3,

— ut(A).
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JlemMma morasaHa.

Jlemma 1.4.2. Ilyctp R — MyJaLTUINIMKATUBHLIA MOIyL. Toraa

a) R(1) =1, upu srom R HempepniBHA B TOUKe p = 1;

b) ecmu R(p) < 1 mns mexkotoporo p € (0,1), To R(0T) = 0;

¢) ecru R(p) < 1 nms secex p € (0,1), To R Bo3pactaer ua (0, 1];

d) eciu R — HETPUBUAJLHLIA COBEPIIEHHLIA MOAYJIL, TO R — Bo3pacraromas

6ueknus B (0, 1].

IokazareanctBo. a): R(p) < R(p)R(1), caemoBaremvro R(1) = 1. Ilpwm osrom,
ecnu Out lim, ;- R(p) = a < 1, To ycrpemnas p,q — 1~ B Hepasernctse R(pg) <
R(p)R(q), Mp1 61 momyumau o < o, 970 BO3MO&HO Toanko mpu o = 0. Cmenosa-
TeTLHO v = 1.

b): Ecan py € (0,1) u R(po) <1, ro R(py) < R(pp)™ — 0.

c): R(pg) < R(p)R(q) < R(p) ana secex g € (0,1).

d): Bosbmem py € (0,1), Takoe uro R(py) < 1. Cormacuo b), R(0T) = 0,
caenoBatennuo S(17) = 1. 3adurcupyem p € (0,1). Ilycts p; u ¢ crpemsarcs
COOTBETCTBEHHO K p U 1 Tak, 4uTobnl p; > p u p1q1 < p. Torma mu3 HepaBeHCT-
Ba S(p1q1) > S(p1)S(q1) momyuaem, uro S(p~) > S(p'). Takr xak S me yOnBaer,
S(p~) = S(p"), To ectnb, S HenpepuiBHA B TOuke p. CaenoBaTeanHo R HENpepLIBHA
ua (0,1).

Urobnl mokasarh mociaenHee yrBepskaeHue B d), 3amerum, uto S(qo) > 0 s
qgo =1 —po. Moosromy S(qf) > S(qo)™ > 0. Tak rax S He Bo3pacraer, S(q) > 0 mis
Bcex g € (0,1), Tak yro R(p) < 1 mns p € (0,1). Ocraercs BOCHOIL30BATLCA C).

Jlemma 1.4.3. Ilyctnr F' — (QyHEOUA pacupenesieHUs C HEIPEPLIBHOW IOJIOKU-
tenpHo# maotHOCTHIO f HA R, F~1:(0,1) - R — obpatnas k¥ F. Ilycto Rp(p) =
F(F~Y(p)+h), p€ (0,1] (Rn(1) =1). Caenyromue ycioBUs SKBUBAJEHTHDL:

a) nis Bcex h >0 Rj — MyJLTUNNIMKATUBHLIA MOLYJIL: miisi I00LIX p,q € (0,1)

Ri(pq) < Rin(p)Rn(q); (1.4.12)

b) mia mobuix p,q € (0,1),

fETNee) o SETNR) S N) (1.4.13)
pq p q . h

Cnencreue 1.4.1. Ilyctn F — ¢yHERIUA pacupenesieHus ¢ HEIPEPLIBHOW MOJIO0-
RUTeNLHON minoTHocThI0 f Ha R, mpuuem, mepa F' cuMmMerpuyHa (OTHOCHUTEILHO
cBoeid memuannt). s Bcex h > 0 Rj Oyner COBEPIIEHHBIM MOJIYJEM TOTJa U

TOJILKO TOT A, KOIJa BLINOJHEHO ycuoBue (1.4.13).

HoxrazarenscrBo semmer 1.4.3. [Tonaras B (1.4.12) h — 0, npuxomum & (1.4.13).
OOpaTHO: Kak U B AOKa3aTeianLCTBe TeopeMbl 1.1.1, BOCmOAL3yeMcsi TeM BasKHLIM

cBoO¥icTBOM, uTO cemelictBO Ry, h € R, obpa3yer omHonmapaMeTprUYeCcKyIO TPYIIY
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Bozpacratomux ouverknuit B (0,1): mua moboix h u h' Rpyp — cynepnosunus Ry,
n Ry (npuyem R_j — obparnas k Ry). Ilostomy, ecam (1.4.13) Bepuo mus h u
h', TO »TO HEpaBEHCTBO BepHO U I h + h/, Tak YTO TOJLKO MaJbLle 3HaJYeHus h
cymectBeHHHI B (1.4.12), a nus Hux oHo cBomurcs K (1.4.13). Urobwr caesnarts 910
paccyskIeHre CTPOruM, IOIMYyCTUM CHaJaja, uTo HepaBeHCTBO B (1.4.12) — cTtporoe

st Beex p,q € (0,1). 3apurcupyem p, g € (0,1) u momosxmm
J(p,q) = {h>0:(1.4.13) Bepro mua Bcex h' € (0,h] }.

Hy:xuo mokasarn, uro J(p,q) = (0,+00) mus Bcex p,q € (0,1). OueBunmuo h €
J(p,q) npu mocrarouno Mainix h > 0 u, Tak Kak Rj; HEOPEPLIBHO 3aBUCUT OT
h, mocraToyHO MOKa3aTL, 4YTO Kak TOJLko h € J(p,q), h +¢ € J(p,q) mus Bcex
nmocraTtoyno Madnix € > 0. Ilycrn h € J(p,q), u nonoxum p' = Ry(p), ¢ = Rn(q).
B wacrtrnoctu, Rp(pq) < p'q’. B cnyuae Rp(pq) < p'q¢’ nokaswviBarh Heuero, Tak
YTO MOKHO TPEeNOIOENTL, uTo Ry(pq) = p'q’. Homowwmm I(t) = f(F~1(t)) mpm
0 <t <1l Torma mua scex t € (0,1) mpu ¢ — 0 R.(t) = t+ I(t)e +o(e). B

JaCTHOCTH,

Ry =(p) = Re(Ru(p)) = p' + 1(p)e + o(e),
Riie(q) = Re(Ri(q)) = ¢ + 1(¢')e + o(e),

Riye(pq) = Re(Rin(pq)) = p'd’ + I(p'q)e + o(e). (1.4.14)

[IepBple mBa pa3iaOKEHUS OAIOT

Riye(p)Ruye(q) =p'q + (0'1(q") + ¢'I(p'))e + o(e). (1.4.15)

ITo npemnonoxenuto I(p'q") < p'I(q') + ¢'I(p’) n, cpasuusas (1.4.14) ¢ (1.4.15),
3armo4daeM, 910 Rpic(pq) < Rp+te(p)Rhte(q), u, caemoBarenvuo h+¢ € J(p, q) nus
BCEX NOCTATOYHO MAJLIX € > 0.

B o6mewm cayuae, korga B (1.4.13) BO3MOMKHO PaBEHCTBO, PACCMOTPUM (YHK-
muu Buna Fr(x) = F(T(x)), rne T : R — R — Boinykias QyHKIUs C HENPEPLIBHOR
Bospacraromeii nponssonuoir 7/ > 0 ma R, T'(—o00) = —o0, T'(+00) = 4+00. O603-
HaumM depes 1! u Fqu obpaturvle K 1" m Fp, coorBercrBerno. IIpoBepum, uto

Fr ynoBIETBOTsIET NPEANOJNOKEHUs M, CIEJIAHHLIM HA IIEPBOM IIAre.
Nwmeen: fr(z) = Fn(x) = f(T(2)T'(z), Fpt(p) = T~ (F~'(p)), cremoareanuo

Ir(p) = fr(Ert(p) = F(E )T (TH(F(p) = I(p)alp),

rae a(p) = T/(T~H(F~1(p))). dymrmus o sBospactaer Ha (0,1), mosTOMYy mIsA BCex
p,q € (0,1), a(pqg) < min{a(p),a(q) } Ucnonnsys (1.4.13) nusa ¢pysrmum [, umeem:

1(q)

Ir(pa) _ 100) o < %a(pq)-l— - alpg)

pq pq
0 o 4 10 (g = ) 220

<

Y
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To ecthb I ynosuerBopsier (1.4.13) co crporum mepaBencTBoM. CileIOBATEILHO,

COTJIACHO TEPBOMY Iary, mis Jobnix p,q € (0,1) u h >0
Fr(Fp'(pg) + h) < Fr(Fp'(p) + h)Fr(Fr'(q) + h). (1.4.16)

[Monbupas nocaemosarenvuocts 1 = T, rtak, yrobwut T,(x) — x mpu n — o
noroueyno, nouayuuMm Fr (z) — F(z) n FT_nl(p) — F~Yp) nns Becex * € R u
p € (0,1), u cnemoBarenvuo B npenese (1.4.16) npesparurca B (1.4.12). Jlemma
1.4.3 nokasana.

Jlemma 1.4.4. IlpenmonoxkuMm, UTO QYHKIUA pacupenenenus [ mmeer Hempe-
PLIBHYIO IIOJIOKUTENLHYIO IIIOTHOCTL f Ha R, Takyro uro ¢ymkmusa log(f/F) Bo-

rayta. Torma mua Beex p,q € (0,1),

fF(FE (pa)) < F(E~ () 4 fFEH9)

pq p q

HokazarenncrBo. Ilokaskem, uro (1.4.12) BumosHsieTcs npu Bcex h > 0. QyHK-

s
pn(x) = —log(Rp(exp(—z)) = —log(F(F ™! (exp(—z)) + h))

MOJIOKUTENbHA, HeMpepbiBHa 1 Bo3pacTaeT Ha (0, +00), u mpu atom ¢, (01) =0. B

TepMuHaxX @) cBo¥crBo (1.4.12) 3anmmercs kak

on(x+vy) > on(x) +enly), = y>0,

HO9TOMY [NOCTATOYHO IIPOBEPUTL, UTO pp Boimyksa Ha (0,400). OueBumgao, ¢

mudpepeHnupyeMa, IpudemM

oL RMe) L JEMe ) e
@) = R ¢ T TR e FE R

He yOoBaer Ha (0,4+00) TOrga m TOJLKO TOTJA, KOrAa ¢y HKIUS

f(E~1(p) + 1) P
fFE=Hp)  FEFE(p)+h)

He Bo3pactaer Ha (0,1), To ectn (menas 3ameny p = F(x)), korma (yHKIus

fl+h)/F(z+h)
f(@)/F(z)

He Bo3pacraer Ha R. 910 BepHO, Tak kak npupamenus ¢yuakiuuu log(f/F) na

UHTEpBaJax [r,x + h] He BO3pacCTaroT.

Haxonen, npuBeneM HECKOJILKO 3KBUBAJIEHTHBIX ONPENEIeHUil Jiorapudmuyec-

KOW BOTHYTOCTU MJIs MEp Ha BEMECTBEHHOW MPAMOIA.
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[TycTh p — HEaTOMUYECKask BEPOSTHOCTHAS Mepa Ha R ¢ ¢pyHKnuell pacupenenenus
F(z) = u((—o0,z]), x € R. Ionoxum

a=inf{z€eR: F(z) >0}, b=sup{zeR:F(z)<1}.

Bynem mpemmonararn, uro F (crporo) Bospacrtaer Ha (a,b). O6Go3mauum uepes
F~1:(a,b) = (0,1) obpatuyio k¥ F ¢yHKIUIO.

Jlemma 1.4.5. Craenyromue yCaOBUS SKBUBAJEHTHLI:

a) Mepa [ JOrapu(pMUUIECKN BOTHYTA;
b) ¢yurmuu Ry (p) = F(F~1(p) + h) BormyTor wa (0,1) mpu h > 0;
) |4 IMeeT HENPEPLIBHYIO MOJOKUTEILHYIO MIoTHOCTL f Ha (a,b),

npuuem dynrmus I(p) = f(F~1(p)) sorayra ma (0,1).

IokasarennctBo. DBymem mpeamonararn, urto a = —oo, b = +oo (B ob6mem
cilyuae IDOKA3aTeNLCTBO MPAKTUYECKUA HE M3MEHUTCS).

a) = b): mO YCJOBUIO {t MMEET HENPEPLIBHYIO MOJOKUTEILHYIO IIOTHOCTL f,
Takyio uro ¢pyuknusa log f Boruyra Ha R. CaenoBartensuo mis kaxkmoro h > 0 npu-
pamerue log f(x+h)—log f(z) = log(f(z+h)/f(z)) npencrasuaser coboii HEBO3pac-
taromyo ¢pyrkmmio Ha R, u sHaunT npoussonnan R} (p) = f(F~1(p)+h)/f(F~1(p))
omnpezeseHa U He BO3pacTaeT. DTO BJIEUYET BOIHYTOCTL Ry.

a) = ¢): ¢yurmusa f abCOMIOTHO HEIPEPLIBHA, IPUUYEM CYIIECTBYET IIPOU3BO IHAS
Panona-Hukomuma f' rtakas, uro f'/f — meBospacraromas npoussonnas Pamnona-
Huxonuma ¢yukmuu log f. Tak kak F' — HenpepbIBHO qudpepeHnupyemas, GyHKINA

I'(p) = f/(F:I(P))
f(F=1(p))
npeacrasiser coboii npoussoanyo Panona-Hukomuva ¢yukuum I vHa (0,1). Oue-
BuaHo, I’ He Bo3pacTaeT, mosToMy | BOTHyTA.

¢) = a): WO YyCIOBHUIO, CyMECTBYyeT HEBO3pacTaroas NpOU3BOIHAA PamoHa-
Hukomuma I’. Tak kax F menpepoiBHO muddepentupyema, ¢pyuruus I'(F(z))f(z)
npexacrasiser coboli npoussonnyo Pamona-Hukonuva dyukmuu [(F(x)).

Ho I(F(z)) = f(x) mnns Bcex x € R, cnenoBarensro f abCONIOTHO HEIPEPLIBHA
u, 6oxnee toro, f' = I'(F(z))f(z) — npoussonnas Panona-Hurkonuma ¢pysrnum f(x).
[Mostomy, I'(F) = f'/f — npoussonnas Panona-Hukomuma ¢pyuruuum log f. Tak kak
I'(F) me Bo3pacraer, log f Borayra na R.

b) = a): 3aMeTuM, UTO HOKa3LIBATL HEUErO NpU yCIOBUU, UTO F mMeer moso-
’KUTEJILHYIO HENPEPLIBHYIO IIOTHOCTL f. IleficTrBuTennHO, B aTOM cayuae [(p) =
lim;,_, g+ (Rp(p) — p)/h BOrHyTa Kak MOTOYEUHLIA Mpenes BOTHYTLIX (YHKIWA, U MDI
[HOJIyYaeM C) U 3HAYUT G). DTOTO yKe NOCTATOUHO I Hy:kA TeopeMmol 1.4.1. Tem
HE MeHee, MHTEPECHO, UTO IPU YCJIOBUU b) HUKAKOW CUHIYJIApHOV KOMIOHEHTLI Yy
{t OLITL HE MOYKET, U HU/KE MDLI IIPUBOAUM COOTBETCTBYIOIIEE TOKA3ATENILCTBO.

Urak, mnns Bcex h > 0 R, BOrayra, CJIeIOBATEILHO CYIIECTBYET HEBO3pac-

raromasa npousBonHasa Panoma-Hurommma L ¢ysrknumum Rj, npwdyeM oOHa MOMKET
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6nITL BLIOpaHa HempepoiBHOW cupaBa. Kpowme Toro, Lp(p) > 0 musa Bcex p € (0,1)
(Tak KAk B IONOJIHEHUE K BOTHyTOCTH, Rj BO3pactaer u Rp(p) — 1 mpu p — 17).

Tax rax Rp(F(x)) = F(x 4+ h), MOMKHO 3aIIMCATEL TOKAECTBO
F(y)
F(ly+h)—F(z+h)= / Ly (t) dt,
F(z)

cupaBemiuBoe mjs Bcex x,y € R u h > 0. Ycrpemnsas y — x, noaydaem
F(y+h) = F(z+h) = Lp(F(2))(F(y) — F(z)) + o(F(y) — F(z)), y — =,

Fly+h) = F(x+h) = Ly(F(x)")(F(y) — F(x)) + o(F(y) — F(x)), y = x~.

B wacrtrOCTH, eciim F' mudpepeHnupyeMa B TOUYKE T, TO CYyHMIECTBYIOT IIpeIeJIbl

folz+h)= lim ZWEMZF@ER g ) F (),
y—xr+ Yy xT
filx +h) = lim Flyth) = Flth) _

y—r— y—x

Lp(F(x)")F'(x).

Tarx kax h > 0 npomsBosbHO 1 o TeopeMe Jlebera F mu¢pdepennupyema mourum
BOo Bcex = € R, 3Hauenue = + h MOkeT OBITHL MPOM3BOJILHBIM, TaK YUTO (DYHKIUU
fr(x) m fi(z) oupenenennt mis Bcex x € R u npencrasastor cobo#i COOTBETCTBEHHO
IPaByIo U JIEBYIO Npou3BoaHyto F Ha Bcedl umcnoBo#i npsmoii. Kpome Toro, stu

(YHKIIUU YJIOBJIETBOPAIOT PaBEHCTBAM

fr(x + h) - Lh(F(CE))fr(m)? (1'4'17)
filz +h) = Lyp(F(x)7) fiz) (1.4.18)

st Bcex * € R m h > 0. Ucnonssys (1.4.18), 3amerum, uro ecau fi(zp) = 0 B
HEKOTOPOH Touke Tg, To f; = 0 Bcromy Ha [xg,+00). Ho f,. = f; = F/ nourn Bcrony,
CIeIOBATEILHO MLI 661 uMenu f.(x1) = 0 B HEKOTOPOW TOUKe X1 > T, U COTIACHO
(1.4.17), Torma f. = 0 Bcroogy Ha [r1,+00). B pesyanrare, Mul 6nl mOLy4dumn,
uTO Ha wmHTepBaue [r1,+oo) F' cymecrsyer Bcromy, npuuem F' = 0, To ectn, F
MOCTOAHHA HA 9TOM MHTEPBAJE. DTO, KOHEUHO, TPOTUBOPEUUT MIPEIIOTOKEHAIO O
Bo3pacTauuu F'.

Takum obpasom, fi(z) > 0 musa Bcex € R. Ilo TeMm ske mpuymHaM s BCeX
x € R f.(x) > 0. Tenepn Mul MoskeMm BBecTu (yHKIMU ¢, = log f u g = log fi m
samucars (1.4.17)—(1.4.18) rax

gr(x +h) = gr(x) = Ln(F(x)), gi(z +h) = g(x) = La(F(x)").

Kak cnencrBue, npupainenus g, u g; IpeACTABIAIOT cOOO HEBO3pacTaIue (yH-
KU, TIO9TOMY ¢, U ¢; OyIayT 00s3aTEILHO BOTHYTLIMU, €CJIM MOKA3aTh, YTO OHU

HenpepoBHLL. [laa Bcex x < y u Bcex h > 0 MBI uMeeMm

9r(y+h) —gr(z+h) < g:-(y) — gr(2). (1.4.19)
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Anpuopu, g, U g; DOIZKHLI OLITL HEMPEPLIBHLIMU BO BCEX TOYKAX HEKOTOPOT'O MHO-
sxectBa S C R Bropoii kareropum. IlelicrBurennuo, GpyHKNUS f, ABISETCS MO-
TOYEYHLIM IIPEIeIOM

fr(z) = lim n (F(x—l— %) —F(x))

n—oo

IIOCJIETOBATEIHLHOCTY HENPEPLIBHLIX (YHKIUA, U TO K€ CaMO€ OTHOCUTCS K (yHK-
mau g,.. CraemoBaTenLHO ¢, IPUHAICKUT K IEepBOMY KJaccy Dspa, m mo Teopeme
Bopa (cm. mamp. [20, §31]), Bce TOYKM Pa3pBLIBHOCTU ¢, OOPA3yIOT MHOMKECTBO
nepBo#i kareropunm. Jlasee, paccy:koas OT NMPOTUBHOTO, MPEIINOJOKNAM, UTO ¢
VMEeeT TOYKY pa3pLiBa Iy, TO €CTh, BLINOJHEHO IMO-KpaiHedl Mepe OmHO W3 cle-

AYIOINUX YEeTLhIPpEeX YCHOBMﬁZ

1) liminf g, (y) < gr(x0);  2)limsupg,(y) > gr(zo);
y—x +
0 Yy—xg
3)liminf g, (y) < gr(20);  4)limsupg,(y) > g-(z0).
Y—x, Y=y

B nmepsBom cayuae, ycrpemusia B (1.4.19) y — xp cupaBa, MLl HOJXyYUM U BCEX
h >0

liminf g, (y + k) < gr(xo + h)

y—ag
U Tak Kak T+h MO¥KeT OLITL JTF0OBIM YUCIOM B (g, +00), 3TO Oy €T IPOTUBOPEUUTD
HEIIPEPLIBHOCTU ¢, BO Bcex Toukax S. Bo BTOopoMm cayuae, Gepsas r = xg — h u

yerpemissia B (1.4.19) y — xg — h copaBa, Mbl mOXyYnuM 1uis Bcex h > 0

limsup g-(y) < g-(xo — h),
y—(xo—h)T
TO eCTb, ¢, OymeT pa3pLIBHOW clpaBa BO BCeX TOYKAX (—00, (), YTO CHOBA IMPOTU-
BOPEUUT HEMPEPLIBHOCTU ¢, BO Bcex Toukax S. [lomensem memepn mectamMu poiib

xuysB (1.4.19): mua Bcex y <z u Bcex h > 0 MbI uMeeM

gr(y + h) - gr(x + h) > gr(y> - gr("r)' (1'4'20)

[Tpumenss (1.4.20) k cayuasm 3) u 4), TOYHO TakKe HOJYUNM PA3PLIBEL CIEBA BO
BCEX TOYKax moiyoceilt (—oo,zg) u (zg, +00), COOTBETCTBEHHO.

Takum o6pazom, GyHKIUA g, 1 (IO TEM ke IPUYMHAM) §; HEIPEPLIBHLI HA BCel
yucaoBoi npsamoii. CienoBarenbHO 5TU (YHKIUM BOTHYTLI. TaK KAK OHU HEIpe-
PLIBHLL U f, = f; mouru Bcroay, 3akiawouaeM, uro f.(x) = fi(z) = F'(z) ansa Bcex
z € R. Tlosromy mpomssomnas f = F’ mpencrasisier coGOW MOIOKUATENLHYIO
IJIOTHOCTD [4, TAKYI0 4TO (yHKIUsA log f BOrHyTA.

Teneps MOKa3aTEILCTBO MOJHOE.
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§1.5. ®PysrmmonasbHas opMa M30MEPUMETPUUECKOIO HEPABEHCTBA

IJI TAyCCOBCKOW MePBI

HamomamM, uTO cTaEmapTHYIO rayccoBckyio Mepy B R"™ mbr 0603Haunmm yepes

Yn. Kak obLIUHO,

1 —x2/2 *
o) = e o) = [ et we oo tod)
—o0
0603HAYAIOT COOTBETCTBEHHO MJIOTHOCTL U (GYHKOIUIO Pacmpemeserus ;. IlycTs
d~1: [—o00,+00] — [0,1] — obpaTras k P.
V3onepuMeTpuyeckas TeopeMa IS MepHI Y, YTBEP:KIAeT, UTO IJIA BCeX U3Me-

pumnix MmaOkecTB A C R™ u h > 0
T (A") > (@ (1(A)) + ) (15.1)
(h-OKpPECTHOCTL MOHUMAETCS B CMLICIE €BRIUIOBOW METPUKM). DKBUBAJIEHTHO,

Y (A) = (27 (m(A))). (1.5.2)

C yuerom Toro, uro Ha nosaynpocrparcrsax (1.5.1)-(1.5.2) npespamarTcsa B pa-

BEHCTBa, AJIsI N30IIEPUMETPUIYECCKUX (i)YHKI_II/Iﬁ MEPLI 7Yy, MDLI IMEEM BLIDaAKECHUI

Rhy, () = (@7 (p) + 1), I, (0) = 0(27 (),

0<p<1, h>0. IlockonbKky 5Tu (GYyHKIUM HE 3aBUCAT OT PA3MEPHOCTHU, OyIeM

obosnavaTnL ux npocto Iy, u I,. Ilpumenum Teopemy 1.4.1:

Teopema 1.5.1. Ilna mro0oit sokanbHO aunmuneBoir ¢pyarmuu g Ha R™ co 3Ha-
yernusamu B [0, 1]
1,(Eg) — EL,(9) < E[Vy], (1.5.3)

rje MareMaTudecKue OKUIAHUSA IIOMUMAIOTCA B CMLICIE MepLl v,. Kpome Toro,
(1.5.3) Bueuer (1.5.1) u (1.5.2).

HokazatenncTBo. HyskHO nuuis TpOBEPUTL, YTO BLINOIHAETCA cBO¥cTBO (1.4.6).
Tak kak ¢ cuMmMerpuuHa oTHOCcUTEILHO 0, TO corsacHO jdemme 1.4.4, mocTaTodHO
npoBepuTh, 4To (yHruus u = log(y/®) Bormyra. Nmeem: u'(x) = —x — ¢(x)/P(x),

un
rp(@)2(@) + o) _

ul/(x) = —]. + <I>(x)2

Torza u ToapKo Toraa, koraa v(z) = ®(x)? —ze(z)®(z) — o(z)? > 0. 3ametum, uTo
s Bcex ¢ € R
V' (z) = () [(1+2%)®(z) + zp(z)] >0, (1.5.4)
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TaK Kak s oTpunareanpHnix x = —t, t > 0, (1.5.4) — T0 XOpOIIO U3BECTHOE HE-
paserctso 1 — ®(t) > (t/(1 +t?)) ¢(t). CnenosaTenanbHo v He yOLIBAET, U OCTACTCS

3aMeTUTL, 4yTo v(—00) = 0.

3amedaHusi.
1) Bmecto (1.4.6) MO:kHO cpa3y HpOBepATL, mpudeMm Ha ocuose (1.5.1) mus
pasMepHOCTH N = 2, UTO R}, ABISAETCA MYJILTUILIMKATHBHLIM MOIYJIEM: €CJIIH

B3ATb

Ai(p) ={z € R?: 3, <2 '(p)},
Ay(q) ={z e R*: 2, <O (g},
A(p,q) = A1(p) N Az(q),

to, mpmmenss (1.5.1) ¢ ygerom Toro, uro A(p, q)" C A1(p)"NAa(q)" u v2(A(p, q)) =

Pq, MBI TIOTYYUM

Ry~ (p) R~ (q) = v2(A1(p)")72(A2(q)")
= 12(A1(p)" N A2(q)")
> 72(A(p,9)") > R~ (pg)-

2) Ipun =1 (1.5.1) n (1.5.2) — yacrHbIe Ciydam TeopeMbl 1.2.2, ¥ MBI IOJY-
yaeM OAHOMEpPHLIA BapuaHT (1.5.3), MCHOAL3ys JUIML CUMMETPUYHOCTL U CyOa-
muTuBHOCTL GyHEIUY I,. C npyroii ctopoHer, mo Teopeme Dpxapaa [126], ecan g*
3aBUCUT TOJILKO OT II€PEMEHHON T, He yOLIBaeT IO X1 U MMEEeT TaKoe Ke paclpe-
nesenue, uro u Gpyuarimusa g, to E|Vg*| < E|Vg|. Takum 06pazom MOKHO OLIIO GBI
ceectu (1.5.3) k pasmeprocT n = 1 WM, MHAYE TOBOPS, TeOpeMa DpXapaa BiieueT
M30MEePpUMETPUYECKOEe CBOWCTBO MOIyHpOCTpaHCTB (1 o6paTtHOo). OTmeTnM, UTO
TeopeMa Dpxapaa IpPeIcTaBisgeT cOOOH raycCOBCKUA aHAJIOT U3BECTHOIO yTBED:K-
nenus s Mepst Jlebera (cm. Bpasepc u Humep [95]).

3) He m3BectHO, MOkHO nu ycmanthb (1.5.1), ecan orpaHnunThCsi abCOTIOTHO-
BLINYKJILIMU MHOkecTtBamu (cMm. [21], [176]). Wurepecuodi m B TO ke BpeMms
TPYIOHOH sBisieTCs U 3anada 06 obOpamenun (1.5.1) B Kiracce BLITYKJIBIX MHOMKECTB
A. Hampumep, merxo momyunts onesky 7, (A) < c¢n'/? ([68]). DTo mepasencr-
BO Gruto ycmmeno Bommoum [63]: 4H(A) < 4n'/%. Bompoc 06 omermBaHIE CBEPXY

BesuuuHLL Y, (A) CBA3aH ¢ HEKOTOPBLIMU BEPOATHOCTHLIMU 3a,JAYaMU.
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§1.6. Omaoponnnie HepaBeHcTBa Tuna Coboiesa

[Myctn (M, p) — MeTpuUeckoe TPOCTPAHCTBO, CHAD:keHHOE (BOpEeNeBCKoii) Bepo-
ATHOCTHOW MEpO# 1. 31eCh MBI OCTAHOBUMCS HA APYTUX MPUMEPaX IMPencTaBIeHUs
M30IePUMETPUYECKUX HEPABEHCTB B (pOPME aHAJIUTUYECKUX HepaBencTs Tuna Co-

ooneBa. MMmenno, HAC OyIyT MHTEPECOBATHL HEPABEHCTBA BUIA
L(g) < E[Vy], (1.6.1)

rae L — HEKOTODLIA OAHOPOIHLIA (YHKIMOHAJ, U § — NPOU3BOJLHAS JIANIIAIEBA
¢yurmusa va M, Bxomsamas B obsacTth onpenenenus L. B orauume oT HEOQHODPOI-
ueix ¢yarnnonHanos L(g) = [(Eg) — EI(g), paccMOTpeHHBIX paHee, 31€Ch MLl He
oynem uMernh orpanwmuenii tuna 0 < g < 1. C apyro#i cTOpOHDLI, UCCIAETYsT HEKO-
Topble vacTHble BapuaHTLl (1.6.1), MLI paccuuTbiBaeM pPACHIMPUTL KIACC MEDP [,
Haligs ycuoBus, npu KOTOPLIX (1.6.1) BLImOJHSAETCs, NMpUYeM HA WHAUKATOPHLIX
GyHKIMAX TpeBpamaercsa B (TOUHOE) U30MEePUMETPUUECKOEe HEPABEHCTBO (TO €CTh,
HeceT B cebe mHOpManUio 00 PKCTPEMaJILHLIX MHOKECTBAX B AU((epeHINaILHON
M30MEePUMETPUYECKON 3aqaue IJisi MEPLI [t).

Mupoxnit kaacc pysrnronanos L B (1.6.1) 61 paccmorper Porxaysom [206].
Nmenno, nyct G — memycTtoe cemelictBo map (u1,us) CYMMUPYEMLIX HO Mepe [

¢yurnuit za M. [lomoxnm

L(g)= sup E(g ui+g ua), (1.6.2)
(u1,u2)EG
roe gt = max(g,0), g = max(—g,0). 3nauenue L(g), KOHEYHOE WU HET, KO-
PPEKTHO oIpeneseHo MJsS BCeX ¢, TaKUX UTO ¢ Uiy U § U [U-CYMMUPYEMBDI, Kak
TONILKO (u1,us) € G. B wactHOCTH, eciu u; = —ug, 1O (1.6.2) mpespamaercs B
¢ YHKIIOHAJ BUIA
L(g) = sup Egu, (1.6.3)
ueG

riae cynpeMyM Oepercs MmO HEKOTopoMmy ((popmannbHO apyromy) cemeiictBy G p-
CYMMUDPYEMBIX (OYHKIURA u. YiKe »TOT YACTHLIN ciaydail BKIOUYAET B ceOs MHO-
rue BaskHbLIe (yHKIUOHAJLI. Hampummep, B kauectBe L MOXHO paccMaTpuBaTh L<-
HODMY

L(g) = llgla = (Elg*)"", 1< a<+oc,

Bonee obmo, ecau (B, |- ||) — 6aEax0BO IPOCTPAHCTBO M3MEPUMBLIX (yHKINA Ha M
(c OOLIUHBIM OTOMKAECTBIICHNEM (YHKINT, COBIATAIONINX HA MHOMKECTBE i-MepPLI 1)

CO CBOWCTBAMU

@) (fl <lgl mm mwgeB) = (feBulf]<]gll;
(#i) mist m06OW HEBO3pACTAIOIMIEH MOCIeNOBATEILHOCT (YHKIUA
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{gn} C B, cxomsmetica n.u. k pysrnuu g € B, ||gn| — |9l

to HOpMa L(g) = ||g|| mpeacrasuma B Bume (1.6.3) (cBoiicrso (i) onpenemnsier B rak
naeasbHoe 6aHAXOBO NPOCTPAHCTBO (Mau — K-IPOCTPAHCTBO), U B 9TOM CIydae
CBOWICTBO TOJIYHEIPEPLIBHOCTU HOPMBI (ii) SIBJISAETCS TaKKe U HEOOXOAMMDBIM MIJIs
npeacraBuMoct HopMol B Buze (1.6.3), cum. [16]).

Koneuno, ¢pyurnuonas L(g) = ||g|| menb3sa paccmarpusats B (1.1.6) mius Bcex g u
caenyer QYyHKIUU § KAKUM-IM00 06pa30M IeHTPUPOBATEL, HAIIPUMED, IPeAnoaras,
uro Eg = 0. 910 sxBuBanenTHo (1.1.6) ¢ pyrrmumonasom L(g) = ||g—Eg||, koroporii
TakKe, KAK U MOIYJL IPDAAUEHTA, WHBAPDUAHTEH OTHOCUTEJLHO CABUIOB § — ¢ +
const. OueBuano, uTo ecau HOpMa B B mpencraBuma B Buze (1.6.3), To B aTOM
Buze npexncrasuM u ¢pyaruronas L(g) = ||lg — Eg||.

Baskupim npumepom cayskut npocrpanctso Opawnua B = Ly (M, ) Bcex uamep-

UMBIX QyHEIU#A g Ha M ¢ KOHEeYHOW HOPMOWA
lg|lw = inf {A > 0: E¥(g/)) < 1},

rne ¥ : R — [0,+00) — (upousBosibHAs) deTHAs BLIIYKJIAS (QYHKIWUS, TAKAS UTO
U(0) =0, ¥(z) >0 npu « > 0. Tarkue ¢pyHEIMM MBI OyIeM HA3LIBATL (YHKIUAMUI
FOura (masbmBaemble nHOrAA B aureparype takke QyHrimmsaMmu Opunua). Hopwma
B 9TOM KIEaJLHOM GaHAXOBOM HpOCTpaHCTBe mpencrasuma B Buzxe (1.6.2), m Mol
OyzmeM coOoTBeTCTBEHHO paccMmarpuBarh B (1.6.1) ¢yrrunonan L(g) = ||g — Eg||w.
[Tpumepom ¢yHKIMOHANA, TpeAcTABUMOTO B Buae (1.6.2), HO He mpeacTaBuMoro

B Buge (1.6.3) MOMKeT CIy:KUTL T.H. DHTPOIUSI
L(g) = Elg|log|g| — E[g|logE|g| = sup E|g|u.
Eev<1

Nmenno stor nmpumep npuBomut Porxay3, BBOAA OOoJiee MUPOKUNA O CpaBHEHUTO
¢ (1.6.3) knacc GyHKIMOHAIIOB.

Nnmeer MmecTo:

Teopema 1.6.1. Ilycrs L onpenenen ¢ nomompio (1.6.2). Cuenyromue ycnaoBus
9KBUBAJICHTHLL:

a) I BCeX M3MEpPUMBLIX moaMmuo:kects A C M
pt(A) > max(L(14), L(—14)); (1.6.4)

b) mist Bcex GpyHERUMA g Ha M, UMEOMNUX KOHEUHYIO JUIIIAIEBY HOPMY HA KaiK-

noM mape B M um BXomamux B o0JacTL onpeneaeHus L,
L(g) < E[Vg|. (1.6.5)

Insi puMmaHOBBIX MHOroo6pasuii M (¢ KAHOHMYECKOW PUMaHOBOW METPUKOW u

mepoii JleGera) sTa Teopema, npuyeM 6e3 MPENOIOKEHNS O KOHEYHOCTH MEPDI [
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(uTO, KOHEUHO, He CYIECTBEHHO B TeopeMme) Obuta mokaszaHa Porxaysom [206]. B
YaCTHOCTU, OHA 00O0Omaer yrsBepskaeHue, nokazannoe Pemepepom u PraemMuHrOM
[128] u Ma3sbs [24] 06 sKBUBaJIEHTHOCTH Kiaccudeckoro HepasercrBa CobGoseBa
U KJIACCUYECKOTO M30MEPUMETPUYECKOTO HEPABEHCTBA B €BKJIMIOBOM MPOCTPAHCT-
Be. OCHOBHLIM apryMEHTOM B TaKOM YTBEP:KIEHUU CIY:RKUT Gopmyia Kpoupoma—
denepepa 151 MHTErpaJia OT MOIYJIsS TpaueHTa (T.H. coarea-popMysa, CM. HAID.
[12], [18], [25], [43]) .
BVl = [ u'{g> 1)
— o0

YaCTO UCIHOJIL3yeMas NMPU JOKA3ATeILCTBE pa3indHbix HepaBeHcTB CobolseBa, B-
aouvaronmx L*-HOpMy rpajgueHTa (3aMeTHM, ONHAKO, YTO JOKA3ATEILCTBO TEO-
pemol 1.3.1 GLLIO OCHOBAHO HA APYTUX UIEsAX). B melicTBUTEILHOCTH B HOPMYyJIE
Kpoupona-Penepepa ucnonn3yercs aumn HepaBeHCTBO (cM. gemmy 2.6.1), a owo,
KaK OKa3bLIBAETCS, CIPaBeUIMBO HE TOJLKO I PUMAHOBLIX MHOTOOOpa3uii, HO
U [JiA TPOM3BOJLHLIX METPUYECKUX MPOCTPAHCTB. YUTOOLI MCCaenoBATL MHTEPE-
CyIOIUe HAC BOIPOCLI B MAKCUMAJILHOW OOIIHOCTM, MLI qOKaskeM Teopemy 1.6.1 B
TaKOM abCTPaKTHOM BUIE.

[TpuBenemM HECKOJILKO PUMEPOB.

Ecan L(g) = cllg — Eglla; 1 < a < 400, ¢ > 0, T0 cormacHo Teopeme 1.6.1,

n30nepuMeTpuyYeCroe HepaBEHCTBO

pr(A) > c(p®q+pg™)V*, p=p(A), ¢=1-p, (1.6.6)

9KBUBAJICHTHO aHAJUTUYECCKOMY HEPDABCHCTBY
clg — Eglla <E[Vg|. (1.6.7)

IIpennonoxum, 94TO Mepa ( He UMeeT aTOMOB. B »TOM ciydyae m3onmepuMeTpudec-
kasg (ysknus [, oupenenena Ha BceMm muHTepsate [0,1], n (1.6.6) 3amumercsa kak

HepaBeHcTBO I, (p) > cly(p), 0 <p <1, rme

1/«

I.(p) = (p“q +pqg®) npu 1 < a < +oo,

u I (p) = max(p, q) npu a = +00. Tarkum 06pa3om, B TOM U TOJLKO B TOM CJIydae,
rkorma I, mveer Bupn cl,, (1.6.7) SKBUBAJIEHTHO TOYHOMY K30I€PUMETPUUECKOMY
HEPABEHCTBY W MOKET COIep:KaTh B cebe mHpOpMAINUIO 00 3KCTPEMAJLHLIX MHO-
KecTBax B OU((PepeHNUaILHOR N30IepUMEeTPUIECKO 3a1ade O MepLl .

IMpu a =1 I1(p) = 2pg — ¢ TOYHOCTLIO N0 MapaMeTpa MacmrTaba M30MepUMEeTPU-
JecKkas QYHKIUSA JOTUCTUUECKOTO pacnpeneiaenus Ha npsaMoii. OHa yIOBIEeTBOPSET
ycaoBusiMm TeopeMmol 1.4.1, u mosTomy m3omnepumerpudeckoe HepaseHCTBO (1.6.6)

[OTYCKAET HEOAHOPOIHYIO (PYHKIMOHAJLHYIO Gopmy (1.4.8)

2cVar(g) < E[Vg|, 0<g<1, (1.6.8)
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U B TO K€ BpeMs — ONHOPOIHYIO (YHKIMOHAJILHYIO popmy (1.6.7)
cElg — Eg| < E|Vyg|. (1.6.9)

CnenoBarensro (1.6.8) m (1.6.9) skBuBasentHbl. s ¢ymrumii Buma I = cl,
5TO €IUHCTBEHHLIA caydait ’mepecedenus’ teopeMm 1.4.1 u 1.6.1. IleicTBuTennh-
HO, mpu « > 1 pacupenenenue F,, acconuupoBanHoe ¢ [,, MMeeT KOMIIAKTHLIA
HOCUTEJIL, TaK KaK MHTETPAJI fol dp/I,(p) koneuen. Hanpumep, npu o = 2 MLl UMeeM

I:(p) = \/pq. B sTom cayuae acconuupoBanuoe pacnpeneinenue Fy cocpenoroueHo
dF>(x)  cosx

de 2
I/IHTepeCHO OpociseuTL 3a IIOBEACHUEM (i)yHKHI/II';,I Ia C PpOCTOM (. HOCKOJILKy

™
Ha WHTepBaje |z| < 5 W MMEET TaM IJIOTHOCTD

I,(p) = || — E||a, rme & — GepHyIIMEBCKas CIydaiiHas BEIUUMHA, TPUHUMAIOIIASI
3HaueHuA 1 u () C BEPOATHOCTSIMU P U ¢ COOTBETCTBEHHO, 5T (DYHKIINU BO3PACTAIOT
¢ poctom «. Ilpu 1 < a < 3 o1rn pysrmmm BorHyTol (cM. [78]), mosTomy accouu-
“pOBaHHLIE pacupenenenus F, morapupmMudyecku BOrHyThl. [Ipum a > 3 o710 yike He
Tak u, 6osee Toro, p = 1/2 we 6yner Toukolt Mmakcumyma ¢Gyuruuii I,. Tem ne me-
uee, I, He mepecTaeT OLITL CyOaqIUTUBHON, U CIeAOBATEILHO F), yIOBIETBOPSIOT
yCJIOBUAM TeopeMbl 1.2.2 mpu Bcex «; B YaCTHOCTU, [, ABJIAIOTCS U30MEPUMETPU-
veckuMu ¢GyHKuaMu s F,. [Ipu a = 400, »T0 pacupenesnesne yIOMUHAIOCH B
3amevanuu 1.2.2.

Kak yxe ormevanocs, [y ABIAETCA M30IEPUMETPUYUECKON QYHKIMER M N1d paB-
HOMEDHOTO pacIpemesenus Ha aByMepHoii chepe M = S? C R? pamayca 1. Ios-
ToMy (yHEIMOHAMLHAA Popma (1.6.7)

Var(g) < E|Vy|

BLIDAYKAET DKCTPEMAJILHOE CBOWCTBO MIAPOB B M30IMEPUMETPUYECKON 3amaue Ha
chpepe S2. Ommaro, nus chep S™ mpu n > 2 (1.6.7) yxe He OyeT SKBUBAJCHTHLIM
M30TEePUMETPUYECKOMY HEPABEHCTBY Ha cdepe, U CIenyeT PacCMATPUBATL (yHK-

rmonaianl L(g) 6osee obmero Buaa.

Jlemma 1.6.1. st moGo#i nunmunesoii pyurimuu g va M (TO ecTh, Tako#, 4To
l9]lLip < +00)

E|Vy| 2/ pt{g > t}dt. (1.6.10)
Herpynuo BumeTn, uro nox uarerpasoMm B (1.6.10) crout mamepumas ¢yHKIU.

Canencreue 1.6.1. s nro6o#i nunmuuesoil pyurnmu g Ha M, Takoid uyro pu{g =
0} =0,
0 00
E|Vy| 2/ u+{g<t}dt+/ pt{g > t}dt. (1.6.11)
—00 0
Urobnr Bemectn (1.6.11), mocrarouno mpumennts (1.6.10) & gt m ¢~ u 3a-
MeTuTh, uto |Vg| = |VgT| n |Vg| = |Vg~| ma (oTkpoiThix) MuHOM%ecTBax {g > 0} u
{g <0}.
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HoxrazarennctBo aemMmol 1.6.1. Ilycrs cuauvasa g orpanuvena. Tak kak (1.6.10)
HE U3MEHUTCA NpU N00ABJICHUU K ¢ TIOCTOSHHOTO CJIAraeMOr0, MOYKHO CUUTATDL ( >
0. Tak ke, kak u B HokazarenancTBe Teopembl 1.4.1, Beemem ¢yukuuu Upg(z) =
sup{g(y) : p(z,y) < h}, x € M, h > 0, Tak 4uro

lim sup Unglo) ~ glz) <|Vg(z)|. (1.6.12)
h—0+ h
Paccmorpum Ay = {g > t}. Ias Bcex t,h > 0 {Upg >t} = A, mostomy EU,g =
[F° w(AlY dt. Cremosarennno

0

_ oo hy _

gUni—g :/ Mdt. (1.6.13)
h 0 h

B cuny ycaosua munmmnesoctu, Upg(z) — g(z) < ch mus Bcex © € M, h > 0 n
HEKOTOpO#t nocrosuuoii ¢ > 0. Ilosromy, ucnonn3ys (1.6.12), reopemy JleGera o
Maskopupyemoir cxomumoctu, (1.6.13) u semmy Pary, nmosyuaem:

. Ung — .. Ung —
E|Vg| > limsup E 29 > liminfE 4 —9
h—0+ h h—0+ h

g [ RAD — (A
h—0+ 0 h

+o0 Ry +o0
> / liminf £ —#AD gy / wt(Ay) dt.
0 h—0+ h 0

TakuMm obpasom, (1.6.10) mokazaHo miIs OrPAHUYEHHLIX JIAMIIUANEBLIX (YHKIUA ¢.

Ilns HEOrpAHWYEHHDLIX JIMNIIUIEBLIX ¢ MOKHO mpuMeHuTh (1.6.10) k yceueHusam

gn = max{—a,, min{a,, g}} ¢ mocienoBaTesLHOCTLIO A, — 400, Tako#i uro u{|g| =
— An +

an} = 0. Torma mMul mosxydynm f{|g|<an} |Vgldu > f_anu {g > t}dt. llpumenss

Teopemy ToHeNIM 0O MOHOTOHHOW CXOMUMOCTU, IPUXOIUM K TPEOYEeMOMY YTBEDK-

JCHUIO.

IokazarenncTBo TeopeMnl 1.6.1.

a) = b): mo camomy omnpeneneruto (1.6.2), mocrarodyno paccMarpuBaTL (OYHK-
monan suna L(g) = E(gTuy + ¢~ uz), TOPOKIEHHDIA 0 MHOSIEMEHTHBIM CEMeACTBOM
G = {(u1,u2)}. o ycnoBuro, GyHKIMM U1, U, & TAKKE ¢ U] U ¢~ Uz CYMMUPYEMDL.

[ITar 1: g umeer koHeuHylO NuUNIIUIEBY HOpMY. IIpennonoxkum, uro u{g =0} =
0. B cuny canencrBus 1.6.1, monaras Ay = {g > t}, B, = {9 < t} u npumensas k

oTuM MHO:kecTBaM (1.6.4), nmeem

+oo 0
E|Vy| z/ L(lAt)dt—l—/ L(~1p,)dt
0

— 00

+oo 0
:/ ElAtuldt—l—/ ElBtUth
0

— 0o

+o0 0
:E/ 1Atu1dt+E/ 1Bt’LL2dt
0

— 00

=Els,gu +Elp,gus = Egtu; + Eg us = L(g).
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3aMeTuM, YTO MLl BOCHOJIL30BAJINUCL TeopeMoit ®yOmHM, u3MeHss TOPSAIOK WHTE-
IPUPOBAHUSA, UTO BO3MOKHO B CHJIy CyMMUPYeMOCTU (ByHKIMA gt uy u g us: B #TOM

caydae
+o0o
E/ La,lu1] dt = Eg™|uy| < +oo,
0

0
E/ 1B, |us| dt = EgT |ua| < +o0.
Tenepn, urobnr uzbasurnest ot yeaosus pu{g = 0} = 0, mpocro npumenum (1.6.5)
K QYHKIUAM ¢ — €, BolOupas € # (0 CKOJL YyrOAHO MaJILIMU, HO TAKUMU, 4To pu{g =
e} = 0. B npenene noxyunm (1.6.5) must dpyHRIMM g.

[Ilar 2: g uMeeT KOHEUHYIO JIWMOIIUIEBY HOPMY Ha Bcex mapax B M u, Kkpome
TOrO, OrpaHmyeHa. B sToM ciyuae MOxkHO npuMmeHntb (1.6.5) k ”ycedenusam”
gr = g1, KOTOpLIE MBI UCIOJL30BaJM B JOKa3aTeilncTBe TeopeMbl 1.4.1. Tak kak
0<T. <1, pysRIUM g, BXOAAT B obyacTh onpenenenus L, u mo teopeme Jlebera
L(gr) = L(g) mpu r — +o0. C yuerom (1.4.11) (3mech 1 nCnoaL3yeTCsT OrpaHUYECH-
HOCTL ¢), moxydaeM B npenese (1.6.5) s g.

[MTar 3: obmuii cayuaii. Kak u B mokazarenncrBe gemMMbl 1.6.1, annpokcuMupy-
eM ¢ QYHRIUAMU ¢, = max{—a,,min{a,,g}}. ITo reopeme JleGera, L(g,) — L(g)
npu n — 00, U TaK ke, kKak u B semme 1.6.1, E|Vg,| — E|Vg|.

b) = a): caygan pu(A) = 0 u pu(A) = 1 TpuBMAILHBI, U MOXKHO CUATATDL, YUTO
0 < pu(A) < 1. Ecmm p(A) > p(A), o pt(A) = +oo, n morasumsats meuero. Ilyctn
w(A) = u(A), rax uro put(A) = put(A). Mo ycmosuio, ms MO6OH OrpaHTUEHHOM
nunmuneso#i pyurmuu g > 0 va M u Bcex (uj,uz) € G

E|Vg| > Egui, E|Vg|=E[V(-g)| > Egus. (1.6.14)

[Io nemme 1.4.1, cymecTByeT mOCiieIOBaTENLHOCTL (), JUNIINIEBLIX (YHKIUN HA

M co smauenuamu B [0,1], moToUeyHO cXOAAMUXCA K 13, TAKAX UTO

limsup E|Vg,| < ut(A4). (1.6.15)

n—oo

ITpumensa (1.6.14) k g, n ucnonnsys (1.6.15), Mbl mosyunM B mpemnee
;ﬁ'(A) > El uq, ;ﬁ'(A) > El us.

Bepsa cynpemyMm 1o BceM (ui,uz) € G, npuxomum k HepasercTBaM ' (A) > L(14),
pt(A) > L(—14), TO ectn, & (1.6.4).
Teopema 1.6.1 mokaszaHa.
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§1.7. Omaoponnnie HepaBeHcTBa Tuna CoboseBa B IPOCTPAHCTBAX

Opauua

CuoBa nyctn (M, p, 1) — MeTpUUECKOe TPOCTPAHCTBO C BEPOATHOCTHONW MepPOA.
Bymem mpemmosaraThb, 4To Mepa j4 HE MMEET aTOMOB, TaK UTO €€ M30IePUMETPU-
yeckasa ¢QyHrmusa [, oupenenena Ha [0, 1].

[Mpumenum Teopemy 1.6.1 k dyuruuonany L(g) = ||g — Egl||w, rone ¥ — meroropas

¢yurmma FOHra: mzonmepmmMerpryeckoe HEPABEHCTBO

pt(A) > Iv(p), p=p(A), (1.7.1)

9KBUBAJIEHTHO aHaJII/ITI/Iqe(ZKOMy HepaBeHCTBy
lg — Egllv <E[Vy], (1.7.2)

rae Iy (p) = ||[1a—p|lw. B (1.7.2) g — npousBosbHas cymmupyeMas (yHKIVA, IMEO-
mas KOHEYHYIO JIUIIIUIIEBY HOPMY Ha BCex mapax B M, mpudeM COrJIacHO TEOpEeMe
1.6.1, g € Lg(M, p), rak roasko E|Vg| < 4o00.

dyurnua [y npencrasisger cobofl HEKOTOPLIA aHAJOr (YHIAMEHTAJILHON (yHK-
muu p — ||14||. ITo onpenenennto HopMmol mpoctpancTtBa Opauva, unciao A = Iy (p)
npu 0 < p < 1 ABAsAETCA MOJIOKUTEILHLIM KOPHEM ypaBHeHUs p W (% ) +q V¥ (%) =
1, rme ¢ = 1 — p, u, kpome toro, Iy(0) = Iy(1l). Ecau Mot xotum, yrobor (1.7.2)
OLIIO PABHOCUJILHO TOYHOMY M30MEPUMETPUUYECKOMY HEPABEHCTBY, CJEILyEeT, CO-
rnacuo (1.7.1), Bubpars, ¥ rakoit, urobnt Iy = I, To ecThb, urobnr mpu 0 < p < 1

vEnua I(p) =1 OLLIa MOJIOKUTENLHA U yAOBJIETBOPANIA YPaBHEHUIO
y p p\P y p yp

pw(i%)+qw(£§>:L g=1—p. (1.7.3)

EctecTBennniit Bonpoc: korga takasa gpyuruusa FOura cymecrByer?

Teopema 1.7.1. Ilycrn I — nonosxkurenvHas ¢yuknus, 3anannas #a (0,1). s
TOro, urobnl cymecrsoBasa (Gyukimusa Hura ¥, ynosaersopstomas (1.7.3), Heob-
XOAUMO U JOCTATOYHO, UTOOLI

1) 1(0%) = I(17) = 0;

2) I(p) = I(1 —p) nns Beex p € (0,1);

3) ¢yuruus p(1 —p)/I(p) 6oina Borayra Ha (0,1).

Taxkum 06pa3om, CBOWCTBO 9KCTPEMAILHOCTA MHOYKECTB B U30II€PUMETPUYUECKOM
3amave st Mepol i1 B M MOKHO BoIpas3uTh Kak HepaseHcTBO CoboseBa Buna (1.7.2)
B TOM U TOJILKO B TOM CJIydYae, KOrja u3olepuMeTpudeckas QyHrmua [, obmanaer
cBoicTBamm 1) — 3).

3aMeTuM, YTO 3TU CBOWCTBA MOJHOCTLIO OMMCLIBAIOT KJIACC BCEX (DYHKIUA BUIA

Iy(p) = |14 —p||lw. pencrasass A B Bume o6LeIUHEHUA IBYX HEMEPECEKAIOMUXCS
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MHOYKECTB MEDPLI P1 U P2, Cpa3y moiaydaeM HepaBeHCTBO [y (p1+p2) < Iy (p1)+Iv(p2),
TO €CTh, CBOWcTBO cybanmuruBaoctu. [losTtomy, B cuny Teopemnr 1.2.2, ¢pyHKIUA
Iy Oynet n3onmepuMeTpPUUECKOl QYHKIMEN acCOnMUPOBAHHOTO ¢ [y pacrnpeneneHns
Ha, TIPSIMOii.

Oyukunu FOura ¥, ynosiaersopstomue (1.7.3) (B ToM cirydae, eCciiv OHU CYIIECT-
BYIOT), ONPEIENAITCA HeoaHo3HauHo. Hanpumep, s ¢yuruum I(p) = p(1 — p)
Bce Takre VU omnwmcwBatorcs coorHomenueMm ¥(z) = (1 — 2a) + alz| opn |z| > 1,
rae a € (0,1) — npousBoNbLHLIE napaMerp, npudyeMm Ha uaTepBase [—1,1] U mosker
ONpPeNeNATLCS MPOU3BOJLHO, HO Tak, 4ToOLI OHa ocraBaJsach (yukinueld HOura.

2

Hns ¢pysrmunm I(p) = /p(1l — p) moskrO B3saTh ¥(x) = 2°, HO MOKHO B3ATDL U (DYHK-

muio (cMm. 3ameuanue 1.7.1)
|z mpu || <1,
V(z) =
{ 1—|z|+ 2% npu |z|>1.
Onmrako, HECMOTPSA HA CTOJL IMUPOKUA BLIOODP, Bce Takme ¥ IOPOKIAIOT OIU-
HakoBbIe mpocTpancTBa Opianda Ly B TOM CMLICIE, UTO UX HOPMLI OYyIyT SKBUBA-
seHTHEIMU. MoOKHO caenaTth OoJsiee TOYHOE YTBEP:KICHUE.

O6Go3uaunm yepes W (M, u) nuaeiiHOe IPOCTPAHCTBO BCEX CYMMUPYEMBIX (YHK-
it Ha M, UMemuX KOHEUHYIO JIMIIIAIEBY HOPMY Ha Bcex mapax B M u HyeBoe
cpenaee Eg = 0. Beemem B W (M, u) nonyuopmy || gllw = E|Vg|. 9Ta noxynopma
Oymer 3aBeqOMO HOPMOM, ecau, Kak U B Ly, Mbl OyaeM OTOKAECTBIATL (yHKIUN,
COBIIAAIOIINE HA MHOKECTBE [-MePLl 1 (M B IPEANOIOKEHUN, UYTO BLINOJHIETCS

(1.7.2)). Bompocs! HOIOJHEHUS MBI HE OOCYK IAEM.

Crnencrsue 1.7.1. Ilpemnonosxum, 4To m3omepuMmerpudeckas pymsmua [ = I,
yanosiaerBopsieT cBoiictBam 1)—-3), u ¥ — ¢pyukuusa FOHra, y10BIaeTBopsA0OImAs yCIo-
Butnl (1.7.3). Torma Ly (M, p) — sHaumenbinee cpenu Bcex npocrpancts Opimua,

comepskamux W (M, ;) Kak BIOKEHHOE II0IIPOCTPAHCTBO.

[Tocnenuee o3nauaer, yro ecau W (M, u) C Ly, (M, ), npuuem vopma B W (M, u)
cunnHee, yeM HOpMa B Ly, (M, ), To u nopma B Ly (M, p) cunbHee, yeM HOpMa
B Ly, (M,pn). B »ToM cMmbIcie CymecTByeT €IWHCTBEHHOE MUHUMAJLHOE MIPOC-
tparctso Opuanua, comepskamee B cebe "npocrpancrso Cobosesa” W (M, u) rak
BJIOYKEHHOE.

Ucnonnsys teopemy 1.7.1, MOKHO mOKa3aTh cienyiomee yrBepskaenue. O0603-
Haunm depes S™(r) C R"! n-mepnyio cdepy pammyca r > 0, u mycThb 0, — PaBHO-
MepHOe pacnpenesenue (HopmupoBanHas Mepa JleGera) na S™(r). uzonepumerpu-
YyeCcKoe CBOWICTBO IMAapOB Ha cepe O03HAJYaeT, YTO AJIfA BCEeX M3MEPUMLIX MHOKECTB
A cC S™(r)
ot (A) = o7 (B),

n

rae B — (mo6o#i) map Ha S™(r) Tako# ke 0,-MepLl, UTO 1 A. DTO MOKHO 3aIUCATD

KaK yTBep:KIeHUEe 00 M30IePUMETPUYUECKOT (PYHKINN MEDPLL Oy, :

Iy, (p) = 0, (B), (1.7.4)
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rae B — map Ha S™(r) mepol p = 0, (B).

Teopema 1.7.2. Ilpu n > 2 u3omepumeTpuUdeckoe CBOWCTBO ImapoB Ha cdepe
S™(r) MOKHO DKBUBAJICHTHO IIPEACTABUTL Kak HepaBeHCTBO Tuna CoGosesa (1.7.2)

¢ nonxonsme#t ¢pyurmueir FOura W.
Kak npenenvubii cayvaii Treopemot 1.7.2 BoicTymaer

Teopema 1.7.3. T'ayccoBckoe uzonepumerpuyeckoe HepaBeHCTBO (1.5.2) MOKHO
SKBUBAJICHTHO MPEICTaBUTL Kak HepaBeHcTBO Tuna CoGosesa (1.7.2) ¢ momxoms-

meit pynrnmeir FOura W.

Cnyuaii okpyskaocTu (n = 1) He oxBaTbBaeTcsa TeopeMoii 1.7.2. IlelicTBurenn-

1
HO, I, (p) = —— — HOCTOAHHAA ¢yuruusa va (0,1), ciemoBaTesLHO HE YIOBIETBO-
psromas csodictsy 1). Ilpu n > 2 cBoiicTBa 1) — 2) oueBUaHBI, U TPEOYETCS JINMIDL

IIPOBEPUTH, YTO:

Jlemma 1.7.1. ¢pyHEIUA Ip?p) , ¢ =1—p, Boruyra ua (0,1).
_ _ /P
I[Ipy n = 2 »TO yTBEpP:KIEHME TOKE OUEBUIHO, TaK Kak I[,(p) = - [Tpu

n > 3 I, (p) He MMeeT TAKOrO SABHOTO AHAJUTUYECKOTO BLIPAMKEHWUs, W HOKa3a-
TEeJILCTBO JIeMMBI 1,7,1 CTaHOBUTCA OUEHL I'POMO3JKMM; OHO OyIeT NPUBEIACHO B
npuinoskeanu.  Ormermm, yro nmpu p — 0 I, (p) Bemer cebGs C TOYHOCTBLIO IO
muoxuTens kak p/ ("~ mosTomy coorBercrByiomee mpoctpanrcTso Ly (S™(r), o)
u3 caencrsus 1.7.1 uzomopduo npocrpauctBy Jlebera L”/(”_l)(an).

Jlerxo mpoBeputrsh, 4To miaA chep pammyca r, = /n I (p) — I,(p) upu n — oo,
rae I, (p) = ¢(®71(p)) — usonepumerpuyeckas Qpynkmma Mepsl v, (cm. §1.5). IToa-
ToMy aemma 1.7.1 Bieuer cBoficTBo 3) masa I = I, u 3uauut Teopemy 1.7.3. Moxno
IATL U OPAMOE JOKA3aTeNLCTBO (OHO NPUBOAUTCS B KOHIE 9TOro maparpada).
Jlerko rtakxke mpoBeputh, ucxons u3 (1.7.3), uro mpocrpanctBo Lg(R"™, v,) u3
caencrBus 1.7.1 uzomopduo npocrpanctBy Opiauva Ly, (R™, 7,) ¢ dyurmumeir FOura
Uy (z) = ||y /log(1 + |z]), * € R. Ommako, cama ¢ymrnua ¥; He yIOBIETBODAET
(1.7.3).

[TpucTynum Kk nokaszaTensCcTBY TeopeMbl 1.7.1. Ob6o3HaunM depes T = x;, MOJO-

KUTEJbHBIT KOPEHDL YPaBHEHUSA

p¥(gz) +q¥(pz) =1, q=1-np, (1.7.5)

rane ¥ — mexkoropasi ¢pyurmusa FOura.
Jlemma 1.7.2. ¢yurmnus y(p) = pr, HenpepoiBHa 1 (cTporo) Bo3pacraer Ha (0,1).

Iloka3aTeanLCcTBO. HGHpepLIBHOCTL o4YeBMIHA. HOKa}KeM, YTO Y BO3pacCTa€T.

¢yuruua T'(z) = ¥(x)/x nomoxurenvua n gHe yoomaer Ha (0, +00). B cumy (1.7.5),

pVY(qxp) + q¥(pxy) = pqr,(T(qry) +T(pxy))

—a) (7( ) o) =1 0Te)
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HonyctuMm, uro s HerkoTopoix 0 < p; < p2 < 0 y(p1) > y(p2), m nyctn ¢ = 1 — py,
g2 =1 —py. Torma q1 > g2, ¢1/p1 > q2/p2, 1 mO®TOMY

b1 b2

T(M) > T(M) T(y(p1)) > T(y(p2)),

CpasuuBas (1.7.6) npu p = p; u p = p2, noxydyaem nporusupeune 1 > 1.

Jlemma 1.7.3. Ecau nonoskurenvuas ¢ysrnus [ yqoBiaeTBopsieT cBorcTBaM 1) —

3), To ¢pyurnms y(p) = p/I(p) Bospacraer ua (0,1).

HoxrazarennctBo. Ilo ycmoBuro, ¢dyurmus z(p) = pq/I(p), ¢ =1 — p, Boruyra Ha
(0,1), nostomy s3nauenue z(01) komeuno u meorpunarensuo. Ilycts 2/ — HEBO3pac-

raromas npousBoanas Panona-Hurkomuva ¢yuruum z. Tak kak y(p) = z(q)/q,

_z(01)
g

1
y(p) +/ Z(tq)dt, 0<p<1.
0

1

Oyurknuu p — — u p — 2/(tq) e yOoBaior, mosTOoMy He yOnLIBAET U (QYHKIUSL
q

y. Bosee Toro, ecmu 2(07) > 0, To y (cTporo) Bo3pacTaeT B CUIy BO3PACTAHUA

1
Gyrrmuu p — —. Paccmorpum cayuait z(01) = 0, korma
q

y(p) = /O ' (tq)dt.

Ionyctum y(pg) = y(p1) s mekoropoix 0 < p1 < po < 1. Torma 2'(tq1) = 2'(tqo)
st moutu Beex (B cMmpicae Mepot JleGera) Touek t € (0,1), rme qo = 1 — po, ¢1 =
1—p;. Ho Torma, kak jerko Bunern, 2z’ 6yner nocrosnua Ha (0, qo), Caeq0BATEILHO
GyHRUMA z noskHA uMeTh Bunm z2(s) = a + bs mpu Bcex 0 < s < @, U TaK Kak
z(0%) = 0, MBI 6L1 umenu z(s) = bs ana mekoToporo b > 0 u Bcex s € (0,q9). B

TaKOM CJIy4Ya€ MDI OLI IIOJIy Y JIN

s(1—s) _ 1—s

I(s) = z(s) b’

B wactnoctu, [(0") = 1/b > 0, uro nporusopeunt 1). Jlemma 1.7.3 mokazana.

IlorazarenncTBo Teopemnr 1.7.1.

Heobxomumocts. Ilo yenosuto, z, = 1/I(p) nus seex p € (0,1). B cuny (1.7.5),
Tp = T4, TAK UTO CBOHCTBO 2) OYEBUIHO.

B cuny memmobr 1.7.1, ¢ymrmus y(p) = px, Bospacraer Ha (0,1), mosTomy
cymectByer mnpemen { = lim, ,1- y(p), xomeunoi unu mer. Ecmm ¢ < 400, TO

sanucoiBas (1.7.5) Kak TOKIECTBO

1=p¥(y(q) +q¥(y(p)) (1.7.7)



74

u yerpemssaa p — 01, mu1 661 noayunnu ¥(y(0T)) = 1. Ho Toraa, cHoBa mpuMeHss

(1.7.7), Mot 661 umesu st Beex p € (0, 1)
1>pP(y(07)) +q¥(y(0%)) = ¥(y(07)) = 1.

[MosTomy ¢ = +00, TO ecth, I(p) — 0 mpu p — 17, u 3HAUUT cBOMCTBO 1), C yueTOoM
CUMMeTPUYHOCTA [, TPOBEPEHO.

Ocraercsa ycranoButh 3). Beemem ¢ymrmuio z(p) = pq/I(p), rme xak 0OLIYHO
qg=1—p. 3anumewm (1.7.5) B TepMmuHax z:

p@(%)—l—q\ﬂ(%@):l. (1.7.8)

[TokaskeM, 4TO ®TO TOXKIECTBO BJIEUYET BOTUHYTOCTL (QyHKIuM 2. Pymrmma VU kak
HEOTpUIATENbHAS BLITYKIasd QyHKIUA Ha moxyocu [0, 4+00) co ceoictBamu ¥ (0) =

0, ¥(z) > 0 opu x > 0, mosker ObITL mpencrasiena #Ha (0, +00) B hpopme

U(z) = sup (cx —d) (1.7.9)
(e,d)eT
st Hekotoporo cemelicrsa T C (0, 400) X [0,400) co caenyrommuM CBOWCTBOM:
st Bcex x> 0 cynpemym B (1.7.9) mocrturaercs mius HekoTopoid mapul (c,d) € T
Sameuas, uro z(p) = z(q) n npumenss (1.7.8)—(1.7.9), noxyuaem:

z z z / z /
p\Il<—)+q\Il<—):p sup (c——d)—i—q sup (c——d)
P q (¢, d)eT p (¢! d")eT q

=  sup  [(e+d)z—(dp+dq)] = L
(e,d),(c’,d")eT

B wactroCcTH, musa Beex (¢, d), (¢, d") € T umeem (c+ ')z — (dp+d'q) <1, To ectn,

. 1+dp+d

= (ed)(chdyer e+ (1.7.10)

Bousee Toro, rak kak cynpemyMm B (1.7.9) mocturaercs za HekoropoM (c,d) € T,
napumyM B (1.7.10) Toske mocturaercs Ha HeKOTOPLIX (¢, d), (¢, d') € T. Cunenosa-
TeJILHO 3HaK HepaBeHCTBa B (1.7.10) MOXKHO 3aMEHUTDL Ha 3HAK PABCHCTBA, U3 UErO

clenyeT, YTO 2 BOTHyTa KakK MHOUMYM a@PUHHLIX (yHKIWA.

Hocrarounoctn. B cuny nemmnr 1.7.2, ¢yukuusa y(p) = p/I(p) mempepniBHO
Bozpacraer ua (0,1), mpuuem, B cumy cBoiictBa 1), y(17) = 4oo. Ilostomy
y : (0,1) — (cg,+0o0) — BO3pacrtatomas Ouermusa, rae c¢g = y(01). Ilycrn y~ ! :
(co,+o0) — (0,1) — obparnas ¢yurnus. be3 mapymenus obuiHocTn OymeM cun-
Tarh, 4To Y(1/2) =1, m Torma ¢y < 1.

Ham Hy:XKHO mOCTPOUTL BLINYKIYIO Bo3pacTtawolyo ¢yskmuo ¥ : (0,4+00) —
(0, +0), ¥(0") = 0, ynosaersopstomyto (1.7.3). Cravana nonoxum ¥(x) = x npu
0<z<1 Ilpm x > 1 onpenenum ¥(z) (OUeBUIHO, CAUMHCTBEHHLIM CIOCOOOM) B
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coorBercTBUM C ypaBHeHuneM (1.7.7), roropoe sksuBasenTro (1.7.3). ITockombry

opu 0 < p <1/2 ¥(y(p)) = y(p), (1.7.7) upm Tarkux p OPUMET BUL

Wylg) = L2 0<p<i/2, g=1-p,

Crenosarennuo, nonaras & = y(q), MBI ©MeeM

1—y Hz)y(1 -y (=)
1—y=1(z) ’

U(z) = x> 1. (1.7.11)

1
[Tockonnky y He yOuBaer Ha (0, Bl ), abCONIIOTHO HENpPEPLIBHA U IPUHUMAET 3HAYE-

aust B (0,1), oysrnus u(p) = %}J(m yOLIBaeT Ha (O,%). IleficTBUTENLHO, HIPO-

y(p) —pqy’'(p) — 1
p2

rae y' — HeoTpumaTeaLHas npoussponHas Panona-Hukomuma mis y. ITostomy dyH-

u3sBoanoii Panona-Hukomuma s u caysxur Gpyurnus u' (p) = <0,
kuusa W, onpenenennas B (1.7.11), Bo3pacraromas m HenpepbniBHAs Ha |1, 400) 1,
kpome Toro, ¥(1) = 1.

Ocraercsa noka3arn, uro ¥ Boimykia Ha [1,400) 1 UTO ee mpaBas IPOU3BOIHAS
U’/(1%) > 1. Ilasa »roro mam norpebyeTcsa eme OJHO MPEJCTABICHUE NJIA (YHKIUNA
V. Ilo ycmoBuio 2), z(p) = z(q), rme cuoBa z(p) = pq/I(p), modTOMY TOXKIECTBA
(1.7.3) u (1.7.8) srBuBasenTanl. [Ipu 0 < p < 1/2 mur umeem z(p)/q = y(p) < 1,
caemosarennuo V(z(p)/q) = z(p)/q, n (1.7.8) npurnMaer BuL

@<4m>:,%_2?, 0<p<1/2,

p
niI — B TepMuUHAX QYHKUUU O(p) = % = y(q) — MBI UMEeM TOKIECTBO
U(5(p)) = % —8(p), 0<p<1/2. (1.7.12)

3ametuM, uro § ybusaer ma (0,1/2], mpuuem 6(1/2) = 1, 6(01) = y(17) = +oo.
Bsemem obparmyio ¢yarmao d L : [1,+00) — (0,1/2]. Torma, nomaras x = 6(p),

(1.7.12) moskeT OLITL IEpENUCAHO Kak

! 2> 1. (1.7.13)

\I/(.I): (571($) - Z, =

CunemoBarennuo ¥ Oymer BLINYRJIOW Ha wWHTEpBaJe r > 1 Torma W TOJLKO TOTIA,
KOra OyHeT BLITYKJIOW Ha ®TOM MHTEpBaje (yHKIuUsd 1 /5_1. Tak xkax »Ta QyHK-
nusA BO3pacTaeT M HEMPEepLIBHA Ha |1, +00), mpudem, B cuiry (1.7.13), 1/671(1) =
2, 1/67Y(+00) = oo, Bomyknocts 1/§7! skBuBasenTHa BOrHyTOCTM (yHEIUU R,
obpatHoii k meii. Hadinem R. Ona onpenesnena Ha unTepBate [2,+00). [Ipu srom
IUIs BceX t > 2
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TakuMm o6pasom, R(t) =tz(1/t), t > 2. Ilo ycaosuro 3), z BOTHYTa U 3HAUUT MOKET
OLITL TpexacTaBieHa B Buae 2(p) = inf(. ges (cp + d) maa mexoroporo S C R x R.
[TosToMmy ¢yHEKIIA
1 . .
R(t) =tz (—) =t inf (3 +d> = inf (c+dt)
t (c,d)esS \ t (c,d)eS
BOTHyTa Kak MHPUMYM HEKOTOPOIro ceMeiicTBa a((UHHLIX (YHKIUI.

Yrob6er mokazarn, uro W'(17) > 1, myskno nposeputs, coraacuo (1.7.13), uro

paBas IPOU3BOAHAS

1 ]’
_— > 2
— - Y
|:6 1(:17) r=1+
unm, sKBUBaseHTHO, uro R'(27) < 1/2. Kak Bormyras ¢yHkmmsa, z muddepen-
UpyeMa BO BCEX TOYKAX P 38 WCKIIOYCHUEM, OBITH MOYKET, TOYEK CUETHOI'O MHO-

sxectBa U C (0,1). Hus t > 2, rakux yro 1/t ¢ U, MBI nmeeM:

R = = (L)] == (1) - 200 tan

Yerpemuss B (1.7.14) t — 2, t > 2, nonyuaem

R/(m:Z(%)_M SZ(L): %,

2 2

IOCKOJILKY, B cuity cBodicts 2) u 3), 2/((1/2)7) > 0.
Teopema 1.7.1 mokaszaHa.

Sameuanue 1.7.1. B obmewm cayuae, korma ¢ = 21(1/2) me o6s13aresnbHO paBHO 1,

¢yurmusa ¥, ynosiersopstomas (1.7.3), cTpouTCS TAKUM ke CIOCOOOM, moJsaras
1

() w( 1) =1;

(ii) U(z) =crupun 0 <z <

1
(7i1) ¥(x) = T o)
ypaBaenus ¢ = I(q) x.

)

, rme q(x) € [1/2,1) — enMHCTBEHHLI KOPEHD

Ycnosue (i) Boirekaer u3 (1.7.3) opu p = 1/2, B To Bpems kak npu ycaosuu (ii),
(7i7) cmenyer u3 (1.7.3), ecan monoxuts x = q/I(q), 1/2 < ¢ < 1.

JlomycTrM, YTO BLITOJNHAIOTCA cBoficTBa 1)—3). OnpenenuM eme oqHy (GyHKIUIO
KOura ¥, pasencrBom

1
2q U, (m) —1, g=1-p, (1.7.15)

tak yto Wo(2/c) = 2, npuuem Ha umHTepBaae [0,2/c] oupemenum ¥y snuHeHHO:
Uo(x) = cx. Tarasa ¢ymrnua ¥y uzyvanac, [Memnmunua u Tamentu [201] musa ra-
yccoBckoit mzonepumerpuueckoit pymknuu I(p) = (@7 1(p)). C ucnonnzosanuem
n3onepumerpudeckoro Hepasenctsa (1.5.2) B (R”,7,,) uMmu Obuto mokaszaHo aHa-

JINTNNYECKOE HepaBeHCTBO
lg — Egllw, < E|Vg]|. (1.7.16)
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B ornuune or ¢pymrnum ¥, ompenenerHo# Boime yciaoBusamu (i) — (i), ¥y ompe-
[EJSeTCS SIBHO, W 9TO AeslaeT ee OoJiee IPUBIEKATEILHOW C TOYKM 3DEHUs Hepa-
BeHcTBa (1.7.16) Kak BO3MOKHON (GyHKIMOHANLHON Gopmbr mius (1.5.2). Tlokaxewm,
omnako, uro (1.7.16) ¢ ¢yurmmein Vo, onpenesnennoit B (1.7.15), He MokeT BbLI-
CTYyIATL B KadecTBe ()YHKIMOHAJILHOW popMbl He TOALKO st (1.5.2), HO u B 06-
meM ciaydae — Ui M30IepuMeTpudeckoro Hepasenctsa ' (A) > I(u(A)) B npen-
noso:xeHnn, 4ro I obramaer cBodicrBamm 1)-3), m ¢yHEIua VU CcTpOro BLITyKJIa
na [1/c,+00) (uto, pasymeercs, sepuo, korga I(p) = o(®71(p))). Kak Mo 3naem,
(1.7.16) sxBuBamenTHo (1.7.1):

pt(A) > 114 —pllw,, p=n(A),

U IO3TOMY HAM CJeIyeT CpaBHUTL HOpMLI Opunua B Ly u Ly, 1is GyHKUMA Buga
14 —p, tme A — nonmuokectBO M p-meput p. Tak kak mus Bcex p € (0,1) u x > 0,
U(pz) < p¥(z) co crporuMm HepaBeHcTBOM 1pu x € (1/¢, +00), MBI UMeeM, mosaras
r=1/I(p), g=1—p,

2pqVo(x) =1 =p¥(qzr) + q¥(px) < 2pq¥(x)

co crporuM HepaseHcTBOM mpu = > 1/c. Ilostomy Wo(z) < ¥(x) mus Bcex x >

inf, 1/1(p) = 2/c. Kpome toro, ¥y(z) = cx < ¥(x) nns Bcex = € (1/¢,2/c] B cuny

crporo#i Bomykioct ¥ Ha [1/¢, +00). Haronen, ¥o(z) = ¥(z) npu x € [0,1/c].
Taxurm obpasom, Vo(z) < U(x) mns Bcex > 0 co CTPOrUM HEPABEHCTBOM IIPU

x > 1/c. Badurcupyem tenepn p € (0,1) u nonoxum

r=|xa—ple, zo=|xa—plw,.

ITo camomy omnpenenenuto Hopmol Opanua, pW(qz) + ¢V (pzr) = 1. CrenoBarenanLuo
p¥o(qz)+ q¥o(pzr) <1, npudem »TO HEPABEHCTBO OYyIEeT CTPOTUM TOTJA U TOJILKO
rorga, korma px > 1/c mnu qr > 1/c. Tak kak ¢yurmusa y(p) = px BO3pacraer
n y(1/2) = 1/c, 10 BO3MOKHO B TOM M TOJLKO B TOM ciydae, ecau p > 1/2 wan
q > 1/2. Tlostomy xg < x npu p # 1/2 m © = xo upu p = 1/2. Tarum obpasom,
HepaBeHcTBO (1.7.16) cTaHOBUTCS HA WHAWKATOPHLIX (YHKIUAX ¢ = 14 m3omepu-
MerpruecknM HepaseHCTBOM 1 (A) > I(p) B TOM m TOMBKO B TOM ciyuvae, ecam A

nmeer Mepy p = 1/2, u He GyneT TakoBLIM npu p # 1/2.

IlokazareancTBo caexncrBusa 1.7.1. Mol moraskem, uro Lg(M,p) BioxkeHO B
Ly, (M, p), To ects, uro Ly (M, ) C Ly, (M, p), npudem ||g||w, < ¢/|g|lv nmas vHero-
TOpoO#i mocrosHHONM ¢ > 0 u Bcex g € Ly (M, ), ecniu nmonbepeM Takue KOHCTAHTLI
¢,d >0, gro

Wy (z) < —U(ca), (1.7.17)

nas Bcex moctatoyHo Oosbmux x > 0. Ilo yciaoBuio, cymecTByeT ¢, TakKOe UTO
lgllw, < cllgllw mns Bcex g € W(M,u). B cuny teopemnt 1.6.1, 10 HepaBeH-
crBo Bieuer |14 — plly, < cl(p), p = pu(A), TO ecTh, MO ONpENENEHUIO HOPMLI B
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npocrpanctse Opianya,

p\:[ll (%) +q\111 <p:p> S ]-7 p € (071)7

rae , = 1/1(p), ¢ =1 —p. B uacrtHOCTH, p\Il1<q:p) <1. Oyct 0 <p<1/2. B

sToM cayuae ¢ > 1/2, u mockoanky Wy Bospacraer Ha [0, +00), moaydaem
z, < 2cU7! (%) 0<p<1/2, (1.7.18)

rue \111_1 — obparnas k ¥y, cyskenno#i va [0, +00). Boszsparumcsa k ¢pyuruum ¥ u
rosgnectsy (1.7.7). Taxk rax y(p) = px, Bo3pacraer Ha (0, 1), Heobxomumo ¥(cy) <

1, rme co = lim,_,o+ pxp, nOO B IPOTUBHOM ClIydae MBI OLI IOJIY UM
1 =p¥(qzy) +q¥(pxy) > p¥(co) + q¥(co) = ¥(co) > 1.

Yerpemansa B (1.7.7) p — 07, umeem mua Bcex mocrarouno manuwix p € (0,1/2],

1— N(co)

2 > 0.

pU(qx,) <d=

CnenmoBarenvro mus takux p umeeM p¥(z,/2) < d, T0o ecTs,

x> 207 (%) , (1.7.19)
rne U1 — obparnas k U, cyskennoit na [0, +00). Cpasuusas (1.7.18) u (1.7.19),

3aKJIIOUAEM, YTO Ui BCEX AOCTATOUHO Majnix p € (0,1/2]

— d _ 1
@)z (2).
p p
u3 wero (1.7.17) cremyer mocie 3amenst © = W H(1/p).

IlokazarenncTtBo Teopemnr 1.7.3. B cumy teopemnr 1.7.1, HaM DOCTATOYHO TPO-
Beputh, uro ¢yErmua z(p) = pq/l,(p), ¢ = 1 — p, Borayra ma (0,1). 3meco
L,(p) = ¢(®7(p)). Tak kak z cMUMMETPUYHA OTHOCUTEILHO TOUKHA p = 1/2, Hy:KHO
yCTaHOBUTL BOTHYTOCTL Ha mHTepBajse 0 < p < 1/2, 1o ecThb, MOKa3aTh, 4TO (YHK-

g

1—=2®(x))p(z) + () (1 — &(x))x
©?(z)

He Bo3pacraeT Ha (—00,0), To ectnb, uro ¢'(z) < 0. Iocuae mudpdepenimposanus ¢

g(x) = 2/ ((x)) =

HOMOWIBIO TORAECTBA ¢’ () = —zp(x), 5TO HEPABEHCTBO NPUMET BIUJ
ulw) = (1+262)8(x) (1 - B(2)) — $*(z) + 22(1 — 28(2))p(x) < 0.
Eme onro mu¢dpepeHnupoBanue naet

u'(z) = dw®(z) (1 - ®(2)) + dze(z) (1 = (z)) + 3p(z) (1 - 28(x)).
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[Mycrs v(z) = 4x(1 — o(z)) + 3(1 — 2®(z)), Tak yTo
v (x) = 42®(x) (1 — B(x)) + (z)v(x). (1.7.20)

Tornma
v'(x) =4+ ¢(z) (2% — 10) (1.7.21)

u v’ (z) = x(12 — 2?)p(x) > 0 mpu 0 < x < /12. T[Mosromy v BLmykaa Ha [0,1/12].
Kpowme Toro, v(0) =0,
V32w — 10
! = — = —
v'(0) =4 — 10p(0) N T 0,
caenosareanuo v’ > 0 ma [0,v/12]. Cormacuo (1.7.21), v > 0 ma [v/10,400), 1
NOCKOJLKY (hyHEIUSA v’ vetHa, v/ > 0 Ha Bceid nmpsamoii. CremoBaTesnLHO v BO3pac-
Taer Ha Bcell mpsamo#i. Tar rar v(0) = 0, mmeem v(z) < 0 Ha (—00,0), MO®TOMY,
coramacuo (1.7.20), v’ < 0 ma (—00,0). Takum o6pasoMm, u yOLIBaeT HA STOW MOITY-

OCH, U OCTAEeTCsl 3aMeTUTL, uTo u(—00) = 0. Teopema 1.7.3 mokasana.
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§1.8. Ilpumeuanus

Teopema 1.1.1 nokaszana B [78]. Jlemma 1.1.1 nokasama B [8].

Pasnuunnie Bompocohl, CBsI3aHHLIE C M30MEPUMETPUUYECKONW 3amadveil mjs Bepo-
ATHOCTHLIX M€p Ha NpAMOH, paccmarpusasuch B [4], [8], [71] u [78]. Teopewma
1.2.1 nokazama B [71] (ciayda#l OBYCTOPOHHErO IOKA3aTEILHOIO PACIPEICIICHUS
6o panee uccaenosad B pabore Tamarpama [216]). Teopema 1.2.2 norazana
B [4] u [78], rme Obuio ormedeno m caencrsue 1.2.1 (yciaoBue CymecTBOBAHUS
HENPEPLIBHOW MIIOTHOCTU CHATO B [8]). MHOrOUYMCIEHHbIE TPUMEDDI, BRIIOUAOIINE
MHOTOBEPIIMHHLIE PACIPeIeNeHns, IPUBEIEHLL B [78].

dyHKIMOHANBLHAS (OPMA IJISI UHTErPAJILHLIX M30IMEPUMETPUYECKAX HEPABEHCTB
(1.3.4) Gowia BBemena B [72] u [73]. Tam ke m nokaszasa teopema 1.3.1. Tep-
MUH 7~ MyJLTAMNIMKATUBHLIA MOAynn” (1 Tem Gosee ” COBEPIIEHHLIA MOIYJL”) He
aBasgercsa obmenpuaaTeiM.  CpolicTBa »Tux 006LEKTOB u3ydaauch B [71] u [73]
(memmpr 1.4.2, 1.4.3, 1.4.4, 1.4.5, a rarxke nemmnr 2.2.1, 2.2.2, 2.4.1, 2.4.2, 2.4.3,
2.4.4 u cnencrBus 2.4.1, 2.4.2 u3 ru.2; cMm. takke gemmy 2.7.1). Jlemma 1.4.5 ne-
TaJU3UpyeT B OMHOMEDHOM CJIydae M3BECTHYIO xapakrepusanuio K. Bopenns [88]
Jorapu@MUUEeCcK BOTHYTLIX PACIPEIeJIeHU.

dyurnronanbHag Gopma misa ” audhepeHnruanbHLIX” N30IePUMETPUYECKUX He-
paBencts (1.4.8) Gouia BBemeHa B [72] HA mpuMepe rayCCOBCKOTO M30IEPUMETPU-
YeCKOro HepaBeHCTBaA. laM ke MO-CYIecTBY MnOKa3aHa m Teopema 1.4.1.

Beenennoe onpenenenne monyns rpaauenta |Vg| ans ¢yeruuii g Ha abcrpak-
THOM MeTpuyeckoM npocrpanctse (M, p) ucnonsizosanocs B [78] u [80], n MLl He
MOYKEeM yKa3aTh OoJjiee paHHUE CCLUIKM. Rak moka3biBatoT jgemMMmbl 1.4.1 u 1.6.1, 10
ompenesieHrne XOPOIIO COrJacyeTcs C MOHATMeM mepumerpa. B cayuae M = R”
(c eBRIMIOBOW METPUKOII) OHO cOrylacyeTcsi U ¢ U3BeCTHON Teopemoii Cremanosa
[43]: ecan |Vg| < 400 mouru Bcrony (B cMmbiciae Mepol JleGera), To ¢yHKIUA ¢
OYTH BCIOAY qu¢pdepeHnupyema (M 3HAYUT abCTPAKTHOE OIpenesIeHrne He PACXO-
MUTCSI ¢ OOLIYHBIM, €CJIN OTOKAECTBIATL (PYHKIMK, COBIAILAIONME HA MHOMKECTBE
neberosoii Mepol Hyab). OgHAKO, CyMECTBYIOT U Apyrue onpeneiaenus. CorsacHo
Xatinoneny u Kockese [152], ¢ymrmua f ma merpuueckoMm npocrpanctse (M, p)
HA3LIBAETCSA CIAaOLIM MPAAUEHTOM NaHHOW (GyHKuumu g Ha M, ecnu mis Bcex a < b u
mo6oro myTn v : [a,b] = M, takoro uro p(y(t),v(s)) < |t —s| upu t, s € [a, b], nmeer

MECTO HepaBeHCTBO
l9(v(a)) - g(4())] < / Fy(t)) dt.

Crenys [152], Kockena u MakManyc [162] ucnonnzosanu f non nmenem ” BepxHU
rpamuent”, a Cemec [212] — monx nmenem ”0606mennnii rpaguent”. B [212] oT-
MeueHo (6e3 mOKaszaTennLCTBA), UTO Ui JunmuneBnix ¢ Gpyukmus f = |Vg|, onpe-

nensemas ¢ nomounio (1.4.7), Bcerma siBnsiercs 0GOOIEHHBIM T'DAIUMEHTOM ¢.
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Teopema 1.5.1 morkazana B [72].

B mpencraBnernom Bume teopema 1.6.1 mokasana B [78]. Jlemmy 1.6.1 mosxHO
waitu B [78] u [80]. Teopemsr 1.7.1, 1.7.2 u 1.7.3 nokaszanni B [78].

Y rBepkaenue 06 skBuBaJieHTHOCTH HepaseHcTB (1.7.1) m (1.7.2) moxkHO 0606-
muThL ciaenyomuM oopa3om. Ilycts U — npousBonbHas Boimykaas GpyHkmusa Ha R,

He sABJsomAascsa apouanoli. Torma mis Bcex a u b, Ttakux yro b > ¥(a),

inf E|Vg| = inf [ x,(a,b 1.8.1

Eg:a,E\I/(g):b | g| 0<p<1 u(p) p( ) )7 ( )

rae I, — u3onepuMeTpudecKas (pyHKIUA BEPOATHOCTHON MepLI 4 Ha (abCTpakTHOM)
MeTpudeckoM npocrparcrse (M, p), u z = zp(a,b) — e IMHCTBEHHOE HOIOKUTETLHOE

pelieHue ypaBHCHUA
p¥(a+qr)+q¥(a—pz)=>b, qg=1-p.

[Mepsuiii uapumyMm B (1.8.1) Gepercs o Bcem ¢pyHKIMAM g Ha M, IMEIOUUM KOHEY-
HYIO JIAIIIUIEBY KOHCTAHTY Ha Bcex mapax B M u takum, uto Eg = a, E¥(g) = b.
Korma ¥ — ¢yurmua FOura, pasencrso B (1.8.1) paBHOCHILHO yTBEP:KICHUIO 00
skBuBajenTHOoCcT (1.7.1) m (1.7.2), 1, Kak OTMEUYAJIOCDL, DKBUBAJICHTHOCTL He-
paBerncts (1.7.1) m (1.7.2) Boitekaer m3 Teopemnl Porxaysa ¢ ¢yHKINOHAIOM
L(g) = |lg — Eg||lw. Onunako, eciiu ¥ ne saasercsa ¢pyurnueir FOura, reopemy 1.6.1
IPUMEHUTDL Hesb3s. B obmem cayuae paBenctso (1.8.1) mokazano B [78]. Boupocsr
00 9KBUBAJICHTHOCTU M30IEPUMETPUYECKUX HepaBeHCTB HepaBeHcTBaM CoboieBa

obcysknarorcs Takxke B [145]. mepasencrsa Buna (1.6.7),
cllg - Eglla < E[Vg|, a>1, (1.8.2)

u ero 0606MmeHnsA Ha TOT caydaif, korga Ll-Hopma Momyns rpaeHTa 3aMeHAeTCs
Ha HOpPMy B mpocTpaHcTBe JleGera L, mHOrma HA3LIBAIOTA HEPABEHCTBAME THIA
Cobonesa—Ilyankape (u mpocro mepaBencTBamMu tuna llyankape npu o = ). B
TePMHUHAX M30II€PUMETPUYECKON (yHKnnM [, HamIydmas IOCTOAHHAA ¢ = c(a) B
(1.8.2), yunTLiBas OTMEUEHHYIO SKBUBAJIEHTHOCTL HepaseHcTB (1.6.6) m (1.6.7),

onnpenesasaeTrcsa COOTHOIIEHMEM

. 1. (p)
— f Lad =1—-n. 1.8.
€T 0dhe1 oqrpgyt/e 4 p (1.8.3)

TakuM 06pa3oM, pemms U30MepUMeTpPUUecKyto 3anady B (M, p, p), TO ecTn, ompe-
JIeJIB Iw MOKHO HAWTU ¢ C IOMOIILIO (1.8.3). Omrako, y:ke B mpocTefineM ciryJdae,
rorga M = St(r) — okpyHOCTL paauyca r > ( ¢ pABHOMEPHLIM paclpeIeIeHueM [,
u ciaenoBaTennro I, (p) = — ~ NOCTOAHHAA (PyHKIMA, (1.8.3) mpencrasiser coboit
He TAKYIO V& U IPOCTYIO 3aJady 0 MakcuMusanuu ¢yurmun I, (p) = (p®q+pg®)'/e.

Tor ¢arr, uro npu o < 3 MAKCUMYM 3TOH (YHKIUU NOCTUTAETCSA B TOUYKE P = PR
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U CIenoBaTeILHO (o) = %, mokasad B [78]. Ilpu a = 1 coorBercrBylOmEe He-
paBercTso (1.8.2) (¢ onTMMaILHOW MOCTOAHHOM ¢ IJIsi HEHOPMAJM30BAHHOY MepbI
JleGera Ha okpyskHOCTH) ynomuHaercs B paborax Occepmana [198] u Porxaysa
[206] kar mepasencrBo PabinbGepra (tuna Buprwmurepa), a nmpm o = 2 — B [206]
(omHAKO, TaM He OTMeYeH TOT (GakT, 4To ecau paccmarpusarh (1.8.2) mius HOD-
mMasnu3oBaHHON Mepnl JleGera, To koHCTaHTEl coBnagaioT: ¢(1) = ¢(2)). Ilpu o > 3
HOCTOsIHHBIE ¢((r) yOLIBAIOT.

Korma p = 0, — paBHOMepHOe pacIpeneieHue Ha n-MepHoit chepe M = S™(r)
¢ n > 2, onrumMaiybHas mocrosiHHasg c(a) B (1.8.2) momoskuTeILHA TOJLKO IPU
a < o

T Ee Tounoe 3nauenue Halineno B pabore Yanku [232], ncnonan30BaBmmM
n—

M30MEePUMETPUYECKYI0 TeopeMy mis cepnl. B sTom ciyuae munumym B (1.8.3)
1

n
OOCTUTa€TCA IIPU P :E BHE€ 3aBMCHMOCTH OT (. C.HG,Z[OBaTeJILHO C(Oé) = C( 1 ),
n —

npuyeM SKCTpeMaibHbMu ¢(yHEmusaMu B (1.8.2) (B acHMMOTOTHYECKOM CMBICIE)

ABJAIOTCA WHAUKATOPHI noisychep. YacTHLi ciayuail n = 2 mccienoBaJics pa-

wee Tanentu [226]. UarepecHo, uro ecim 3anucars (1.8.2) mpm a = 15(0)

n—1
OTHOIIEHNIO K (HeHOpMasm3oBaHHOW) Mepe Jlebera ma cdepe (HO, KOHEUHO, IOH-
“Masi BHYTPEHHEE MaTeMaTUdecKoe OKUIAHME Kak CPeIHee 3HAYEHME), TO MOYKHO
OOHAapPY/KUTL, UTO ONTUMAaJILHAA IIOCTOSHHAA ¢ He OyneT 3aBHUCETDL OT T.

B [232] mepasencrso (1.8.2) paccMaTpuBaioch Takke IS PABHOMEPHOTO Pac-
npenenenus Ha mape B R™. Ilas mapa pemenue (au¢¢epeHnmanbHof) n30mepu-
MEeTPUYECKH 3a1aul U3BECTHO : DKCTPEMAJILHLIMU ABJAIOTCA IMIAPLI CO CIenu(pUy-
eckuM neHTpoM u paguycom ([12], [25]). DrToT daxkr, cormacro [25], b1 KOKA3aH
Byparo u Ma3sbs B [11].

B cayuae rayccoscko#r mepnt pu = v, Ha M = R" (¢ eBRINITOBOW METPUKOA)
ontuMaJsibHas nocrosaHas c¢(a) B (1.8.2) momosxwnrenpHa TONbKO mpu « = 1. Ee
tounoe 3uauenue c¢(1) = /2/7 naiineno Iusne [202] 6e3 nCnoOIL30BAHUS rayCCOBC-
KOT'O M30IMEePUMETPUYECKOrO HepaBeHCTBA. B kKauecTBeHHOM cwmbicie Jlemy ycummaum
9TOT pe3yibrar, 3aMeHuB || - ||, B (1.8.2) Ha HOpMY B HOAXOAAIIEM IPOCTPAHCTBE
Opanya (uMm nokazano HepaseHcTBO (1.7.16) ¢ TOYHOCTBLIO KO aBGCONTIOTHOIO MHO-
xuTens [171]) .

B [78] upemsioskeHLI ciienyomue JOCTATOYHLIE YCIOBUSA, IPU KOTOPLIX MHOUMYM

B (1.8.3) mocrturaercs B TOYKe p:% 7 CTajO OLITL paBeH QIM(%): I,, — cummer-
1
pUYHA OTHOCHTENLHO — I,(07) = 1,(17) = 0, u ¢pyuxmus dIf(p)/dp Brmyrna Ha

1
(0,5] (rme 1 < o < 2). B rayccosckoM ciyuae u ciaydae Cepbl 9TU yCIOBUA
BBINOJHAIOTCA IJIA BCEX NOINYCTUMBIX (V.

Haxkonen, ormerum, uto (1.8.2) Biieuer HepaBEHCTBO
lglle < K ([Vglly + K1 llgla (1.8.4)

¢ (ywe, BOOOImE roOBOps, HEONTUMAaNbLHON) mocrosuHOl K = 1/c(a) (K7 = 1).

Takme u Gosee oOmue HEpaBeHCTBA, CBa3bBaromue |gll, ¢ HOpMamu ¢yHEUNR
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IVg| u g B npyrux mpocrpanctsax Jlebera, COCTABIAIOT BasKHEHIIYyIO YaCTL B
teopum npoctpancts Cobosea. OnHu ucciaemoBasuch MHOrMMU aBropamu. Oc-
HOBOIIOJIATAIOIMMMY B 3TOH 00JacTy ABJIAIOTCA Kiaaccudeckue pabornt CoboaeBa
[36], [37], [38], B KOTOpPLIX Takue COOTHOmEHUA (BKJIIOUAs MPOU3BOIHLIE Oosee
BLICOKMX TIOPSAAKOB) OLLIM YCTAHOBJIEHDI [ MHOTOMEPHDBIX 06J1aCTe €BKINI0BOTO
npocTpascTBa (oauH u3 HanboJiee pAHHUX PE3yJILTATOB NPUHAIIEKAT Ppuapuxcy
[133]). CospemMenHoe COCTOAHUE TeOpUu COBOJIEBCKUX NMPOCTPAHCTB U3JIOKEHO B
kuurax Masou [25], Anamca [48], Kyduepa [164], D6es [149], nupuuem coGones-
CKME€ MPOCTPAHCTBA HA AOCTPAKTHLIX METPUYECKUX MPOCTPAHCTBAX TOJILKO HAUU-
HAIOT KCCIIENOBATLCA (BasKHLIE PE3yJLTATLI B 9TOM HAIPABJIECHUU OLLIA HEITABHO
nosydennl XaliBamewm, cM. Hamp. [144]).

Bomnpoc o Tounnix kKoHCTaHTax B HepaBeHcTBax Buzaa (1.8.4) m ux 0600meHnsax
OKA3LIBAETCSA JOBOJLHO MEJIUKATHLIM U AK€ B HEKOTOPLIX IIPOCTLIX CUTYAaIUAX
npeacTaBiser cobOW OTAENLHYI0 HEmpOCTywo 3amady (cm., mamp., Ay6wun [60],
Tanentu [225], ©6eii nu Boron [150], [151]). Onun BaskHBIA YacTHLIA ciaydait

3aHIMaeT ocoboe monosxkernne: M = S™(r) — cdepa ¢ (HeHOPMAIN30BAHHON) MepO#
n

n—1
K B (1.8.4) 6puro mafimeno AyOwmupim [61]. Becbma n060HBITHO, UTO ®Ta IOC-

He6era, n o= . B sTom CJIy4a€ TOUHOE€ 3HAUCHUE OIITUMAJLHON MOCTOSHHOI

TOAHHadA COBIIadaeT C ONTUMAJLHONM mocTosaHHoil K B KJIaCCUYECKOM HEepaBCHCTBE

CoboseBa mis mepnt JleGera B R™

(n—1)/n
K [ |Vg(z)|dz > / lg(a)[*/ "V
R’VL n

(g — IPOM3BOJILHAA I'Ialkasd (PYyHKINA C KOMIAKTHLIM HOCI/ITeJ'IeM).
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I'NNIABA II. UBOIIEPUMETPUYECKUNE 3ATAYN B IPOCTPAHCTBAX
C PABHOMEPHLIM PACCTOAHUEM

§2.1. HOyKOMOHHLINA mar

CuoBa mycth M — TOMOJIOrMYeCcKOoe MPOCTPAHCTBO C BLIACJIEHHONW CUCTEMOW OT-
KPLITLIX OkpectHOCTEeR U(x), © € M, u cHabskernoe (GOpPeNeBCKON) BEPOATHOCTHOMR

Mepoit u. PaccMoTrpum m3onmepumerpudeckoe HepaBeHCTBO B M
u(U(A)) = R(p(A)). (2.1.1)

3mech HAC OyIeT MHTEPECOBATH TOJILKO OIUH BOIPOC: MOKHO JIM PACIPOCTPAHUTH

7

HepaBeHcTBO (2.1.1) Ha mpocTpancTBO Goabineid ”pasMmepHOCTH”, TO €CTL HA He-
KapToBy cremeHn M" ¢ mpomakr-mepo#t p"? Yrobnl HE paccMaTpPUBATL BOUMPOCDI
M3MEPUMOCTU, OyIeM B MaJbHeiinmeM npeamnogarath, uto M meTpusyeMo u cema-
pabeanbHO — B 9TOM ciyd4ae, u” 3aBeIOMO OIpelelieHa Ha o-ajaredpe ODOpereBCKUxX
noaMHO:keCcTB M™.

B M™ Bergenum cuctemy OKpecTHOCTeR— KyOOB”
Ux)=U(x1) X - xU(xp), x=(r1,...,2,) € M",

Tak 4TO B coorBercrBuu ¢ (1.1.1) okpecrHOCTH MHOkecTB A C M™ HOJLKHBI OIpe-
EJIATLCS PABEHCTBOM
U(4) = J Ul
acA
(misi yOpomeHus 3alucu MBI UCHOPUPYEM WHIEKC pa3MepHOocTH). B yacTHOCTH,
ecru 8 M U(A) = A" — h-oxpectrocts A C M B cMbIcTe MeTpukw p, TOo B M"
U(A) = A" — h-oxpectHOCTL A C M™ B CMLICITIE METPUKH

Poo(®,y) = sup p(zi,y;).
1<i<n

HpI/I 5TUX 0D03HAUECHUAX CIIpaBe€OjJurBa CJ€OyIoIasd

Teopema 2.1.1. Ilyctn R : [0,1] — [0,1] — BOrHYTLIA COBEPIIEHHLIA MOy JIh.
Ecnu mepasencrBo (2.1.1) Bomoansiercsa mius (M, p), TO OHO BLITOJHSAETCS MIJIS

(M™, ™) (B KITacce Bcex m3MepuMbIX mOoaMHO:keCTB M m M"™ COOTBETCTBEHHO).

HanmomuuM, uTO coBepiieHHBIE MOLYJIU ObuLIM ompenesensl yciaoBusamu (1.3.5)—
(1.3.6) u orneanuo B onpenenenuu 1.3.2.
[IpuBenem Takske 6eckOHEUHOMEpHLIT BapuaHT Teopembl 2.1.1. B mpocTpauncTse

(M, 1) pacecmorpum cucremy "Ky60B” Uy (z) = U(xy) X U(xe) X ..., x € M.
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Omnu y:xe He OyAYT OTKPLITLIMU MHOKeCTBaMu B M, mO3TOMY AJISA HEIUIUHIPU-
uyeckux A MLl He MO¥KeM cka3aTh, yTo MHOkecTBa U(A) 6yayT usmepumot. O gHAKO,

MOYKHO OLEHUBATL HILKHIO 1 BHemHI0I0 Mepol: [ (U(A)) n (1°)*(U(A)).

Cnencrsue 2.1.1. Ilyctn R : [0,1] — [0,1] — BOrHyTBI COBEPUIEHHBIA MOIYJID.
Ecnu mepaserncrso (2.1.1) Bomoansiercs s (M, pu), To mis Bcex mamepuMbix A C
Moo

(1) (U(A)) = R(u(A))- (2.1.2)

Sameuanue 2.1.1. B ”perynasapuoix” ciaydasX BHEITHIOIO MEPLI MOYKHO 3aMEHUTDL
B (2.1.2) HA BHYTPEHHIOK. DTO, HAIPUMED, OTHOCUTCA K cutanuu, korga M = R

¢ OOLIUHO¥ cucTeMoii OKpGCTHOCTeﬁ, TO €CTL, K HEpaBEHCTBaM BHXIa
(1) (A+ (=h, 1)) = R (p>(A))

IPU AOMOJHUATEILHOM IIPEIIONOKeHnr, uTO Ry (p) HENPEPLIBHO 3aBUCUAT OT HaPLI
aprymenTos (p,h). IlelictBurennuo, nycts 0 < p’ < p, 0 < b/ < h. Moxkno
nonobparh KoMnakTHoe MHOxkecTBO K C A tak, urobnr pu™(K) > p'. Tak rak
K + [-h/,']*° rommakTHO (Kak CyMMa KOMIAKTHLIX MHOKECTB) M CJIEIOBATEILHO

U3MEPUMO, MMEEM:
PP (A+ (=h,h)*>) > p* (K + [-1', 1]>)
> (u) (K + (=1, 1)) > Rp (p').
Yerpemasas p’ — p, h' — h, Mbl moaydum

1 (A+ (=h, h)™) = Ry (™ (A)).

IlokazaTenncTBo Teopemol 2.1.1. DymeM mcnonnb3oBaTh (YyHKIMOHAJILHYIO (GOp-

My (1.3.4): mo reopeme 1.3.1 mus mroGoit ¢pysrmum g : M — [0, 1]
EUg>R(ER '(g)), (2.1.3)

rne Ug(x) = sup{g(a) : x € U(a)}. Hanomuum, uro Ug Bcerga moayHenpepLiBHA

can3y. CooTBeTcTBEHHO, mia GpyHKIMA g Ha M™ U-onepanus 3a1aeTCA PABEHCTBOM
Ug(xy,...,x,) =sup{g(ay,...,a,) :a; € U(x;), 1 <i<n}.

Maremaruueckoe oxkunanue B (2.1.3) moHunMaercs B cMbICiae Mepol 4. FKcam Mol
pacupocTpaHuM 3TO (QYHKIMOHAJLHOE HepaBeHcTBO Ha (M™, p™), TO Ha WHIUKA-
TOPHLIX (YHKIUSAX OHO IpUBeReT K ~’MHOroMepHoMmy”’ Bapuanty (2.1.1).

Iloka3aTesnLCTBO MOKHO IMMPOBECTU MO UHAYKIUUA. YUTOOLI CHENATL WHIYKIUMOH-

HBIY Iar, TPeAmoJIOKUM YTO MLl mMeeM aBa npocrpaunctsa (M, u) u (M’ u') co
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cBoumu cucremamu okpectaocreid U(x) u U'(z'). Paccmorpum npoussenenue (M x

M’ ux p') ¢ cucremoii okpecruocrein U(zx) x U'(2'), (z,2") € M x M'. Oupenenum

Dx)={aceM:xcU(a)}, =x€M,
D'(zy={d eM :x€U'(d)}, zeM.
IIpennonaraem, uro (2.1.3) Bemounsercsa gusa (M,p) n (M, u'). Pacemorpum

usmepumMyto ¢Gyakmaio g : M x M’ — [0,1]. Bsemem V = R™! u sadurcupyem
' € M'. Torma nus pyuruuu ¢ — g(z,z’) (2.1.3) 3anumercs kak

/M V(g(z,2))du(z) <V </M sup g(y, z') du(x)) . (2.1.4)

y€D ()

TTonoxum

u(a’) = /M sup gy, ") du(z).

y€D(z)

(GYHKIUA © KOPPEKTHO ompenesieHa (Tak Kak IO MHTEIPAJIOM CTOUT MOJyHeIpe-
pLIBHASA 110 o (QYHKIWs), HO He BUJHO HUKAKUX OCHOBAHUW CUUTATL €€ U3MEPUMOI.
[IosToMy BBenmeM M3MEPpUMYIO MUHOPAHTY U.. llo Teopeme ®yOumHmM sneBas yacTo
(2.1.4) p/-mamepuma. Kpowme toro, V(u,) npeancrasiuser co60fi M3MEPUMYIO MUHO-

paaty V(u). ITosromy (2.1.4) Biaeuer HepaBEHCTBO

/M V(g(e,2')) dulx) < V (ua(2')), (2.1.5)

cupasemiuBoe mis i/ -nmouru Beex &’ € M'. Wuarerpupys (2.1.5) no nepemennoit x’

u npuMeHssa (2.1.3) K Uy, MBI TOXyYnM

[ [ vy ey <v ([ vue)an).

OcraeTcs 3aMeTUTD, YTO Uy, < U, u ciaempoBareanHo U u, < U wu, u 4ro

Uu(@')= sup g(y')= sup / sup g(y,y') du(x)
y'eD! (z) yeD (') J M yeD(z)

< /M sip  sup g(y,y) dule) = /MUg<x,x'> d().

y' €D’ (x') yeD(x)
Teopema moka3aHa.

IlokazareanctBo caencrsusa 2.1.1. Ilycrn g : M — [0,1] — usmepumas ¢yHk-

mus. By,ﬂeM JOKa3LIBATL HEPABEHCTBO
E*Ug>R(ER '(g)), (2.1.6)

rne Ug(x) = sup{g(a) : a € M, z; € Ula;), 7 > 1}, Tak 4TO HA WHAUKATOPHLIX
¢yrrmuax (2.1.6) npespamaerca B (2.1.2) (E* o3mavaer BHEmHWUI MHTErpas o
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mepe p>). Ilyctn 1 — mamepumas maskopanta mis Ug. B uactrocTn, 0 < g <
Ug < < 1. Husa mob6LIX PUKCUPOBAHHLIX (Tpi1,Tpi2,-..) g OyAET U3MEPUMOIA
(G yHKUMER ePBLIX N MePEMEHHBIX (Z1,...,T,) € M"™, 1 IO9TOMY MOMKHO IPUMEHUTD

Teopemy 2.1.1:

/ Vg(z, .. s n, Tpg1, ... ) du™ (1, ... zp) < (2.1.7)
V(/ sup g(yl,...,yn,an,...)du”(xl,...,xn)) < (2.1.8)
Mm yieD(z:)
V< w(xl,...,xn,an,...)du”(xl,...,xn)) (2.1.9)
Mn
3aMeruM, 94TO (YHKINSA OT MEPEMEHHLIX (Z1,...,2T,) moa uHTerpasom B (2.1.8)

[OJIYHEIIPDEPLIBHA CHU3Y, HO 3TO, KOHEUYHO, HE BJIEYET M3MEPUMOCTL BCErO WH-
TerpaJsia OT HEPEMEHHBIX (Zpi1,Tpt2,...). Paccmorpmm muTerpasst B (2.1.7) u
(2.1.9) Kak yCIJIOBHLIE MATEMATHUYECKUE OKUNAHUSI HA BEPOATHOCTHOM IPOCTDPAH-
crBe (M®°,1°°) OTHOCUTENLHO CUrMa-ajureGp T,, MOPOKIEHHLIX KOODIUHATHLIMUI

Gyarumavmm g (z) = xg, k> n:
21.7) =EWV(g)m),  (2.1.9) = V(E(Y[r.)).

Xopomo M3BECTHO, YTO AJA JIOOOW CyMMUPYyeMOW CIIydallHOW BEeJIWYWHLI 1) Ha
(M°, u®°) p°-nouru uasepuoe E(n|r,) — En upu n — co. [lostomy B mpenene, ¢
yderoM HenpepsBHOCTH ¢yHkmuu V', (2.1.7) u (2.1.9) manyT uckoMoe HEPABEHCTBO
EV(g) < V(Ey) =V (E*Ug). Cnexncrsue noKa3aHO.
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§2.2. N3onepumerpudeckas QpyHKIUsI OECKOHEYHOMEPHO

IPOodaKT-MEPLI

Ecan B ”omaomeprom” HepasencTse (2.1.1) R He ABIAETCA COBEPIIEHHLIM MOI-
yaeM, TO yTBep:kaeHue teopemnl 2.1.1 nepecraetr ObITh BepHbIM. [losTOMy Harmmei
clenyomuii 3anadeli 6yner onpemnenenre onTUMaILHOR (Gyukmmu R B (2.1.1), 06-
cayskuBaromieir Bce pasmepuoctu. CorsacHo HamMM 00O3HAYEHUSAM, TAKOW (yHK-

nueil ABJsIeTCs
Rypo(p) = inf Ryn(p), 0<p<l,

rue
Ryn(p)= inf p"(U(A
0= it p"(U(4)
— m3omepuMeTpuUecKas (YHKIUSA IPOTAKT-MepLl 1" (nHGuMyM Gepercs mo BceM
m3mepuMbiM A C M™ mepot p"(A) > p). Taxkum o6pasom, R~ — n3onepumerpudec-
kas QyHKIUSA ~ GeCKOHEUHOMEPHON” npomakT-Mepst (° B mpoctpanctse (M, u>)
mist cucreMol "Ky60B” Uy () = U(xy) X U(xe) X ..., © € M, B Ki1acce Bcex

”KoHeYHOMEPHLIX” (IUIMHAPUYECKUX ) HOAMHOKECTB M ™!

Reo(p)= inf 12 U(4), 0<p<l,
@)= int i (U() :

rae nHQUMYyM OepPeTCs IO BCeM IUINHAPAYECKAM N3MEPUMBIM o aMHOKecTBaM A C
M meprr (°(A) > p.

WNrak, npeamnonokuM, 4TO MLl PEIIMIN OTHOMEPHYIO M30IEePUMETPUYECKYIO 3a-
nady, TO eCcTh onpenennian R, — onrumanbayo ¢ysakmuio B (2.1.1). Onpenensercs
a1 Torga Rje ommosmauno? W ecnm nma, To kak ee Haiitm miau omucarn?! Ha sTu
BOIIPOCEI Oy AyT HIKE JAHLI OTBETLI B IPEINOJIOKEHNN, YTO (YHKIMA R, BOTHyTa

Ha (0,1). Kpome Toro, Mol 6y aemM IpeamnonaraTh, YTO BLIAEIEHHAS CUCTEMA OKPECT-

HocTell B M obmamaer ciaemyromuM CBOWCTBOM CUMMETPUYOCTU:

reU(y)=yeU(x), x,y € M. (2.2.1)

Teopema 2.2.1. IIpennonoxum, uro ¢pyurnusa R, BoruyTa Ha (0,1), npruem R, #
1 (roxnecrsenno). Torma Ry~ — MakcuMaigbHad (YHKINA CPEIM BCEX BO3PAaC-

raromux oumernuit R : [0,1] — [0,1], rakux yro R < R, u mus Bcex p,q € (0,1),

R(pq) < R(p) R(q), (2.2.2)
S(pq) = S(p) S(q), (2.2.3)

roe S(p) =1— R(1 —p).
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To ecrb, Ry — MaKCHMAJILHLI COBEPIIEHHLIA MOILYJDL, Ma:KOPUPYeMbId R,.
Komeuno, cymecTBoBaBue Takod (hyHKIUU BXOMUT B yTBep:kKAeHUE Teopembl. OT-
MeTHM Takke, 4To ciaydait R, =1 na (0,1] Bo3MoxkeH, 1 Torna, o4eBUaHO, R~ =1
ua (0,1].

Cnencreue 2.2.1. Ilpemmomosxum, uro ¢ysrmus R, Bormyrta mHa (0,1). Cie-
NYIOIMIVE YTBEP:KICHUS SKBUBAJEHTHLIL:

Cl) Ruoo = RU’

b) Ry» = R, rie n > 2 GpUKCHPOBAHO;

c) ¢pyurnusa R = R,, ynosuerBopsier (2.2.2) n (2.2.3).

I[JIH MOKa3aTeJILCTBa TCOPEMELI 1 CJIeICTBUA HaUYHEM C IIOAIOTOBUTEJILHLIX JIEMM.

Jlemma 2.2.1. Ilas mob6oi meyOoBarome#d ¢pyuruvu f : (0,1] — (0, 1], rakoii
uro f(p) > p s Beex p € (0, 1], cymecTByeT MAKCUMAJLHBIA MYy JILTUNIUKATUBHBIA

Monynn R, maskopupyewmniit f. VImenuo:

R(p) = inf f(p1) ... f(pn), (2.2.4)

rae nHGUMyM Gepercsi Mo BceM KOHeYyHbIM Habopam {pi,...,pn} C (0,1] co csoiic-
TBOM Pq ...p, = p. B wactnoctu, R(p) > p nmus Beex p € (0,1]. Ecau f Bormyra, T0O

R Toske BormyTa.

IlokazarenncTBo. ¢(yHkuusi R, onpenenennas B (2.2.4), sBiseTCs, OYEBUIHO,
MaKCUMaJLHLIM MYJILTULINKATUBHLIM MOIyIeM, Mazkopupyemoim f. [Tokaskem, uTo
R Boruyra, eciu f Bormyra. Tak rak R = inf, R,, rne R, oupenensiercs (2.2.4)
¢ PUKCUPOBAHHLIM N > 1, MOCTATOYHO MOKa3aTL BOTHYTOCTL Bcex R,. Vcmonnsys
WHIYKIIAIO, HEOOXOAMMO MOKA3aTh, YTO AJs JIOOOW mapbl BOTHYTHIX HEYOBLIBAIOTIAX

Gyuruuid f1 >0 u fo > 0, 3ananunix va (0,1], QyHKIWMA

R(p) = inf{ f1(p1) f2(p2) : p1,p2 € (0,1], pip2 = p} (2.2.5)

Takke Boruyrta u He yonBaer Ha (0,1]. Boaee Toro, tak kak fi u fo MOryT OLITL
IPEINCTABJICHL! KAK MOTOYEUYHLIE MHPUMYMBI HEKOTOPLIX CEMEHMCTB HeyOLIBAIOMIUX
aQPUHHLIX (YHKIUHA, TOCTATOYHO paccMOoTperh Gpyukuuu f;(p) = a; + b;p, a;,b; >0
(i =1,2). Ionsa rakux ¢pysrmuii (2.2.5) naer

R(p) = araz + bibap + 21/ a1a2b1bap,

npu 0 < p < ¢ = min{(a1b2)/(asb1), (a2b1)/(a1b2)}, m R addunna npu p > ¢, npuyem

R'(c*) = R'(¢c”). Cnemosarearno R BorHyTa 1 He yOLIBaer.

Jlemma 2.2.2. Ilnsa nwo6oii HeyOniBaromeid Boruytoid ¢yskmuu f : (0,1] — (0, 1],
rakoid uto f(1) =1 m f # 1 (TORIECTBEHHO), CYIIECTBYET MAKCUMAJLHLIA COBEP-

MIEHHLIA MOIyabL R, Mmaxkopupyembiid f. ¢pyHKmusa R BOrayTa.



90

IlokazareanctBo. Ilis Bospactatomeid 6uekiuu R B [0,1], kak 06ndnO, 0603-
HaunM uepe3 R~! obpaTHyio k Heil (pymkmmio. HaIlOMHUM, YTO MLI HA3BaJIU Iy-
ampHON K R ¢pymrmaio R*(p) =1— R™1(1—p), 0 < p < 1, apasromeiica obpaTHOH K
¢yurmum S(p) =1 — R(1—p). Taxkum o6pazom, (2.2.3) 9KBUBAJICHTHO HEPABCHCTBY

R*(pq) < R*(p) R*(q), p,q € [0,1],

U 3HAYUT, KaK YK€ OTMEYaJoch, R OyIeT COBEPIIEHHBIM MOIYJIEM TOT/Ia M TOJJILKO
Toraa, korga R u R* ABASAIOTCA MYJILTUNIUKATUBHLIMU MOIYJISMU OJTHOBPEMEHHO.

Bynem mncnonn3oBaTth ciemylomye IPOCTLIE CBOMCTBA AYyaJILHLIX (DYHKITUN:

(RY)" = R; (2.2.6)
eciiu Ry < Ry, To R} < R3; (2.2.7)
ecsiu R Bormyra, 1O R* BOrmyta. (2.2.8)

3necy R, Ry u Ry — Bospacratromue Oueknuu B [0,1]. Bymem oGosnayath (yHEK-
o R u3 gemmor 2.2.1 kak mod(f). Onpenenum ¢pyukuum Ry 1o TpanCHUHUTHOR
naaykuuu. [lonoxum Ry = mod(f). o nemme 1.4.2 m 2.2.1 Ry — Bo3pacraomas
BoruyTas 6ueknus B (0,1]. Korma A = £ 4+ 1 — He npenesbHOE MOPSIKOBOE YUCIIO,
MTOJIOKUM

Ry = min {mod(R;), (mod(R{))"} . (2.2.9)

B mporuBrOM ciyuae monoxmMm Ry = infecy R¢. MoxHEO nmpeanosnaraTs B TaKOM
ompemesieHnu, 9yTo A < Ag, Iae A9 — J0CTATOUYHO Oosbmoe. OCyIMecTBIIsAA WHIYK-
IIUOHHLIA mar, IpeaooEUM, UTo npu Beex § < A R¢ — Bo3pacTraiomas BOTHyTas
6ueknusa B (0,1]. Torma mma A = £ + 1 ¢yurkuusa Ry B (2.2.9) Gymer BO3pac-
raromeii BoruyToii 6ueknueir 8 (0,1] B cuny aemmor 2.2.1 u coiicrsa (2.2.8). s
IpeIesLHLIX MOPAAKOBLIX unces A Ry Oymaer obsamaTh TeMu sKe CBOWCTBAMU Kak
MHOUMYM BO3PACTAIONUUX BOTCHYTLIX OMEKIIVHA.

Takum 06pPa3oM, MLI IOCTPOUIIN HEBO3PACTAIOINLY 0 TPAHCOUHUTHY IO TOCIEA0Ba~
TeNbHOCTL Ry, A < \g, Bo3pacrtaromux BOrHyToix Owekunuii B (0,1]. Ecam Ao
IOCTATOYHO BOJILIIOE, HATIpUMED, ecau card(Ag) > 2°, TO 9Ta MOCIen0BATEILHOCTD
MOJKHA HAUWHAS C HEKOTOPOTO mara A < Ay CTaTb IMOCTOSHHOI, TO eCTh, Ryi1 =

R,. Coraacuo (2.2.9), 10 03HaUaET, YTO
Ry = mod(R)), Ry < (mod(RyY))".
[MosTomy R) — MyJLTUNIIMKATUBHLIA MOAYJIL U, B cuiy (2.2.7) u (2.2.8),
Ry < ((mod(R}))")" = mod(R}).

CnenmoBarensHo, BcmoMuHas 4To, mod(g) < g, MbI mosydaeM, uro R} Toxke Oyzmer

MYJILTAIIUKATUBHLIM MonyineM. Kak ciaencrBue, IR) — COBEPIIEHHLIA MOIYJID.
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Ocraercs nmoka3arh, uto R) — MakcuMaJbHas (YHKIUSA CPpEad BCEX COBEPIIEH-
HLIX Monmyueit, maxkopupyemoix f. Ilyctn R — COBEpIIEHHLIA MOMYJL, TAKOW YTO
R < f. Iloraxem namykmueit mo &, uro R < R nnsaBcex £ < Ag. Takkaxk R < fu R
— MyJLTUIIMKATUBHLIA MOAyn, umeeM R < mod(f) = Ry. HomycTtum tenepn, UTo
R < R,, nna Bcex n < {. Ecan { — npenensreii opanaan, ro R <inf, ¢ R, = Re.
B mpyrom caydae, xorma £ = n + 1, Mol mveem R < mod(R,), mockonsky R < R,
n R — mynpTunnukatuBHbii Mmonynn. Cormacuo (2.2.7), R* < R;‘;, cJIenI0BaTeILHO
R* < mod(R;‘;), Tak Kak R* — MyJILTUNNIWMKATUBHLIA Monyian. CHOBa TpuUMeHssS
(2.2.6) m (2.2.7), momyuaem R = (R*)* < (mod(Ry))*. Kombunupys obe orenkn,
3aKJII0YAEM, YTO

R < min {mod(R,), (mod(R}))*} = Re.
Tarxum obpazom, R < Re nna Bcex § < Ag. Jlemma 2.2.2 norasana.
Jlemma 2.2.3. ¢ynrnusa R~ ABIdgeTCA COBEpHIEHHLIM Moaynaem. Ecmm R, Bo-
rayta Ha (0,1), To 1 R~ BOrmyra Ha (0,1).

ITorkazarenbcTBo. VIMEeHHO B »TOM MecTe MBI UCIOJIL3ye€M CBOWCTBO CHMMET-
puunoctu (2.2.1). Ilns mpousBosbHOro MHOMkecTtBa B C M onpenenum ero ”U-
BHyTpeHHOCTL : int(B) = {z € M : U(x) C B}. B cuay (2.2.1), mus moGoro

pasbuenus M Ha nBa moaMmuO:kecTBa A 1 B umeewm:
U(A) n int(B) obpasyor paszbuenue M. (2.2.10)

CewmeiictBo ky6oB U(x) = U(z1) X -+ x U(zy), x = (21,...,2,) € M™, oueBumgHoO,
Takke ynosierBopser (2.2.1), mosromy (2.2.10) Bomonasercas u B M™. Kpowme
Toro, mis mobnix Ay, B; C M™, Ay, By C MF cupaBenmusbl ToxIeCTBA

U(A1 X AQ) = U(A1> X U(AQ), (2211)
iIlt(Bl X BQ) = 1nt(Bl) X 1nt(BQ) (2212)
Onpenenum
R(p) = inf inf "(U(A)), 2.2.13
(p)=inf inf w(U(A)) (2.2.13)
S(p) =sup sup p"(int(B)), (2.2.14)
n pm(B)<p

T0 ecth, R = R;°. B cuny (2.2.10), 9Tu GyHKIMYU CBAZAHBI COOTHOMICHAEM
R(p)+ S —p) =1, 0<p<l.

ITposepum (2.2.2) u (2.2.3) mua R u S. ITo onpenenenuro (2.2.13), mus no6LIx
p,q € (0,1) u ¢ > 1 MoxkHO TOKOOpATL Heanle uncaa n, k > 1 u maosxkectsa Ay C M™,

Ay C M*, rarkme uro pu"(Ay) > p, pF(As) > q, npuuem

u*(U(A1)) < cR(p), p*(U(A2)) < cR(q). (2.2.15)
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MuosecTBo A = Ay x Ay C M™F mveer mepy p"t*(A) > pq, cremosaresnnmo,
cormacuo (2.2.11) u (2.2.13),

R(pg) < " (U(A)) = p"(U(Av)) p* (U (Az)). (2.2.16)

Kombunupys (2.2.15) u (2.2.16), monygaem R(pq) < c? R(p)R(q). Y crpemass ¢ —
1T, mpuxomum k mepasenctBy R(pg) < R(p)R(q), To ectn, (2.2.2) BLmomHAeTCA.
TouHO Takue ke pacCy:RIeHUs ¢ ucnosabzoBanmeM (2.2.12) u (2.2.14) mpuBogar
k mepasencTBy S(pg) > S(p)S(q). Ilo nemme 1.4.2 R — Bo3pacTtaromas OUEKIUSA B
(0,1), u cmenoBarenbHO R — COBEPIIEHHBIA MOILYJID.

Boramyrocts R Oyner scHaA M3 HWKECTIELYIOMErO PACCYKIECHUA.

ITorkazarenncTBO Teopembl 2.2.1. B cmimy smemmbr 2.2.2 cymecTByeT MaKCHU-
MaJILHBIA COBEPIICHHLIE MOnynb R, mamopupyemsiii f = R,. IlosTomy, Tak kak
R~ — coBepmenHbI MOnyab (emma 2.2.3), Mol nmeeM R, < R. CHoBa B cmiy
seMMbl 2.2.2, ¢yuknua R Borayrta, mostomy mo teopeme 2.1.1 mns mamoboro n > 1
u ar0060ro uzmepumoro muoxkecrsa A C M"™

p"(U(A)) = R(p"(A)).

Ho »t0 o3mauaer, uto R,~ > R. Kax pesynbrar, R,~ = R. Teopema 2.2.1
OKa3aHa.
lokazaTenncrso caencrsua 2.2.1. Hysno jumbn mokazaTh, uto R, = R,

Bieuver (2.2.2) u (2.2.3). Kak m B mokaszarenncrBe seMMmbl 2.2.3, paccMarpuBas
MHOEecTBa Buma A; x Ao C M?, By x By C M? ¢ u(Ay) > p, u(As) > q, u(By) < p,

1(B2) < ¢, MBI MOsKEM TOJYYNUTL, onupasich Ha (2.2.11)—(2.2.12), mwepaBencTsa

R,2(pq) < Ru(p)Ru(q),  Su2(pq) > Su(p)Su(a),

rae Su(p) =1—-R,(1—p), S,2(p) =1— R,2(1 —p). IlosTomy B cayuae R,z = R,

¢ysrnua R, OyIeT COBEPIICHHLIM MOIYJIEM.
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§2.3. JlorapupmMudecku BOTHYTLIE TPOIAKT-MEPDLIC DKCTPEMAJTILHLIM

CBOMICTBOM TOJIyITPOCTPAHCTB

TenepnL MBI MOYKEM PACCMATPUBATL U30MEPUMETPUUECKYIO 3a1a4Uy B KOHKPETHLIX
npocTtpaHcTBax. Teopema 2.2.1 m ee ciaencTBue MHTEPECHBLI yiKe B Caydae, KOTOa
M = R ¢ oBuIyHON cucTeMO# OKPECTHOCTEH, Tak UTO IJIs MHOIOMEPHLIX MHOMKECTB
A C R™ peun uger 06 h-oxkpecroctu Up(A) = A+ (—h,h)" B cMbIcIe paBHOMED-
HOrO paccTosHus B R”.

I[IycTte @ — morapudmMuyuecku BOTHyTass Mepa Ha BelmecTBeHHOW mnpsamoir R ¢
IJIOTHOCTLIO f: p( cOCpenoTOdYeHa Ha HEKOTOpPOM wuHTepBase (a,,b,), rme f mo-
nosuTenbHa, npudeM log f — Bormyra. O6Gosmaumm uwepes F~!: (0,1) — (au,by)
obparuyio k ¢yHEuu pacupenenerns F(z) = p((—oo,z]), x € (a,,b,). 3mecs Mol
omnuiieM Bce Takue [, i KOTopoix u" (A + (—h,h)"™) MUHUMU3UDPYETCS HA CTaH-

naprHuix noaynpocrparctBax A = {x € R" : x; < c}.

Teopema 2.3.1. IIpu n > 2 cienyiomue ycaOBUsA DKBUBAJIEHTHDI:

a) mnsi mobuix p € (0,1) m h > 0 crammapTHLIE TOJYIPOCTPAHCTBA MUHU-
musupytoT u" (A + (—h,h)"™) B knacce Bcex uamepumnix A C R™ mepnr p(A) = p;

b) TO sKe CBOWCTBO IJIsI KJIACCA BCEX BLILYKJILIX MHOKECTB Aj;

¢) Mepa [t CUMMEeTPUYHA OTHOCUTEJILHO CBOEW MeauaHol, u 1 Bcex p,q € (0,1)

fETNee) o SR ST ) (2.3.1)

pq p q

Kak yxe ormedanocn (§1.4), csoiictBo (2.3.1) BMecTe ¢ CHMMETPUYHOCTHIO
BJI€YET @, = —00, b, = 400, Tak UTO HOCUTEJEM [ HOJKHA OLITL BCA HIPAMAS.
TakrM 00pa3oM, B IPEANOIOKEHIN CHUMMETPUYHOCTH CBOMCTBO ¢) O3HAUYAET, YTO
npu Beex h > 0 ¢ynxmus Ry, (p) = F(F~Y(p) + h) ABAseTcsa cOBEPMIEHHLIM MOILYJIeM
(cm. smemmy 1.4.3). 3amerum, urto npu n = 1 yTBEep/KIEHUE TEOPEMDI IIEPECTAET
OLITL BEPHLIM: YCJIOBUE CUMMETPUUYHOCTU OyIeT KaK HEOOXOMUMBIM, TaK U JOCTa-
TOYHLIM JUIf BKCTPEMAJIBLHOCTH mosyocelt A = (—oo,u] (§1.2).

[Tpusenem aBa mpumepa. Ecam p — aBycTropoHHEe IOKa3aTeJbLHOE paCIpenesie-
aue, To f(F~1(p)) = min{p,1 — p}, u crenosarenvuo (2.3.1) mapymaerca. Ecan
’Ke (L — JIOTUCTUYECKOe pacupemeienue, 10 ecthb, F(z) = 1/(1 + exp(—x)), € R,
to f(F~1(p)) = p(1 — p) ynosaersopsier (2.3.1). Bosee 06mo, 3TOMY yCIOBHUIO
YIOBJIETBOPSIOT BCE CUMMETPUYHBIE JIOTAPUOMUUECKA BOTHYTLIE (i, IS KOTOPLIX

¢yuruusa log(f/F) sorayra (memma 1.4.4).

IlokasaTennLCcTBO. a) <= ¢): yCIOBUE CUMMETPUYHOCTU [ SBJSETCS HEOOXOmu-
MLIM JJISI @) U BLITEKAET U3 PACCMOTPEHUs OTHOMEpDHOW 3amauu (Teopema 2.2.2),
TaK 4TO MOZKHO IIPEANOJaraTh, 4To Mepa [, CAMMETPUYHA. B »TOM cilydae CHOBA IIO

TeopeMe 2.2.2 MLl UMeeM I U30IIe€PUMETPUYECKON (YHKIINY MePLI [t COOTHOIIEHNE
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Ry u(p) = F(F~Y(p)+h). Ycaosue a) Mo:xHO 3ammcaTs Kak Ry, ,n (p) = F(F~1(p)+h)
st Bcex p € (0,1) m h > 0, mo®TOMY SKBUBAJIEHTHOCTL () U €) MOYKHO BLIDA3UTD
coorHomenueMm Ry ,» = Ry, ,. Cormacro cinexncrsuio 2.2.1, To0 paBHOCUILHO TOMY,
uto (pyHENUA R}, OydeT coBepHIeHHLIM MOMIyJeM npu Bcex h > 0, To ecTb, cBo¥ic-
By (2.3.1) (1emma 1.4.3).

b) = ¢): CUMMETPUUHOCTDL [ OLIIA MOJyYeHA IPU PACCMOTPEHUM B OJXHOMEDPHON
uzonepumerpudeckoM uHepaserctse (u(A+ (—h,h)) > F(F~Y(u(A))+ h) uatepsasnos
Buna A = [y, +00), a OHU ABIAIOTCA BLILYKIALIMU. [[0sTOMY 1 cumMmeTpudHa. [lpu-
MeHsAs ke nByMmepHoe HepaseHcTBo u?(A + (—h,h)) > F(F~Y(u(A)) + h) & (Bu-
nykaniM) Kybam A = (00, x] X (00, y|, momyuaem csoiictBo Rp(pq) < Ru(p)Rn(q),
koropoe npu h — 0 npespamaercs B (2.3.1).

OueBuano, a) = b), u 31aunt teopema 2.3.1 mokaszana.

Sameuanue 2.3.1. Ilus morapudmMuyeckn BOTHYTLIX MEDP [, yVAOBIETBOPSIOIINAX

a), Mol mmeeM Ry, 4o (p) = F(F~1(p) + h). Cornacuo 3ameqanmo 2.1.1,

Ri,eo(p) = inf 1 2(A+ (=h,h)>®), 0<p<I,
e (p) = b (A + (b)) .

rae nHGuMyM Gepercs 1o BceM u3MepuMbiM MHOskecTBaM A C R mepur (> (A) > p
1 JOCTUraeTCA Ha CTAaHIAPTHBIX IOJYIPOCTPAHCTBAX.

Sameuanne 2.3.2. Ilycts n > 2 n ¢ = ((;)!.; — DOCIENOBATEILHOCTL HE3aBU-
CHMBLIX CIy4YaiHLIX BEJIMUNH, MMEIONUX O0IIee J0rapu@MUIeCcK BOTHYTO€E pacIpe-
nesenue fi. Torga B TEpDMUHAX Poo-JIMIIUNEBLIX GyHKIUA g Ha R™ (¢ nunmunesoit

HOPMOTi ||g||rip < 1) cBOMicTBO a) MOxHO 3amucarh kKak (1.1.5):

P {g(¢) =mp(9(¢)) = h} < P{Ct —mp(C1) = h}, h >0, (2.3.2)

rue m, o3Ha4YaeT KBaHTUIL mopsaaka p € (0,1). Muave rosops (memma 1.1.1), nis
TI000# poo-nunmuieBoit pyurnnu g Ha R™ cymecTByer nunmunesa GpyHKIusA g* Ha
npsamo#i R, Takas uro cayuaiianie Benmuuwnnnt ¢(¢) u ¢*((1) oamHAKOBO pacupene-
JICHDL.

CeoiicTBo b) roBopur, Uro HEpaBeHCTBO (2.3.2) BLINOJHAETCA I BCEX JINI-
IIAIEBLIX BBIIYKILIX ¢. V Kak MLl BUAEAN U3 NOKA3aTENLCTBA, YTOOLI BLIBECTH
(2.3.2) mnsi BCeX JUMINIMIEBLIX ¢, HOCTATOYHO Hpennosararh (2.3.2) TOJILKO IJis

nByX QyHEUMA: g1(r) = —x1 1 go(x) = max(zy, x2).
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§2.4. VN3onepumerpudeckas QpyHKIUsI OECKOHEYHOMEPHOTO MOKA3aTEILHOTO

pacnpeneaeHus

3mech MLI WIIIIOCTPUPYEM MpUMeHeHue Teopemol 2.2.1 Ha mpuMepe HeCuMMeT-
puuHOro pacupenenenus. llycTo y — oIHOCTOpPOHHEEe TOKA3aTEJILHOE pacIpenese-
aue Ha M = R ¢ mnorroctnio f(z) = exp(—z), z > 0. Coraacuo teopeme 1.2.1,
B OJHOMEPHO# M30IEPUMETPUUECKON 3alaue dKCTPEMAJILHLIMU OYIyT MHTEPBAJILI
Buna (—oo,x] u [y, +00), TO eCcTh, U3onepuMeTpuYecKas QYHKIUA (i ONPEIEIACTC

COOTHOIIeHneEM
Riu(p) = min{(1—a) +ap, p/a}, 0<p<l, (2.4.1)

rre « = e h >0 Dra (YHKIVSA He ABJSETCA COBEPIIEHHLIM MOIYJIEM, HO

BOTHYTAa, MIO®TOMY MBI HAXOAMMCA B yCJIIOBUAX TeopeMbl 2.2.1.

Teopema 2.4.1. s scex p € (0,1) u h > 0,

Rp, yo (p) = min {po‘, 1-(1 —p)l/o‘} ., a=e (2.4.2)
Hanmomuum, uro Ry e = inf, Rp » u, cornacuo 3amevanuio 2.1.1,
Ruy(p) = inf p2(A+h(~1,1)%), (2.4.3)
pee(A)=p

rae uapumym Oepercs mo Bcem usmepuMbiMm A C R mepnr pu™(A) > p (u$° obo-
3HAYAaET BHYTPEHHIOI MepYy).

ITo Bceli BUAMMOCTHU, SKCTPEMAJLHLIX MHOKECTB, obpamatomux (2.4.3) B paBeH-
crBo, Her. OmHako, ommpasich Ha (2.4.2), serko HaWTU ACUMOTOTUYECKU DKCTPE-
MaJibHble MHOkecTBa. O6o3maunm uepesd A, (p) = (—oo,a,(p)]” x R x ... cran-

=)

IapTHLIE ”n-MepHLIA” mmImEIpHYecKuit ky6 Mepnr p, an(p) = —log(l — p'/™), u

uepe3 B, (p) — nononuenue k¥ A, (1 —p). IIpocroii noxcyer moka3niBaeT, 4TO

p>°(An(p) + h(=1.1)) — p°,
> (By(p) + h(—1.1)°) — 1 — (1 —p)'/*,

npu n — co. IlosTomy urdpumym B (2.4.3) mocTuraercs Ha ACUMITOTAYECKM CTAH-
MDaPTHBLIX N-MEPHBIX Ky0aX MEpLI p UK Ha JOMOJHEHUAX K TAKUM KybaMm Mepnl 1 —p.
3aMeTnM, UTO ®TH ACUMITOTUYECKU SKCTPEMAJILHLIE MHOMKECTBA CaMU IO cebe He
3aBUCAT OT mapamerpa h, HO I TOro, 4TOOLI crenarh BLibop Ttuma (A, (p) min

/e, Herpynuo morkasarn, 4TO s BCEX

B, (p)), myxH0 cpaBauth p® ¢ 1 — (1 — p)
p € [1/2,1) u mna Bcex a € (0,1) p® < 1—(1—p)/*, cremoBarensuo mia Bcex h > 0
MBI IMEEM

Ry, o (p) = p%,
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u, TakuM obpaszoMm, Kyb6nl A,(p) OyAyT ACUMIOITOTUYECKU SKCTPEMAJILHLIMU, KAK
TOJILKO P > % IIpu p < % TUI DKCTPEMAJLHLIX MHOYKECTB 3aBUCUT TakKe OT h.
Ilna mora3aTenbcTBa TeopeMbl 2.4.1 MBI CHavYaJja IPUBEAEM HECKOJIHLKO MPOCTHIX
JIEMM O MYJIbTUNIUKATUBHBLIX MOIYJIAX C T€M, YTOOBLI HAM Jierdye OLLIO MPUMEHUTD
OCHOBHYIO Teopemy 2.2.1.
O6Go3uaunm yepe3 Q4 (cooTBeTCTBEHHO uepes (J_) ceMelcTBO Bcex HeyOLIBAIO-

mux Gpyurmuii f: (0,1] — (0,1], rakux uro f(1) =1 u pyHKUIMA

Tf(x> = —log f(exp(—x)), = >0,

BLINYKJA (COOTBETCTBEHHO BOrHyTa) Ha [0, +00). B kiacce mempepniBHO muddep-

eanupyemoix [ Ha (0,1] aT0 O3HAUAET, UTO (YHKIWS

L¢(p) =pf'(p)/f(p)

He Bo3pacraer (cooTBeTcTBeHHO, He yObBaer) uHa (0,1]. flcro, uro ecim f =
f1, f2 € Q4, To min(f1, f2) € Q4, Tax xkax ¢ynknua Ty = max(Ty,,Ty,) BLIIyKIa KaK
MAKCUMYM BLINYKJILIX (yHENuZA. HamoMHMM, 4TO HAMMEHLIIUZ MYJILTUIIUKATAB-

HBIX MOIYJL R, MaskopupyeMmbii GpyHkuue#r f, Mol o6o3naunnau mod(f).
Jlemma 2.4.1. Eciu R € Q4+, To R — MyJILTUNIUKATUBHLIA MOIYJID.

Jlemma 2.4.2. Ecau f € Q_, to pyurnus R = mod(f) umeer Bun

R(p)nggflf(pl/”) ,  0<p<L
HoxrazarennctBo. [lyctn cuavana R € Q4. dyuruus Tr(x)+Tr(a — ) Boimykia
Ha uHTepBate 0 < x < @ W MOPTOMY AOCTUTAET MAKCUMyM B Touke r = ( mim
x = a. CuemoBarenpro mius Bcex z,y > 0 Tr(x +y) > Tr(x) + Tr(y), TO ecTn,
R(pq) < R(p)R(q) nns Bcex p,q € (0,1]. Taxum oGpaszom, R — MyJLTUILIAKA-
TuBHLIA Monynab. Ilycts temepn R € (Q—. Cormacuo nemme 2.2.1, HaM HYKHO
MUHUMU3UPOBATL npoussenerus f(pi)...f(p,) upm ycaosuu py...p, = p UIn B

TepMuHax 1y — MAKCUMU3UPOBATL (yHKIUIO

w1, xn) =Tp(xr) + -+ T(zy)

Ha CUMILIeKce T1 + -+ + &, = x, ©; > 0 (upu = = —logp). Ilo mepaBeHcTBY
Wencena Ty(zy) 4 --- + Ty(zn) < nTj(x/n), TO ecTb, u MOCTUTACT MAKCUMYM B
touke (x/n,...,z/n). Takum obGpasom,

supu = nTy(x/n) = —nlogf(pl/”).
Ocraercsi MAKCUMU3UPOBATL IO M.

Cnencreue 2.4.1. Ilycts a € [0,1]. Husa ¢pyrrmum f(p) = (1 — a) + ap, nmeem
mod(f)(p) = p™.
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IeiictBuTennno, f € Q_ u inf,, f (pl/n)" = limy, o0 f (pl/n)” — p°.

Jemva 2.4.3. Tlycts 0 < a < 1. ¢yssnua R(p) = 1 — (1 — p)'/* npunasmexur
()+ ¥ CIIeDOBATENLHO SIBISETCA MYJILTUILIMKATUBHLIM MOxysaeM. Takum oOpasowm,

R n nyanvHas k Hel ¢pyurimusa R*(p) = p® ABASIOTCA COBEPUIEHHBLIMU MO LY JISIMU.

HetictBurennuo, mpu « = 1 moka3wiBaThL Hedero, a npu « € (0,1) mosnoxkum

B=1/a>1,q=1—p. Torna pyurums

p(l —p)P~! 1—¢°!
1—t7
yObLIBaeT TOrJa M TOJLKO TOrJa, Korga (GyHKus u(t) = T yOnBaer mo t €

-1
B

Tak rak ¢pyaruusa f(p) = p® npuHAIIEKNAT Ki1accy Q4 npu « > 0, MLl HOJIydaeM

€(0,1) u t =q").

(0,1), uro oueBmmHO (3mECDL Y = &

n3 jgeMMbl 2.4.3 u nemmbr 2.4.1:

Canencrsue 2.4.2. Ilycrs a € (0,1]. dpyurmms
R(p) = min{p®, 1 — (1 - p)"/*}, pe(0,1], (2.4.4)

npunaiekut Q1. [lockoanky R* = R, R — COBEPIINEHHLIA MOIYJIb.

Ina nokazarenncTtBa TeopeMbl 2.4.1 HaM ocTaeTcA NPUMEHUTL Teopemy 2.2.2 K
pyurnun f(p) = Ry ,(p) = min{(1 — a) + ap, p/a}, 3anansoii B (2.4.1), ¢ mOMOMmLIO
CIe Iy IOTIEN JIEMMHBL.

Jlemma 2.4.4. Ilycrs « € (0,1]. ¢yurumsa R, onpenernenHas soime B (2.4.4),
ABJIAETCS MAKCHMAJILHBIM COBEPIIEHHBIM MOLYJIEM, MaKOPUPYEMLIM (QyHKIMEH [ =

Ry .-

IlorazarenncTso. O6o3naunM dyepe3 R MakCHMaJLHLI COBEPIIEHHLIH MOLYIID,
maskopupyemniii f. [Tockonnky R — coBepmennnii monyan u R < f, umeem R < Ry,
1 HAM HYKHO NOKasaTh obpartHoe HepaBencTtBo. Mmeem: Ri(p) < fi(p) = (1 —a)+

(e

ap, u, npumenss caencrsue 2.4.2, Ry(p) < mod(f;)(p) = p®. Ipumensa csoiicTBo

(2.2.7), monyuaem
Ri(p) < mod(f1)*(p) =1 — (1 —p)*/=.

O6a mepasencrBa nator R; < R = min(mod(f1), mod(f1)*). Jlemma 2.4.4 u 3nauur

Teopema 2.4.1 moka3aHLI.
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§ 2.5. M3onepumerpuveckre HEPABEHCTBA IJIsI MOHOTOHHDLIX

MHOMKECTB

Teopema 2.4.1 MoOkeT HaBeCTU HA MBICIL, YTO B KJIACCE BCEX MOHOTOHHBIX MHO-
’KECTB ACUMITOTUYECKU DKCTPEMAJLHBIMU MOTYT OBITH TOJBLKO KyObI, TO €CTh, BbI-

IIOJHSAETCSI HEPABEHCTBO
A+ h(=1,1)%) 2 p°,  p=p®(A), (25.1)

rae a = e~ . HamomamM, uTo MLI HazbiBaeM MHOEecTBO A C R MOHOTOHHLIM, eciu
mis Bcex z,y € R”, rak Tompko © € A n y; < x; 1ansa Bcex ¢ < n, MBI UMeeM Y €
A. AHaJOrm4HO OmpPENeNAIOTCs MOHOTOHHBIE MHOkecTBa B R™. Ecau 6ur (2.5.1)
OLIIO CHpAaBEMINBO IJISI TAKAX MHOMKECTB, TO CTAHAAPTHLIE KyObnl A, (p), KOHEUYHO,
OLUIM OLI ACUMITOTUYCKU SKCTPEMAJLHLIMUA. DTO MPEANOIOKEHNE OKA3LIBAETCS
BEPHLIM, IIpAYEM TOT (PaKT, UTO Mepa [ UMeeT IOoKa3aTeJLHOEe paclpenelieHue, He

CYIIECTBEHEH.

Teopema 2.5.1. Ilycts h > 0 u a € (0,1). Ecam mns nasHOW BEpOATHOCTHOM
Mepol 4 Ha npsaMoii R omHoMmepHOoe HepaBencTBo (2.5.1) BBINONHAETCS HA WHTED-
BaJsiax Buna A = (—oo, al, To oHO BumoaHsiercs B R™ mis BceXx MOHOTOHHBIX MHOMK-

€CTB.

IDTO yTBeEp:KIeHNe — YaCTHLIN ciaydait Teopemnl 2.1.1: B mpocrtpanctse M = R
clenyeTr BLLIENUTL cucTeMy okpectHocTel U(z) = (—oo,x 4+ h), To ectn, OKpect-
HocTu MHOkecTB A C R"™ 6ynyT onpenensirbes paBencrsoMm U(A) = A+ (—oo, h)™,
npuyeM i MOHOTOHHBIX MHO:kecTB U(A) = A + (—h,h)". OueBuano, HepaBeH-
crBo u"(U(A)) > R(u™(A)) B riacce Bcex m3MepuUMBIX A DaBHOCHILHO 3TOMY KeE
HEPaBEHCTBY B KJlacCe BceX MOHOTOHHbIX A. B mamewm ciayuae ¢pymrnums R(p) = p®
ABJIETCA coBepIIeHHBIM MoxmyuseM (memma 2.4.3). Tarkum obpaszom, (2.5.1) Bbl-
nosHsgercss B R’ Ha MOHOTOHHBIX MHO:KECTBaX, KAK TOJLKO OHO BoimoJHseTcs B R.
Ho ma npsmoll MOHOTOHHBLIMU SIBJISIFOTCS TOJLKO MHTepBaJnl Buma Ay = (—oo,al
n A = (—oo,a). Ilockomaery U(Ag) = U(A1), mocraTousno tpeGOBAThL BHIIOJIHE-
HIUE OXHOMEPHOro HepaBeHCTBa (2.5.1) TOJILKO [ WHTEPBAJIOB MEPBOrO BHIA.
[Tepexon ¥ GECKOHEYHOMEPHLIM MHO/KECTBAM OT KOHEYHOMEDHLIX CTAHIAPTEH (CM.
caencrsue 2.1.1 u 3ameuanue 2.1.1).

Nrak, mis 6€CKOHEYHOMEDPHOTO MOKA3aTEILHOIO pacupeneeHus (1°° MLl UMeeM

2 HepaBeHCTBA!

1% (A+ h(=1,1)) > min{p®, 1 — (1 — p)/*}, A — moboe,

p(A+h(-1,1)*) > p*, A — MOHOTOHHOE,

rae a = e " p=p>(A) (MmaomecTBo A C R*™ 1 ero h-OKpecTHOCTH MpemoIaraioT-

1
ca uaMmepuMmbivu). Kak yske ormeuanocn, mpu p > - HEPaBEeHCTBO (2.5.3) me
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yecunuBaet (2.5.2). Ilpu p < % 1 noctarouHo Gompmmx h cuoBa p® < 1 — (1 —
p)Y/®, u 3HAYMT TOMKE HET YCHJICHWA C TOYKH 3PEHHA CBOWCTBA KOHIEHTDAIAH
(uMmeeTcsi, ONHAKO, ONVH KOHTPAPTYMEHT, KACAIOMUACA rayCCOBCKOW Mepnl; CM.
samevanue 2.5.2 mwke). Ilpu manpix ke h u p < l, (2.5.2) u (2.5.3) cymect-
BEeHHO oTimuarorcsa. llonaras B Tux HepaBeHCTBaxX h — 0, MLI IOJYyYUM OIEHKA

s °°-riepuMeTpa:

(1) (A) > min{—plogp, —(1 — p)log(1 — p)}, A — moGoe,
(2.5.4)

(u>)"(A) > —plogp, A — moHOTOHHOE.

Paznuume mexny (2.5.4) n (2.5.5) nposiBasiercst, HAIPUMEDP, B TOM, UTO IJISI TOKO-
OpAMHATHO HEyOLIBAIOMUX riankux yaknuii g > 0 va R" nponakr-mepnt p' ynos-

JIETBOPSAIOT JorapupmmyeckuM HepaBeHcTBaM CoboiieBa
Eglogg —Eglog Eg < E|Vyg|1,

a IJIA NPOU3BOJLHLIX TIAAKAX (YHKIUA — HE YAOBJIETBOPIIOT.
Paccmorpum Tenepn obmyro curyanuioo. B repMuHax QYHKIUU pacnpeneieHus
F(x) = p((—o00,x]) Mepnr p ycaosue teopeMnr 2.5.1 MOKHO 3amUCATL KAK HEPABEH-

CTBO

F((z+h)™) > F(x)*, zcR, (2.5.6)

YTO, OUEBUIHO, BI€YET SKCIOHEHIMAJILHOE yObBaHue XBOCcTOB F' B Touke +00. OT-
METUM, YUTO IS JBOWHOIO SKCIOHEHIUAJILHOrO pacupenenerus F(z) = exp(—e 7)
B (2.5.6) mmeer mecTo paseHcTBO (mpm o = e ). B obmem ciayuae, pukcupys,
Hanpumep, napamerp h, ciaexyer B (2.5.6) onTuMu3upoBaTh «. Boiaeaum onuH
BAKHLIA KJIACC pacOpemeseHuil, IS KOTOPLIX HepaBeHCTBO (2.5.1) Gymer ontu-
MaJILHBIM MM ~TOYTH ONTHUMAaJILHBIM. Dbynem paccMaTpuBaTh BEPOATHOCTHLIE

MepLI [4, COCPeNOTOUYeHHbIe Ha noyocu [0, +00), s KOTOPLIX

(1) ¢ymrmua pacunpenenenus F menpepoiBaa u (cTporo) Boszpactaer Ha [0,bp),
rae bp = sup{z : F(x) < 1};

(ii) 1 —Flx+y) < (1—F(z))(1 — F(y)) mas Bcex z,y > 0.

Hanpumep, Bce norapudmMudecku BOrHyTLIe Mepol Ha [0, +00) 06aa0a10T TUMI
cBOlicTBaMU, a IJIsi MOKA3aTEJLHOIO PACIPENENIeHNs B (i) UMeeT MeCTO PABEHCTBO.

Taxk kak Mepa p' cocpenorouena Ha okranre R = [0, +00)", moHATHE MOHOTOH-

HOCTH OyJeM MCIOJL30BaThL HIPUMEHUTeTLHO K MHO#EecTBam A C R': A — mono-

TorHo B R, ecan
Ve e A, Vy e R (y; <@ nnsaBecex i <n) =y € A
Haxkomen, nomosxkum

A" = A+ (=h,h)", AT ={a€c A:{a}+ (=h,h)" C A}.
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Teopema 2.5.2. Ilycrts Bomonreno yciaosus (i) — (i4). Torma ans myGoro He-

IIyCTOrO MOHOTOHHOTO MHOEecTBa A B R/l m Bcex h >0

M(A") > exp [~ (1 - F(h))log(1/p)]. (2.5.7)
HH(AT < exp [ T los(1/p)]. (2.5.8)

ITocronbky mepasercrBa (2.5.7)—(2.5.8) "6e3pasmepHbe”, TO Te ke caMble He-
PaBEHCTBA BLITOJIHAIOTCA U B 6eckoHeunOMepHOM npocTpancTse (R, 1°°), mpudem
IS TIOKA3aTeJILHOTO PACIPENeNIeHNs OHU Oy Iy T ONTUMAILHBIMU (ACUMITOTAYECKA
9KCTPEMAaJLHLIMU MHOKECTBaMu OynyT Kyonr A, (p)).

HepasencrBo (2.5.8) siBastercsa myanbHbBIM K (2.5.7) m npuBeneHoO, 4TOOLI MOM-
YEPKHYTL €ro HeCHMMMETPUYHLI xapakrep. Hampumep, mis HepaBeHCTB Buzaa
um(A") > F(F~Y(p) + h), BLIMOMHAIONIMXCA, B YACTHOCTH, IJIS TPOJAKT-Mep U3
teopemer 2.3.1, myaasanivu G6ymyT mepasencTa u(A~") < F(F~1(p) — h).

IokazareanctBo. Ilpu p,a € (0,1) MBI MMeeM OUEBUAHOE HEPABEHCTBO P <
1—(1—-p*. Iomaras p =1—F(z), «a =1— F(h), rae z,h > 0, u ucnonnsys

cBolicTBo (i7), moydyaeM:
l1—-Fz+h)<(1-Fx)(1-Fh)=pa<1l—(1-p)“=1-F(x)?,

caemoarennbHo F(x+h) > F(z)%, to ectn, (2.5.6). B cuny reopemsor 2.5.1, momy-
gaem (2.5.7). Ytobur moayunts (2.5.8), Hago mpumernts (2.5.7) & A~". Teopema
2.5.2 nmoraszaHa.

Sameuanne 2.5.1. Tak ke, kak u (2.3.2), mepaBencrea (2.5.7)—(2.5.8) MO&HO
BLIDA3UTL B TEPMUHAX - IUMIMUNEBLIX QyHEIURA ¢ Ha R", onHako, mpu momoiaHu-
TEJLHOM YCJIOBUM, UTO 9TU PYHKIUU He yObBatoT (IO KaskIO0W nepemenuoit). Ecau
¢ = ((;).; — mocIenoBATEILHOCTL HE3aBUCUMBIX CIIyYalHBIX BEJIMUMH, MMEOIIMX

obmree pacmupenenenue [, TO is Bcex h > 0

P {g(¢) —my(9(C)) < h} > exp [ — (1 — F(h))log(1/p)], (2.5.9)
P {9(¢) ~my(9(0)) < ~h} < exp [~ 1= lo(1/p)]: (2.5.10)

rzue, kKaxk OOLIYHO, M, O3HAYAET KBAHTWIL Hopsaka p € (0,1).
Homoxum T'(h) = F~1(1 —e "), h >0, rme F~1:[0,1) — [0,br) — o6paTHas &

F. B cuny ycnosuii (i) — (ii), ¢pyurmusa T’ ABIAETCA MOLYJIEM HEIPEPLIBHOCTU (TO

ectn, T(a+b) <T(a)+ T(b) mus Bcex a,b > 0) 1 3HAUUT MOPOKIAET METPUKY
dF(x7y>:T(|x_y|>7 W:?JGR~

Kak cnencreue mepaserncts (2.5.9)-(2.5.10) u no anamorum ¢ semmoi 1.1.1, mbr

MOJyYaeM TaKoe PaBHOCUJILHOE yTBepskaeHue. IlycTh cayuaitnas Bemuuwmua (*
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VMeeT IBOMHOEe MmoKa3aTelLHOoe pacupenenerue. Torma mis moboli HeyOLIBaromei
Poo-MHUIIIAIEBON pyHKnUY g Ha R"™ ¢ HOpMOii ||g||1ip < 1 cymecTByer ¢pyHEnNA ¢* Ha
npsamoiit R ¢ nunmunesBoir HopMoit ||g||Lip, < 1 mo oTHOmEHNIO K MeTpUKe dp, Takas
uro cayuabinnie Besuunsnl ¢(¢) n ¢*(¢*) omuraroBo pacupenenennl. Takoe cBoiic-

TBO yIOOHO MCIOJL30BATL, HApUMED, npu oneHuBanuu auctepcun Var(g(Q)):

Var(g(¢)) = Var(g*(¢*)) < —E (dr (¢ ))

= // e_|$_y|))2de—e’zde—e*y
- // (F71 (1= &) e dids

O<t<s<+o0o

—+o00 xz
- / S dF (),

rae n* — mesaBucumas konusa (*. Tak s nokaszarennuoro pacupenenerus 1'(h) =

2
h, n Mol momyuaem omnenky Var(g(()) < % = Var(¢*), roTopas He MOXKET OLITDL
YIIyYIIeHa, TOCKOJILKY
n
1 2
Var(max((y,...,(n)) = = — g U n— oo
k=1

Sameuanue 2.5.2. HepasencTtBa (2.5.9)—(2.5.10) BiekyT

P {g(¢) —myp(g(C)) = h} <log(1/p) (1 — F(h)), (2.5.11)

P {9() ~my(9(0)) < ~h} < s (1= F(h).

CpaBuuM (2.5.11) ¢ rayCCOBCKMM H30IEPUMETPUYECKUM HEPABEHCTBOM. B ra-
YCCOBCKOM I'MiIL0EepTOBOM mpocTpaHcTtBe H ¢ OPTOHOPMAJILHBIM GasucoMm (e;)i>1

PaACCMOTPUM CEMENCTBO CIydalHbIX BeauduH K cO cilaeayioluMu CBOCTBaAMU:

a) ecnm Y a;e; € K, 1o > a? < 1;

b) ecmu ) . ase; € K, T0 ), bie; € K, kax Tonnko |b;| < |a;l;

c) e; € K.
l'eomerpuueckun K mpencrasisier coOo 00beAMHEHUE MAPAJIICICIUIECIOB C IIEH-
TPOM B HyJI€ U CTOPOHAMU, MAPAJIJIEILHLIMUA OCAM €;. [IpeamosoKuM, 9dTo Cayvaii-

Hasg BeauunHa &(w) = sup,cx ¢(w) orpammdena, to ecte K € GB (cMm. [39], 45]).

3aMeTuM, YTO

sup Za sup  sup|a;| = 1. (2.5.12)
>, aiei€K > aie €Kt

[TpumMeHssi raycCcOBCKOe M3omepuMeTpudeckoe HepaBeHcTBo (1.5.1) k dyHKIMM BU-
ma g(x) = Supy~ q.cex 2o @i% B (1.1.5) (1 mcmombsys, ecmm HEOOXOAMMO, KOHEY-

HOMEPHYIO ANMPOKCUMAINIO), MBI UMeeM B cuiry (2.5.12)

P{€—my(&) > h} <1-3(d7(p) +h) (2.5.13)
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st Beex p € (0,1) u h > 0. C gpyro#i cTtopoHsl,

= sup Zai\ei\zg(C1,C2,-~-),

> aie €K ;

rae ¢; = |e;|. U, Tak kak (pyHKIMSA pacupeneseHus ciaydaiubix BeaunuuH (; F(x) =

20(z) — 1, x > 0, ymosaersopsiet (i)—(ii), MBI MO¥kKeM Takxke mpuMeHUTL (2.5.11):
P (¢~ my(€) > h} < 2log(1/p) (1 — B(R)). (2.5.14)

1 1
Takum obpaszom, (2.5.13) ayume, yem (2.5.14) opu p > 5 » OTIMYAACH IPU P = —

1
aumb MHOKUTEseM 2log2 > 1. Omrako, npu p < PR (2.5.14) cramoButcs Goiee
TouHbM (Mo-Kpaiimeil mMepe mas Goapmux 3HaudeHuit h), mockoanky ®71(p) < 0.
Koneuno, paccmarpuBaembie cemeirictBa K 00pa3yioT O4YeHL y3KuUil KiIacc rayc-

COBCKHUX IIPpOIECCOB.
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§2.6. DKCTpEeMaJILHOE CBOWCTBO KyOOB MJIs MHOTOMEPHOTO MOKA3aTEILHOTO

pacnpenenaeHus

B cnyuae, xkorma p — mokasaTesibHOE paclpeneseHre, MOKHO IOJNIYUUTL Ooliee
CUJIbLHOE YTBEP:KICHWE MO CpaBHEHUIO ¢ TeopeMmo#t 2.5.1 mam 2.5.2. MuoxkectBa

suna A = [0,a]™ Gynem Ha3LIBATL CTAHZAPTHLIMU KyOamu.

Teopema 2.6.1. Ilyctn p — mokasarennuoe pacupenesenue. Ilycrn p € (0,1),
h > 0. Torma p"(A + (—h,h)™) mocruraer HamMeHbIIEE 3HAUYEHUE B KIIACCE BCEX
MOHOTOHHEIX nomMHO:xkecTB A B R% p"-mepor p, korma A — crapmapraeii ky6. To

€CTDh,

P (A+ (=h,h)™) > [e7mpt/ ™ 4 (1— M) (2.6.1)

st mokaszaTeanLcTBa ®TOrO H0Jlee NEIUKATHOTO CBOWCTBa KyOOB (UeM mpocTo
ACUMIITOTUYECKAS DKCTPEMAJILHOCTE) MBI HE MOYKET KCIOJIL30BATL WHIYKIMOHHLIE
paccy:kIeHusi, KaKk MBI 9TO IeJaJy DPaHbIle, U HAM MOOTPEOyeTcs MCCIeq0BATD
CTPYKTYDPY h-OKpecTHOCTEe#l MOHOTOHHDLIX MHOKECTB.

Ecan A monoronuo B R", To BMmecto A+ (—h, h)" MO¥KHO pacCMATPUBATL CYyMMY
A+ hD,, vne D, = [0,1]", Tak Kak 9T MHOKECTBA UMEIOT OJUHAKOBYIO MEDY.
Ob6o3naunm uyepes Vol,, mepy Jlebera 8 R"™. KaroueBniM OKa3bnIBaeTCs CIleAyIOIIee

WHTEPECHOE CBOWCTBO MepLI 1”.

Teopema 2.6.2. Ilna mr060ro HemycToro MOHOTOHHOro MHO:xecTBa A B R

CYIIeCTByeT MOHOTOHHOE MHO:kecTBO B C D,,, Takoe UTO AJs1 BCEX h>0
p (A4 hD,) = e """ Vol (B +eD,), (2.6.2)

roe € = e — 1.
YUrob6nr monyunts 2.6.1, MOKHO OymeT NpUMEHUTL K npasoil yactu (2.6.2) me-
paBeHcTBO DpynHa-MUHKOBCKOTO

Vol/™(B + B') > Vol/™(B) + Vol /*(B'), (2.6.3)

CIpaBeInBOe s JIOOLIX HemycThlXx n3MepuMbix (o JleGery) muoxects B u B’
B R", takux uro B + B’ uamepumo ([12], [203]). IIpumenss (2.6.3) k B’ =¢eD, u
zamedvast, 9yro Vol,(B) = u"(A) = p, nonygaem:

WA D) = e 4 e)" = [ (1 )

Ocraercs mokasartn teopemy 2.6.2.
ITycts A — memycToe MOHOTOHHOE MHO#ecTBO B R!'. Jlisa KamoOro HEIyCTOro
wabopa m = {i1,...,i} C {1,...,n}, i1 < ... < ik, PACCMOTPUM €ro MPOEKIUIO Ha

KOOpIMHATHOE IO JIIPOCTPAHCTBO

A, ={zeR} :Tyed Vs=1,... .k zs =y}
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Bynewm nmucars |7| = k. Ilpn 1 < k < n nomoxum

ax(4) = 3 Volu(4n), by(A) = 3 wF(4,)

Im|=k Im|=k

(cymmmpoBaHMe BeneTcs IO BceM Habopam 7 momuocTH k). Ilo onpenenenuto, npu
k =0 monosxum ag(A) = bo(A) = 1.

Jlemma 2.6.1. Jlasg Bcex € >0
Vol (A +eDn) = ) an—i(A)e". (2.6.4)
k=0
Jlemma 2.6.2. Huas Bcex h >0

p(A+hDy) = e " b, i (A)eF, (2.6.5)
k=0

roe ¢ = el — 1.

Paznosxkenus (tuna Illreiirepa) mo crenensam € kak B (2.6.4) XOpoIIo n3BECTHL B
TEOpUM CMEMIAHHLIX 0OLEMOB, I'Ie OHU MCCIELYIOTCA A5 BBIIYKILIX MHOMKECTB (CM.
[12]). Ilas mac ke OyOeT BAKHO MMEThL TAKOE PA3JIOMKEHME U IJIs HEBLITYKILIX Tell
(omHako, MOHOTOHHLIX). JlokazaTeanLcTBa OBOUX JIEMM COBEPIIEHHO WICHTUYHDL,

IIODTOMY OT'DAHMYMMCA OJHUM U3 HUX.

IokazarenncTBo semmot 2.6.2. B unterpade

W (A+ hDy) :/.../e—<w1+”’+%>dx1...da:n
A+hD,,

chesaeM 3aMeHy TepeMeHHLIX y; = x; — h. MuoxkecrBo A + hD, npu sTOM OTO-

OpaskeHUU neperner B MHOKECTBO
A'={(ay —h1,...,an —hy): (a1,...,a,) € A, 0< h; < h}.
Hnst kasgnoro vabopa m = {i1,...,ik}, 1 <i; <...< i <n, pacCMOTPUM
Ar(h)y={z e R": (z;,...,05,) €EAr m —h <z; <0 mpu j #i,}.

Ecaun 7 = @, to nonaraem A;(h) = [—h,0)"”. OueBrAHO, MLI TOCTPOUIN PA3IIOKE-
e A" = U, A, (h) (06benunerne Gepercs MO BCeM 7, BRIIOYAS IMYCTOE MHOMKECT-

B0). Iockonnky Ar, (h) N Ay, (h) = O, eciin T # T2, MBI UMeeM

u*(A+hD,) = e_”h/ . /e_(y1+"'+y") dyi .. .dyny
A/

—e 0 Z / .. ./e_(y1+"'+y”) dyy .. .dyny.

T A(h)
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Ocraercsa 3aMeTuTh, 4T0 M T = {i1,...,0%}
/ . ./e_(y1+"'+y") dyy ...dy, =
Ar(h)

(el — l)n_k/ . ./e_(yiﬁ'”““k) dyi, - .. dy;, =" FuF(Ax).
Ax

JlemMma morasaHa.

IlorkazarenncTBo Teopembl 2.6.2. B kadyectBe B MOKHO B3ATL MHO:KECTBO
—a —a .
B={(1-e™,...;,1—e ) :(a1,...,a,) € A}.

Torma, Kak JerKo BUACTDL, My Moboro Habopa m = {iy, ..., i} Mo mmeem uk(A,;) =
Vol (B;,), u cnenosarennuo by(A) = ap(B) mua scex k = 0,1,...,n. Ilpumenss

semmul 6.2.1  6.2.2, npuxoauMm K TpebyeMoOMy TO:KIECTBY. leopeMa TOKa3aHa.
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§2.7. CBo#ICTBO KOHIIEHTPAIIUN

Bossparumcs k abcrpakrHoit curyanun §§ 2.1-2.2, ¥k HEpaBeHCTBAM
p*(U(A)) = R(u"(A)) (2.7.1)

B kjnacce Bcex mamepumbix A C M™. Tlockomnky A C U(A), ecrecTBeHHO mpen-
nosnararh, uto R(p) > p mus Bcex p € (0,1). Ecau Mol cHavasa pacupoCTpaHsIn
(2.7.1) ¢ pasmepnocT n = 1 Ha TPOU3BOJLHYIO PA3MEPHOCTDL, & MOTOM WCKAJU
ONTUMAJLHYIO (GYHKIUIO R, 006CIyKMBAIOMYIO BCE Pa3MEPHOCTHU, TO BIIOJHE €C-
TECTBEHHLIM OyJeT W BOIPOC O TOM, KOTJA K€ CYIECTBYET XOThL KaKas-HUOYIDL
¢yurmusa R, Koropas OLl ToaMiIach s Bcex pasmepHocreii. Komeuno, Tpuswm-
aJLHLIA cayuaii R(p) = p uckiaodaercsi, Tak Kak He HeceT B cebGe HUKAKOW WH-
GopmManuu, 1 MIO3TOMY HAII BOIPOC MOKHO MOCTABUTL TaK: CYIIECTBYIOT JU TaKUE
po,p1 € (0,1), po < p1, uTo mis Bcex mednix n > 1 m Bcex uamepumbix A C M™
mepol 1"(A) > po Mot mmeem " (U(A)) > p1? B repMmmnax m3omepumeTpudecKoit
(pysrIUU R0 9TO CBOHCTBO (KOHIEHTpanum) 3amuimercs kak Re(po) > po. Tak
e, KaKk U B Teopeme 2.1, OTBET MOKHO OaTh B TEPMUHAX M30MEPUMETPUUECKON
¢pyurnun R,. Bynmem mpenmosnararb, YTO BLINTOJHAETCS CBOMCTBO CHUMMETPAYOCTH
(2.2.1): € U(y) =y € U(x) nus Bcex z,y € M.

Teopema 2.7.1. Caenyromnue yCIOBUSA SKBUBAJIEHTHDI.

a) Rype(po) > po mas mekoroporo py € (0, 1);
b) cymectByer € > 0, Takoe uyro mis Bcex p € (0,1)

R, (p) = p+ep(l —p). (2.7.2)

B sToMm ClIy4dae TaKO€ K€ HE€PaAaBCHCTBO BLIIOJJHACTCA W OJIA RMOO Ipn BO3MOKHO

Apyrom 3HaveHuu € > (.

3aMeTuM, UTO IPaBylo JacTb B (2.7.2) MOKHO 3aMEHUTL HA M30IMEPUMETPUAYUEC-
KYI0 ()YHKIMIO ITOKA3ATEILHOIO MM JIOTMCTUYECKOIO PACIPEICIICHUS.

[Tepexons k KOHKperHOW cumryamuu, korma M = R ¢ ranoHUYecko#l cmcremoit
okpecrrocreir U(x) = (x — h,x + h), MBI modydJaeM ceMelCTBO M30mepUMETpPUIEC-
KuxX OyHKIUA Rjp e, h > 0 (IO OTHOmEHWIO K PABHOMEDHOMY PACCTOAHUIO), U
[IOSTOMY BOIPOC O KOHIEHTPAIMM MOKHO CBSI3aTh C IapaMeTpoM h.

IIycte F(x) = p((—oo,z]) — ¢pynruma pacupenenenus Mepol p. OBGosHaumrM
gepes F~1(p) mamvenomyro kBamtunn nopamka p € (0,1). Iomowmm T),(z) =

F Y =)
1+e 2
senue v B Mepy p. Onpenenum

r € R. Orobpaxenue T, mIepeBOAUT JOTUCTUYECKOE DPaclpele-

T (h) = sup{|T,(¢) = Tu)| : [e =yl <k}, h>0,



107

Ecau T);(h) < +o00 mna mexkoTtoporo (u 3mauut noboro) h > 0, To ropopar, uro 1),
MMeeT KOHeUHBIA (aAmuTuBHLIA) Momyan T);. DTO, OYEBUIHO, PABHOCUILHO TOMY,
uro |T,(x) — T,(y)| < a+ blz — y| mna Bcex z,y € R npu meroroprix a,b > 0,
YTO SBJISETCS HEKOTODPHIM OCJIA0JIEHUEM CBOWCTBA JIUIMIMUIEBOCTUA. AHAJIOIMYHO
OLpeneA0TCsA (aAANTUBHLIC) MOLYIN (YHKIUHA, 38 JaHHLIX HA MHTEPBAJIC BEIIECT-

BEHHOW TPAMOM.

Teopema 2.7.2. Caenyomue yCIOBUS SKBUBAJIEHTHDI.
a) Ry, 0o (po) > po mist HekoTopuIX po € (0,1) u h > 0;
b) T, mMeeT KOHEUHLI MOIYJIb.

B arom caywae mna seex p € (0,1), h >0 u h* > T (h)

p
Ry, 1= (p) 2 PR TR — (2.7.3)

B wacrtHOCTH, HMeeT MecTO anbTepHaTuBa: JIN00 R 00 (p) = p mms Beex p € (0,1)
u h >0, 6o musa Bcex p € (0,1) Rp o (p) — 1 mpu h — +00.

BMecTo JTOrucTUYecKoro MOKHO OLLIO OLI CTPOUTL 1), ¥ € HOMOIMILIO ABYCTOPOH-
HEro [OKA3aTEJILHOIO PACIPENEICHUS. DTO JIUIIL TOBIUAIO Obl Ha OLEHKY (2.7.3).
[IpuBenem eme omHy XapaKTepH3alnio CBoiicTBa koHmeHTpanmu. Ilycro ((;)i>1
— IIOCJ€eJ0BATEJIbLHOCTL HE3aBUCUMBIX CﬂyqaﬁHBIX BCJIMUMH, MMEIOIIMX pacIlIpene-

JIeHne .

Teopema 2.7.3. CpoiicTBa a) u b) 9KBUBaJEHTHLI TOMY, YTO [t UMEET KOHEUHLIN

BTOPOW MOMEHT U

c1) sup,, Var(max((q,...,(n)) < +0o0;
¢2) sup,, Var(min(¢y,...,(,)) < +oo.

3aMeTuM, UTO Kak CIeACTBUE CBOWCTBa b), Mepa p NOJKHA MMETh SKCIOHEHIIV-
AJLHO yOLIBAIOMIE XBOCTLI.

Kak Oymer BmOHO 13 qOKa3aTeabCcTBa (CM. JjeMMy 2.7.2), OUCIHEPCAUN B C1) —
C2) MOYKHO 3aMEHUTHL HA HEHTPAJLHBIE MOMEHTLI JIOOLIX MOPSAAKOB. DTHU YCIOBUSI
MOKHO TakKe 0CJIabuTh, Tpebys, YTOOLI EHTPUPOBAHHLIE (B CMLICIE KBAHTUJIEH )
[I0CJIe JOBATEILHBIE MAKCAMYMBI I MUHUMY MBI IMEJIN DACIPEeIeHusI, 06pa3yonume
I0THOE (IIPEeIKOMIIAKTHOE) CeMefCTBO B €Jabo¥ TOMOJNOruy TPOCTPAHCTBA BEPO-
ATHOCTHBLIX MepP Ha IPAMO.

CBO¥CTBO ¢1) MHTEPECHO caMO 1O cebe, HO MLI He 3HAeM, KaK ero oxapakTepu-
30BaTh HENOCpeAcTBeHHO B TepMuHax F. Ho B BaxKHOM ciydyae CHUMMETPUYHOIO
pacupenenerus F', cBOHCTBO b) y/ke maeT Takyio XapakTepu3anuio (IeficTBUTENb-
HO, IUIs CUMMETPUYHLIX F ¢1) U C2), OUEBUIHO, 9KBUBAJIEHTHLI). B obmeMm (HecnM-
METPUYHOM) CIydYae MOYKHO JOKA3aThL TaKOe yTBepkAeHHe. Kcaw B ¢) aMEHNTH
MUCIIEPCUM HA IEeHTPAJILHLIE MOMEHTLI EPBOrO MOPSAIKA, TO 3TO CBOWCTBO OymeT
PaBHOCUILHO cienytomeMy [82]: (3 uMeeT KOHEUHDLIH MePBLIA MOMEHT, U IIPU 9TOM

¢pyurnusa 7), TOpokIaeT KOHEUHLIH MOLy 1L Ha mosayocu [0, 400).
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3aberasi Boepem, Takke OTMETUM, UTO CBOHWCTBO b) MOMKHO CHOPMYIUPOBATL U
B Gosee siBHOM Buze (cMm. Teopemy 4.4.1): cymecTtBytor nocrosuune ¢ > 0 u h > 0,

Takue 4To IJid Bcex © € R

F(z)— F(x—h) > cF(z)(1 - F(x)).

IokazarenncTtBo Teopembl 2.7.1. b) = a): TO yCIOBUIO IS HEKOTOPOIO (v €
(0,1) (mocrarouno Gauskoro k 1)

Ru(p) > R(p) = = (2.7.4)

npu Beex p € (0,1). ¢ymrnus R umeer sun R(p) = F,(F,;*(p) + h), rne F,(x) =
H%’ r € R (¢pynrmus pacuopenenenus v), F1 — obpatnas k Helt u o = e .
ITo caencrBuio 1.4.1 R — coBepmenHbi Moaynn. CienoBaTesbHO, B CUILY TEOPEMLI
2.1.1, mepaBencrBo (2.7.4) pacuopocrpansercsa wa (M™, u"), T0o ectn, R TOXE
yaoBserBopsier (2.7.4) u 3Haunr ynosuersopser (2.7.2).

b) = a): mo memme 2.2.3 R~ — cOBepIIeHHLIA MOIyub. [losToMy mOCTATOUYHO

JAOKa3aTh CJenyrouiee YTBEPHICHUEC.

Jlemma 2.7.1. Ilyctn R — coBepmeHHBI MOAysL, Takoi uro R(p) > p mis Bcex
p € (0,1). Ecmu R(py) > po mua mekoroporo py € (0,1), To cymecrsyer £ > 0,
Takoe uto 1 Beex p € (0,1)

R(p) > p+ep(l —p). (2.7.5)

HorazarenscrBo. CHauvasa mokaskeM, 4dro (2.7.5) BBINOJNHAETCA I BCEX P,
mocTaToyHo Oum3kux k 1. Jlas sToro Oyger mOCTATOYHO HOXOOpAThL Takue o €
(0,1) u z1 € (0,1), uro R(p) > p® npum Bcex p € [r1,1). Tak kaxk R — MyJIbLTUIIAKA-

TUBHLIA MOOYJaL, UMEEM:

p1 = R(po) = R((ps'™)") < R(py'™)",

CJIeOBATEILHO R(p(l)/n) > pi/n st Beex meanix n > 1. Ilyero pé/” <p< p(l)/(n+1).

Kak coBepmenunii monyian, R — Bo3pacrawomas 6ueknus B [0,1], mosromy

R(p) > R(py'™) > py/™ > p°,

1n s pa/(n+)

IprYeM IocjiefHee HEPABEHCTBO BLINOJHACTCSA, €CIU P , TO €CTh, €CJIU

n+1 log(1/p1)
n log(1/po)

(2.7.6)

Tak kak p; > pp, MO¥KHO momOOparh « < 1, Takoe uro (2.7.6) BLINOJHSAETCSA MJIS

BCEX MOCTATOYHO OOJLIUX N > ni. TakuMm obpaszoM, B KayeCTBE T MOKHO B3ATh

py/ ™.
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Temeps mokaskem, 4ro HepaBeHCTBO (2.7.5) cmpasemnmBo aist Bcex p € (0,1),
NOCTATOYHO GIM3KUX K HYJTI0. BBemeM myannHyio ¢ymmmo R*(q) =1—- R 1(1—q),
rome R~! — o6parnaa k R. OHa TOe ABIAETCA COBEPIICHHLIM MOIYJEM, TO3TOMY,

KaK ysKe MOKa3aHO, IJIsI HEKOTOPOoro € > 0
R*(q) > q+¢eq(1 —q) (2.7.7)

npu Bcex q € (0,1), mocrarouno 6muskux k 1. Iesmas 3ameny p = 1 — ¢ u pemas
(2.7.7), monyuaem, yro R(p — ep(l — p)) > p masa scex p € (0,1), mocraTodro
6mu3kux k 0, uTto, oueBmmHO, Bieuer (2.7.5) mus Bcex p € (0,xp] ¢ mocrarouno
MaJbIM g > 0 m Bo3MO:kHO apyrum € > 0.

Takum o6paszom, (2.7.5) Bomoansercs nis Beex p € (0,x0] U [x1,1) npu HERo-
Toppix 0 < 29 < 1 < 1. B cuny HenpepniBHOCTHM R, »TO HEpPaBEHCTBO OyneT
BLINOJIHATLCS U HA MHTEPBAJIE [Tg,Z1], €CAU MBI MOKa:keM, 4yTo R(p) > p mus Bcex
p € [zg,z1]. Paccysmas or nporusHOro, ecau 6ut R(p) = p 151 HEKOTOPOTO P, TO
IUIst BceX n Mbl 6b1 uMenn R(p™) < p™, 4TO HPOTUBOPEUUT NOKA3AHHOMY.

Jlemma 2.7.1 u ¢ Helt Teopema 2.7.1 moka3aHLI.

IlokazarenncTBO TeopeMbl 2.7.2.

a) = b): mo Teopeme 2.7.1 Ry, ,,(p) > p+ep(1 — p), crenoBaTennLuo

Bhp(p) 2 s = F(FH () + ho) (2.7.8)

npu Bcex p € (0,1) u merkoropoix h > 0 u hg > 0. Ilo onpenenenuto nzonepumeTpu-
ueckoit ¢pymkmmm, (A + (—h,h)) > Ry, ,(u(A)) nnsa Bcex uamepumnbix A C R mepont
0 < pu(A) <1. Bepa A = (—o0, F71(p)], Mmu1 monygaem ¢ yuerom (2.7.8), uto mis
Bcex p € (0,1)

F(F~'(p)+h) = F,(F, " (p) + ho).

[Toncrasass B 910 HepaBeHCTBO p = F,(x), numeem
F(T,(x)+h) > F,(x+ ho) (2.7.9)

s Beex x € R. Hoompenenum F~! B Touke p = 1 0 HENPEpPLIBHOCTHU. 3aMETHUM,

gro Beerna F~H(F(y)) <y, kak tonpko F(y) > 0. B mamewm cayuae y = T),(z)+h n

BepHO, Tak kak F(F~1(p)) > p nna scex p € (0,1). CaenosaTennno
FYF(T,(x) + h)) < T,(x) + h. (2.7.10)

Brraucnsaa F~1 ot obeux uacreit (2.7.9) u ucnoansys (2.7.10), mpuxomum K He-

paserctBy 1),(x + hy) < T, (x) + h, 94T0 1 o3Ha4aer TpebyeMoe yTBEp:KIACHIE.
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b) = a): B cury Teopemnl 2.3.1, sl JIOTUCTUUECKON MEPLI IV BLINTOJIHAETCS U30-

IEePpUMETPUUYECCKOE HEPABEHCTBO

p
V(A" > 2.7.11
( )_p+(1—p>6‘h ( )
s moboro A C R™ meprt v (A) > p. D10 B Tounoctu (2.7.3), korma u = v (A"
— h-OKpeCcTHOCTL A B CMBLIC/IE PACCTOSHUS pPoo B R™). PaccMmorpum oTobpaskenue
(21, xn) = (Tu(z1), -, Tu(xy)), mepeBomsamee v™ B p". Ilas moboro A C R”
BLINOJIHAECTCS BKJIIOUYECHUE

(i7H(A)" i t(ar). (2.7.12)

IleticteuTennuo, ecau = € (i~1(A))", To mna mekoroporo y € i1 (A) pool(z,y) < h,
TO €CTb, |y —Yi| < h, n1sa Bcex 1 <k < n. Tak kax i(y) = (Tu(y1), -, Tulyn)) € A
u [T, () Ty (yx)| < B*, nomyuaem po (i(z),i(y)) < h*, u crenoparenuo i(z) € A" .
Taxmm o6pasom, z € i1 (A""). Kombummpys (2.7.11) u (2.7.12), saxmodaen, uTo
ecmu pu"(A) = v (i1 (A)) > p, To

n A\ _ .n(:—1 h* n .—1 h P
H (A )_V (Z (A ))ZV ((2 (A>) )Zp—k(l—p)e_h'
To ectn, Mol npunuiu k (2.7.3) mys MepHI [, YTO U BIIEYET a).

Teopema nokazaHa.

Urobnr nokaszarn, Teopemy 2.7.3, HaM MOTPEOYIOTCA MCCIEIOBATL IOCIEIOBa-
TeJbHbIe MakcuMyMEl &, = max{(i, --,(,} ormenpuo. Kak oburano, depes my (&)

MLl 0603HAYAEM HAMMEHLITYIO KBaHTUIL nopsaka p € (0,1).

Jlemma 2.7.2. Caenyromue CBOWCTBA SKBUBAJEHTHLI:
la) mins mekoropoix p € (0,1) u h > 0 inf, P {&, — my,(&,) < h} > p;
1b) mis mexkoropuix p € (0,1) u h < 0 sup, P {&, —mp(&,) < h} < p;

l¢) mist HEKOTOPO# moOcCIenOBATENLHOCTH 4y € R

sup P{|¢, —an| >h} -0 npu h— +oo;

2) mus Bcex (SKBUBAJIEHTHO: [JIsL HEKOTOPOTO) a € R ¢yuruna 7), mmeer KoHeU-
HBIE MOZIYJIb Ha UHTEPBAJE X > @;

3) cymectByer € > 0, Takoe uro sup,, Eecér (&) < 400 mua Beex p € (0,1),

IlorkazarenbcTBO eMMbl 2.7.2. Ham Oyner ymoOHee MCIOJIL30BATHL €Ile OJIHO
9KBUBAJICHTHOE YyCJOBUE:

4) nns Bcex (9KBUBAJIGHTHO: JJIsi HEKOTOPOro) a € R ¢yHkus
V(z) = F~"(exp(— exp(—2)))

“MeeT KOHEUHLI MOIyJL Ha WMHTepBaje T > a. Kpome Toro, mius Bcex p € (0,1) u
h >0
sup P {&, —mp(&,) > Vp*(h)} < P{Z-my(Z) > h}, (2.7.13)
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rie ciydaiiHas BelIWduHA Z WMEET NBOWHOE SKCIOHEHIMAJILHOE PAaCIpenesieHne
P{Z < 2} = exp(—exp(—r)), u rae V; osHavaer MOAyJTL, MOPOXKICHHLIA V' Ha
nurepsaie [—loglog(1/p), +00).

Nmest npaBbie XBOCTLL (TO €CTh, XBOCTLI B OKPECTHOCTU TOYKUA +00), B CYIIECT-
BEHHOM He OTJIMUYAIOMIMECS OT MPAaBLIX XBOCTOB MepLI V, CHydYaliHas BeIuYunHa
Z obmamaer CIeOyIONMM 3aMevYaTeJbHLIM CBOWCTBOM: ecau Zi,...,~L, — HE3aB-
vcUMBIe KoK Z (M caMU HEe3aBUCUMbIE B COBOKYIHOCTH ), TO CIIyJyaliHas BeJIMduHAa
max{Zy, -, Zy,} UMEET TaKOe sKe paclpemesenHue, 4Tto u Z+logn, u cienoBaTelLHO
cayuaiiapie BesuduHnl £, u V(Z +logn) oquHAaKOBO pacupeneneHnl. DTO CBOWCTBO

HEsIBHO MCIIOJL3YETCsA Ha CJHeAymeEM OCHOBHOM HIare.

la) = 4): nyctn p,q € (0,1) u hy > 0 Takue, yTo ¢ > p u
inf P (€, my(€,) < ho} > g,

10 ectn, F(F~ (p'/™)4+ho) > ¢'/". Tlo onpenenenuio F~!, 5T0 paBHOCUILHO TOMY,

qTo
FY(gY™) — F1(pY™) < hy. (2.7.14)
[Tonaras ag = —loglog(1/p), by = —loglog(1l/q), (2.7.14) mMoxeT OBITL 3amUCAHO
KaK
V(by +logn) — V(ap + logn) < hy, (2.7.15)

cupaBeniauBoe njs Bcex n > 1. Ham HY:KHO BnIBecTU 13 (2.7.15), YTO

Vy(h)=sup{V(y) = V(z):a <z <y, y—z<h} <+o0 (2.7.16)

st Bcex a € R u h > 0. Tak kak V — meyGuBaromas ¢GyHkuus, cBoricrso (2.7.16)
He 3aBUCUT OT a U h, ¥ MO9TOMY MOKHO B3ATL @ = Gg, h = hg (MMEHHO IpU TAKOM

suauennu a V' (h) Gwuto onpeneneno Bomre B 4)).

3adurcupyem moboe ¢ € R, takoe uto 1 < ¢ < €%7%  u mycrn ng — moboe
HATypaJLHOE UUCJIO, TAKOE UTO
log(ng 4+ 1) —logng < by —ag m (e?7% —¢)ng > 1. (2.7.17)

Yrobnr nokaszarh (2.7.16), MOKHO paCCMATPUBATL X U Y C ycaoBueM ag+log(ng) <
r < y. OnpemeauMm MOCIEMOBATENLHOCTL Ny, k > 1, mo muaykrmuu. Ilyctn ng
— mamboJblee I€J0€ YUCIO, Takoe 4To ag + logny < x. Ecmm k > 1, nycts
Ng41 — HaAMOOJIBIIEE I[eJI0e UMCI0, Takoe 4To ag + logngi1 < by + logng. Torma
ng < ng < ngy1 1 Beex k > 1, mockoanky ag +log(ng +1) < by +logng, uro BepHO
B cuiy (2.7.17) m Toro, 4ro ny > ng.

O6o03naunm uepe3 K mammenninee k, takoe uto by + log(ng) > y. Ilo mocrpoe-

HUIO, NHTEPBAJILI

Ay = lag +1logng, b +logng], 1<k <K,
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MOKPLIBAIOT MHTEPBAJ [T, y], mosToMy ¢ yuetom (2.7.15)

K

V(y) = V(z) <Y [V(bo +lognk) — V(ag +logng)] < Khy.
k=1

Hama menn — maiiTu omeHky cBepxy aiasa K, 3aBUCANIYIO TOJBLKO OT Y — X; MBI OBI

Torga nmoayunian onesky mius V(y) —V(z) B repmunax y —x. O6o3uaunm yepes [u]

LeTylo 9acTh uucaa u. Torma ngyi = (€ %ny;], caemnoarensno
Njg1 > €07 %ny, — 1 > eny,

Tak Kak ng > ng U €0 "%ny > ¢ng + 1. Jlerko mo WHOYKIUN TTOKa3aTh, YTO Nj >
c*~ny, To ectn, logng > (k — 1)logc +logn;. Takum oGpazom HepaBeHCTBO by -+
logny > y GymeT BLIMOJHATLCS, Kak TOILKO by + (k—1)log c+logny > y, 4TO MOKHO

3all1CaThb KaK HEepaBCHCTBO

y — bg — logny

k>1+ (2.7.18)

log c

ITo ompenenennio ny, Mol Takke nmeeM log(ny + 1) > = — ap, u Tak kak log(ny +
1) —logny < by — ag, cupasemmuso logn; > = — by. IlosTomy (2.7.18) Bymer

BLINOJIHATLCS, Kak TONLKO k > 1+ (y — x)/loge. CuenoBarennuo

K<2+ Y77,
log c

TakuMm o6pasom, (2.7.16), To ecTn, nmepBas yacthb 4) mokaszana. YTobbl qOKa3aTh
BTOPYIO 4acThb, 3adurcupyeMm p € (0,1), h > 0 u monoswum ¢ = P{Z —m,(Z) < h},
a = —loglog(1l/p), b = —loglog(1/q). Kak smerko mposeputrn, b —a = h. Ha

opeanraymeM mare Me BUAEJI, YTO HEPpaBEHCTBa BU A
P{&n —mp(&n) <V (R)} 2 ¢q (2.7.19)

srBUBaJsienTHL! (2.7.15): V(b+logn)—V (a+logn) < V,*(h) (3mecn V' (h) popmamnmo
BoicTynaer B poau hg). Ho B cuiy toro, uro b — a = h, mocienHee HepaBEHCT-
BO CIIPaBeNIUBO MPocTo To onpenenermio V', Ocraercs sameTutn, uto (2.7.19)

coBmanmaer ¢ (2.7.13).

4) = la): nyctb p = exp(—exp(—a)). Kak n Ha npeapiaymem mare, 1la) paBHO-
CUJIILHO TOMY, YTO
V(b+logn)—V(a+logn) <h

IUIsI HEKOTOPLIX b > a, h > 0 u Bcex n > 1. Do BepHo, Tak kak V(b+logn)—V(a+
logn) <V (b—a) < +oo.

la) <= 1b): 3amerum (BcmomuHasi BeiBOA (2.7.14)), uro mus Bcex 0 < p < g <1

m Bcex h >0

P {gn - mp(ﬁn) < h} >q=P {gn - mq(fn) < _h} <P (2'720)
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4) = lc): monaras a, = my(&,), nomydaem u3 (2.7.13), uro mpu h — 400
sup,, P{¢, —a, > h} — 0. Ilns oueHuBas BEPOSTHOCTEH JIEBLIX YKJIOHEHUN BOC-
nonbsyemcsa (2.7.20). Ilycro remepn ¢ ¢purcmposano (HO mdr060€), ap, = my(&y),
a B pomu h soictymaer V(h) +¢ ¢ ¢ > 0: mma seex p € (0,q) P {5 —my(6n) <
Vi(h)+e} > q<= P{& —my(€n) < —(Vy(h) +¢)} <p. Yerpemnsas € — 0, umeem

P{gn - mp(ﬁn) < V;;*(h)} > q <=
P{& —my(&) <—-h'} <p mas Bcex h' > Vi (h) (2.7.21)

Ecan B3satn p € (0,¢) rakmm, urobut ¢ = P{Z — m,(Z) < h}, To ecrn, Takum
uro loglog(1/p) — loglog(1/q) = h, To mepBoe HepasencTBo B (2.7.21) Gynmer Bbl-
HOJHATLCA B cuiy (2.7.13), ciemoBaTeiabHO OyAET BLITOJIHATLCSA M BTOPOE HEPa-
BeHCTBO B (2.7.21). Ocraercs 3ameTuthb, 9yro p — 0 mpm h — 400 u, Tak Kak
sesuunaa V' (h) KOHEUHA (XOTL M MOMeT OLICTpee BO3pacTaTh K +0o mpu p — 0
[0 CPAaBHEHUIO C aJAUTUBHBLIMU MOIYJISAMU Ha BCEH HPAMOI), 3aKII0YaeM, 4YTO
sup,, P{¢, —a, < —h'} = 0 npu b’ — +oc.

le) = la): kak ysKe OTMeUaJOCh, CBOWCTBO la) He 3aBUCHUT OT D, U MOYKHO
cuntarn p = 1/2. Ilo npeanonosxkenuto cymectsyer hg, takoe uro P {|&, — a,| >
ho} < 1/2 maa Bcex n > 1. CuaenoBarensHo |my(§,) — an| < ho. IlosTomy mpm
h — +o0

Sup P{&n —mp(&n) > h} < Sup P{{, —an >h—ho} — 0.

2) < 4): nomoxum S(x) = —loglog(l +e™7), x € R, rak uro T, (z) = V(S(x))
miast Bcex x. OueBmmao, S — Bospacraromas Oneknus n3 R B R, mmeer koxeu-
HyIO JUIINIEBY KOHCTAHTY HA MHTEPBAJAX [a,+00), U TO K€ CaMoe OTHOCUTCS K
obpatro#t Gynrnum S~'. Ilostomy T}, uMeeT KOHEUHLIE MOAyJ L Ha [a,+00) Toraa
U TOJBLKO TOrJa, Korga V mMMeeT KOHEUHBI MOLYJIb HA [a, +00).

Harownen, oueBunno, 4) Bieuver 3), UTO, B CBOIO ouepeln, Biaeder la). Jlemma

2.7.2 moxa3saHa.

HorazarenscrBo Teopemsl 2.7.3. Csoiicteo b) u (2.7.3) Bieryr (cm. (2.3.2))

P {g(¢) —myp(g(¢)) = h"} < P{n—myp(n) = h}, h>0,

rae ¢ = (C1,...,(n), COyJaliHas BeJUYMHA 1) UMEET DACIPENEICHUE V, & § — Poo-
munmuieBas ¢pysrnua Ha R™ (¢ aunmumnesoit Hopmoit ||g||nip, < 1). IIpumensas sto
HepaBeHCTBO K ¢1(z) = max{x1,...,2,} u go(r) = min{zy,...,z,}, DonyUaeM c1) u
CQ).

OGpaTHO: 0YEBUAHO, ¢1) BJIEUET CBOUCTBO 1¢) U3 jsemMMbr 2.7.2, U Cile 10BATEILHO
T,, MMeeT KOHEUHBI MOLYJIb Ha moiayocu [0, +00). AHAJOIMYHO, ¢3) BIEYET Te Ke
caMmble CBOICTBA, HO MU CJIyYalHOW BeIUYUHLI —(1, TO €CTDh, IJIsI BEPOSTHOCTHON
MepLl (1 — obpa3a p mpm oTobpaskenun ¥ — —x. Tak rak 1), () = =T1,(—x), T),
MMeeT KOHEUHDI MO Ly b Ha moixyocu (—oo,0]. CuaenoBarensuo T), nMeer KOHEUHDIH

MOIyJL Ha Bcelr mpamoit. Teopema 2.7.3 moraszana.



114

§2.8. Ilpumevanus

Pesyanraret §§2.1, 2.2 u 2.4 6oum noxydenst B [73] (reopema 2.4.1 B omwm-
6ouno#i ¢popme Ovina panee anoncupoBana B [69]). Teopema 2.3.1 mokaszana B
[71]. B uactHOM cayuae Teopemnl 2.3.1, KOrma pacupeneseHue [ — JOTUCTUYEeC-
KO€, CBOWCTBO SKCTPEMAaJLHOCTHU MOJYIPOCTPAHCTB JOKA3aHO HA OCHOBE APYroi
G yHRIMOHANLHOR (GopMmul B [78].

Teopemsr 2.5.2, 2.6.1 u 2.6.2 nokaszannt B [1], [2] u [70] (amoncuposaunt B [3]),
npuyeM TeopeMa 2.5.2 ObLia MOJyYeHA HA OCHOBe TeopeMbl 2.6.1. 3mech skKe MDI
IpeANOUIN OPUBECTU Apyroe (Ha HANI B3MJAL Oojee MPOCTOE) MTOKA3ATEeILCTBO
TeopeMbl 2.5.2, OCHOBaHHOE Ha yaavyHoM Boibope U-omepanuu B Teopeme 2.1.1. B
[2] u [70] Teopema 2.5.2 npuMeHAIACh K CJIydYadHLIM IIPOLEccaM, JIUHEAHO TOPOkK-
MEHHLIM HE3aBUCUMBIMU OJUHAKOBO PACIPENCJIEHHLIMY BEJIUYNHAMY, IPU U3y YCHUU
VX BLIDOPOYHOIO TOBENEHUS W, B YACTHOCTU, CBA3AHHOTO C HUMU 3PPeKTa oc-
. OTMeTUM, UTO Ha TaKue MPOILECChl IMEPEHOCATCS MHOTUE Pe3YIIbTATDLI
paboTut [7] 0 TayCCOBCKOW OCIMILIIATIAN.

Pesynbrarer §2.7 ocuoBambl Ha pabore [82]. Teopema 2.7.2 yrounser cie-
nyromee HaloneHue, cuenansoe Tamarpanom [216]: cBoHCTBO a) BiedyeT KOHEU-
HOCTDL 9KCIIOHEHIIMAJILHOIO MOMEHTA C.B. (1. BONPOCLI, CBA3aHHLIE C pacrpemnese-
HUEM IOCJIEI0BATEILHBIX MAKCUMYMOB HE3ABUCUMLIX OAMHAKOBO PACIPEIeIEeHHLIX
BEJIMUUH, U3YYAIOTCA B TEOPUU DKCTPEMAJLHLIX MOPAAKOBLIX CTATUCTUK, U UM IO-
cBameHa obmupHedmasa aureparypa (cMm. manp. [amambGom [13]). B pabore ne
Xaana u Punnepa [141] monyuena cienyromas XxapakTepU3anusa CBOXCTBA OTHOCH-
TeJLHOV KOMIAKTHOCTU ceMeiicTBa pacupenenenuii ¢.B. max{(y,...,(,} — a, (upm

[OAXOMAMNUX 3aHYCHUAX Gy, ): cymecTByioT € € (0,1), 29 € R u hg > 0, Takue uro
1—F(zx+h)<e(l—F(z)), x>0, h> ho,

rne F' — ¢ymruma pacupenesnenus c.B. (;. Takoe yTBep:KIeHME NOKA3aHO INIPU

YCJIOBUM HeNpepLIBHOCTU F'.
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I'VIABA III. JMUCKPETHLIE M30ITEPVMETPUYECKNE
HEPABEHCTBA

§3.1. PysrmmonansbHas GopMa M30MEPUMETPUUECKUX HEPABEHCTB MJIA

OPpOodaKT-MEP B IIPOCTPAHCTBaX C PaCCTOAHMEM €BRKJIAMIOBOI'O TUIIA

[Tyctn I — menpepoiBHas HeoTpunareabuas Gpyukimus Ha [0,1], rakas uro 1(0) =

I(1) =0. dnsa muddepeHnumalbHBIX N30MePUMETPUYECKUX HEPABEHCTB
wH(A) 2 I(u(4)), AcC M, (3.1.1)

B METPUYECKOM BEPOATHOCTHOM mpocTpancTse (M, p, (1) MLl UCIOIL30BAIU (Y HK-

MUIOHAJILHYIO (GopMy
I(Eg) —EI(g) <E[Vg|, 0<g<l. (3.1.2)

Opnao m3 mocrouwucTB (3.1.2) cocTonT B TOM, UTO Takve (yHKIMOHAJILHLIE HEpa-
BEHCTBA JIETKO PACIPOCTPAHSIOTCA HA MHOTOMepHLIe npoctpancTBa (M™, pao, p'*)
C DABHOMEDHOM METPUKON poo(x,y) = max;<, p(z;,y;) (B Gomee obme#t curyaunnn
VHIYKIVMOHHLIA mar 6ot ocymectsiel B §2.1). Kak pesyanrar, pacnonaras ”on-
HOMepHLIM” HepaBeHcTBOM (3.1.2), Mul mosydaem MHOroMmepHbii Bapuant (3.1.1)

O ' -mepuMeTpa B CMBICTIE PABHOMEDPHOW METPUKU:
(u")F(A) = I(u"(4)), AcM" (3.1.3)

Koneuno, se Bcerma (3.1.1) Baeuer (3.1.2) — HEKOTOpLIE IPEIIOIOKEHASI O (YHK-
[ HeobxomuMmol (”moutn” MUHUMAJLHBIE YCJIOBUSA Ha [ NpUBENEHBI B TeOpeMe

1.4.1). Ecam ke MBI XO0TUM yCTaHOBUTL (3.1.3) IO OTHOIICHUIO K DPACCTOAHUIO
y

pQ(«T,y): M ;p(x’L?yl)Q? $7y€Mn7

TO ¥ BTUX YCJIOBUN HETOCTATOUHO — HepaBeHCTBO (3.1.2) B 00meM ciryyae He MOKET

CBRKJINJOBOI'O TUIIA

OLITL PACHPOCTPAHEHO HA MHOTOMEDHLIA ciayuaii. Hampumep, kak Mol yke 3HAEM,
IULs JIOTUCTUYECKO Mepol 1 Ha upsamoid M = R (3.1.1) u (3.1.2) BumomHstOTCS €

(ontmmasnbaoO#) ¢yrruneir I(p) = p(1 — p), upu srom (3.1.2) nprHMMaeT BuUL
Var(g) <E[Vg|, 0<g<1

Ho »To HepaBeHCTBO mepecTaeT OLITHL BEpHBIM yike B R?| Tak Kak OHO MOBJIEKIO
OBl ®KCTPEMAJILHOE CBOMCTBO MOIynpocTpascTs {(z1,22) : 1 < ¢} B mM3omepuMeT-
pudeckoii zanaue mus (R?, pa, u?). A 2TO BO3MOKHO TOJLKO JIJIA TayCCOBCKUX Mep

(cm. Teopemy 3.1.3).
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Takum o6pasom, ¢yHkIUOHANLHAS Gopma (3.1.2) mis OAHOMEPHLIX U30Iepu-
MeTpruueckux HepaBeHcTB (3.1.1) HeZOCTATOYHO CUIILHA, YTOOLI IPUMEHSTL UHITY K-
[UIO IIPU I0KA3aTeNLCTBE MHOMOMEPHLIX M30MepUMeTpUUeckux HepaseHcTs (3.1.3)
IO OTHOIIEHUIO K €BKJIUIOBOW MeTpuke. B mefcTBUTEILHOCTH, TMOMBITKA OCYIIECT-
BUTDL WHAYKIWMOHHLIA IAr TP T0KA3aTEJILCTBE MHOTOMEPHOIO HEPABEHCTBA (3.1.2)

IPUBOAAT K OOoJiee CUILHOW rumore3e, a UMEHHO, K HEPABEHCTBY
I(Eg) <E\I(g9)2+|Vg]?, 0<g<Ll. (3.1.4)

[Tpu sTOM OKa3LIBaeTcCs, 4To caMo HepaBeHCTBO (3.1.4) obiamaer MO OTHOUIEHUIO
K p2 TeM ke CBOMcTBOM, uTO 1 (3.1.2) O OTHOWIEHUIO K pPoy: KaK TONLKO (3.1.4)
BLINOJIHsAETCS B ~omHoMepHoM” mnpoctpancTse (M, p, i), TO 9T0 HEpABEHCTBO pac-
npocTpansercs 0e3 Kakux-ambo M3MeHeHu#r u 0e3 KaKux-J1n0O MpearnoOKeHUd O
¢yurnun I Ha ”MHOromepuoe” mpocrtpancto (M™, pa, u™). Taxk e, kar u (3.1.2),
Ha MHINKATOPHLIX QYHKIUAX ¢ = 14 (TO4YHee, mpubImKas NHIXKATODHLIE ()YHKIAN
JUIIIMIEBLIMI B cooTBeTCcTBUM ¢ jeMMo#i 1.4.1), (3.1.4) mpeBpamaercs B u30Ie-
puMmerpuueckoe HepaseHcTBO (3.1.1) mam, Gomee obmo, — B (3.1.3). Cuaenyer,

OJHAKO, IMMOAYEPKHYTL, YTO I/IHI[yKIII/IOHHbIﬁ ImIar OCHOBBIBACTCA Ha TOXKIACCTBE
n
Vg(@)]> =) [Vag(@), (3.1.5)
1=1

rzue |V, g(x)| o3Hauaer Momyans rpamuenTa GpyHrnuu x; — ¢(x) (3HaAYeHN x; IpU j #
i ¢urcuposansnt). [losromy mamno aubo npuHaTL (3.1.5) 3a ompenesenure MOmyIIsa
rpaaueHTa ¢yHknuit Ha M, 1100 IPpUAEPKUBATLCA IEPBOHAYAILHOTO OIIPEIeJIeHNA

1.4.1
lg(x) — g9(v)| re M,

Y

|Vg(z)| = limsup

pa(z,y)—0+ p2(,y)

n tpeboBarh, urToObl (3.1.5) BomomHamOChL I p'-mouty Bcex x € M™. Boxee
TOYHO, MMEeT MeCTO cledylolee yTBepP:KICHuE.

ITyctn (M, pi, pi)1<i<n — METPUUYECKHE BEPOATHOCTHLIE IPOCTpaHCTBa. Pac-

cmorpuM mpoussenerre M = My X - - x M,, ¢ Mmetpukoii p(z,y) = /> 5, pi(Ti, yi)?,
x,y € M, u Mepo#d ft = p1 ® -+ ® fy,. Dyznem roBopurn, UTO ¢ JIUMIIALEBA, €CJIU

lgllzip < o0

Teopema 3.1.1. Ilpemmonoxmm, uro mmus (M;, pi, fti)i<i<n BBIIOJHAIOTCA He-
pasercrBa (3.1.4) B kIacce Bcex JunmmueBnix ¢yHruuiéi g : M; — [0,1] (I —
IPOU3BOJILHAS HEOTPUIATEILHASA HenpepniBHAsA Qyurnua Ha [0,1], obmas nisa Bcex
HepaBeHcTB). [Ipenmomoskum Takske, uro (3.1.5) BLIMONHSETCS NJsi BCEX JIWII-
mUeBLIX GyHKIUA g Ha M mus p-noutwm Bcex x € M. Torma (3.1.4) BomosHseTcs
B (M, p, 1) miist BCexX (-M3MEePUMBIX JIAMIIUNEBLIX GyHKIMA g : M — [0, 1].

Bropoe ycioBre TeopeMbl BCeria BLITOJHEHO B BAXKHOM ciydae, korga M; = RF:

(C eBRIMIOBOY METPUKON) 1 MEPLI [i; AGCONTIOTHO HENPEPLIBHLI OTHOCUTEILHO MEPLI
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JleGera. IleficTBuTennbHO, MO U3BECTHOW Teopeme Pamemaxepa, MuUNmuieBnl QyH-
knuu Ha R" mourtm Bcionmy muddepeHnmpyeMmnl, a B TOYKaX, e OHU IuddepeH-
mupyemol, (3.1.5) Bcerma cupaBemiuBo.

YcnoBue p-u3MepuMOCTH ¢ B yTBEP:KIEHUN TEOPEMBI HEOOXOAMMO, TaK KakK [
KaK [IPOJAKT-Mepa onpefesena B obmem cayuae (korga M; He cemapabennHLI) HA
MEHbLIIEeR g-aaredbpe, ueM o-ajredpa Bcex ODOpeIeBCKUX MHOKECTB B M, u mosTomy
munmuieBsl QyHEIUY B M MOTyT OLITL HE M3MEPUMBLI IO OTHOIIEHUIO K [i.

3aMmeTuM Takke, dTo MBI He Tpebyem, urobnr [(0) = I(1) = 0. Ilocuensee,
OIHAKO, BaskHO Ipu mepexone ot (3.1.4) x (3.1.1).

Ha camom nmene yrBep:kmenue teopemnt 1.3.1 HOCUT OOjlee YHUBEPCAJILHLIA Xa-
paKTep B TOM CMBICJIE, UTO POJL METPUKU p HE ABJAETCA OUpenessiomeii. Bmecto
MOnyJell rpaAMeHTOB MOYKHO PacCMaTpPUBATL BOODOINEe Ja00bIe ' BBLITYKJILIE OIle-
paTopnl, JUIML OBl BRIMOJHAIOCL yciosue (3.1.5). Tak rak B majapHedmeM Mbl
OymeM ¥MMeTL OeJl0 Takke C APYTMMU CTPYKTypaMW, He OIpPenelseMbIMU KaKoii-
b0 METPUKON, IpuBeIeM OIuH aHaJor Teopemor 1.3.1.

Mycto (M, pi), 1 < i < n, — BepOATHOCTHLIE HTPOCTPAHCTBA. PaccMoTpum
npousBenenue M = My X --- X M, c mepoir t = 1 @ -+ ® by, aa xkaxooro ¢ mycro
3aJaH HEKOTOpLIT omepartop I';, ompenesieHHLIE Ha ceMelCTBE BCEX M3MEPUMBIX
¢Gyurmmii g; Ha M; co 3navenuamu B [0,1], npu srom I';(g;) — m3amepumbie ¢yHEIAN
Ha M; co 3mavenusmu B [0, +00]. Mul Tarkke npeanosaraem, uro I';(g;) = I';(g))

Wi-ILH., eclu g; = g, p;-1.H. s xaxnofl uamepumoit ¢pyurmuu g Ha M ompenenum

(3.1.6)

rae g; — QYHKOUs mepeMeHHO# x; € M;, onpemensemas paBeHCcTBOM g;(x;) = g(x),
x € M (3mauenus x; € M; upu j # i pUKCUPOBAHLI).

Bynem mpenmosarath, 4To BLIIOJHAETCSA CJIEAYIONEe YCJIOBUE TUMA BLILYKIOC-
T A 06010 BepoATHOCTHOrO npoctpancTsa (Y, v) u no6o#i mamepumoid ¢yH-
ki ¢ Ha Y X M; co s3Hauenusmu B [0,1] ¢yurmusa y — I';(9(y, z;)) v-usmepuma,

npuyiem

Li(Evg(y,z:) < ETi(9(y, i) (3.1.7)

JJLST (4;-IIOYTU BCEX T;5. HpI/I HEKOTOPLIX IPEAIIONOKECHUAX O Fz THUIIa HEIIPEPLIBHOCTA

5TO yCJIOBUE MOKET OLITL YIPOIIEHO:
Li(tg + (1 = )h) <ili(g) + (1 —)T4(h)

(g u h — npousBoaLHLIE U3MepuMble GyHKIMEU Ha M; co 3navensmu B [0,1], 0 <t <

1).

Teopema 3.1.2. Ilycrs I — HeoTpunarensbuas uamepumas (no bopeiio) ¢yHkms

ua [0, 1]. IIpeamonosxkum, 4TO s KAKAOTO © < N U BCEX M3MEPUMLIX QYHKIUNA g HA
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M; co snauvenusivu B [0,1] BLINOJHAETCSA HEPABEHCTBO

I(By9) < By v/1(9)* +Ti(9)*. (3.1.8)
Torma mis Bcex maMepuMblx ¢yHkuuii g Ha M co 3mavenusmu B [0,1]
I(B,9) < B,/T(9)? + T(g)%. (3.1.9)

IlokazarenncTBo Teopemnl 3.1.2 mpoBenem o uaayknuu. [lycrn n > 2. Ilomyc-
TUM, YTO YTBEP:KICHVE TEOPEMBLI CIPAaBEIJIMBO IJIsI YKUCJA BEPOATHOCTHBIX IIPO-
CTPAHCTB, MEHLIEro, yeM n. BBemem nmpoctpanctBo Y = My X --- X M,,_1 ¢ Mepoii
V=11 X Q@ lp_1, Tak uTO M =Y X M,,, 4 = v ® u,. Ha cemeiicTBe BCcex m3me-
puMbIx QpyHEnuid Ha Y co 3mavenuamu B [0,1] onpemesum omeparop D Tak ke, Kak

B (3.1.6) muaa mabopa (M;,pi,Ii)i<i<n—1. Tourm Y OGymem obGosnauarn uepes

y=(z1,...,Tn_1). Nnmeem:

F(g(y,xn))2 = D(g(y, xn))Q + Fn(g(%xn))Q

(B mepBoM ciaraeMoM (UKCUPYETCS X,, BO BTOPOM — ¥). adpurcupyem z, € M,

1 IIOJIOKHUM

= VI(g(y, )2 + D(g(y,zn))?,  v(y) =Tn(g(y, zn)).

ITo reopeme ®ybunu dpyukimus y — ¢(y, T,) V-U3MEPUMA IJIS [Ly,-TIOUTU BCEX Ty, U

IJIsI TaKUX Ty, B CUJIIY UHAYRKIUOHHOI'O IIPEANOJNIOKRECHUA,

E,u(y) > I(E,g(y, z,)). (3.1.10)

ITanee, Mo yCIOBUIO QYHKIUA U TOXKE V-U3MEPUMA IS [i,-TIOUTU BCEX Ty, IPUYIEM

BLIIOJIHACTCA ycJioBre Boimykiaoctu (3.1.7), To ecTs,
E,v(y) = Tn(Evg(y, zn)). (3.1.11)

Yunresas (3.1.10)—(3.1.11) u npumenss sneMeHTapHOE HEpaBeHCTBO [V u? + v2 >

\/(IU)Q + (fv)Q, MOJIyYaeM OJSA [i,-TIOYTU BCeX T, € M,:

E,/1(9(y,74))2 +T(g(y, 20))2 = E,v/u2 + v2
> /(E, u)? + (E,v)2
> VI(E,g(y,7,))2 + (Byg(y, vn))>

:\/Iw + nw)Qa

rae w(xy,) = Eyg(y,z,). DTa QyHKUUS KOPPEKTHO OIPENENICHA, [i,-U3MEPpUMaA U

npuaumaer 3Hadenus B [0,1]. Ilostomy B cmuy (3.1.8) mpu i = n u g = w,

I(E,, w) <E, /I(w)?+T,(w)? Crexosaremsno no teopeme Pyounn

E, I(g)* +T(g)? = EMLEU\/I(Q(% r5))? +T(g(y, n))?
> By, y/T@? + Ta(@)?
> I(Ey,w) =I1(E,g),
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1o ecth (3.1.9). Teopema 3.1.2 moxasaHa.

IlokazarenncTtBo TeopeMbl 3.1.1 HrueMm He oTimuaercsa. HyxHo aumn 3aMeTUTD,
UTO AJIA JUNMUNEBLIX QyHKNUit ¢ #Ha M QyHEIUN w OyaAyT TakKe JUMIIIUIEBLIMU, &
ycaosue (3.1.7) BomouHsercs mias omeparopos I';(g) = |V, g| Hemocpencreenrno B
cuny onpenenenua 1.4.1 u Teopemnl Jlebera o nmpenesLHOM IepexXoae MO 3HAKOM

UHTerpaJa.

Hakonen, mokaskeM yIOMsHYTYIO XapaKTePU3ALUIO TayCCOBCKUX Mep uepe3 h30Ie-
PUMETPUUECKOE CBOMCTBO CTAHAAPTHLIX MOJYIPOCTpaHCcTB. HamomMHuM, 4TO CcTaH-
MapTHBIMA MBI HA3LIBAEM MOJynpocTpancTsa B R” Buma A = {z € R" : x; < c¢}. A"
(h > 0) o3nauvaer OTKpPLITYIO h-KpecTHOCTL MHO:kecTBa A C R™ B cMbicie eBkiau-

JOOBOW METPUKMU.

Teopema 3.1.3. Ilyctn n > 2. Ilycto g — BepoATHOCTHasA Mepa Ha TPAMOU
R co crenyromumm cBoiicTBom: mias Bcex p € (0,1) mw b > 0 p"(A") mocturaer
HAVMEHLIIee 3HAUEHUEe B Kiacce Bcex maMmepuMbix (o Bopenro) muoskects A C R
mepol (1"(A) > p HA HEKOTOPOM CTAHAAPTHOM HoJynpocTpancTse. Torga mepa p —

rayCCOBCKAs.

JlokazarenncTBo. IlpuMeHss yClIOBUA K NMWIMHAPUYECKUM MHOKECTBAM BUIA
AxR" 1 A C R, nonyduaeM, 4To B OJHOMEPHOI M30MEPUMETPUUCKON 3a,1aUe IOy~
ocu (—00,c| obranawT 3KCTpeMANbLHLIM CBOcTBOM. ClleOBATENLHO [ MOJKHA
OLITL CUMMETPUYHONR (OTHOCUTEILHO CBOEH MeauaHbl) Y MMEeTh KOHEUHLIA 9KCIIO-
HEHIVANLHLIA MoMeHT (cM. §1.2). He ywmassia obmuocTH, GyaeM CUUTATL, UTO [
CUMMETPUYHA OTHOCUTEILHO 0.

Anasnoruuno nmoxynpocrpanctsa Buga B(c) = (—oo,¢] x R obnanator skcrpe-
MAJLHLIM CBOWCTBOM B JBYMEDPHON M30IMEPpUMETPUUCKON 3amaue: s Bcex p € (0, 1)
u h >0 wu maa scex A C R? mepur p?(A) > p cymectyer ¢ € R, Takoe 4TO
p*(B(c)) = pm

W2(AR) > 12(B(0)"). (3.1.12)

[Mpumenum (3.1.12) npu p = 1/2 kK MHO¥KECTBY

A(c) = {(xl,xg) : &\/;2 < c}

npu ¢ = 0. OueBuano, p(A(0)) > 1/2, u MuHUMAILHOE 3HAYEHME IPABOW JacTu B
(3.1.12) mocturaercs, B cuiay cuMMerpudHocTH i, pu ¢ = 0. Tax xax A(0)" =
A(h), (3.1.12) Mo:kHO 3anncaTh B TEPMUHAX HE3ABUCUMBIX CIYyYaliHLIX BeaudnH & U
7, OIPEIEIEeHHLIX Ha HEKOTOPOM BEPOATHOCTHOM npocrpancTse ({2, P) u nmeromux

obimee pacupeneneHne i, KK HePaBEHCTBO

P{gj/r; <h}zP{§<h},
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cupaBemiuBoe npu Bcex h > 0. Kak cimencrsue,

Var(“”):4/+oop{“” >h}hdh
0

V2 V2

< 4/+OO P {¢ > h}hdh = Var(€).
0

Ho Var ((£+17)/v2) = Var(§), caemosaremsro mis mouru Beex h > 0 (mo or-
nomenuto k Mepe JleGera) P {((+7n)/v2>h} = P {{>h}. Ouesumuo, sto0
PABEHCTBO pacmpocTpassercsa Ha Bce h > 0, m TakuM oOpasoM, ciydaliHble Be-
mwamnnt (€ +1)/V/2 u € omuuakoBo pacnpeneneni. Cie0BATENLHO, XapAKTEPUC-
Tdeckas GYHKIMA [ MepLl i yA0BIeTBOpaeT ypasuenmio f2(t//2) = f(t) mnis Bcex
t € R, uTo BO3MOkHO TONbKO eciu f mmeet sun f(t) = exp(—o?t?/2). Teopema

3.1.3 norasaza.
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§3.2. VM3onepumerpudeckoe HEPABEHCTBO HA AUCKPEeTHOM Kybe. Ero cBssb

C T'ayYCCOBCKUM M3O0IIEPUMETPUUYECCKIAM HEPABEHCTBOM

31ect Mbl npuMenuM teopemy 3.1.2 B caenyromeid curyamuu: Bce (M;, p;) npen-
CTaBJAAIOT cOOOW mByTOodyewyHOe mpocTpaHcTBO {—1,1} ¢ GepHynaueBcko#l Mepoii,
IIPUINCLIBAIONIEN OIMHAKOBYIO MaCCy % toukaM 0 u 1. [IpomsBenenue sTux mpoc-
TpaHCTB — "n-MepHbid” muckperHoii ky6 M = {—1,1}", cuab:keHHLIA paBHOMED-
HBIM pacupeneienueMm P .

Kaxmas tourka x € {—1,1}" umeer n coceneit s;(x), 1 < i < n, — bmwkafimue &
& TOYKM IO KaskKIOMYy HAIPaBJIEHUIO: mpH j # i [s;(2)]; = zj, [si(z)]; = —x;.

Ecnun ¢yurmms ¢ ompemeseHa Ha AUCKPETHOM Ky0e, TO B KaKIOW €ro TOUke
MOYKHO OIPEAEUTL AUCKPETHLIA IPAIUEHT — BEKTOD, COCTABJICHHLIA M3 MpUpPAIIe-
HUW ¢ BAOJL Ka:KIOTO HANPABJEHUsS (C TOUHOCTLIO MO0 MACIITAOHOTO MHOMKUATEJS).

IlnuHy 5TOTO BEKTODA

o g(x) — g(si(x)) |2 n
Tg(a) = [ 3o [P0 —502 ), we {117,
1=
OyleM Ha3LIBaTh MOAYJIEM OUCKPDETHOIO IpaiueHTa. B JacTHOCTHM, IJIA WMHIUKA-
TOPHLIX (YHKIUNA g = 14
T 14(2)]? = % card{i <n:(x € A, s;(x) ¢ A) unu (z ¢ A, s;(z) € A)}.

Benuunny

P+(A) =ET 14|

6y meM HA3LIBATL AUCKPETHLIM mepuMmeTpoM MmuHO:kecTtBa A C {—1,1}™.

HaHOMHI/IM, YUTO MLI MCIIOJNIL3YyEM CTaHAapPTHLIE obo3HadYeHns

o) = o= -2k 2@ = [ e

— 00

COOTBETCTBCHHO MOJIA IIJIOTHOCTU " CIDYHKI_[I/II/I paciupenciaeHns I‘&YCCOBCKOﬁ MEPLI Y1

wa npamoit R. &1 : [0,1] — [—o0, +00] oBozrauaer GpyHrmMIO, 06paTHYIO K P.

Teopema 3.2.1. Ilyctn I(p) = (@7 1(p)), 0 <p < 1. Ilna mobott GpyHrMu g HA

{—1,1}" co 3nauenusamu B [0, 1]
I(Eg) < Ev/I(9)* +T(g)? (3.2.1)

(MaTeMaTI/ILIGCKOG OKMNOaHME ITIOHUMAETCsA B CMLICJIE MEPLI P ) B YaCTHOCTHU, OJIA

mro6oro muokecTBa A C {—1,1}"

P+(A) > I(P(A)). (3.2.2)
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Cnencrsue 3.2.1. Ilyctn I(p) = (@ 1(p)), 0 < p < 1. Ilna moboii moKaILHO
munmuieso# yurmuum g : R™ — [0, 1]

I(Ey,9) < By, VI(9)* +[Vgl*. (3.2.3)
B wactaOCTH, mas mob6oro mamepumoro muoxkectBa A C R

T (A) 2> I(yn(A))- (3.2.4)

TakuMm o6pas3om, auckperHbie HepaBencTsa (3.2.1)—(3.2.2) BaekyT (3.2.4) — ra-
YCCOBCKOE M30IEPUMETPUYECKOE HEPABEHCTBO B mu¢¢epeHnmantbHoii popme (cm.
(1.5.2)). Wnave: I = I, ABAsgeTCA M30NEPUMETPUIECKOR (yHKIMEN rayccoBCKO
Mepsl v, B R"™.

HeficrBurensro, uToOnl BoiBecTH (3.2.3), npumennM (3.2.1) ma nk-mepHOM nuc-

KPEeTHOM KyOe K (YHKIUAM BUIA

1+ ...+
(Tt

npeamnoJgaras, 4To g mMeeT O DaHUYCHHLIC YaCTHLIEC IPOM3BOAHLIEC ITEPBOIO 1M BTO-

gk(x1,. .. xK) = T1,...,x, € {—1,1}",

poro mopsaakoB. B cuny nerTpaanbHOl npenennbHON Teopemnl B R,
/ g dP —> gdvy, tupuk — oo.
{_1’1}'nk R"

Kpowme Toro,

Dy (@1, .. ap)|* = ’Vg(%)k +0 (%)

npu k — 0O PaBHOMEPHO TIO BCEM I1,...,Tx € {—1,1}". Tak xak dymrnus |Vg|? =
S 10g/0x;|* manpepLiBEA U OrpaHWYEHA, CHOBA B CHUIY LEHTPAJILHON Ipeneib-

HOU Teopemnl B R”,

/ VIG P F TP dP — / VIGE V9P d
{_Ll}nk R”

npu k — co. Cunenosarennro (3.2.3) BLImOMHsAETCA M QYHKIUA g ¢ OrpAHUUYEH-
HLIMM YaCTHBIMU IIPOU3BOAHLIMU IE€PBOr0 U BTOPOro nopaakos. C MOMOMBLIO Mpoc-
Toi annpokcumaimu (3.2.3) pacupoCcTpaHseTCs Ha BCE JIOKAJILHO JIMIIINIIEBLIE
¢yuruuu co smavenusmu B [0,1] (HAmOMHMM, UTO Takue (YHKIAU MOYTU BCIOLY
muppepenmupyemMnl mo Teopeme Pamemaxepa). Hakomeln, B CHIIly HEDABEHCTBA
Va2 +b? <a+b (a,b>0), (3.2.3) Breuer HEPABEHCTBO

I(E,,9) — E,,I(g9) < E,,[Vg], (3.2.5)

KOTOpOe, Kak Mol 3HaeM (cM § 1.5), sBasiercs GpyHKIMOHAILHON Gpopmoit mus (3.2.4).
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[IpoBenennoe paccyxneHrne Tak:ke IMOKA3LIBAET, YTO I'ayCCOBCKas M30IEPUMET-
pryeckasa QYHKIUA — ONTUMAaJLHASA B KJIaCCEe BCEX HENPEPLIBHLIX (GyHKIuit [, ya0B-

JETBOPSAIOIUX JUCKPETHOMY (yHKIMOHAJILHOMY HepaBeHCTBY (3.2.1) m Takux 4rTo
10)=1(1)=0 (3.2.6)

(6e3 mocieqHero ycioBus GecCMBICIeHHO paccMarpuBaTh (3.2.1) wm (3.2.3), rak
KaK Ha WHIUKATOPHLIX (DYHKIUSAX OHU HE IPEBPAIIAIOTCA B M30MEPUMETPUUECKUE
HepaBeHCTBa). JlelicTBUTENLHO, ecan HeOTpUIATeNbHAs HelpepLiBHAA (QyHKIMsa [
va [0,1] ymoBmerBopsier (3.2.1), To B Cuiy IEHTPAJLHOW HpeNeNLHON TeopeMul,
Mbl mosydaeM (3.2.3) u caenoBarennHo (3.2.5), UTO, B CBOIO OYe€pelb, B IIPEIIIO-
noxkernn (3.2.6) Buaeuer (3.2.4). Ho rayccoscras mnsonepumerpudeckas ¢yHKIUS
I, — makcumanbHO Bo3MOkHAA B (3.2.4), mostomy [ < I,. Takum o6pasom, I = I,
— MAKCHUMAaJILHO BO3MOkHas B (3.2.1).

O mHAKO, MBI HE MOMKEM CKa3aTh HUYero o6 onTUMaJLHOCTU HepaBaHCTBa (3.2.2)
— IUCKPETHOIO aHAJIOra IayCCOBCKOTO M30IePUMETPUYECKOTO HepaBeHCTBa. Tak
ke, kak u upu nepexone ot (3.2.1) k (3.2.3), MOKHO OLLIO OLI OKUAATL, UTO IIO
Kpaitneir mepe miast "rnankux”’ MuHO:KecTB B C R”

lim P {(xl, oo xy) tx € {1,117, ST A IS B} =~ (B) (3.2.7)

k—o0 \/E

(P - pasmomepmOoe pacmpemenenwe Ha {—1,1}"%). Heomunanro Taxoe mpen-

TTOJTOKEHTe HeBEPHO. Yike MU MoaymIockocTeit suna B = {(r1,72) € R? : byxy +

boxe < b}, b3 + b3 = 1, mpemen B (3.2.7) cymectsyet, HO 3aBucut oT (by,by), B TO
Bpema kak v, (B) = ¢(b) me 3aBucut ot (b, bs).

Bounee toro, maske mjisi ONIHOMEPHBIX MHOkeCTB B = (—00,b], TO ecThL mis MHOMK-

ects A B (3.2.2) Buga

An(p) = {r e (-1 " B <ol ()}
Mbl uMmeeM i, (An(p)) — p B Cuily HEHTPaJLHOW mpenesanLHO TeopeMbl, B TO Bpe-
va kak PV (A,(p)) — V2I(p) mpu n — oo B cuily JOKaJbLHOW mpemennHOR Teo-
pembr Myaspa—Jlannaca. Takum oO6pa3om, eciu rayCcOBCKas W30TMEPUMETPUYEC-
kasg pymrnus I — onrtumanbaas B (3.2.2), mo:kecTBa A, (p) HE MOrYT OBITH DKCT-
pemMasbHBIMU B (3.2.2) naske B aCUMITOTUYECKOM CMBICIIE.

WNrak, AMCKPETHOE W30NEPUMETPUUECKOE HEpaBeHCTBO (3.2.2), mo-BUAMMOMY,
cnabee, yeMm ero ¢ysrimmoHanbHas popma (3.2.1). CuuabHee nu Torma ¢yHKIMO-
HAJILHOE HePaBeHCTBO (3.2.3) mis rayCCOBCKOW MepLl IO CPABHEHUIO C IayCCOBC-
KM M30IepuMeTpruieckuM HepaBeHcTBoM (3.2.4) muaum (3.2.5)7 Ilycrn g — ruaakas

¢yurnua za R™ co 3mavenusvu B (0,1). PaccMmorpum MHOMECTBO

A={(z,y):z € R",y €R, ®(y) <g(z)} c R"
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Torma (3.2.3) Oymer coBunanarh ¢ (3.2.4), HO B IpOCTPaHCTBE OOJLIIER pa3mep-
moctu (R"! ~,.1). Ilefictsurennno, B Tepmuuax ¢ymkmaum f = &~ 1(g) (3.2.3)

3allAIIEeTCsA Kak HEPAaBEHCTBO

I(ns1(A)) < / on(@) o(f(2)) I+ VI ()P, (3.2.8)

n

3aMeTuM Tak:kKe, UYTO

’)/7—7’,_4—1(14) = /

i1 () dH, () = / on(®) o(y) dHo(z,y),  (3.29)
0A

0A

rne z = (z,y), a H, — n-mepnas mepa Xaycnopda 8 R"™!, To ectn, mpasuiit uaTe-
rpax B (3.2.9) 6epercs no (1e6eroBoii) noBepxHOCTHON Mepe Ha rpanure 0A. Dra
MOBEPXHOCTL ompenensiercsa ypasaenuem y = f(z), mpuuem /1 + |V f(z)[2dx npen-
crasiaser coboit snement dH, (x,y) mepnt H,, B Touke (z,y) € 0A. CunenoBarennHo,
npasble yacty B (3.2.8) u (3.2.9) coBmagator, u 3naunr (3.2.3) mpeBpamaercs B

(n 4+ 1)-MepHOE M30IEPUMETPUYECKOE HEPABEHCTBO

I(Yn+1(A)) < %144 (4), (3.2.10)

To ecThb, (3.2.4) B (R"™!,74,41). C yuerom Teopemnr 3.1.1, mepasercrso (3.2.3)
MOCTATOYHO OLEHMBATL Misi pa3mepHoctu n = 1, u torma (3.2.10) Gymer mBy-
MEPHLIM M30IEepUMETPUYECKUM HepaseHcTBOM. To ectn, mo cytu (3.2.3) — »T0

T'ayCCOBCKO€ M3O0IEPUMETPUYUYECKOEC HEPABECHCTBO Ha IIJIOCKOCTH.

IokazarenncTBo Teopemol 3.2.1. B cuny teopemnr 3.1.2, mocTtaTodyHO pacc-
MOTpeTh caydaii n = 1. Boxs nepemensnie a = g(1), b = g(—1), (3.2.1) 3anumercsa

KaK HEPaBEHCTBO

I(“;b) < %\/I(@)Q-I- 22+ %\/I(b)2+]a;b}2. (3.2.11)

Badurcupyem ¢ € (0,1) u BBemem ¢ymrmumio u(x) = I(c + 2)? + 2%, z € A(c) =

(—min(c,1 — ¢),min(¢, 1 — ¢)). Ecan nomoxuts ¢ = (a+b)/2, x = (a — b)/2, TO

(3.2.11) MO/KHO mEpEeIuCaTh Kak

Vaul(0) < 5 Vaula) + 5 vu(—z), (3.2.12)

npuuem yciaosue a,b € (0,1) Gymer srBuBasieHTHO yciaoBuio x € A(c). YMHOXKaA

Ha 2 00e vactu (3.2.12) 1 BO3BOASA UX B KBAAPAT, IPUXOIUM K HEDABEHCTBY

4u(0) — (u(x) + u(—2z)) < 2/ u(z)u(—=x). (3.2.13)

Eme pa3s Bo3Boas B kBanpat, HO Teneps (3.2.13) (3aMerum, 4To HET HUKAKOW HEOO-
XOAVMOCTH IPOBEPATDL, UTO JeBas dacTh (3.2.13) HeorpumareabHa), IPUXOIUM K

HEPABEHCTBY

16u(0)* 4 (u(x) — u(—=))? < 8u(0)(u(x) + u(—x)).
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[Tepenumem »TO HEPABEHCTBO B TEPMUHAX (YHKIUU
h(z) = u(z) —u(0) = I(c+ x)2 +2? — I(c)2 :

(h(z) — h(—2))? < 8I(c)2(h(z) + h(~a)). (3.2.14)

Jlemma 3.2.1. a) I-1" = —1.
b) dyuknus (I')? somyxna wa (0, 1).

IlokazaTeancTBo. a) caemyer u3 Tokaectsa ¢ (z) = —zo(z), z € R. b): (%) =
o1 = —o L I ELE St Ly R R
= —2—, CJIeJIOBATENLHO ()" = - 12 - . =

Jemma 3.2.2. ¢pynrmusa R(z) = h(z) + h(—z) — 21'(c)?2? Bumyraa ma A(c).
IlokazaTeanLCcTBO.
R'(z) =2I(c+2)I'(c+ ) — 2I(c — x)I'(c — x) + 4o — 4I' ().
CuenoBarenbHO

I'(c+ )2 +I'(c—x)? B
2

R"(z) =4 I'(c)?

HeoTpUIaTeNLHa, TOCKOMLKy ¢yHrmas (I')? Bomykma.

IIponmomxnm mokaszatenncTBO TeopeMnl 3.2.1. Ilockonnky ¢yHENIUA R yeTHa U B

cuiy seMmMmel 3.2.2, umeem R(z) > R(0) = 0 mus Bcex x € A(c). CrnenoBarennHO
h(z) + h(—x) > 21'(c)*x>.
[MosTomy (3.2.14) Gymer cienoBaTh u3 60Jiee CUILHOTO HEPABEHCTBA
(h(@) — h(~))? < 161()1'(c)%a?,
TO €CTDL, M3 HePaBEHCTBA
T

[ HEZEED | < ar ()1 (o),

Tak xax h(z) — h(—z) = I(c+ z)? — I(c — z)?, ocTaeTcs TOKa3aThL, UTO

I(c+x)? —I(c—x)?

x

‘ < 4I(e)|I'(c)]. (3.2.15)

[Tockoabky ¢yHEIMSI I CUMMETPUYHA OTHOCUTENILHO TOYKH 1/2, 06e yactu (3.2.15)
He M3MEHSTCsI, eCJI 3aMEHUTL ¢ Ha 1 — ¢ (3amerum takxke, 4yto A(l —¢) = A(c)).
ITosToMy MO:kHO mpeamnoJsiararb, 4ro 0 < ¢ < % Kpowme Toro, mo:xHO mpenmnosa-
rath, uro x > 0, Tak kak JjeBas dacTb (3.2.15) — vernas ¢yuruua x. [Ipum sTnx

1
npeanonoxkenusax I(c+x) > I(c— x), rak xkak I Bo3pacraer Ha |0, 5], yOLIBaeT Ha
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1
[% , 1] u cuMMeTpuYHa OTHOCUTENLHO - - HeficTBuTentro, B cuy 9THX CBOHCTS,
Ic+z)>I(c—x)<—= 1—(c+x) >c—x <= 12>2c Tarkum obpasom, (3.2.15)

YIPOIIAETC:
I(c+x)% —I(c—x)?

x

< AI(e)T'(c) (3.2.16)

B mpeanonoskenun, uro 0 < x < ¢ < 1/2. Pacemorpum dynrmmio v(x) = I(c+ x)? —
I(c—x)%. B cury asemmor 3.2.1a),

v (z) =2(I'(c + z)* = I'(c — )?).

Kak BLimykmas, cuMMeTpudHas OTHOCUTENLHO Touku 1/2, ¢pymkmmsa, ['? yOuBaer

1 1
ua (0, —] u Bo3pacraer Ha [5 ,1). Crenosarennuo I'(c+z)? < I'(c— z)? u, Takum

)
2
1
obpazom, v’ (z) <0, kKak Tompko 0 < & < ¢ < PR I[TosTOMy ¥ — BOrHyTas HEOTPU-
narenpHas ¢yuruus Ha [0, c¢]. Ho Torma

1
v@) :/ v'(xt) dt
0

X
ue Bospactaer Ha (0, c|, u ocraercsa nposeputsh (3.2.16) B Touke x = 0. Tak kak
I(c+2)? =I(c)*+2I(c)'(c)r + O(x?)

u(z)

npu x — 0, mmeem ——= — 41(c)I'(c). Teopema 3.2.1 morasaHa.
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§3.3. N3onepumerpudieckoe HEPABEHCTBO AJs HECUMMETPUYHOTO
pacupenenenus bepuynau. AGCTpakTHOE M30MEPUMETPUUECKOE

HEPABEHCTBO I'ayCCOBCKOI'O TUIIa

Hemuoro mamenum ob6o3znauenus. Ilom ”"n-mepHLIM” AUCKPETHLIM KyOOM Oy-
neM noHmMarTh npowussenenue M = {0,1}". Cuabaum 5TO TPOCTPAHCTBO MPOAAKT
mepo#t P = up, y KOTOpO# MaprusasbHLIe PACIPENETEeHN (i IPUNUCLIBAIOT MACCY
p € (0,1) roure 1 u maccy ¢ =1 —p — touke 0.

s raxnas roukn © € {0,1}" s;(z), 1 <7 < n, o6o3HAYAET TOYKY C KOODIU-
Haramu [s;(z)]; = z; opu j # i, [s;(x)]; =1 — ;.

Ilna pyHKnUiA g, onpeneNeHHbIX Ha IMCKPETHOM Kybe, Mbl OepeM ,/pg B KauecTse

MaCHITAOHOTO MHOKUTEJSA MIJIA MOIYJS AUCKPETHOIO TPAIUEHTA:

Tg(z) = | pg ; l9(@) — g(s:(2))2, @ € {0,1}",

TaK 4YTO IIPpU P = ]_/2 MLI IIOJIyYa€eM IIpeanLaymee OIIpenacjaeHue. C IIOIMHOKECTBOM

A C{0,1}" cBmreM (yHKIVIIO
ha(z) =card{i <n:(ze€ A, si(zr)¢ A) nmn (z ¢ A,s;(x) € A)}

— YMCJIO TPAHUYHLIX pedep, Y KOTOPLIX & CIIY;KUT OAHON M3 BepmmH. B yacTHOCTH,
2
T 1a(x)|" = pgha(z).
[Tpu TxX 0603HAUEHUAX AUCKPETHOE U30MEPUMETPUUECKOe HepaBeHCTBO (3.2.2)

MOEHO 3alliCaTb B BUAOC

/\/EdP > %I(P(A)), p=. (3.3.1)

rae [ — rayccoBckas n3onepuMerpudeckas QyHKIUA. FEcTecTBEeHHLIE BOIpoC: ocTa-
1

ercs su (3.3.1) cupaBeaIUBLIM TIpU P # Bl ? OTBeT OKa3LIBAETCS OTPUNATEILHDLIM.

IleficTBUTENLHO, €CIM IPUMEHUTL HEPABEHCTBO BUIA

/mdP > (P (4))

1
— Iy
vDPq
¢ onTuMaJLHOW (yHKuMe# [y (He 3aBUCAmEd OT Pa3MEPHOCTH) K OJHOTOUEYHOMY

muo:xectBY A = {(0,...,0)}, To momyumm

VvPa (Vnp" +np™tq) > Io(p").

Honaras p = t/", rne t € (0,1) — PUKCHPOBAHO, U YCTPEMIIAR 7 — OO0, HOIYUUM B
npenesue
J(t) = t/log(1/t) > Io(t).
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1
Ho ¢yuruns J(t) Bemer cebst kak 7 I(t) mpu t — 0, m mosTomy Io(t) < I(t) mms Bcex
JTOCTATOYHO MAJLIX t (MM, YTO PABHOCUJILHO, — IJIs BCEX ¢, MOCTATOYHO OJIM3KAX
K 1).

Tewm He meree, (3.3.1) cupaBemINBO C TOYHOCTHIO MO aOCOIIOTHOIO MHOMKUTEIIA.

Teopema 3.3.1. Ilycrn I(t) = o(®1(¢)), 0 <t < 1. Ilasa scex A C {0,1}"

/\/HdP > \/;Tq I(P (4)). (3.3.2)

Bounee Toro, mus mwobot pymkmuu g : {0,1}" — [0, 1]

I(Eg) < Ev/I(g)? +2I(g)? (3.3.3)
(MaTeMaTUYECKOE OKUIAHUE MOHUMAETCSA B CMbICJae Mepnl P ).
[TpoBepuM, HACKOJILKO ONTUMAJLHO HEPABEHCTBO (3.3.2), HA IpuMepe MOIyIPO-

CTPaHCTB, T.€., MHOKECTB B Ia

Ap(a) = {CL’ € {0,1}": SHT\/_TZP < a},

roe S, = x1 + -+ x,. Honoxum k = [np + a,/npq}, rae [-] obo3navaer meryio

yacTh ynciaa. OueBumHO,

ha,@) = (n—Fk) 1is,—ky + (K +1) 14s, —kt1},

U B CUJY JIOKaJLHOW TeopeMnl Myaspa—Jlanmnaca,

/1/hAn(a)dP =vn—k P(S,=k)+VEk+1 P(S,=k+1)
VPt V4
H -~ v -
AR
npu n — 0o. C Apyro#d CTOPOHLI, B CUJY MEHTPAJLHOW MpenesLHOW TeopeMbl,
P (A, (a)) — ®(a), n caenoBarenbHo
1 1
I :
g 1 s ¥(a)
Taxk kak 1 < /p +,/q < V2, 3aBucumocts npasoit uactu (3.3.2) or naput (p, P (4))

OIITMaJILHA (C TOYHOCTLIO OO0 abCOIITHOIO MHO}KI/ITG.HH).

P (An(a))) —

Mot monyuum (3.3.2) u (3.3.3) rak cuaencrBue Oojiee OOMIETO yTBEP:KICHIUS.
Myctn (M;, p;), 1 < i < n, — IPOU3BOJLHLIE BEPOATHOCTHLIE IIPOCTPAHCTBA. Pac-
cmorpuM npowmsBenerume M = My X --- X M, ¢ mepoit P = 1 @ -+ ® pp,. s
Ka:KIOW m3mMepuMoil ¢GyHknmu g Ha M ompenenuM Tak ke, KAk U HA OUCKPETHOM

ky6e, (HOPMAJIM30BAHHLIA) MOLYJL T'PAIUEHTA

I(g) =, /; Vary, ()
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rae Varg,(g) obo3HavaeT DUCIEPCHIO ¢ IO MEPEMEHHH x; B CMLICIe MepLI f; (B TO
BpeMsI, Kak APYTHUe IePEMEHHbIE (UKCAPOBAHLI).

Ilna namepumbix MuOEecTB A C M Bemuuuny P 1T(A) = EI'(14) moxsO pac-
CMATPUBATL Kak cBoero poxa P -mepumerp A.

NmeeT mecTo

Teopema 3.3.2. Ilna mo6oli usmepumoit pyurmuu g : M — [0, 1]

I(Eg) <E\/I(g)% +2T(g)> (3.3.4)

(MaTeMaTMQGCKMe(NKMﬂaHMHﬂHOHMWHHOTCHI3CMLKUKBMepLII)) E;qaCTHOCTH,ﬂHH

aoboro uamepumoro A C M

1

P(A) > 7 I(P(A)). (3.3.5)

B cayuae, rorga M; = {0,1} ¢ mepoit py,, (3.3.4) u (3.3.5) cBomaTca coorser-
crBerHo k (3.3.3) u (3.3.2). U kak Mol 3HaeM, Ipu p = % MHOkUTENL 2 B (3.3.4)
MOYKHO yOparh. Bosee Toro, Apyrux Takux Mep 3a UCKIIOUYEHUEM €IUMHUYHLIX MACC
6osnire Her (B kKiIacce mpomakT-mep P ), m B TOM CMLICIE€ CUMMETPUUYHOE Pac-
npenenenne Beprynnu urpaer ocodbyo poab. YTobObLl mOka3aTh 3TO, IPUMEHUTD
npu n = 1 mpaByto yacth (3.3.4) k dyHKIUAM Buna g. = c+eg, rame 0<c<1l,u g -
orpaHuvenHas ¢yuknua Ha M, takad urto Eg = 0. IIpu nocratoyHo Maiabix € ume-
em 0 < g. < 1, a pasnosxkenue B pan Teitnopa npasoit yactu (3.3.4) mo crenessam

€ UMeeT BU

E\/1(ge)? + Var(g:) = Ev/I(c + 9)? + €2 Var(g)

=1I(c) + 611((2))2 Eg?’ 31+ 0 (54) .

Hosromy mepasenctso I(c) = I(Eg.) < E+\/I(ge)? + Var(g.) saeuer Eg® = 0. Tlo-
CIeIHee MOXKET He BLIIOJNHATLCH, €CIU MepPa [ He UMEeT IBYTOYEUHLIA HOCUTEND

¢ Macco#i 1/2 B Tourax HOCHTEJI.

[Ipuctynum k¥ morazarenbcTBy TeopeMbl 3.3.2. B cumy teopembr 3.1.2 misa ome-
paropoB I';(g) = /2 Var,,(g) (upencraBasiomux coOo# Crkopee (yHKIMOHALI),
OCTATOYHO paccMoTperh caydaii n = 1. To ecrn, HaM ciexyer yCTaHOBUTL He-

PaBEHCTBO

I(Eg) <EI(g)2 +2Var(g). 0<g<1. (3.3.7)

Mpur mokaskeMm OoJsiee CUILHOE YTBEDP:KICHUE:

Jlemma 3.3.1. Ilns aroGo#i uamepumoit ¢pyuruuu g : M — [0, 1]

1

IBf)-BI(f) < 150

Var(f). (3.3.8)
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[IpuMenss HepaBeHCTBO VeHcena, (HAIIOMHIIM, UTO TayCCOBCKAA M30IEPUMETPAUEC-
kag ¢pymsrnus [(t) = o(®@71(t)) sBorayra ma [0,1]) u (3.3.8), MBI mOMyUMM

(I(Eg))* — (EI(g))* = (I(Eg) — EI(g)) (I(Eg) + EI(g))
< (I(Eg) — El(g)) 2I(Eg) < 2 Var(g).

CraenoBaTeanLHO

(I(Bg))? < (BI(9))” +2Var(g) < (B/T(gP + 2Var(g) )

o€ Ha IIOCJIeJHEM IIare MbI BOCHOJ’IBSOB&J’II/ICB (paHee yHOMHHy’I‘bIM) HEepaBCHCTBOM

(EU)2 + (Ev)2 < (E\/u2 + UQ) st uw = I(g) u v = /2 Var(g). Takum oGpa3zowm,
(3.3.8) Breuer (3.3.7).

HoxrazarenncTtBo geMMLI 3.3.1.

OTMeTuM cHauasa HECKONLKO cBofcTs (ymkmum (1) = (@~ 1(t)), 0 <t < 1:

1) I Borayra Ha [0,1] 1 cuMMeTpPUYHA OTHOCUTENLHO TOYKM 1/2;
2) I Bospacraetr Ha [0,1/2] u yb6uBaer wa [1/2,1]; I(0) =I(1) =1;
3) I ynosnerBopaer muppepennmanbLHoMy ypasuenuto [ = —1;
)

I

4) yHRIMSI [(% —l—t)2 + t? BOrHyTa M JeTHa Ha It] < 1/2.

[ITar 1. Ceexem (3.3.8)  ciayuaro 0 <g<1/2. SaHI/ImeM gBBUme g = — +e¢f,

5
rne 0< f<1/2wu|e|=1. TaKKaKI( —|—€f)—I( + f) m Var(g) = Ef? — (Eef)?,
(3.3.8) mpumer Bup

I(% —i—Eaf) —EI(% +f) < ﬁ (Ef? — (Eef)?),

5 +Eef
YTO MOKET 6LITL nepenmcano Kak
[12 (% +ng) + (Eafﬂ i (% +ng) El (% + f) <Ef2. (3.3.9)

B cuny csoiicts 1) u 4), meBas dacts (3.3.9) npeacrasisger coOO BLILYKIYIO
yeTHyI0 (yHKNUIO nepeMmenuoii t = Ecg. CrenoBaTenbHO MaKCUMAaJILHOE 3HAUEHUE
5TOW YacTU IPU YCIOBUU, YTO ¢ (UKCUPOBAHA, NOCTUTAETCS HA TAKOW (DYHKIIU
€, IUIsi KOTOPOW 3HAYeHMe || MAKCMMAaJLHO, TO €CTh, HA MOCTOSHHLIX ()yHKIUAX
e=—-1ue =1 B oboux cayugasx Mol nmoiayuum B (3.3.9) oQuHAKOBBHIE HEpa-
BEHCTBA, [IO9TOMY MOKHO OI'paHMUUTLCA ciiydaeM € = —1. Ho Torma g = % —f
IpUHUMAaeT 3HaveHus Ha uHTepBate [0,1/2].

[Tar 2. Ilyctn g npurmuMaer 3uavenus Ha uHTepBase [0,1/2]. 3adurcupyem
¢ = Eg. He ymanssa obmuoctu, 0 < ¢ < 1/2. Sanumem mus gysrmmum I pasioxkeHne
Teriopa B TOUKE ¢ MO BTOPOTO MOPANKA C OCTATOYHLIM WJIEHOM B MHTErpPaJILHOM

dopwme:

I(g) = I(c)+ I'(c) (g—c)+/0 I"(te+ (1 —t)g)tdt (g—c)* (3.3.10)
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B cuay csoticts 2) u 3), I” Bospacraer Ha unrepsase (0,1/2], mosromy I”(tc+
(1—1t)g) >I"(tc). Ncnonn3ysa a1y ouenky u uarerpupys (3.3.10), moayuaem

EI(g) — I(c) > Var(g) /O I"(te) tdt = — Var(g) /0 z(:@ dt.

Haronen, Bocmomn3yemcsi mepasencTtBoM [(tc¢) > tI(c), KOTOpOe BLINOJHAETCS B
cuny Bormytoctu I m Toro ¢arra, uro I(0) = 0. B pesyuabrare mpuxomum k
MCKOMOMY HEPABEHCTBY.

Jlemma 3.3.1 u ¢ Helt Teopemnr 3.3.2 u 3.3.1 mora3aHbI.
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§3.4. VM3onepuMmerpudeckoe HEPABEHCTBO AJs MHOTOMEPHOTO PaCIpEeAesIeHUS

IIyaccona

B oranune or Hepasencts (3.2.1)—(3.2.2) mis CHMMETPUYHOTO PACIPENCICHUS
Bepuynnu, KOTOpoe MBI CBA3LIBAJIU C U30MEPUMETPUYECKUM HEPABEHCTBOM I
rayccoBCKO#l Mepnl, HepaBeHcTBa (3.3.2)—(3.3.3) A HECUMMETPUUYHOTO pacipe-
nesienusi Bepuynnu comep:kar B cebe Kak MpeIeLbHLIA ciydail COOTBETCTBYIOIINE
M30IepUMETPUYECKIE HEPABEHCTBA s pacupeneienus [lyaccona.

O6o3naunm uyepes II) pacnpenenenwme Ilyaccoma c¢ mapamerpom A > 0: mus
keZy=1{0,1,2---} I({k}) = e *\*/k!. Kak o6brano, [I} o6o3HauaeT COOTBET-
CTBYIOUIYIO IIPOJAKT-Mepy Ha Z}.

Hna maoxects A C 2} onpemenuM §yHKIIIO

ha(z) =card{i<n:(x €A, z+e ¢ A) numu (r ¢ A, x+e; € A},
rae (e;)1<i<n — KaHoHmueckuit Oasuc B R"”. Haxonen, ompenenum omeparop
Ag(x) = g(z +1) — g(z),
neicTByomuil Ha ceMmelicTBe Bcex (GyHKuuit g Ha Z .

Teopema 3.4.1. Ilycrn I(t) = (@ 1(t)), 0 < t < 1. Ilaa moboit ¢yHKOIIN
g: Z+ - [07 ]-]

I(Eg) < E\/I(g)2 + 2\ |Ag|? (3.4.1)

(MaTeMaTUUecKre OKUIAHUS MOHMMAIOTCA B cMbicae Meponl 11). Kak caencreue,

nis moboro mEOEKecTBa A C 727
1
e — o . 4.
/\/hAdHA Z I(TT} (A)) (3.4.2)

Hepasenctso (3.4.2) caysuT ” myacCOHOBCKUM’ AHAJOIOM U30IEPUMETPUUECKO-
ro HepaseHCTBa (3.3.2) Ha OUCKPETHOM KyOe: BeJIUYnHA f \/Edﬂﬁ IpencTaBIIAEeT
CcOOOW HEKOTOPYIO MOBEPXHOCTHYIO MepY, IpeaeibHbii anasor P -mepumerpa. Kak
CIEICTBUE, MOYKHO OLEHUTL Mepy MHOxectBa 0A = {x € Z" : ha(x) > 0}, npexn-
cTaBisAIOmMeEro coboit rpanuiyy A mpaBocroponuero tuna. JlecTBUTENLHO, B CUILY

Toro, uto ha < nlys, momyuaem

1

HA (8A> = 2\n

I(ITX(A)).

Uro ke racaercs HepaBeHcTBa (3.4.1), TO TO B HEKOTOPOM CMBICJIE BeChbMa He-

O}KI/IIL&HHBIﬁ q)aKT. Ecmu Mol pacioJsiara€eM aHaJOTI'MYHLIM HEPaBEHCTBOM

I(E.g) < E\/1(9)? +c|Vg|?
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IUIS. MOAYJIs TPAIUEHTa (PYHKIUH ¢, ONPENeJCHHLIX HA HEKOTOPOM METPUYECKOM
npocrpancTtse M ¢ Mepo# [, TO BCe IUNMUNEBLI (YHKIMYU 00I3aHbBI UMETL PACIIPe-
[eJIeHUsI C TayCCOBCKUM yObiBanueM xBocToB (Habmionenue Jl.Baxpu u M.Jlemy
[62]). B 1o ke Bpems myacconoBckue xBocTol 1) ({i: i > k}) " Tsmrenee” rayccos-
crkux (oum BenyT cebs kak II)\({k}) nmpu k — o0). Takum oGpaszoMm, AUCKpPETHLIE

HEPABEHCTBA MOTYT CYIIECTBEHHO OTJIUYATHLCA OT ~ HENPEPBLIBHBIX .

IlorazarenncTBo Teopemnr 3.4.1.
[Tpumenss Teopemy 3.1.2 k omeparopam [';(g) = |Ag|, MO:xHO pacupocTpaHUTL
(3.4.1) ma MHOroMepHoe npocrpanctso (Z’,IIY) ¢ oneparopom

Tg(z) = ; lg(z + &) — g(z)>

[Tpu sTOM, Ha MHAMKATOPHLIX (YHKIWAX MHOTOMEDHLII BapDUAHT HEPABEHCTBA
(3.4.1) 6ymer coBnanars ¢ (3.4.2). Taxum o6pasom, ocraercs ycTaHoBUTE (3.4.1).
[TpumernnM mis sroro (3.3.3) mpu p = A\/n ¢ KocTaTovHO GONLIIUM N K (YHKIIAM
Buna gn(z) = g(x1 + -+ + x,). B cuay reopemnr Ilyaccona, (3.3.3) B mpeneie
npespaturcsa B (3.4.1). Teopema nokaszana.
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§3.5. Y TouHeHMe HEKOTOPLIX HepaBeHCTB Tasarpana Ha IUCKPETHOM Kybe

Bozsparumcsa k Teopeme 3.3.1 — uzonepuMeTpuUecKUM HEPABEHCTBAM Ha AUCK-

perrom kyGe ({0,1}", P), P = pu, Buna
/\/hAdP > ¢, I(P (A)). (3.5.1)

1
Hannyumas mocrosHHa ¢, uMeeT mopsagok —— (¢ = 1 —p), 9T0 MOKeT OLITL Cy-
VPq

IECTBEHHO, HAIIPUMED, IIPU Mepexoie K MyacCOHOBCKOMY pacupeneienuto. Onna-
KO, B HEKOTODLIX 3aJadyaX HeOOXOIUMO OLEHMBATL B TepMuHax obnema " P (A)”
APYTYIO BEJIUUUHY — fA\/EdP, U 9TO CYIIECTBEHHO W3MEHUT MOBEIECHUE KOH-
CTAHT.

3pech Hamed neabo OymoyT CIeAyIOUUe ABA YTBEP:KICHUA.

Teopema 3.5.1. Ilyctn I(t) = o(®71(¢)), 0 <t < 1. Ias scex A C {0,1}"

/ VhadP > ¢, I(P(A)), (3.5.2)
A

rje HauTydlas DOCTOSHHASA Cp, HE 3aBUCAMAA OT PA3MEPHOCTHU N, yIOBIETBOPSET
npu Bcex 0 < p < 1 u 17151 HEKOTOPLIX abCOMIOTHLIX MOCTOAHHLIX Ko, K1 € (0, +00)

HepaBeHCTBaAM
1 1

Ky— <¢, < K| ——. 3.5.3
" Viog(i/pg) — 7= Vlog(1/pa) (3.5.3)
Teopema 3.5.2. Ilyct P — mpomakr-mepa uma {0,1}" ¢ HeobBs3aTennLHO O1M-

HAKOBLIMU MaprUHAJLHBIMU pacupenenenusmu. Jlus scex A C {0,1}"
/ VhadP > P(A)(1- P(A). (3.5.4)
A

OueBUAHO, ¢ TOYHOCTBLIO IO MHOMKUTEJs, 3aBUCAmero or p, (3.5.2) cuibHee,
ueMm (3.5.1). Takoe mepaseHcTBO ObLTO moxydero Tasmarpanom [216] ¢ xymmeit o
NOPANKY HOCTOAHHOR ¢, = \/pq (C TOUHOCTBIO mO abcomoTHOrOo MHOxUTENA). C
Tako# ke mo mopsaky nocrosinuoil (nepen P (A)(1— P (A))) um Gouio mokasano m
HepaBeHCTBO (3.5.4), omHAKO, B TOM JWNIL cirydae. Korma P = up mveer omm-
HAKOBLIE MaprUHAJbHBIE pacupeneseHus. OCHOBHLIM MOTUBOM UL IOJLYYEHUs
TaKUX OIEHOK HOCJy:kuiaa TeopemMa Mapryauca [23]: cymecTByer QyHKIUsA ¢ =
c(p,t) > 0, p,t € (0,1), rakas uro mus Bcex mHOkecTB A C {0,1}" mepn t =
up(A) € (0.1)

41 (0A) / hadP > c(p,t),
A
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rae 0A = {x € A: si(x) ¢ A nns Heroroporo i < n} obo3nauaer rpanuny A "c

BHyTpeHHe#r ctoponnl”’. B cuny mepasencrBa Komu—-BynsikoBckoro,

u;}(@A)/AhAdP > (/A\/ﬂdP)Q,

HO9TOMY, YTOOLI UMETL KaKue-Iu00 ONEHKU s GyHKIuU ¢(p,t) TOCTATOYHO yMETD
OIICHUBATDL f A VhadP (HO, KOHEYHO, OLEHKU IJIsI f VhadP 6ynyT HemocTaTOu-
uol). Kax crnencrsue (3.5.4) (B orsnnuwme ot (3.5.3)), MBI mOJIydYaeM, 4TO (yHK-
o ¢ B TeopeMe Maprynauca MOKHO BLIOpaTh HE 3aBUCAIIEH OT P, B 4YaCTHOCTH,
MOEHO B3ATL ¢(p,t) = (t(1 —t))2. Ommako, Tpu QUKCUPOBAHHLIX p, Gojee TOUHAS
3aBUCUMOCTDL € OT IepPEeMEHHOH ¢ maercs HepaBeHCTBOM (3.5.3).

Kak u npu mokaszarenncrBe HepaBeHCTB Buaa (3.5.1), Mul OymeM MCHOIL30BAThL
¢yurmmonannuyo popmy (3.3.3), Ho ¢ mpyrum omeparopom I'. Wmenno, BBemem

omepaTop

(Mg)(x) = \/XZII ((g(x) — g(si(x))*)?, @ € {0,137,

rie g — OPOU3BOJLHAS (YHKIUs, ONpeneseHHas Ha auckperHoMm kyGe {0,1}" (Mo
UCTIONB3yeM cTaHmapTHoe obo3Hauenue a = max(a,0)). Tenepn mame# ¢yHKIUO-

HAJILHOT (opMO#l OyIyT HEpaBEHCTBA BUIA

cI(BEg) <E\/cI(g)2+ (Mg)2, 0<g<l. (3.5.5)

OueBuaHO, HA UHAWKATOPHLIX GyHKIUAX ¢ = 14 (3.5.5) npespamaercs cooTBeT-
creerro B (3.5.2), xorma ¢ = ¢, u I(t) = p(® (), u B (3.5.4), korma ¢ = 1
n I(t) = t(1 —t). B cuny reopemor 3.1.2, mocTaTOYHO MCCIENOBATL OTHOMEDPHOE
(G YHKIMOHAJILHOE HEPABEHCTBO.

Haunem ¢ 6osee nmpoctoit Teopembr 3.5.2.

Jlemma 3.5.1. Ilycro I(t) =t(1 —1t), 0 <t < 1. Ilo orHOmeHHUO K Mepe [, HA

{0,1}, onTuMasLHASA HOCTOAHHAA C = C, B HEPABEHCTBE

cl(Eg) <E\/cI(9)>+ (Mg)?, 0<g<1. (3.5.6)

omnpenessaeTcsa COOTHOIIEHUEM

. 2 — 2 —
cp = min p, .
p q

3ameTuM, 4ro ¢, > 1, mosTroMmy MHOroMmepH# Bapmant (3.5.6) Bieuer (3.5.4).

Kpome rtoro, mms mpomakr-mep P = p7, (3.5.4) MOmeT OBITL HE3HAUMTENLHO

yeuneno: [, VhadP > ¢, P(A)(1— P (A)).
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Ioxrazarenncro. Homowkum d = 1/c¢2. Tax rax [(Eg) — EI(g) = Var(g), (3.5.6)

MOEHO 3alliCaTb B BUOC

Var(g) < B [VI(9)? + d(Mg)? - I(g)| .

[Monoxum ¢g(1) = a, g(0) = b. Ilycrs cravana 1 > a > b > 0. Torma »T0 HepaBeH-

CTBO 3allAIIEeTCA KaK

pa(a—b)? < py/T@2 + da — B2 - pl(a),
YTO B CBOIO odepeln (IocJsie BO3BENEHUsS B KBAAPAT) CBOAUTCS K HEPABEHCTBY
¢*(a —b)* +2ql(a) < d. (3.5.7)

Maxrcrmyw™m aeBo#t smeBoit vactu B (3.5.7) mocturaercas npu b=0wna=1/(2—q) €

[0,1], uTo naer d > %. Paccmorpenue cayuas a < b mpuBoaAUT aHAJIOTUYHO K

HEPABEHCTBY d > QL. TakuMm o6pasoM, (3.5.6) BLIDOJHAETCS IJIsT BCEX ¢ TOTIA
-p

Y TOJLKO TOorma, korga d > 1/0127. Jlemma 3.5.1 u ¢ Hell TeopeMa 3.5.2 MOKa3aHLI.

[lepetinem temepn k Teopeme 3.5.1. Ilpeknme, yem moka3niBaTL ~TrayCCOBCKUR”
BapuasT (3.5.5), 4TO maeT JNeByIO OUEeHKY B (3.5.3), mOKakeM, moUeMy CIpaBeIu-
Ba mpasas oreHka. [Ipnvenum (3.5.2) k ogaoroueunomy muoxkectBy A = {5, = 0}

— MDLI ITIOJIy4YVM HEPaBEHCTBO

Vig" > e, 1(0"). (3.5.8)

Kak y:xe pamee ormeuasnoch, ¢yukiuus [(t) sksuBasentHa npu t — 0 QyHKIUN
ty/2log(1/t), mosTomy npu Gombmux 1 (3.5.8) MOKHO 3amUCaTh KAK

n n 1
Vng" > ¢y q Wlqu_n (1+0o(1)).

Ycrpemnsas n — 00, IPUXOAUM K HepaBeHCTBY ¢, < 1/4/log(l/q). Amnamormumno

npumensis (3.5.2) k ogaoToueunomy MHO:kecTBY A = {5, = n}, MBI noayunMm Hepa-

BeHCTBO ¢, < 1/4/log(1/p). Obe ouenrn narot ¢, < 1/4/log(1/p’), rme p’ = min(p, q).

Ho p’ umeer mopsimok pg upu pg — 0. Tarum obpasom, npasas ouenka B (3.5.3)

IOKa3ama.

[Iepeitnem Teneps k JeBoit onenke. JleMCTBYs KaKk U IPU JOKA3ATEILCTBE JEMMBI

3.5.1, HaM HY/KHO yCTaHOBUTL HEPABEHCTBO

I(pa + gb) < p\/I(a?) +d(a — b)2 + ¢I(b), (3.5.9)

rne p € (0,1) — ¢urcupoBano, 1 > a > b > 0 — nmpousBoubHbIe yucaa, u d <
K log(1/(pq)) ¢ meroTopoit abcomtoTHO# mocrosinuoit K (3amerum, yrto (3.5.9) cos-
nagaer c¢ (3.5.5), ecau momowuts g(1) = a, g(0) = b u d = 1/¢?). Ilna nokasa-
TEJLCTBA HTOTO (AKTa HAM HOTPEOYIOTCS MCCIen0BaTL HEKOTOPLIE CBOWCTBA (yH-

knuu [, TouHee MBI OyneM padoTaThb ¢ IPpyroil GpyHKIWed, a MMEHHO,

In(z) = J(z(l —x)), rme J(z)=uz+/log(l/z), 0<x<1,
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u 6y nem nokasoiBath (3.5.9) misa Iy BMecTo I (9T0 BOBMOKHO, TOCKOJILKY 9TU ()Y HK-
Y MOYKHO OLEHUTL APYT Yepe3 APYra ¢ TOYHOCTELIO HO0 abOCOMIOTHLIX IIOCTOAHHDIX ).

Urax, 3adurcupyem p € (0,1) u BBeneM ¢yHKIIIO
L = L(a,b) = Ip(pa + gb) — (pIo(a) + qlo(b)).

Toraa mepaserncrso (3.5.9) (mmasa ¢pyskIUEU [)) MOKHO 3aIMCATDL B BHIE

L S*/l—l—tQ—l, rae t:M.

plo (a) Io (a)

1 . .
Tak rak 3 min(¢,t?) < v1+t2 — 1 < min(¢, ) nna scex t > 0, mam G6ygeT mocTta-

TOYHO YCTAHOBHUTL [Ba HEPaAaBEHCTBA:

L
Lfo(a)
3 ayr <4 (3.5.11)

rae d = Klog(1/(pq)) (K — abcontorHas MOCTOSHHAS).

Jlemma 3.5.2. J(z) <1 mmusa Bcex x € [0, 1].

HoxrazarenscrBo. Umeem J(0) = J(1)=0. Jua 0 <z <1

J(2) = [log — — ——— =0 (3.5.12)
2“10g ;

TOrma W TOJALKO Torma, korma z = 1/y/e. Caenosaremvno J(z) < J(1/\/e) =

1/v2e < 1.

Jlemma 3.5.3.

a) ¢pyurnus [y Bospacraer Ha [0,1/2] u yboBaer ma [1/2,1].
b) Iy BoruyTa Ha [0,1].

c) é < —If(x)Ip(x) <1 mus Beex z € (0.1).

HokazareascrBo. Ilomowum y = z(1 — x) € [0,1/4]. Tax rax J BO3pacraer
ua unrepsaJie [0,1/y/e] nu 1/\/e > 1/4, mmeem Ij(z) = J'(y)(1 — 22) > 0 nus Bcex
0 <z <1/2. 910 mokKasbBaeT a), Tak Kak Iy CUMMETPUYHA OTHOCUTEILHO TOUKU

1/2. CsoiictBo b) BoTekaeT u3 ¢). Urobul mokasarh c¢), Bocnoiab3yeMcs (3.5.12):

J@) = —— e ! .
1 1 1
2z /log — 4xlog — 4/log —
X X X
CaengoBaTeabLHO
" 1 1 / 1 1
—J"(z)J(x) = o T — J(x)J(z) =xlog — -5

4log —
T
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B cuny onpenenernus y = (1 — z), mvmeem (y')% =1 — 4y, y"" = —2, nostomy

—Ig (z)Io(x) = —[J"(y)(1 — 4y) — 2" (y)] J(y)

1 1 1
:(5—1- 1 )(1—4y)—|—(2ylog——y)
4log — Y
Yy
1 1 1 1
=5 + T —y(3—210g—+ T )
2 Y
4log — log —
Yy Yy

1
Takum obpasoMm, BBOIA mepeMeHHYIO t = log " € [log4,4+00), mONyUEHHOE TOMX-

JE€CTBO MOKHO 3allICaTb B BUOEC

—t I (@)lo(x) = ¢ + 5 t+e (22— 3t —1).

Cnenosarenvno —I/(z)Ilp(x) <1 Torga m TonbLKO TOrJA, KOLAa

ut) = ~ —

n t+et (22 -3t —1)<0.

| =

Paccmorpum ¢yurmuio v(t) = et (262 — 3t — 1). Umeem

V'(t) = —2e7F (212 — Tt +2) = =27 (t — 1) (t — ta),

rae £ = 7_4‘@ —0.271..., ty = 7*4‘@

Ha [t1,ts] u ybuBaET Ha [ta, +00). B uactHOCTH, miis Beex t > logd v(t) < v(te) =
0,403.... [losTomy

= 3.229.... IlosTomy v BO3pacraer

1 1

u(t) < T~ 5 logd+ v(ty) = —0.041... <0,

1 BEPXHAA OIEHKa IJIA —I(')’ Iy B ¢) morazana. YUroObl HOKa3aTL HUKHIOIO OIEHKY,

N 1 1 1
samerum uro —If(x)Ip(z) > 3 TOTJa ¥ TOJIBKO TOTAA, KOTIa w(t) = Tt
v(t) > 0. Tak rar v(+00) = 0 u v(log4) <0,

v(t) > v(log4) = 2 log?2 — % log2 — %

nis Beex t > log4. CunenoBarennbHO
w(t) > w(log4) =2 log?2 — < log2 = 0152+ > 0.
JlemMma 3.5.3 mokasaua.

Jlemma 3.5.4. Ilns Bcex a € (0,1)

Q ( ): 13 (pa) — p*13(a)
D =

1
< 3log —.
(pa)? < 3log Pq
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HoxrazarenncTBo. 3anucoBas 1 — pa = (1 — a) 4 ga, nmeem 1o onpeneneruto Iy:

— (1 — )2 1
Qp(a) - (]' pCL) log pa(l —pa)

((1 - a)® +2qa(l — a) + a®) log

2 1 _
— (1 —a)*log a0 —

2 1 _
—(1—a)’log 0o —

2 L 2 l—a 2
(1 — pa) log; +(1—a) logl_ipa + (2ga(1 — a) + a”) log

pa(l — pa)

a(l —pa)
(3.5.13)

1
[Tepsoe caaraemoe B (3.5.13) MOKHO OIEHUTDL BLIpaskeHueM log — , BTOpoe — OTpu-
p

aTeJLHO, Tak Kak 1 —a < 1 —pa. Vcnonn3ys wepasenctBa 1 —pa > q, 2qa(l —a) +

CL2 S 2&, OECHMM TPETLE CJlara€MO€ BLIDAKCHUAMMN:

2alogq—1a §2max(1,log%) §210g$

1
(Ha mociemHeM mare wmcnoan3oBaiu HepaBeHcTBo 1 < log — ). Cobupas Bce
Pq

OII€CHKM, IIOJy4YaeM

1 1 1
<log — +2log — < 3log —.
@p(a) < log p +2log pg 0% g

Jlemma 3.5.5. Ilns Bcex a € (0, 1],

Rp(a) = IO(pa) ;p[o(a) S 4pq llog é

IlokazarenncTBo. 3amucoBas 1 —pa = (1 — a) + ga, umeem

1 1 1
_Rp(a):(l—]ﬁa)\/logm — (I —a)y/log T—0

p

1 1 1

= (1—a) {\/log pal —pa) \/log ) } + qa\/log 2l —pa)

l1—a

log

—(1_ p(1 —pa) o

= (1—a) 1 - 1 - +qa\/log i —pa)

% pa(l—pa) T\ a(l—a)

(3.5.14)

Yro6n! onenuts BTopoe ciaaraemoe B (3.5.14), Bocnonn3yemcs HepaBeHCTBaMu 1 —

1
>q, J(a) <1< /log —:
pa > q, J(a) < < y/log —

1 ! 1 log >
B e A
< g, /log — + qJ(a) < 2q, /log — (3.5.15)
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[TepBoe cmaraemoe B (3.5.14) HENONOKUTENBLHO, €CINA @ > Tak Kak B TOM

1+p ’
1
cayuae ——— < 1. IlosTom accMOTpuM cayuait a < ITockoannk
Y pa(l —pa) — v P P Y — 1+4p Y
1—a
1 < 1, mepBoe ciaraeMoe MO;KHO OI€HUTDL BLIPAKCHUSIMU
—pa

1
log; 1 1
1—a) ———= < ,/log — < 2¢,/log —,
( )\/log—l_\/gpq_q\/gpq
P

IpruYeM IOCJeHee HEePABEHCTBO BLINOJHAETCS npu g > 1/2. Tarum obpasowm,

1
¢ yueroMm (3.5.15), B »TOM ciy4ae MBI IOJIydYaeM sKelaeMylo OneHky — Rp(a) <
p

1
4q, /log ol

[Tyctn Teneps ¢ < 1/2. Ouenum nepsoe caaraemoe B (3.5.14) npyrum cmocob6om.

CHOBa MOKHO AOOIMIyCTUTL, UYTO a S , KOI'la 9TO CJjaraeMo€ HEIIOJJORUTEIILHO.

1+p
Nnmeewm: )
lo p(1 _Za) l-a
1— - 1 %
( a) 08 p(1 —pa)’

<
1 ! 1 !
o8 pa(l — pa) ty/o8 a(l—a)

Tak Kak B 3HaMeHaresne ciaeBa a(l —a) < 1/4 u pa(l —pa) < 1/4. OuernnBas gaiee,
nMeeM
l1—a 1—-(14+p)a

14¢

el <142
p(1 — pa) p(l—pa) — 2

nockoIbKy p > 1/2m 1 — (1 +p)a <1— pa. CiaenoBarennHo,

l1—a 1
log ———— < log(1 +2¢) < 2¢ < 2¢4/log —.
08 T e = og(1+ 2q) < 2q < 2q4/log -

C yuerom (3.5.15), cuoBa npuxomum k Tpebyemomy 3akitouenuto. Jlemma moka-

3aHa.

Jlemma 3.5.6. Ecau 1 >a > b >0, o

L(a,b) pq L(a,0)
(a —b)2 = 21p(a) a?

HoxkazartenancTBo. 3amuineMm pasiaoxkenHue Temopa mns ¢yukunuu Iy B TOUKe

¢ € (0,1) mo crenensim x — ¢, x € [0,1], ¢ OCTATOYHBLIM UYJIEHOM B MHTErDAJILHOMN

dpopme:
Iy(z) = Ip(c) + I}(c) (x — ¢) + /0 I (tc+ (1 —t)z)tdt (xz —c).

[Ipumenssa »To paznoxkeHue K ¢ = pa+qb B TOUKaX © = a 1 £ = b u CKIagLIBasg ABA

PAa3JIOKEHUsI C BeCaMU p U ¢, mojydaeM (00Imee) TOXAECTBO:

1 1
(Z(f’,f))g :—pq{q/ Ié’(tc+(1—t)a)tdt+p/ Il(te+ (1—t)b)tdt|. (3.5.16)
0 0
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B cuny nemmur 3.5.3 ¢), —I <1/I,, cnenosarennbHo

L(a,b) ! 1
(@b Spq[q/o Toter (1—na) WP

1
1
/O e [ (35.7)
B cuny nemmur 3.5.3 a), ¢pyurnus 1/1) yousaer ua [0,1/2] u Bo3pacraer na [1/2,1].
[TosroMy MakcuMmyM 9TOW ¢(yHEUMM Ha J060M MHTEpBaJe [, [3] moCTUraercs B

OIHOW M3 KOHIEBLIX TOUYEK MHTepBaja. B yacTHOCTH, mis BCex T € [a, 5],

1 1 1
L@ = To@ T @

(3.5.18)

Bynem cumrars, uro t u a B (3.5.16)—(3.5.17) ¢urcuposanvl, a b MeHsgeTcs Ha
narepsaie [0,a]. Torma x = tc+ (1 — t)a mensercss ma unrepsaJe |, 5] = [tpa +
(1 —t)a,a], n cormacuo (3.5.18)

1 1 1
< + .
Io(te+ (1 —t)a) — Io(a) Io(tpa + (1 — t)a)

1 1 L
<
Anmanormuso To(te+ (1—0)b) = To(a) + Io(tpa)

. Mcnonw3ys otu ouenku B (3.5.17),

IIOJIy4YaeM

1 1
L(a,b) pq 1 _
a—02 = 2@ P4 [q/o To(tpa+ (1 —t)a) tdt+p/0 To(t pa) tdt]'

ITpumensia mepaBenctso 1/1y < =31} (memma 3.5.3 ¢)), nonyuaem

1 1
L(a,b) pq " y
@52 = 2o(a) _3pq[q/0 Io(tpa”l‘t)a)tdtﬂ?/() Io(tpaﬂdt}

Ho Bropoe caiaraemoe (6e3 MHOMxkuTENs 3) coBHazaeT ¢ mpasoil yacroio (3.5.16)

npu b =0 u nostomy pasuo L(a,0)/a?. Takum obpaszom, Jlemma 3.5.6 nokazana.

IlokazarenncTBO TeopeMbl 3.5.1.
Hy:xuo morazars (3.5.10)—(3.5.11). Haunem ¢ (3.5.11). B cumy memmor 3.5.6,

LIo(a) < 3_q 19 L(a,0)Io(a) .

3 pla—b)2 — 2 pa?

(3.5.19)

¢yurnua [y Borayra (memma 3.5.3a)) u Ip(0) = 0. CumenoBarenvuo Iy(pa) > ply(a).
[TosTomy

12(pa) — p2I2(a
L(a,0) = Iy(pa) — plo(a) = ;0((1;63) +I;IOO(EL))

I3(pa) — p*I3(a)  (pa)?Qp(a)

- 2plp(a) 2plp(a)

(Qp(a) oupeneneno B memme 3.5.4). Ilpumensas sry meMMy, IPUXOIUM K HEDaBEH-

L(a,0)Io(a) < 3 log i, u ¢ yuerom (3.5.19), mmeem

CTBY a? <3

Llo(a) 3¢ 27, L L
p(a—b)? S5 e pq < 15log pq’
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TaK Kak % < % log é. Takum obpasom, (3.5.11) Bumouusercsa ¢ d = 15log i.

Yrobnr yecranosuth (3.5.10), pacemorpum npu 1 > a > b > 0 HepaBeHCTBO BUIA
L(a.b) = Ip(pa + ab) — (pIy(a) + alo(5) < C(p) (a—b).  (3.5.20)

Taxk rar Iy BorayTa, mis Bcex ¢ € (0,1) meBas gacrs (3.5.20) npeancrasisier coboit

BOTHYTYIO (yHKIUIO napul (a,b) HA cermMeHTe
Ale) ={(a;b):pat+gb=c,1>a>b>0}

B TO BpeMs Kak npaBas dacTh (3.5.20) — nuneitnas ¢yukums. Ilostomy (3.5.20)
BLIOJIHSIETCSA 1Jist Beex (a,b) € A(c) Torma u TOILKO TOTJA, KOTAa 9TO HEPABEHCTBO
CHpaBeINBO IS KOHIEBLIX TOUEK 3TOTO MHTepBasia. (OQUeBUIHO, M KOHIEBLIX
touek A(c) ¢ koopaunaramu (a,b) mubo b =0, b0 a = 1. Ecau b =0, To (3.5.20)

IPEBPAIAETC B HEPABEHCTBO
Iy(pa) — ply(a) < Cy(p) a, (3.5.21)

rae Co(p) = C(p). Ecan ke a =1, To (3.5.20) npespamaercs nocie GpopMaIbLHOR

3aMEHBI IEPEMEHHO b Ha a B HEPABEHCTBO

Io(ga) — qlo(a) < Co(q) a,

rae Co(q) = C(p). CraemoarennbHo ontmMainnable nmocrosHuble C(p) B (3.5.20)

cBA3aHBI ¢ onTUMasbHLIMU ocTogHHEIMU Cp(p) B (3.5.21) ToskmecTBOM
C(p) = min(Co(p), Co(q))-
B cuny nemwmur 3.5.4, Cy(p) < 4pq +/log(1/pq). Cunenoarennuo

C(p) < 4pq+/log(1/pq).

Kak pesymbrar, 3p(a7L—b) < 124/log(1/pq), u 3maunr (3.5.10) BomonHsgeTCA ¢ d =
1441og(1/pq).
Teopema 3.5.1 mora3zaHna.
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§3.6. VM3onepumerpudeckre HEPABEHCTBA [JIsI PEIIETYATLIX DaCIpeaeseHui

3mech MBI pacupocTpaHuM Teopemy 3.5.2 mis mpomakr-mep P = u” ¢ omum-
HAKOBLIMU MapPTUHAJILHLIMYU PACIPEACICHUAMU [, COCPETOTOUYECHHLIMU HA MHOKECT-
Be menabnix yucen Z. Hame# 3amayeit 6ymer onmcarh B TEPMUHAX MOPOKIAIOTIAX
Mep [t BCE IPOJAKT-MEPLI, KOTOPLIE YIOBJIETBOTAIOT C TOYHOCTLIO IO MOCTOAHHOM,
HE 3aBUCAIIEH OT pa3MepHOCTH, U30IEePUMETPUYECKUM HepaBeHcTBaM tuna (3.5.4).
Baskuayro poan B HameMm onmcaHum OyneT UIpaTh ABYCTOPOHHEE IMOKA3aTEILHOE
pacupeneneHue v.

[To amamorum ¢ mUCKpeTHLIM KyOOM, ¢ KaskAbiM MHOKecTBOM A C Z"™ cBsuKeM

¢ YHKITIIO
ha(x) =card{i<n:z €A, (x+e ¢ Anmnx—e; ¢ A)},

rae (e;)i<n — KaHOHMUeckuii Gasuc B R™ (Ha muckperHoM kKyGe 9TO# (yHKIMM
cooTBeTCcTBYeT (yHKIMA haly — MBI ynpomaeMm oO00O3HaUeHUs C Te€M, YTOOLI MHTe-
rpaJ B (3.5.4) ¢popMaILHO paccMaTpUBATL IO BCeMy mpocTtpancTBy). Onpenenum
0A ={hs > 0} — 7 nuckpernyio” rpanuny A ”c BHyTpeHHEHl CTOPOHLI” .

Hna ¢yurmuii g va Z"™ coorBercTByIOmee ompenenenre (yHrimmu Mg momkHO

OBITH

Mo(e) = |5 2 (9@) = gl = e)*)* + ((9(x) = glo + ) )"

Hanomuum, uto Ag(z) = g(x + 1) — g(x), = € Z, — pasHOocTHLIA onepatop, mefcT-
ByIOImuil Ha ceMeiicTBe Bcex (GpyHKIUiA Ha Z.

Ilns BepositTHOCTHOR Mephl 1 Ha npsaMoir R ¢ ¢yuknueit pacupenenenns F,(z) =
pu((—o0,z]), x € R, onpenenum ¢yHKIMIO

Fu_l(p) = inf{z : F,(z) > p}, pe(0,1],

IPUHUMAIOILYIO 3HaueHus: B (—o0,+00]. HamoMmHuM, 4TO ABYCTOpOHHEE MOKA3a-
TEJILHOE pAacIpelesieHre, KOTOpOoe MLl Bcerja o0O3HAYaeM depe3 V MMeeT IIIOT-
HOCTD % exp(—|z|) (mo ormomennio k Mmepe Jlebera). Orobpaxenne U, : R — R,
Uu(z) = F,'(F,(x)), HenpepnBHO CcieBa, He yOLIBACT M IEPEBOIUT U B i (OTO-
O6paskeHre ¢ TaKUMU CBOWCTBaAMM eqUHCTBEHHO). Ecuu pu cocpenorouena ua Z, To

U, — cryneruaTras GpyHKIUA CO 3HAUYCHUAMH B Z.

Teopema 3.6.1. Ilycto p — BepositHocTHas Mepa Ha Z. Cienyromue yCcaoBUs
5KBUBAJICHTHDI:

a) cymectByet ¢ > 0, Takoe uto mus Bcex n > 1u A C Z"

/ Viada® > e (A) (1 — p"(A)); (3.6.1)
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b) cymecrByer ¢ > 0, Takoe uto s Bcex A C Z
1(0A) = cp(A) (1 — p(A)); (3.6.2)

¢) Mepa [ yHmOBIeTBOpseT HepaBeHCTBY tuna l[lyankape mus omeparopa M:

cymectByer ¢ > 0, Takoe 4To mis Bcex QyHKuui g Ha Z
¢ Var,(9) < E,(Mg)?; (3.6.3)

d) mepa pu ymoBierBopser HepaBeHCTBY tumna Ilyankape mus omeparopa A:

cymecTByeT ¢ > (0, Takoe 4TO IJis BceX (GpyHKUuUit g Ha Z
c Var,(g) < E,|Ag|?; (3.6.4)

e) cymectByeT ¢ > 0, Takoe 4TO M BCeX a € Z

¢ Fu(a)(1 — Fu(a)) < pl{a}); (3.6.5
f) mus mekoroporo h > 0

sup [U,(z + h) — Uyu(x)] < 1. (3.6.6)

ze€R

3amMerrM, 4TO KakI0e U3 CBOWCTB a) — f) Bieder TOT (AKT, YTO HOCUTEIEM
p OyIeT HEKOTOPLIA MEeJOYMCJIEHHLIA MHTepBas (KOHEYHLIA wiu Her). JlelicTBu-
TEJILHO, €CIU JOMYyCTUTL TPOTUBHOE, TO ecTh, ecau p((—oo,a — 1)) > 0 u p(fa +
1,400)) > 0, 0 pu({a}) = 0 mns mekoroporo a € Z, to HepasencrBa (3.6.2) n
(3.6.5) mapymatorcs qus A = (—oo,a]NZ, a (3.6.3)—(3.6.4) — mua uaIUKATOPHON
pysEIIIN g = 1(_o0,qjnz (Tak kak Mg = Ag = 0 p-n.u.). Hakomemn, kak cirencrsue
(3.6.5), obpas U,(R) nomxen Obith mHTEpBaoM B Z. 3aMeTUM, UTO CBOHCTBO a)

coBmagaer ¢ b) npu n = 1.

Hepagencrsa tuna Ilyankape, B yactaoctu, (3.6.4)—(3.6.5) merxko pacupocrpa-
HAIOTCsA HA MHOIOMEPHOE IPOCTPAHCTBO Z", HO Ha WHIWKATOPHLIX (YHKIUAX OHU
O6ynyT cinabee, yeM nsonepumerpuyeckue Hepasencrsa tumna (3.6.1). Kak u panee,
HaM ciieayeT n30paTh APYryio GyHKIMOHAILHYIO popmy s (3.6.1) u mokasniBaTh
HEpPaABEHCTBA BUIA

cI(E.g) <E, /(92 + (Mg)?, 0<g<1, (3.6.7)

¢ ¢pymrmmein I(t) = t(1 —t), rax B memme 3.5.1. Hepasencrso (3.6.7) (cuoBa B
cuay obmeli Teopemer 3.1.2) o600maercss Ha MHOTOMEPHBIA CIydali, U HA WHIUKa-
TOPHLIX (YHKIUAX MHOTOMEDHLIA BapUAHT TOrO HepaBeHCTBa naer yxke (3.6.1).

Taxum ob6pazom, 4ToOBI cBecTy TeopeMy 3.6.1 K OZHOMEPHOMY CiIydaro, CIenyeT
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06 bscHUTL, modeMmy (3.6.3) skBuBasienTHO (3.6.7). Ecum Obl pedn mia o cpas-
HeHUM ~HempepoBHBIX aHasoro (3.6.3) u (3.6.7) mis obbIYHOW IpPOM3BOIHON
g, 70 (3.6.7) Opno Gbr cmibHee, ueMm (3.6.3). OpnpHakro, mIA IPaIUEHTOB IUCK-
PETHOrO THNIa CATYAIWs MEHSETCs CYIIECTBEHHO, M pelnaromee HabIIIoqeHre coc-
Toutr B ToM, uto nipu n = 1 Mg < 1, kak Toapko 0 < g < 1. Kak cumencrsue,

ecau (3.6.3) BLITOIHAETCSA C HOCTOAHHON ¢, TO (3.6.7) BLITOTHAETCS C MOCTOSHHON

c1=1/4/ %c + %2 HeticTBurennuo, mius moboix u € [0,1/4] u v € [0,1] copasen-

JUBO
1
Vu? +dv? —u > :vz, rne d=1/c.

[Tpumenss aTo HepaBeHcTBO K u = I(g), v = M g, nonyuaem

E, [VI(9)? +d(Mg)? ~ 1(g)| = - E,(Mg)? = Var,(g)
= I(Eug) - EuI(g)7

T.e., (3.6.7) mus c¢;. O6parno, npumensis (3.6.7) kK QyHKuIUIM BUIA % +eg, Toe g
orpaHuveHHas (QyHENUA Ha Z, Takasa uyro E,g = 0, u ycrpemnsaa € — 0, npuxoaum
K (3.6.3) ¢ mocTosHHOH 2c.

WNrak, MOKHO cUMTATL, 4YTO N = 1, ¥ KaK MbLI OTMETWJIU, CBOWCTBO ¢) Bileder
(3.6.7), caemoBarennHo a) u b), ciaenosBarennuo e) ((3.6.2) ma mHOMkecTBax A =
(—00,a]l N Z upespamaercsa B (3.6.5)). 3uauur, ocraercsa DOKAa3aThL SKBUBAJIECHT-
HOCTL cBolicTB ¢) — f). CBolicTBa ¢) n d) 04eBUAHLIM OGPA30M BIEKYT €): HY:KHO
npuMernTh (3.6.3) u (3.6.4) K MHAMKATOPHLIM QYHKIAAM ¢ = 1(_o 4jnz. LakuM
06pa3oM, Hy:KHO YCTAHOBUTDL JIAINL ABE UMILIMKAnuu e) = f) = c¢) & d).

HauyneMm ¢ HEKOTOPLIX MPUTOTOBJICHUM.

Jlemma 3.6.1. Ecau ¢ < z <y, 1O

Fu(y) — Fu(x) y—x _
RGGFey 21

IlokazaTenscTtBo. OUEBUIHO, HOCTATOYHO PACCMOTPETH CIyYal 2 = & U 2 = Y.

ObGa »Tu cayvas »KBUBAJEHTHLI, TAK KaK Mepa U CUMMETPUYHA OTHOCUTEILHO 0,

1
U MOXKHO CYNTATDL, 4TO 2z = . HamomummMm, uro F,(u) = Se'mpru<0mn F,(u) =
1
1-— Ee_“ npu u > 0. Iomowum h =y —x. Ecau 0 <z <y, 1O
Fy)—F @  1-—e"

_ —h ho
Fo(2) (- Fo(z)  Fo(2) <2(1—e )y <2(eh —1).

Ecmu z <y <0, 0

F,(y) — Fy(x) _ eh —1
Fyu(z) (1 = Fy(z)) 1— F,(x)

<2(eh —1).

Hakowner, ecmu x < 0 <y, TO

Fy(y) —Fy(x) _ 2e7%— e 2 h 1 < —x __ —2x—h _ < h
F,(x)(1—Fy(z)) 1— F,(z) < 2(2e € 1) <2(e 1),
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TakK KakK IocJenHee HEPABEHCTBO CBOMUTCA K 2 < erth 4 e=(z+h)

Tenepn MLI IOKaMKEM, UTO CBOWCTBO €) BieueT cBo¥icTBO f). Ilis mpuiioskeHuii k
DoJiee OOIIMM HEpABEHCTBAM, NOKAKEM HA CaMOM meje Oojiee obIiee yTBED:KICHUE
(amwke mMmukanmum e) = f) coorBercTByer mapamerp hy = 1: B »TOM ciayuae

(3.6.8) mpespamaercsa B (3.6.5)).

Jlemma 3.6.2. Ilyctn g — BepoaTrHOcTHas Mmepa Ha npavmorn R. Ilyctn ¢ > 0 n

ho > 0 TakoBLI, uTO A Bcex a € R
F.(a) — Fy,(a—ho) > cF,(a) (1 - Fyu(a)). (3.6.8)

Torma, sup,cgr [Uu(z+h) —U,(z)] < ho mpu h =log(l+c¢/2).

HoxrazarenncrBo. OmupenenumM (yHKIUIO Uu_l : R — [—00,+0], ucxomsa us

TOKIECTBA
{t:U,(t) <a} = (—o0, Uu_l(a)], acR,

winn asuo Uy '(a) = F'(Fyu(a)) (uto paBOCMILEO B cmiry menpepnrocta U,
cnesa). Orcioma Fy(a) = F,(U;'(a)) ana scex a € R. B wacrnoctu, npu z =
U, (a—ho), z=y=U,"a), (3.6.8) mpumer Bux

F,(y) — F.(z) > cF,(2) (1 = F(2)).
B cuny memmer 3.6.1, ¢ < 2(e¥”* — 1) npu ycJaoBumu, 4TO & U Y KOHEUHLI. B mro6oMm
cay4dae y > x + log (1 + % , TO €CTD,

Ui Ma) > U (a = ho) +log (1+ %) (3.6.9)

s Becex a € R. Tak kak, mo ompeneeHuo Uu_l,
(=00, 2] C {t: Up(t) < Up()} = (—00, U, ' (Un(2))],

cupasemmuo mepasencrso U, ' (Uu(z)) > z, v € R. Tosromy, moacraBiss B
(3.6.9) a=U,(x) + ho, nonygaem mpu h = log(1 + %)

U, ' (Uu(x) + ho) > U, (Uy(a)) + h >+ h.

m

CuoBa B cumy onpenenenus U, ', mmeem U, (U, '(a)) < a mna Bcex a € R, rre,

ecnu HeoOXOIMMO, cienmyeT moHMMarhb 3Hadenus U,(—oo) u U,(400) B 0OLIMHOM
(npenennHOM) cMmbiciie. Takum oGpasom,

Uu(x+h) <ULU,;  (Uu(x) + ho)) < Up(x) + ho,

u crenoBareanHO sup,cg [Uu(r +h) — Uy(x)] < hg. DTo mokasviBaer memmy 3.6.2.
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Urobul mpucTynuTh Ko BTopoil yactu f) = ¢) & d), Ham moTpebyroTCsa HEKOTO-

pLle CBOMCTBa MeEpLI V.

Jlemma 3.6.3. Ilna mro0oif HeoTpunareabHOR m3Mepumoin ¢pysrmuu g Ha R 1
Bcex h € R
e "M E,g(z) <E,g(x+h) < e B, g(z), (3.6.10)

e ?I" Var, g(z) < Var, g(z + h) < " Var, g(z). (3.6.11)

JToxa3aTeanLCTBO.

[IioTHOCTL f, MepLI v yaoBiaeTBopsaeT HepaseHcTBY fo,(x + h)/f,(x) < elll.

Jlemma 3.6.4. Ilus Bcex a € R u h > 0 cymectsyer ¢ = ¢(a,h) > 0, Takoe 4To
st m060# HeyOnBaromelt ¢pyukrimuu g Ha R ¢ g(a) =0

cEug(z)® < Euf(9(z) — gl = 1)*Lizsay + (9( + 1) = 9(2)) Lo<a—ny]-

JlokaszarenncTBo. B cumy (3.6.10), c(a, h) < e2l%l¢(0, h), Tak uro mocrarouno
paccmoTpeTh caydaii ¢ = 0. Cuadgasa mokaskeM, 4TO s JIF0OOUW HeyOnIBarormeid

¢ymrmmm g Ha R, Tako#t uro g =0 ma (—o0, 0],
E,g(z+h) > (2—e " E,g(z). (3.6.12)

D TO HEPABEHCTBO JIMHEIHO MO ¢, MO9TOMY AOCTATOYHO €TI0 IPOBEPUTL HA WHANKA-
TOPHBEIX QYHKIMAX § = 14 o0y, @ > 0 (Tak Kak mobas HeyObIBaiomas, HeIPePLIBHAS
caeBa (QyHKIUs, ucuesaromas Ha (—oo, 0], MOskeT OLITL IpeanCTaBIeHA B BULE CMECHU

TaKUX MEIUKATOPOB). s g = 1(, o0y (3.6.12) mpuruMaeT Bug
1-F,(a—h)>2—-e™(1-F,(a), ah>0.

Ecmu a > h > 0, o170 tpocTo eh+e " >92 Ecmume 0<a< h, OHO 3amuIIeTCs KakK

_la—h l _ ,—hy _—a
- e 22(26)6,

YTO TOXKE OYEBUIHO (C PaBE€HCTBOM IIpA a4 = 0)

SamumeMm reneps (3.6.12) B Buge
(1= e Evgls) < By (gl + h) — g(a)). (3.6.13)

[Mockombky g = 0 Ha (—00,0], (3.6.13) MO¥KHO Tak&ke NPUMEHUTL K ¢2: B CHIY

HepaBercTBa Komwm-Byusakosckoro u (3.6.10),

(1= e gl = (1 = ") Eug(a)®

<E,(g(z+h) —g(x)) (g(z+ h) + g(x))
< ligle + 1) = g(@)l2 lg(x + h) + g() |2
< llg(z+h) = g@)ll2 (¢"*llgllz + llgl=) .
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rae || - ||z o6osnauaer wopmy B L?(v). CremosaTennHo

2
1—eh
( o ) E,g(z)* < E,(g(z + h) — g(2))*.
Crosa B cuny (3.6.10), u tak xak g(z) — g(x —h) =0 npu = < 0, nmeem

c(h) Eyg(2)® < By(g(x) — g(z — h)*1{asoy, (3.6.14)

—h 1—€7h
rae c(h) = e (71 —7

¢ymrnuu g ma R, Ttakoli uro g = 0 ma (—o00,0]. B cuny cummerpuyHOCTH V, IS

)2. Urax, (3.6.14) cupaseqmuso 15 n060ii Hey OLIBatome

moboit meybnBaromet pyurnuu g Ha R, Tako#i uto g = 0 ma [0, +00), numeem
() Bug(x)? < By(g(a + 1) — g())*Laco). (3.6.15)

PaccMoTpuM Teneph TPOU3BOJILHYIO HeyOLIBAIOMYIO (YHKIUIO g Ha R ¢ yciaoBuem
g(0) = 0. Beemem ¢yurmum go = g 1(—oc0]» 91 = 9 1[0,400). Hpumensas (3.6.14) & g,

a (3.6.15) & go, CkIAABIBAT 9TU HEPABEHCTBA U 3aMevas, UTO JUis Bcex - € R

(z +h) —g(),
() —g(z = h),

g1(x +h) — g1(z)

<g
go(x) —go(x —h) < g

OJIy4aeM

c(h) Eyg(2)” < By(g(@) — g(z — h)*Lzsoy + Bu(g(@ + ) — 9(2))*1{u<oy-

Crosa B cumy (3.6.10),

E,(9(z 4+ h) — 9(2))°1{_p<z<oy < " Eu(g9(x) — g(z — h))*Ljocran)
< eh Eu(g(x) - g(:]j - h’))21{$>0}7

CcJIe10BaTEJILHO

c(h)E,g(z)* < (14 €e")E,(g9(z) — g(z — h))*1{z50y
+ Ey(g(z+h) — g())*L{z<—n}-

[puxomam & Tpebyemomy yTteepaenuio ¢ c(0,h) = c(h)/(1 + ). Jlemma 3.6.4

IOKa3axa.

Jlemma 3.6.5. last mr00LIX BEIIECTBEHHLIX a4 > b CyIIECTBYyeT MOCTOSAHHAS C =

c(a,b) > 0, Takas yro mus a060# HeyOLIBatomel ¢pyurnuu g Ha R

¢ Vary(g(z)) < By (g9(z + a) — g(z +))".
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HoxrazarennctBo. B cuny (3.6.11) mocraTouno paccMorpers caydait a = h > 0,
b = —h, npennonaras npu stoM, uto ¢(0) = 0. Mol momyunm TpeGyemoe yTBED:K-
nenue, ecau npuMmenum gemmy 3.5.4 mpu a = 0 u 3amerum, uro g(x) — g(x — h) <

g(x+h)—g(x—nh), g(x+h)—g(x) <g(x+h)—g(x—nh).

Tenepn MBI MOKEM CAeJIaTh TOCJETHUR Mar IJs foKa3aTeJLCTBa TeopeMbl 3.6.1.

Jlemma 3.6.6. CpoiicTBo f) Bieder ¢) u d).

HoxraszarenncrBo. Ilycrtn h > 0 rakoe, uro U,(x + h) < U,(z) + 1 npu Bcex
r € R. Ilyctn g — mHeyOnBaromasa ¢yuknua Ha Z. Ilpumenasa nemmy 3.6.5 mpm
a=hnb=0x ¢pyaxnun g(U,), morydaem

c Vafu(g(y)) = ¢ Var, (9(Upn(z)))
E,(9(Uu(z + h)) — g(Up(x)))?
E,(9(Uu(z) + 1) — g(Uu(x)))?

E.(9(y+1) —9(y))?

To ecThb, ¢ Var,(g) < E,|Ag|?, u (3.6.4) Takum 06pa3oM NOKa3aHO B IPEIIONOKE-
HUM MOHOTOHHOCTH (.

B nanbmeimeMm MOKHO mpeanojaraThb, 4YTO Mepa [, He COCPEeIOTOYEHa B OIHOM
rouke. Ilycrn mus ompenenennoctu p = u({0}) > 0 u p1 = p({1}) > 0. Tornxa,
npu (DOMOJHUTEILHOM K MOHOTOHHOCTH) yesoBun ¢(0) = 0 mo HepasercTBy Komm-

Byusarosckoro
(EL9)® = (BEuglizzoy)® < (1—p)ELg’.
Crenosarenvuo Var,(g) > pE,¢?. Kak ciencrsue, Ais MOHOTOHHBIX ¢, TAKUX UTO
9(0) =0, mmeem
cpELg(y)® < EulAg(y)*. (3.6.16)

Ha camowm mesie, 4TOOLI ABUTATLCA Aablle U HOKa3LBaTL (3.6.16) mus omepartopa
M, Ham mOHAIZOOUTCS NPU TeX 3Ke YCJIOBUAX elle OnHO HepaBeHCTBO. Ilyctn a € R
— MakCHMaJbHLI KopeHb ypasuenus U,(a) = 0 (Takoe 3HaYeHME a CYIECTBYET,
rak Kak ¢yHrnus U, HenpepoiBHa cieBa u fi([1,4+00)) > 0). Torma mms Bcex z > a
umeem y = U,(x) > 1, B To Bpemsa kak mia ¢ < a — h uvmeem y = U,(z) < 0.
[Tpumensaa nemmMy 3.6.4 mpum oTux 3nadenuax a u h k ¢pyusnuum g(U,) n 3amedas,
uro g(U,(a)) = g(0) = 0 (Tax uTO BCe yCJIOBMA JEMMDI BLIIOJHEHLI), HOIYydaeM C

IIOMOIIILIO TEX EKE CaMbLIX paCCY}K,IIeHI/Iﬁ HGpaBeHCTBO
cELg(y)® < EuAg(y — 1)1y>1y + EuAg(y)[P11y<oy, (3.6.17)

rae ¢ = c¢(a, h) — nocrosunas n3 semmel 3.6.4. Bropoe maremaTnueckoe oKuIaHNE
cpasa comepsxuT caaraemoe |Ag(0)|?p, UTo MOKET GLITL OIEHEHO CBEPXY BLIpaKe-

HUEeM p% E,|Ag(y—1)|°1y>13. Takum oGpasom, noxyuaem ¢ yuerom (3.6.17), uro

a1 Eug(y)? < EulAgly — D11y + EulAg)*1y<—1 (3.6.18)
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¢ TMOCTOAHHOM ¢1 = ¢/(1 + p% ). Kak pesyuabrart, (3.6.18) BLImOJHEHO, Takke Kak 1
(3.6.16), B KIacce BCeX MOHOTOHHBLIX (hyHEUMA ¢ HA Z mpu ycaosuu g(0) = 0.

Pacnpocrpanum tenepn (3.6.16) u (3.6.18) HA NpOU3BOILHLIE GYHKIUN g C YCIIO-
BueM ¢(0) = 0. Oupenenum Gpyurnuio g* caemxyromum oopazom. [Tomoxum g*(0) =0

g*(y>=Z|g(i>—g(i—1)|, npu y > 1,
90 =~ Y lo) —gli+ DI, mpn y< -1,

Torma nns Beex y € Z |g*(y)| > |9(y)| n

g y+1)—g"(y) =gy +1) —g(y)l.

Tak rak ¢g* e yooBaer u g(0) =0, B cuay (3.6.16),
cpEug(y)” < pEug(y)* < Eu|Ag* ()" = E,ulAg(y)]*.
ITo Tem ke campiM mpuumHaMm g ynosierBopsieT u (3.6.18). Kak cinencrsue,
cp Var,(g) < Eu|Agl?,

u tak kak yciaosue ¢g(0) = 0 He ymasuser obmuoctu B (3.6.4), cBoiicTBO d) qOKa3aHO
B O0IIeM cirydae.

Haronen, Mbl MOskeM noka3arb (3.6.3) m 3HAYMT CBOWCTBO ¢), OnmMpasch Ha
(3.6.18). Tawke, kak u 1uis onepatopa A, Hy:KHO OKa3aTh, uto c E,g? < E,| M g|?
IUIsl HEKOTOPOW mocTosiHHONW ¢ > 0, He 3aBucsmeid or g, npu ycaosuu ¢(0) = 0.

CrauaJjia 3aMeTUM, YTO

[Ag(y)]> <2(Mg(y))* +2(Mg(y + 1))

st Beex y € Z. Crnenosarennuo, B cuiy (3.6.18),

S e Var(9) < 5 1 Bpg(y)?
<E, [(Mg(y))Ql{yzu + Mgy — 1))21{1121}]
+E, [(Mg(y)*1iy<_1y + Mgy + 1)*1y<_1y] -

HOSTOMy JOCTAaTOYHO IIOKa3aThL, YTO HEPaBEHCTBaA

E,(Mg(y —1))*1y>1) < aE,(Mg(y))*1(y>0), (3.6.19)
E,(Mg(y+1))*1y<—13 < BE.(Mg(y))*1{y<o) (3.6.20)
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BLIIOJIHAIOTCA UL HEKOTOPLIX IOCTOAHHLIX ¢ U [3, He 3aBucAmux or g. Ha camom
neise, (3.6.19)—(3.6.20) cnpaBemyiuBLI miIsl JTIOOLIX HEOTPUNATENLHLIX (QYHKIUA V
u, B wactaocTH, maa V = (Mg)2. IleficTBUTENLHO, Temeph MLI MOMKEM BOCTIOJL-
30BaTLCA HepaBeHCTBOM (3.6.5) (IOCKOJLKY CBOWCTBO €) caenyer u3 d), a d) yxe

IoKa3aHo). B wactHOCTH, miisi Beex y > 0 memnix

p{y}) = cFu(y) (1 = Fu(y)) = ¢ F.(0) p({y + 1}).

CraenoBaTeanLHO

1

EV(y-Dlyey =) Vulfy+1}) <

,u(o) Euv<y) 1{3/20}'

y=0

OTo mokaswBaer (3.6.19). Amasmormuno mis y < —1

p{y}) = e Fu(y) (1= Fu(y)) = ep({y —1}) (1 = Fu(=1)).

CaenoBaTelnLHO

BVt ) lyen = > Vuu(ly—1))

y=—00

1
< TaoEcy BV -y

Kpowme Toro,

EV(y+1)1y=—1y =V(0) p({-1}) < — E,V(Y) 1{y=0}-

1
p
Tax rax F,(0) > p>0mwu1l—F,(—1) > p >0, npuxomum & (3.6.20), craannBasd

IIOJyYeHHbIe HepaBeHCcTBa. Jlemma 3.6.6 u ¢ Helr Teopema 3.6.1 Tenmeph mOKa3aHLI.
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§3.7. Illpumevanus

Pesyanrarnt §§3.1 u 3.2 ocuoBannl Ha pabore [74], a §§3.3-3.6 — ma pabore
[75]. OcHoBHBIM MOTMBOM K Teopeme 3.2.1 mocayskuiaa crarnbs Tamarpana [216]
(yrounenuto Teopemnr 1.1 aTo#i pabornr nocssmen § 3.5). Kak yske ormedasocn, B
KauecTBe (YHKIMOHAJLHOW (popMbl s HepasBeHcTB Buma (3.5.2) Tamarpan pac-

CMATpUBAJ HEPABEHCTBA IUIA QUCIepCUy (YHKIUA g HAa AUCKPETHOM KyOe Braa
cI(Varg) <EMg, 0<g<L1. (3.7.1)

[Ipm HEKOTODPLIX OrpaHMYeHMAX HA (GyHKNUIO | Takue HepaBeHCTBAa MOryT 0000-
MIEHLI C AByXTOUYeuHOro npocrpancrsa {0,1} Ha ”MHOroMepHLIA” AUCKpeTHLIA Ky6
{0,1}™. TIlpm oTOM HOCTOAHHAA ¢ YXYIUIUTCs, HO OCTAHETCS HE 3aBUCAIEHA OT
"pasmeproctu” n. B sTom cmuicie (3.7.1) Bemer cebs Xyske MO CPaBHEHUIO C
(3.5.5), 1 BpsAO JU MOYKHO BLIBECTU I'ayCCOBCKOE M30IMEPUMETPUYECKOE HEPABEH-
CTBO Ha OCHOBe NMCKPETHOTO HepaseHcTBa Buaa (3.7.1). Kpome Toro, mpu muO-
romMepHoM 0600menun (3.7.1), mO-BUAMMOMY, NPOUCXOIAUT YXYAIIEHUE B 3aBUCHU-
MOCTH TOCTOSHHO# € OT mmapameTrpa p.

B cBowo ouepenn, morusom mis [216] mocayskuna reopema Mapryauca o ¢Boi-
ctBe “threshold phenomenon”. Bauskum Bompocam, CBS3aHHLIM C OICHUBAHUEM
Besuuue (1.H. "influences”) P (A;), rme A; = {z € A : s;(x) ¢ A}, mocBsimeHnI aBe
npyrue paborsr Tamarpana [218], [223] (cm. rarke Kan, Kana#i u Jluauan [157]
np. pabotrer: [92], [93], [132]). B [218] Obuim moka3aHLl QUCKPETHBIE HEPABEHCTBA
M30MEePUMETPUUECKOTO THUla, OIU3KME K JIOTapupMUUIecKoMy HepaBeHCTBY | pocca
Ha IUCKPETHOM KyOe, MpUYeM OCHOBHOI IIAT COCTOSJ B HOJIYYEHUN HEPABEHCTB
trna Xuaunaa-Kaxansa ||Qlo < ¢||Q|lp (mpu o> B =2) nna momuromos () or (He-
CUMMETPUYHO PaCHpEIeIeHHBIX) HEe3aBUCUMBIX OEPHYJJINEBCKUX BeauynH. Koraa
(Q — HOpMa, TakWe HEePABEHCTBA MHTEHCUBHO KCCJIEAOBAJINCL MHOTMMU aBTOPAMU,
B YaCTHOCTU, HA OCHOBE M30IEPUMETPUYECKUX HEPABEHCTB. B Kiacce ;Ke MOJU-
HOMOB HEPAaBEHCTBA TUNMA XUHUYMHA—KaxaHa MCCIETOBAHLI JIUMIIL IO OTHOIIEHUIO K
HEKOTOPBLIM PACIPEAECTCHUAM, KAK TO: PABHOMEDHOE PAacCIpeIesieHrne Ha BBITYKIOM
MHOKECTBE B eBKJINA0BOM npocrpancTse (Bypran [91]), HopmanbHOe 1 ramMMa-pac-
npenenerre (IIpoxopos [32], [33], cm. Tarxe [77]).

Hycte P = p; — mpomakr-mepa na {0,1}". Ilaa AC{0,1}" paccmorpum MHO-
kecTBO 01 A = OANA, cocrosiee n3 TPAHUYHLIX TOYEK C ' BHYTPEHHEH” CTOPOHLI.
Tak kak hgy < nlpa, HepaBerncrsa (3.3.2) u (3.5.2) BIEKyT OLEHKN

1
V2npq
P(0:4)> L I(P(A)), ¢ =

n

P (0A) > I(P(A)), (3.7.2)

Ko
Viog(1/pq) ’

rae I — rayccoBckas m3onepumerpudeckas QyHEIuUA, u Ky — abcoaroTHas moc-

(3.7.3)

tosHHas. [IpaBas uvactnh B (3.7.2) mMeeT NPABMILHLIA MOPSAOK IO Iape Iepe-
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meHHLIX (p, P (A)), uro mokasniBaer yske mprMep MHOxkecTB Buma A, = {5, <k},
k = [np + a\/npq]: B aTOM ciyuae \/npq P (0A,) = 2p(a) u I(P (A,)) = ¢(a) npu
n — 0o. IlpuMep TaKUX MHOKECTB YKA3LIBAET U HA NPABUJILHLIA IIOPSAIOK B 3aBUCH-
Moctu npasoit yactu (3.7.3) or I( P (A)), n kpoMme TOro, yKa3aHHAsS HOCTOSHHAS Cp
TOKE M€ MOJKET OBbIThL YJIyYHICHA C TOYHOCTBLIO IO abCOJIOTHOIO MHOMKUTENS, YTO
MOXKHO IIPOBEPUTL Ha MHO:xkecTBax {S, = 0} u {5, = 1}.

Muoskurenu nepen I(P (A)) B (3.7.2)—(3.7.3) rak ¢yHERUAN mapameTrpa p IO-
pasHoMmy BenyT cebs npu p — 0 (u, kak caencrsue, (3.7.2), B orauuwne ot (3.7.3),
JIOIIy CKAET IIyacCOHOBCKUH anasor). OQHakKo, eciu OTBIEYLC OT HapaMeTpa p, TO,
KOHeuHO, (3.7.3) — Gojee CUILHOE HEPABEHCTBO, Tak Kak MHOKECTBO Oy A MOMkeT
6LITL cymecTBeHHO MeHblie, yeM JA. Bmepsoie mepasencrso Buna (3.7.3) 6onuio
nosyderno B 1974 r. Mapryaucom [23] (kak ciaenctBue ero TeopeMmbl), IPaBIa,
st pysrnvn I(t) = ¢(1 —¢). B 1976 r. Aunceene, 'akc u Keprep [51] mokasann

TaKoe HePAaBEHCTBO yiKe IJIA IayCCOBCKOI m3onepuMerpudeckoir ¢pyHknuu / ¢ moc-
min(p, q)

3+y/log(1/ min(p, q))
KCIOJL30BaH TOT (akr, uro I ymoBierBOopsieT muddepeHnnaILHOMY yPaBHEHUIO

TOSIHHOM ¢), = (rme ¢ =1 —p) (uMu GBUI, TOBUAMMOMY, BIEDPBLIE

I"I = —1; cm. rmakxke Auncseme u Karona [52]). Cuenyromee yiyumenue OLLIO
canenano TasarpanoM, DokasaBmuM OoJsiee cuibHOE HepaBeHCTBO (3.5.2) ¢ mocro-
AHHOW ¢ = Ko4/pq.

CkaszaHHOE, KOHEYHO, HE OTHOCUTCS K KAHOHUYECKOMY CIyYaio p = %, LT
koroporo (3.7.3) — mpsimoe ciuencTBue TeopeMmnl Xapuepa [147], koropas maer
ONMCAHNE SKCTPEMAJILHBIX MHOMKECTB, MUHUMU3Upyommx P (04 A) npu ¢purcupo-
BanHoM 3HaueHuu P (A) = ¢t (veopema Xapmepa Oblna nepeoTkpbita KartoHoi
[158], cm. mawkxe [131], [229]). Ogmako, mpu p # % 3ama9a 00 9KCTPEMAabHBIX
MHO/KECTBAX MO CHUX MOP OCTAETCS HEPEMEHHOW (B 9TOM O0meM ciaydae yCJIOBUe
P (A)=t cnenyer 3amenurs na yciaosue P (A) >t). Tem He Menee, 3amaua 0 KOH-
IEeHTpanuu TpomakT-mep P =y X -+ X u, Ha AUCKpeTHOM KyOe u, OoJiee oOImIO,
na R™ no ornomenuio k¥ merpuke ¢! (T.e., paccToanuio XaMMUHTa B CIydae MUCK-
perHOro Ky6a) XOpoImo u3ydyeHa. B 4acTHOCTU, U3BECTHO TAKOE HEPABEHCTBO IS
npoxakr-mep P ma {0,1}" ([216]):

h 1 —h%/n
>1— > 0. .
P(A") >1 P(A)e , h>0 (3.7.4)
1
HpI/I P = — C TOYHOCTLIO OO0 8,6CO.HIOTHOI'71 HOCTOHHHOﬁ B DKCIIOHEHTE, 9TO HEpa-

2
BEHCTBO OUYeHL OJM3KO K TOYHOMY M3O0INEPUMETPUUYECCKOMY HEPaAaBEHCTBY, COOTBET-

cTByIOmeMy TeopeMe Xaprepa (OAHAKO, IO CUX HOP HEU3BECTHO, CIPABEIJIUBO

u mepasernctso 1 — P (A") < ce—2h*/n

upu p # %, P(A) > % IS HEKOTOPOA
abcomoTHONW mocrosHHONW ¢). Ecam me tpeboBarh, UTOOLI MapruHAJLHBIE PAC-
npenesenus fi; 6oin cocpenorouennt Ha {0,1}, To HepaBencrBo Tuna (3.7.4) He
MOYKET BLITOJHATHLCH, U MOKHO O:RMAaTh moboe mosenerue P (A"). Tem me menee,

MOYKHO KOHTPOJIMPOBATL HOBEACHUE P(Ah), HaOpuMep, B TepMUHAX OUCHEPCUU
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o?(P)=>", Var(y;). VImeHHo, cnpaBefInBO TaKOe yTBED:KIECHUE, TOKA3AHHOE B
[79]: mus Bcex h >0, 0>0upe(0,1)

o2

D, ecmm  h <
pq
inf inf P (A") = 2 Ve
0?(P)=02 P(4)>p 1-—2% — ecm h>-2
ph® — o pq

(o}
(paBEHCTBO BO3MOYKHO yiKe B cilydae n=1, IpudyeM 9KCTPEeMaILHLIMU Ipu h > ——
VP4

OKA3LIBAIOTCSI MEPLI, HOCUTENL KOTOPBLIX COCTOUT M3 TPEX TOYEK).
Bawnskoit mo nyxy K M30IepuMeTPUYECKOH 3aaue Ha TUCKPETHOM KyOe fABJISeTCS

3a7ava 0O OIEHWBAHUYM CHU3Y (yHKIMOHAJIA
Ly = / hadP

B tepmunax P (A). Ilpu p = % L, ¢ TogHOCTBIO mO MHOXEHUTeAs 2~ "~ ! mpen-
craBiseT cobO# umcio rpannyHLix pebep A (To ecTh, unciao Takux map (x,y), 4To
x €A y¢ A ux; =y; 1 Bcex i < n 3a UCKIIOYEHUEM ONHOIO 3HaUeHus). B
5TOM CJIyYyae MHOKECTBa, MUHUMU3UDPYIOmMUe L4 Tpu PUKCUPOBAHHOM 3HAYECHUUN
P (A) =t, 6o onucannt B 1964 r. Xapnepowm [146] u Jlunncu [182]. Ux pesyin-
TaTbl HEOJHOKPATHO IIEPEOTKPBIBAINCL M 0boOmamnucs [67], [118], [119], [161],
[148], [86]. McTopusa Bonpoca onucana B pabore Anncsene u Kas [53], cm. Takke
[50]. DkcTpeMaAJLHLIMU B 9TOW 3amade OKa3LIBAIOTCA MHOKECTBA, COCTOAIUE U3
mepBLIX 2"t TOUEK OUCKPETHOTrO KyOba, eciim PacCIOJOKUATL €ro 3JIEMEHTLI B JIEK-
cuKOrpadudecKkoM mopsake. B uactHocTH, mpu t = 2F7" 510 GymyT "momky6nr”

{0,1}* x {0}"*, u smauwmr npu Takux ¢ COpaBeIUBO HEPABEHCTBO
La>—2P(A)log, P (A) (3.7.5)

(c paBenctBOM Ha moaky6ax). Ha camom mese, 3T0 HEPABEHCTBO UMEET MECTO MJIS
Bcex t (TO ecTb, mus Bcex A), UTO JIerkO OOHAPYKUTL, eciau 3anucarth (3.7.5) B

(YyHEIMOHAJLHON popme

E|Vg|? > 2 Ent(¢?), (3.7.6)

rae g — npousBoibHasa Gyukimms Ha {0, 1} co snavenusmu B {0, 1} (3necn |Vg| 0603-
HadaeT MOMYyJ L AMCKpPeTHOro rpamuenta, u Ent(g?) = Eg?log, g — Eg?log, Eg?).
IIpr n = 1 10 HEpPABEHCTBO OYEBUIHO, CJIETOBATEJILHO OHO BEPHO NIPU BCEX 7 B
CUJTy M3BECTHOTO CBOWCTBA aJMUTUBHOCTH »HTpomuu (mpasna, mpu P (A) # 2F—n
(3.7.6) y:xe He HeceT B cebe mHPOPMAIUIO 00 SKCTPEMAILHBLIX MHOMKeCTBax). Ecian
B (3.7.6) log, (B ompemeseHUM HTPONUM) 3aMEHUTL HA HATYPAJILHLIA Jorapudm,
TO OHO CTaHET C TOYHOCTBLIO N0 MHOxEMTeNs mepen Ent(g?) cmabee, mo Gymer
CIIPABEUIMBLIM YiKe IJId BceX (QYHKIUA ¢ Ha nuckperHoM Kybe. Takoe morap-

npmudeckoe HepasercBo tuna CoboseBa 6bu10 OTKpHITO Bonamu [87] B 1970 r. u
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nepeoTkpuiTo I'poccom [138] B 1975 1., cBazaBmuM (3.7.6) ¢ rayCCOBCKUM JOra-
puPMUYUECKIM HEPaBEHCTBOM.

ITuckpetHble HepaBeHCTBa Tuna llyaHkape m3ydaamch B OCHOBHOM B KOHTEKCTE
TEOPUM KOHEUHLIX I'Pa(oOB IO OTHOUIEHWIO K PABHOMEPHOMY pACIpeIeaeHuio (Ha
MHOkecTBe BepumH). Cwm., Hanp., pabory Asnona u Munnmana [57], rae norsydeno
HEPABEHCTBO sl KOHIIEHTPpAIUKX Mepnl B TepmuHax A; (7 muckperHas” Bepcus He-
paBencTBa ['pomoBa—Munnmana (0.29)). Bepostaoctabie Mepnt i Ha Z, yIOBIET-

BOpAMOIMUeE AJA BCeX (QYHKNUT g Ha Z HEPABEHCTBY
Var(g) < CElg(z + 1) — g(z)|” (3.7.7)

npu HekoTopoM (koHewynoM) C', Opuin onucanst JIy [184]. Vimenno, nomosuMm p(x) =
p({x}), F(z) = u((—o0,z]), x € Z. Torga, coraacuo [184], (3.7.7) sKkBUBaIEHTHO

TOMY, YTO UL HEKOTOPOro ¢ > () JuHellHOe pPa3HOCTHOE ypaBHEHUE

Ag(z —1) p(z — 1) — (Ag(x) + cg(z)) p(z) = 0

“MeeT CTPOrO MOHOTOHHOE pemieHue g, Takoe uto E|g| < +oo (rme Ag(z) = g(z +
1) — g(x)). Takoe ommcanue MOUTHU UICHTUUHO XaPAKTEPU3ALUU MED, IIOJIYUYCHHON
Yenom u Jly [111] mns o6uiubLIX ”HenpepoLIBHLIX HEpaBEHCTB Tumna llyaHkape.
BuauMo pexkypcuBHO pemias TO Pa3HOCTHOE ypaBHEHUE (OTTAJKUBAsSChL OT HEKO-

Topoii Touru xg € supp(p)), Jly mokasviBaer, uro (3.7.7) pPaBHOCUILHO TAKOMY

CBOYCTBY:
X 1 mo—l 1
sup (1 — F(x — < +o00, sup Fl(x — < +o00.

Herpyaso BumeTnh, 4To TU yCIOBUs BIEKYT Gosee mpoctoe coorHomenue (3.6.5)
un3 TeopeMbl 3.6.1, HO oOpaTHOe yTBEP:KICHUE HE KAKETCSA HAM OYEBUIHDLIM.
Hakorernr ormerum, urto Teopema 3.1.3 0 Xapakrepuzanmyd rayCCOBCKUX Mep
yepe3 U30IMePUMETPUUECKOE CBOMCTBO MOJIyIPOCTPAHCTB Oblia BLICKa3aHa 0e3 mo-
KazarenncrBa B [71] m mokaszama B [8]. J[OKA3aTENLCTBO STOW TEOPEMBI MOFKHO
YVOPOCTUTL, HE pacCMaTpuUBasg OMHOMEPHBIN CIaydaill, BIAEKYIMUIA KOHEUYHOCTDL DKC-

IIOHCHIIMAJILHOI'O MOMEHTa, €CJM 13 HEPpaBCHCTBa

_|._

P{gx/7 <h{>P{e<h}, h>0,
2

M3BJIEUDL TAayCCOBOCTL (HE3ABUCUMBIX, CUMMEPUYHO U OAUHAKOBO PACIIPEIEIEeHHDIX )

c.B. £ 1 n 0e3 KaKUX-IMOO MOMEHTHLIX ITPeanoo:xkeHnii. Takoe yTBep:xIeHne ObLIO

HenasHo nokaszano Keamemem, ITycmeli m [laxepmaepom [167], a Takke Ounemke-

BruueM u Ilycueii [197].
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I'NIABA IV. M3O0INEPMMETPUNYECKMUE KOHCTAHTHI,
HEPABEHCTBA TUIIA ITYAHKAPE U JIOTAPUPMMU-
UECKVUE HEPABEHCTBA TUIIA COBLOJIEBA

§4.1. Obobmenue Teopemnr Yurepa na npocrpancrsa Opaunua

[Iyctn (M, p, 1) — MeTpUYecKoe TPOCTPAHCTBO, cHabkKeHHOe (6OpEeIeBCKOil) Be-
posATHOCTHOW Mepo#r p. Hamedd Oawmwxaiimeli nennpo Oymer mosgydeHue ~ HeEIpe-

PBIBHBIX” AaHAJIOTOB TeopeMbl 3.5.2 misa mpomakr-mep P = u”

B IIPOCTPAHCTBE
M"™ mo OTHOIIEHWIO K METPUKE €BKJIWIOBOTO THUIA po. B KauecTBe 0A30BOro y HaC

6y11eT BLICTYIIATL M30IIEPUMETPUUICCKOE HEPABEHCTBO B M B Oa
pt(A) > e min{u(A),1—pu(A)}, AcC M. (4.1.1)

Onrumannuas mocrosinHas ¢ B (4.1.1), koTopyro Mbl maJsee obo3HAYUAEM uUepes
Is(p), HA3LIBAETCSA M30IEPUMETPUYECKON KOHCTAaHTOW B cMmbiciae Yurepa (unu mpo-

CTO M30IepUMeTpUYecKoil kouctanToit). Takum obpasom,

: pt(A)

Tstw) = _Jnf | a1 — ()] (4.1.2)
rae naGuMmyMm Gepercsi mo BceM mamepumbiM (mo Bopesto) muoskectBam A C M
Mmepot 0 < p(A) < 1. Yrobur 310 onpenesnenre GLIIO KOPPEKTHLIM (TO €CTh, UTOOLI
Takue MHOMKeCTBa A CymecTBoBasn), HEOOXOMUMO IIPENIOJaraTh, 4ToOLI Mepa [
He Oblia meabTa-MepoM, T.e., e IMHUYHOW Maccoil B KaKOW-HMOYOL Touke. B Takom
TPUBUAJILHOM M HE IPEACTABIAIONIEM KAaKOro-anbo MHTepeca CIydae CIeIdyeT IO-
10kUTDL, coraacHo (4.1.1), Is(u) = +oo (cumras, uro 0- 0o = 0).

Mot xoTuMm pacnpocTpaHuTh HepaBeHcTBO (4.1.1) Ha MHOrOMepHOE MpPOCTpAaH-
ctBo (M™, '™, p2) ¢ BOBMOMKHO ApPYTO#, OOHAKO, HE 3aBUCAIEH OT Pa3MEpPHOCTH 7,
noctosiHHO# ¢. Takoe nmpennososkeHne OKA3LIBAETCS BEPHLIM, 1 DOJee TOro, m3ore-
prMerpuyeckas koHcranTa [s(u') MoskeT OBITL ouneHeHa cHu3y depe3 Is(u) ¢ Tou-
HOCTBLIO JIO aDCOMIOTHONO MHOMKUTEI (3aMEeTHUM, UTO IOCJIeI0BATeNLHOCTE [s(u™) —
HeBO3pacTatomas). Jloka3aTeanLcTBO 3TOrO (GakTa OCHOBAHO HA (YHKIMOHAJLHON
popme (3.1.4) ¢ ¢yurmmeit I(t) = ct(l —t), 1 kKak OOBLIYHO, HAM HY’KHO JOKA3ATh
HEYTO GOJIbIIee IO CPABHEHUIO C M30IepUMeTpUYecKuM HepaBeHcTBOM (4.1.1) ms
pasmepHocT; n = 1. D710 "Oosabiee” B HAHHOM CJIydae €CTL HEPABEHCTBO TUIA
[Myaukape B mpocrpanctse Opumua Ly (M, ) ¢ Takoli moposxknaromeid ¢yHKumreir
IOura ¥, kotopas Bener cebs kak |z|? npu manuix x € R u |z| npu 6onbmux .

B kauecTBe mpemBapuUTeNLHOrO mara K OCHOBHOW TeopeMe, B ®TOM Iaparpadge
MBI TOKasKeM cienyiomee yreepkaenue. llycrs U — npousBonbHas gyuknus FOura,

TakKasg 4TO /( )
zU' (x
C\Ij = sup W

x>0

< 400,
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rae U — npoussomnas Pamona—Hurkomuma dymkimuu ¥ (ouesunno, Cy HE 3aBUCUAT
ot Beibopa ¥'). HamomuwuMm, uto HOpMa B mpoctpanctse Ly (M, p) oupenensercs

pPaBeHCTBOM

lglle = inf {A > 0: B (9/X) < 1}

(MaTeMaTUYeCKOe OKUIAHWE MOHUMAETCS B CMbIciae Mepol p). Ilpum aTtom 6ymem
cuuTaTh, 410 ||¢||w = +00, ecnu g ¢ Ly (M, p).
Ianee m(g) obozuavaer menuany ¢yuknuu g Ha M. Ilpu sTux npemamonokeHusax

1 0003HAUCHUAX ClIpaBEeOJINBa

Teopema 4.1.1. Ilycrs Is(u) > 0. Torma mms moboit ¢pyakuun g sHa M, nmero-

meyl KOHeUHYIO JIMIIINIEBY KOHCTAHTY Ha Bcex mapax B M u tako#i uro m(g) =0,

Cy

lolle < 122 Vgl (413
E¥(g) < BY( 13(2) Vgl). (4.1.4)

B oM cayuae, korma ¥(z) = |z|?, umeem Cy = 2, u Tak Kak Bceraa E|g—Eg|? <

E|g — m(g)|?, monygaem ciemyiomtee

CanencrBue 4.1.1. Ilycrs Is(p) > 0. Hamnyumas noctosHHas A\; B HEPDaBEHCTBE
MElg — Eg|* < E|Vg[? (4.1.5)

(rme g € L?*(M,u) — npowssoanHas ¢yHEMMAsS Ha M, WMeomas KOHCUHYIO JIMTI-

IMIIEBY KOHCTAHTY Ha BCEX mapax) Yy a0oBJIETBOPAET COOTHOIIECHUIO

VLS (4.1.6)

DTO COOTHOIIEHME — TAaK HA3LIBAEMOe HepaBeHCTBO durepa, mokazannoe Yurepom
B KOHTEKCTe puMaHoBO#W reomerpuu [108]. Ha KOMIAKTHLIX PUMAHOBLIX MHOTOO-
6pasusax HepaseHcTBO Tuna [lyankape (4.1.5) (IO OTHOIIEHWIO K PUMAHOBOW MeT-
puke u HOpMauu3oBauHoil mepe JleGera ma M) onpenenser \; Kak mHepBoe HETPU-
BUaJLHOE cOoOCTBeHHOE umciao omneparopa Jlammaca. 9DTo HEpaBeHCTBO, OMHAKO,
UMEET CMBICJI Ui TPOU3BOJLHBIX METPUUYECKUX BEPOATHOCTHLIX IPOCTPAHCTB, IIPU
sTOoM Teopema Ywurepa ocraercsa B cuie. DBojee Toro, oneHka AJs A HE MOYKET
OLITL yJyullleHa B TePMUHAX M30IEePUMETPUYECKON KOHCTAHTLI, Tak kKak (4.1.6)
IpeBpalaeTcs B PABEHCTBO A pacupeneieHu#t p #a M = R, uMmeromux mior-
HOCTL Buga ce” ¥, x >0 (a > 0 — mapamerp).

Bonee ob6mo, npumenss (4.1.3)—(4.1.4) x ¥(z) = |z|P opu p > 1, nonydaem

HEPABEHCTBO (TOKe NMpUHAJIEKAIIEE K Kiaccy HepaBeHCTB Tuma [lyankape)

Is
E0 g —m(g)ly < IVl (4.1.7)
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1 CHOBa IIOKa3aTEJILHOE DacCIpeneJiCHrue [ OKa3a3bIBAa€TCsI SKCTPEMAJILHLIM B TOM

Is(p
CMLICJI€, UTO B B9TOM CJay4Ya€ MHOKUTEIIDL L 6y,Z[GT OIITUMAaJIEH (LITO, oyeBM -
p

HO, ecam nporectupoBath (4.1.7) ma ¢pysrkmmax suma g(z) = e npm t — 1/p).
3HAUUT 3TOT MHOKUTEJL HE MOKET OLIThL YJIYUIIEH, €CJIU MBI PACIOJIATaeM TOJILKO
sHavenueM [s(u).

IokazarenncTtBo TeopeMnl Yurepa u 6osee obuo — vepasencTsa (4.1.7) — aue-
MmeHTapHO. [IpuBenem ero npm p = 2. Teopemy Porxayza 1.6.1 MOXKHO TPUMEHUTDL
k ¢yurmumonany L(g) = E|g — m(g)|. Tax rax L(la) = L(—14) = min{u(A),1 —
1(A)}, nzonepumerpudeckoe HepaBeHCTBO (4.1.1) SKBUBAJIEHTHO AHAIUTUYECKOMY
HEPABEHCTBY

cElg| < E|Vy (4.1.8)

B mpemnososkernn, yro m(g) = 0 (to ecrn, mepaBenctBy (4.1.7) mpu p = 1 un
¢ = Is(u)). Ipenmonaras rtakxke, uro p(g = 0) = 0 (9TO, KOHEUHO, HE yMAJSIET
obmuocTtu), u npumenas (4.1.8) k dymknusam (¢g7)% u (¢7)?%, momydaem cooTBeT-

CTBEHHO

cE|g|* 1{y>0y < 2E|g||Vy|1(g01,  cElg|*1{y<01 < 2E|g||Vg| 1z<0}-

CrnanpBas Ty HepasencTsa, noayuaem cE|g|? < Elg||Vg|. B cuny mepasencrsa
Kommu-Bynskosckoro, (cE|g|?)? < 4E|g|?E|Vg|?, crenosateanuro

cE|g|* < 4E|Vg|?,

u Mbl npuxoquM k (4.1.7) upu ¢ = Is(p).

Tor ¢axrr, uro (4.1.8) sBasercsa ¢yHKOMOHATILHOW ¢Gopmoit mus (4.1.1), Gour
KOHEYHO WM3BECTEH 3aJ0JIr0 N0 pe3ynbrara Porxaysa u, B Y4aCTHOCTH, DTO HC-
nosnb3oBas Yurep. Henocpencrsenuo B cumiy smemmsbr 1.6.1 (”coarea-mepaBeHCT-

BO" ), nmeeM

+o0o
E |Vy] 2/ pt(g >t)dt

0 “+o0
zc/ (1—u(g>t))dt+0/ (g > t)dt = cElg],
—00 0

uyTo u mokaspiBaer (4.1.8).

IIpu p # 2 nokaszarenncTBO HepaseHcTBa (4.1.7) He m3MeHUTCs ¢ TOW UL
pasHuieit, YTo HY:KHO OyIeT UCIOJIL30BATL HepaBeHCTBO ['esnmepa BMecTO Hepa-
BercTBa Komu-ByHskoBckoro. B obmewm ke ciayuae, urobnr momyuntn (4.1.3)—
(4.1.4) mna npousBosnbHLIXx ¢Gyurmui FOura (a mac OymeT B mepByIO Ouepenh WH-
repecoBath ¢yarimsa U(zx) = /14 22 —1), HaM DpraeTCsa HAWTU COOTBETCTBYIOIIEE
HAIUM HY/KAaM 00oOmenue nepaseHcTBa ['enbaepa. Takum 0O600mEeHUEM CITYKUAT

caenyloniee yTBep:XKIeHUE.
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Jlemma 4.1.1. Ilyctn (M, pu) — npoctpancTBo ¢ mepoit, u nyct ¥ : R — R —
muddepernupyemas Boimykaas ¢yHEIUA. [lycTo v m v — m3MepuMble QYHKINN Ha

M, taxkue 4TO

/M U(u) dp < / U(v) dp. (4.1.9)

M
Torna

/M\I/’(v)udug / W (v)v dp (4.1.10)

M

(npu ycaosuu, yro naTerpaisl B (4.1.10) cymecTByIoT).

Samerum, uTo uHTErpaJnl B (4.1.9) KOPPEKTHO OIpEneeHDI.

YTto0Obl moayunTh HEepaBeHCTBO ['enbaepa Kak YaCTHLIA Ciydail, MOKHO TPU-
vernTh temmy 4.1.1 k U(z) = 2P, u = f, v = ¢g"/®V rge f, g > 0 TaroBnI, uTO
Ifllp =1, llgllq =1 (¢ = p/(p — 1) — coupsxernnoe umcio). Torma B (4.1.9) MBI

“MeeM DaBEeHCTBO, B TO Bpems kak (4.1.10) cranoBurcs

/ Fodu <1 =171, lgll
M

Hokazarenncrso gemmel (A.B. Ky6p). He ymanss obmuoctu, 6ynem cunrars,
UTO Mepa [ KOHEYHA, a QYyHKIUU U U U OrpaHuYeHLl. B cuiy Bommykiaoctu W, npu
0 <t <1 nmeem

/ U(tu+ (1 —t)v)du < t/ U(u)dp+ (1 — t)/ U(v)dp. (4.1.11)

M

Samerum, uro (1.4.11) mpespamaercs B paerctBo npu t = 0 (u t = 1), u yro
neBas vacth (1.4.11) npencrasiser cobod BLITYKIYIO (YHKIUIO IO IEPEMEHHOM ¢,
B TO BpeMs Kak IIpaBas JacTb — JuHelHa (Tounee, apdunHa). CiremnoBaTeiabHO, MBI

nmMeeM TO e CaMO€ HEPAaBEHCTBO JIsSI IIPOM3BOAHLIX 9TUX CID:YHKLII/IIL/’I B Touke t = 0:

/M W (0)(u— v) dp < /M () dyt — /M W (v) dp.

Jlemma mokasaHa.

HoxrazarenscrBo Teopemsr 4.1.1. Cravana moraxem (4.1.3). Beuny ommopoxn-
HOCTM 9TOrO HEPABEHCTBA, MOKHO cUMTaTh 4To ||¢|l¢ = 1, To ectn, E¥(g) = 1
(ucmonn3ys, ecaum HEOOXOmUMO, ycedeHus, yciaoBue g € Lg(M,p) Moker OBITH
BIIOCJIEICTBUM CHATO). He yMmamuss oBmMHOCTH, MOMKHO TaKkKe NPeInoaararTb, UTO
U muddepernupyema Ha BCed umcaoBoit npsamoit, u B yactaoctu, ¥'(0) = 0.

Kak u npm BoBome (4.1.7), cHoBa Bocmosb3yeMmcs HepaBeHcTBOM (4.1.8) mpu
c = Is(u). Pacemorpum dpyskmum ¥(gt) u U(g~). OueBuano, OHM UMEIOT KOHEU-
HYIO JIIIIAIEBY KOHCTAHTY Ha Bcex mapax B M, u m(¥(g")) = m(¥(g~)) = 0.
CrnenoBaTennbHo, K HUM MOKHO npumenuTbh (4.1.8). OuenuM mMomynu rpaavieH-

ToB »Tmx (yEkmmit. Ha orkpwrrom muOkectBe {g < 0} ¥(g") = 0, mosromy
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V¥ (gt)] = 0. Ha orkpoitom muoskecTtBe {g > 0} mmeem |V (gH)| < U'(|g])|Vyl.
Hakownern, eciau ¢g(xr) = 0, TO HEIOCPEACTBEHHO IO OIPENEIECHUIO MOLYJs IDai-
eata u B cuiy ycaosua W'(0) = 0, maeem |[VU (g7 (x))] = 0. Tarmm obpaszom,
VU] < V(lg)IVal1gsoy. Amamormmo [VU(go) < ¥(g)IVoll(geo) C
yaerom (4.1.8), nomydaem

cE¥(g%) <EV'(|g])|Vy| Ligso3,

cEY(g7) <EY(|g])|Vyg| 1g>0}-

CriamguiBas T HEPABEHCTBA, MPUXOAUM K HEPABEHCTBY

cE¥(g) < E¥'(|lg))IVgl. (4.1.12)

Vg
Vgl ’

[Tpumenum rTenepn semmy 4.1.1 k u = = |g|. Hockombry EV(u) =

EV(v) =1, B cuay (4.1.12) n (4.1.10),

cEV(g) < [Vgll+EV' (v)u < [[Vg e BV (v)v
= IVglleE¥'(lg])g] < CulIVgll«E¥(g).

Crenosarensuo, ¢ < Cy||Vy|lv, n Tak rak ||g||y = 1, sepasencrso (4.1.3) morasa-
HO.

Urobur noxyunts (4.1.4), He yMmanss OOU[HOCTH, MOKHO IPEANOIOKUTL, UTO
a = E¥(g9) < 4o0o. Ipumennm (4.1.3) x ¢ysrunn IOura ¥, = ¥/a. Tak rax
Cy

= Cy u ||g|]lv, = 1, umeem, cormacuo (4.1.3), [|[Vg|lw, > TO €CTh,

_c
Cy’
E\Ila(CT‘P IVgl) > 1, uro u o3nauaer (4.1.4). Teopema 4.1.1 nokasana.

[eY
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§4.2. VM3onepuMmerpudecKkre KOHCTAHTLI IJISI ITPOJAKT-MED.

MHOI‘OMepHLIe HEepaBEHCTBa THUIIA HyaHKape

Tenmepnb MLI MOKEM YCTAHOBUTL OCHOBHYIO TeOpeMy OO0 M30IepUMETPUIECKUX
koHcTaHTax. Ilyctn (M, p) — cenapabenbHOE METPUYECKOE MPOCTPAHCTBO, CHAO-
’KEHHOE BePOATHOCTHOW Mepoii p. Hamomuum, urto B M™ MeTpura ps (€BKINIOBOTO

TI/IHa) OIIpeaeJIsieTCsi paBEHCTBOM

n

p2(2,y) = | 30 p(xiyi)?,  wy € M™.

B Tako# abctpakTHO# cuTyaruu OyaeM mpeanojarathb, YTO s Bcex n > 1 m s

BCeX JUNIUIEBLIX GyHKuiA g Ha (M™, po) mus p"-noutu Bcex x € M"

Vg(z Z Vi g( (4.2.1)

rzae |V, g(x)| o3Hauaer Momyan rpamuenTa GpyHnuu x; — ¢(z) (3HaYeHNA x; Ipn j #
i PUKCUPOBAHLI). DTO yCIOBHE 3aBeIOMO BLINOJHEHO, Korga M = RF — esrkmumoso
OPOCTPAHCTBO, U Mepa [ abCONIOTHO HENPEPLIBHA (110 OTHOIIEHUIO K Mepe JleGera).

B cayuae M = R »T10 ycaoBue Oymer mo3aHee CHATO.

Teopema 4.2.1. s Bcex n > 1

Is(p") > 715( ). (4.2.2)

ITpu sTom mis aro6oit dyrrmuu g : M"™ — [0, 1], nMeromed KOHEUHYO JUMIUATEBY

KOHCTAHTY Ha Bcex mapax B M",

. 1 1
Var(g) < KEmln( o) Vg, T2 |Vg|2> , (4.2.3)

rae K —abcomtoraas nocTossHHEAsA (MOKHO B3ATL K =288), a MareMaTudecKoe OKU-

JaHe 1 JUCIIEPCUs IOHMMaTCA B CMLICJIE MeEPhbl ,LLn

HepagenctBo (4.2.3) comep:kut B cebe Kak JacCTHLIE CIIydar HEPABEHCTBA TUIA

[Iyarkape omgoBpeMeHHO maa L'- m L?-HOPMDLI MOIYyJIs T'DaIueHTA:

K
Var(g) < = E|Vy|, (4.2.4)
K

[TpuueMm, eciau mepBOe HEPABEHCTBO — HEOMHOPOIHOE, TO BTOPOE — OJHOPOIHOE, U
nosromy ycaosue 0 < g <1 B (4.2.5) mosker OuiTh cusaro. Hamomuum, uto (4.2.4)

9KBUBAJICHTHO M30IIEPUMETPUICCKOMY HEPABCHCTBY

() (A) > BBy - pnay), A c mm (4.2.6)

(
K
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OTKyza mepBoe yTBep:kaenue teopemol 4.1.1 — mepasencTBo (4.2.2) — cienyer c
Xyament, Ho Bce emme ¢ abcoaoTHOM noctosuHoit. HamomMHMM Takxke, 4TO OQHOPOI-
HBIM AHAJUTUYECKAM HEPABEHCTBOM, 9KBUBaJeHTHLIM (4.2.4) u (4.2.6) saBusercs

HEPABEHCTBO
2K

Is(p)

Ucnonssys (4.2.2), wepaserncra (4.2.5) un (4.2.7) MOKHO IPEACTABUTHL C TOY-

Elg — Eg| <

E|Vg|. (4.2.7)

HOCTLIO 1O aOCOJIOTHBIX MHOMKHUTEJIEH KaK YaCTHLIE claydam OoJsiee OOmero Hepa-
BenctBa tumna llyamkape. Ilycts U — nmpousBoabuas ¢pyurnusa FOura, Ttakas 4ro

Cy < 4o00. Ilpeamnomso:xuM, 4TO BLIMTOJIHEHLI yCJIOBUSA TeopeMbl 4.2.1.

Teopema 4.2.2. IHna moboit ¢dyukuuum g vHa M", cymmupyemoii mo mepe p” u

UMEIOIell KOHEUHYIO JIMIINUIIEBY KOHCTAHTY Ha Bcex mapax B M",

4\/60\1;
—E < ) 4.2.
o~ Bglle < 2250 7]y (128)
Kpowme Ttoro,
4\/60\1/
EV(g — Eg) < EV . 4.2.9
(9-Bg) < B (550 7)) (4.29)

Korpma ¥(z) = |z|P, p > 1, umeem Cy = p, u (4.2.8) 3anumercs Kak HEPABEHCTBO

4pV6

||g - Eng S IS(,u)

IVallp, (4.2.10)

opudeM MHOMKUATENL (Kak QYHKIUA P) MMEeT TPABUJILHLIA MOPSAIOK BO3PACTAHUSI
npu p — o0 (ecam M3BECTHO TOJLKO 3HaueHwme [s(p)). DTO cupaBemIuBO yike B
omHOMepHOM ciayduae, korga M = R u p — morazarenbHoe pacnpenpesenue. Jlius
rayCOBCKOM Mepnl [ = 7, HepaBeHcTBa misg LP-mopmol tuna (4.2.10) xopomo
U3BECTHEI C NOYUTH ONTUMAJbLHOW mocTsauHOM mopsamka /p (IImswne [203]; Toumoe
3HAUEHUE 9TOW MOCTOAHHOW WM3BECTHO JIAMIL JUML Upu p = 2). Ilua cyskeHus
mepot Jlebera ma orpanuvennble obsactu HepaBenHcTBa Buaa (4.2.10) Bmepsoie

nosaBunuch B kaure Kypanrta u Tuan6epra [120].

IlokazarennctBo Teopemnr 4.2.1. Cravaja mokaskeMm, 4To B M BLINOJHSETCS

HEpaBEHCTBO

I(Eg) < E\/I(9)* + C?|Vg]?, (4.2.11)
rae g : M — [0, 1] — npousBonbHas aunmunesa §yHKIU,

46

I =4t1-1) u C= 7.

Tax rax [(Eg) — EI(g) =4 Var(g), (4.2.11) MosHO 3amucaTh B BUIE

4Var(g) < E[V1(g)2 + C?|Vg|? — I(g)]. (4.2.12)
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IMockonbky ¢yHEDMA Buma s — V2 +u? — s He Bo3pacTaeT Ha mojgyocu s > 0, u

rak Kak s = [(g) <1, (4.2.12) 6yzmer BoITeKaThL U3 HOJIee CUILHOIO HEPABEHCTBA
4Var(g) < Ey/1+ C?|Vg|2 — 1. (4.2.13)

[Tprmenum Teopemy 4.1.1 & ¢pyrrnmnn FOura ¥(x) = /14 2? — 1. IIpsamo#t moncuer
naer C'y = 2, n coruacuo (4.1.4), musa nmo6oii nunummunesoit ¢pyukuu g Ha M

EW(g — m(g)) < BU( Iiﬂ) ). (4.2.14)

Mur umeem ponosnuauTennuoe ycaosue 0 < g < 1, tak uro |g—m(g)| < 1. Ucnonn3ys
saeMeHTapHOe HepaBeHCTBO 412 < /1 + 2422 — 1, copaseanusoe npu |z| < 1, u
npumenss (4.2.14) g ¢pyurnuu /24 g, moryyaem

4E|g - m(g) P < BY(22

90).

orkyna (4.2.13) BoiTeraer B cuiy Toro, uro E|g — m(g)|2 > Var(g).

Takum o6pasom, (4.2.11) morasaHO, M CileIOBATENLHO, B CUIy TeopeMsl 3.1.1,
5TO HEPABEHCTBO BLINOJHAETCSA U B npoctpancTse (M, po, u™) B KiIacce Bcex JIUM-
muneBnix pyuruuii g : M"™ — [0,1]. Annpokcumupysi uaauKaTopHbie GyHEIUU 14
JIUOIMIEeBLIMEI (Kak B gemMe 1.4.1), n3 maoromeproro BapuanTa (4.2.11) nmoxyua-

€M HN30IIEPpUMETPUYECKOEC HEPABEHCTBO

s.

()" (4) = T (A) (L (4), A U™, (4.2.15)

1 .

C yuerom toro, uro t(l —t) > Emln{t,l — t}, mosydaeM mepBOE yTBEDIKICHUE
TeopeMnl 4.2.1.

[Tockoabky Mol ycranoBuau (4.2.2), BLIIOJNHAETCS M MHOTOMEDHLI BApUAHT He-

pasercrBa (4.2.13) ¢ mocrosHHON

46 48
o= 6 .
Is(u™) Is(p)
48
CnenoBaTenbHO, WCHONL3YS NTPU & = T500) |Vg| amementaproe HEpaBeHCTBO
s(u

V1+ 22 —1 < min{z, %xQ}, HOJIyJaeM

4 Var(g) <

) |Vg|7 2]s 2( g| }

uyro Bieder (4.2.3) ¢ K =288. Teopema 4.1.1 nokazana.

Sameuanue 4.2.1. Teopema 4.1.1 moxkeT ObLITL Jerko o600mmenHa (¢ Tem ke 10-
Ka3aTeJLCTBOM) Ha Ipom3BeneHMe pasHbix npocrpascts (M, pi, pi)1<i<n. Ilo oT-
HOIICHNIO K METPUKE €BKJIMIOBOIO TUIA, €CJIN BLIIOJHEHO ycioBue (4.2.1), mveer
MECTO OIICHKa

Is(p1 @ @ pp) > f in Ts(pq).
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O6GparHoe HepaBeHCTBO [s(p) @ - -+ @ py,) <minj<;<y, Is(y;) TpuBHAILHO.

IlokazarenncTBO TeopeMbl 4.2.2.

)

[Ipumernum Teopemy 4.1.1 u 4.2.1  mpocrpanctBy (M?", po, p U (QYHKIUU

g*(z,y) = g(x) — g(y), v,y € M. Tax xak m(g*) = 0 (mo orHoOmenuio k p>"), UMeem

2\/60\11 *
Vg

lg*[le <

Coriacuo HameMy OCHOBHOMY IIPEAIIOJNIOKEHNIO O MOAYyJ€E I'DaluCHTa,

IVg*(z,y)| = VIVg(@)]2+ [Vg()|? < |Vg(z)| + |Vg(y)|

s p?n-nouru Beex (x,y), caenosatennho ||g*||e < 2||g|ly. Takum obpaszom, mis
a0boit pyurnum FOura U

4+/6C
V6% 17 4% 1

Is(p)

lg"lle < (4.2.16)

[Tpumenss (4.2.16) k ¥, = ¥/a npu a = EV(g*), nonyuaem

[ [ v - soyar@ar) < [ w55 195 a
C Ipyro# CTOPOHDLI, B CHTy HepaBeHCTBA VeHCeHa, JeBble MHTErPAJIBI ONCHIBAIOT-
ca cuusy BoipakerueM EU(g — Eg). 910 nokaswBaer (4.2.9), a 0OHO, O4YeBHIHO,
Bieuer (4.2.8). Teopema 4.2.2 noka3zana.
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§4.3. M3onepumerpudieckre KOHCTAHTLI IJisi mpongakT-mep B R™.
BeposaTHocTHBIE MePBI HA TPAMON, yIOBJIETBOPAIOIINIE

HepaBeHcTBaM Tumna I[lyankape

3mech MLl pACCMOTPUM BaKHLIA YaCTHDLIT cirydait B teopeme 4.2.1, korma M = R
— BeIIEeCTBEHHAsl IpsAMas ¢ OOLIYHLIM paccTosHueM. IlycTth g — BeposiTHOCTHAs
Mepa Ha R, m p' — coorBercrByromas npoxakr-mepa B R™. Ycaosue (4.2.1)
OKAa3LIBAETCSI HECYIIECTBEHHLIM B 9TOI CUTyaluu, TaK KaK MePLl CO CBOWCTBOM
Is(p) > 0 MoryT OBITHL IpPENCTABJIEHLI KaK JIMIIIUIEBLI 00pa3bl ABYCTOPOHHETO MO-
Ka3aTeJLHOTO pacmpeneienus v. HamoMHMM, YTO vV UMeeT IIOTHOCTL fi,(x) =

mkd

1
Se e R, u ynoBaeTBOpsAeT M30NE€PUMETPUUECKOMY HEPABEHCTBY

v (A) > min(v(4),1 - v(A)), (4.3.1)

IpUYeM MBI UMEeM PaBEHCTBO IJIs JIOOLIX MHTepBaaoB Buga A = (—oo, z], Tak 4ro
Is(v) = 1. B cuny teopemnt 4.1.1, 9T0 HEPABEHCTBO C TOYHOCTIO N0 MHOZKUTE-
1 e CUPaBelIuBO I B R"™. Takum obpaszom, maonepuMeTpudecKas (yHKIUs
IpPOMAKT-MEPLI V" yI0BJIETBOPAECT COOTHOIICHUM

1

< I,n < ..
g v <L <1 (4.3.2)

1 B ®TOM CMBLICJIE TIOUTU HE 3aBUCUT OT Pa3MEPHOCTU. TakKoe CBOWCTBO CIpPaBem-
JIUBO U IUISI HEKOTOPBIX APYTUX Mep (HAIpUMep, IJisi JOTUCTUYECKOTO PACIPEAeie-
Hus). B ciaydae raycCcoBCKOW MepLI (4t = 1 BOOOIIE HET HUKAKOW 3aBUCUMOCTU OT
pasmeproctu: Iy» = I,. OaHako, MBI HE MOEEM ONMUCATL BCE MEPLI [i, YAOBIECTBO-
paromue Kak 1 v HepaBeHCTBY (4.3.2) ¢ TOUHOCTLIO JO He 3aBUCSAIIErO OT pa3Mep-

HOCTU MHOKUTECIIA.

Kax obnruno, oboszmaunm gepes U, : R — R HenpepriBHOEe cieBa HeyObnIBaromee
otobpaskeHue, mepeBosamee v B u. 1lo orHomenuto k ' paccmorpuMm B R™ Hepa-

BeHCTBO Tuna llyamkape maa L'-HopMbI
cElg — Eg| <E|Vy], (4.3.3)

rje g — NpOM3BOJILHAA cyMMupyemas (1o mMepe p'*) HempepLiBHO auddepeHiupye-
mas pyHrmusa Ha R™ (sKBUBaJIeHTHO, MOKHO paccMarpuBaTh B (4.3.3) Gosee mu-
pOKI/Iﬁ KJIaCC JIOKAQJILHO JIUIIIINIIEBLIX (t)yHKIII/Iﬁ, €CJI MOAYJIb 'PaJE€HTa IOHNMacT-
ca B cMmbicie onpenenenus 1.4.1 musa abCTPAKTHLIX METPUYECKUX MPOCTPAHCTE).
Mubl mokazkeM ciaemyrolee yTouHeHrne teopeMmbl 4.2.1, B KOTOPOM HEABHO MpOCJIe-

JKNBAECTCA OIIPEONCJIEHHOE S9KCTPEMAJILHOE CBOWCTBO MEPLI V.

Teopema 4.3.1. Caenywomue yTBEP:KICHUS SKBUBAJECHTHD:
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1) mepa " ymosiersopsier (4.3.3) ¢ HekoTOPO# mocTOAHHON ¢ > 0, He 3aBucsmeid
OT Pa3MEpPHOCTH;

2) mepa p ynosiaerBopsier (4.3.3) ¢ HEKOTOPOW MOCTOAHHOM ¢ > 0;

3) cymecrByer orobpaskenue U : R — R ¢ KoHeuHO# snunmueBo#d KOHCTAHTOM],
NEePEBONAMIEE UV B L]

4) Is(p) > 0.

o 1
[Tpu srom (4.3.3) BLIMOJHSAETCA C MOCTOAHHOW ¢ = —= Is(u), n kpome ToOrO,

2v/6

Is(u") > —=1Is(p) mousiBcex n=1,2,---.

:SaMGTMMQ 4UTo €eCjar | YAOBJIETBOPSAET YCJIOBUIO 3% TO W OOJIKHAa HMETL KO-
HEeYHLI SKCHOHGHHHaHLHMﬁ MOMEHT, a €CJU [ Yy OOBJETBODSAET 4% TO W OOJIKHaA
METDh HGTpMBMaHLHYK)a6COHKHHO HEIIPEPLIBHYIO KOMIIOHEHTY. Ot ycjaoBusa u,
DoJee TOro, CaMO 3Ha4Y€HUEe IS(u),LﬂDKHO BLIDa3UTL SABHO B TepNHHHH((bYHKHMM

pacupenenenus F(z) = u((—oo,z]), x € R. Ionoxum
a=inf{z: F(z) >0}, b=sup{z: F(x)<1}.

O603naunM uepe3 f abCONIOTHO HENPEPLIBHYIO KOMIOHEHTY Mepbl 4 (110 OTHOIIe-
Huio k Mepe Jlebera). Dymem mpenmonararh, 4To @ HE BLIPDOMKAEHA, TO €CTDL, UTO
a < b.

Teopema 4.3.2. MIMmeror MmecTO TOXKIECTBA:

o f(@) |
Is(w) = essinl S m@, 1 —Fiy (4.3.4)

1
1Uullzip -

Is(p) = (4.3.5)

OueBunno, npaBas yacth (4.3.4) we 3aBucut oT BoiGopa f. CMBICT 9TOrO TOXK-

(A
I
ECTBA B TOM, YTO IPU OIPEIEIeHNN HANMEHDLIIENO 3HAUEHUS — (4)
min{u(A), 1 — pu(A)}
OCTATOYHO DPACCMATpPUBATL TOJLKO MHTEepBasibl Buma A(zr) = (—oo,z| mua Bcex

(MM KBUBAJIEHTHO — IJisi moyTu Beex mo mepe JleGera) z € R. Hanpuwmep, ecin

Mepa fi TpeACcTaBIAeT COOOW cMech
fa = oA+ (1 —a)p, «a€l0,1],

riae A — paBHOMEpDHOe paclpeneieHue Ha [a,b], a {1 — IpOM3BOILHAS CUHTYJIISAPHASI

Mepa 6e3 aTOMOB € HOCUTEJEM B [a,b], cpasdy Haxomum ¢ momombio (4.3.4), uro
I ( ) 2c
s = :
Ha b—a
SamernM Tarxke, uro Is(u) = 0, KAK TOILKO essin?7 f(z)=0.
a<zr<
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Hepasencrso (4.3.3) npencrasisier co60# yacTHLIA ciayuaii nepasencts [lyan-
Kape BUIa
cllg—Egll, <IVylp, »=1. (4.3.6)

Knaccuuecku#t cayuadi — korma p = 2. B »TOM ciyyae, Kak U3BECTHO, €CIU Mepa
i ynosierBopsier (4.3.6), To 3TOMYy HEPABEHCTBY yAOBJIETBOPSET U IMPOJAKT-MeEpa
n
14
MaJIbHASl MMOCTOSHHAS ¢ = ¢y (1) B obmeM ciaydae 3aBUCUT OT Pa3MEPHOCTHU 7, HO

, IpUYeM C TO# sKe caMo¥l mocTosHHOW. B ciydae p = 1 »TO He Tak — ONTU-

BCe ke, corsacHo teopeme 4.3.1, oHa MOKeT OLITL OIEHEHa CHU3y uepes c1(p) ¢

2V6

TOYHOCTLIO 10 MHOYKUATEJIS OmHako, He M3BECTHO, CIPABEININBO JU TAKOE
yTBep:KIeHue npu p # 1, 2.

Jpyro#i BaskHBI Bompoc — kKakue Mepol Ha R™ ynosaersopsior (4.3.6) u kak
oneHuTL nocrosHuyio ¢ > 0. Ilpm p = 2 3170 HepaBeHCTBO — rIyOOKO M3yUYeHHAS
obsacTtb, 0cobenHo, B puMmaHoBoii reomerpun (cm. fly [231], Yasen [106], Bepap
[66], M.®.Yen [113]). Oanaro, yske B mpocTelimem ciaydae, KOrAa Mbl IMEEM AEJI0

C OJHOMEPHBIM HEPaBEHCTBOM
A1 Var,,(g) < Eu|g'|2, (4.3.7)

re [t — BEPOATHOCTHAS Mepa Ha IPSMOH, U ¢ — MPOU3BOJILHASA aDCOTIOTHO HElpe-
poiBHasg (yHkums Ha R (wnwm, skBuBasentHo,— ¢yurmus kiaacca C°(R) ¢ rowm-
HAKTHLIM HOCUTEJIEM ), STOT BOIPOC 3aHMMAJ BHUMAHUE MHOTUX KCCJIEAOBATENEH.
Korma mepa p = 7y — rayccosckas, (4.3.7) cunpaBeanuso ¢ (ONTUMAJLHON) MOCTO-
saaoii A1 = 1. Coraacuo Bernepy [65], 5TOT ¢akT Obw1 m3BecTeH eme B 1930 rr.
[To3nHEee OH MHOTOKPATHO MEPEOTKPLIBAJICS, B YACTHOCTH, B paborax Hama ([195],
1958 r.), Bpackamna u JIuba ([90], 1976 r.), Yepnosa ([115], 1981 r.). Cm. Tarxke
Boposkos u Yres [10], Uen [109], ¥Ynps u Karan [154]. Knaaccer ([159], 1985 r.)
HAIIeJ TOYHOE 3HAYEHUE KOHCTAHTHI A1 IJIA PsLa HErayCCOBCKUX PACIpPemeIeHui 1
[aJ OMHO HeoOXomamMmoe 1 OJIU3KOe K HEMY NOCTATOYHOE YCJIOBUE SIBHO B TEPMUHAX
MEpBLI [, TP KOTOPLIX BohimoJsHsercs (4.3.7) npu Hekoropom A1 > 0. B uactHOCTH,
(4.3.7) BLINOJIHAETCS, €CIU MePA (L = (i), UMEET IIOTHOCTD dl;_ix) = \/)\_16_2\/>‘_1|$|,
x € R (A1 > 0 caysut mapamerpoMm mMacmraba s ABYCTOPOHHETO MOKA3ATEILHO-
ro pacupemesneaus ). B arom cayuae (4.3.7) OLLIO U3BECTHO PaHEe U OTMEYAJOCDH

B pabore BopoBkoBa u YTeBa kak Teopema B: cupaBennuBo HEpaBeHCTBO

1
iz Var,(g) < Eu|g’\2, (4.3.8)

rae [ — abCOJIIOTHO HeNpepLIBHAA BEPOATHOCTHAA Mepa Ha IPAMON ¢ (QyHKIumen
pacupenenenus F ¥ mIOTHOCTLIO f, yIOBIETBOPSIONIUMU IIPU HEKOTOPOM Ty € R

COOTHOIIICHUAM

F(z)<cf(z), mpm =z < xp, (4.3.9)
1—F(z)<ecf(x), mpm x> xg. (4.3.10)
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B [10] Takke OTMEYEHO, UTO B HECKOJILKO MHOW (OpME Kak HEPABEHCTBO TUIIA
Xapmu (4.3.8) 6nu10 usBectro masHo ([31], [41], [19], [34], [163]). Ho6aBum munib,

uro ycaosus (4.3.9)—(4.3.10) MoryT OLITL HEMHOTO OCIABJIEHDL:
min{F(z),1 — F(z)} < cf(x), z€R. (4.3.11)

IleicTBUTENHLHO, KAK MBI 3HAEM, Ui ONTUMAJLHOW MMOCTOSHHON ¢ B 9TOM HEPABEH-

CTBE CIPABEIJINBO ¢ = = ||UullLip, Tme U, — HeyGuBaromee oToOpaskeHUe,

Ts(n)
nepeBossmiee v B p. CaemoBaTesnbHO, YACTHLIA Cirydai (4.3.8) cc= % I MePDI
p = v Biedet (4.3.8) B obuiem ciyuae npu ycuosunu (4.3.11) (mpocto B pesyinbrare
npumenenus (4.3.8), 3anucanHOro mias Mepsol v, k ¢ysrmuaMm suna ¢(U,)). Ias
MepLI ke ¥ HepaBeHCTBO (4.3.8) BuiTekaeT u3 TeopeMnl durepa, MOCKONLKY 1s(v) =
1 (eMm. caencrsue 4.1.1).

Ycnosuwo (4.3.11) ymOBIETBOPSIOT MHOTME BAa)KHLIE DACIPENEJIEHUsI, B YACT-
HOCTH, BCE BEPOATHOCTHLIE MEPLI, COCPEIOTOYEHHLIE HA HEKOTOPOM KOMIIAKTHOM

VHTEPBaJI€ U UMEIONUE Ha HEM HENPEPLIBHYIO MOJOKUTEJILHYIO IJIOTHOCTL. B
E.(9')?
Var,(g)
SABJAETCS peleHneM cooTBeTcTBytomero ypasaenus llltypma—Jluysunnsa. B pa-

9TOM CJlIy4dae SKCTpEMaJIbHasd (i)YHKI_II/IH, MWHVMUN3NUPYOIasd BLIPpaKECHUE

6ore [112] Yen u Jly wmccaenoBasu CUTYAIUIO, KOTAA (i HEODA3ATENLHO UMEET
KOMIAKTHLI HOCUTENL, W HAmIW B TepMmuHax pemenusa [ltypma—JInyBunnsa me-
06X0AMMEBIE U HOCTATOYHLIE YCJIOBUs, IPU KOTOPLIX 4 yaoBierBopser (4.3.7). Ilo
npusHaanio Yena (cmenanHomy uM aBTopy jeroMm 1996 r.), 6omee 10 seT B pamrax
TEOPUM BEPOATHOCTEN IpennpPUHVMAJINCEH MONBITKM HAWTU KaKre-HUOYIObL HeOOXO-
muMble 1 (OJHOBPEMEHHO) NOCTATOYHBIE YCIOBUSA, U IPU STOM, IO-BUIUMOMY, He3a-
MEUYEHHOI ocraBanach oxHa crarbsa Makerxaynra [193], B KOTOpo¥l onuchBaINCh
Bce Mepbl Ha moayocu (0,+00), yAOBIETBOPSIOMMUE POICTBEHHLIM HEPABEHCTBAM
Tuna Xapan.

[Tpusemem ocHOBHOM pesyabrar u3 [193] (Mbl 6ymeM ero ucnoanL30BaThL MO3IHEE
IIPY ONMCAHUM BEPOATHOCTHLIX PaCIpeneeHNH, yAOBIETBOPAIOMUX JOrapuMmud-
eckuM HepaserctaBaMm Cobosesa Ha npsimo#i R). Ilycrn g u A — HeoTpunarennunie
Mmepol Ha nosyocu (0, +00) (mus onpeneneHHoCT Oy €M UX CUMTATL KOHEYHLIMU).

Paccmorpum ontumannuyio nocrosuuyo C = C(u, A\) B HepaBeHCTBe

19/l y < Cllg'lLrn),s (4.3.12)

rae g — IPOU3BOJLHAA HENMPEPBIBHO maddepenmupyeMas Gpynknus Ha [0, +00), Ta-
kas uto ¢(0) = 0. Onpenenum nocrosinayio B = B,(j1, \) paBeHCTBOM

x 1/q
B =sw pla o) [ po-ra) L g= 2 (43.13)
x>0 0

rae f), — IUIOTHOCTL aOCOJIOTHO HENMPEPLIBHOW KOMIIOHEHTLI A IO OTHOIIEHUIO K

mepe Jlebera. Ilo onpenenenuro, B = 0, ecau p = 0. CuopaBemiusa
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Teopema 4.3.3 ([193]). VIMeroT MECTO COOTHOUICHUS
B < C <p'/rq'/apB. (4.3.14)

Korma Mepsr g 1 A abBCONIOTHO HENPEPLIBHLI (UTO, B CYMHOCTH HE yMaJseT 00-
IHOCTH ), STU COOTHOIIEHUs OLLIM moJydeHnl, coraacuo [193], Apronoit, Tanentn
n Tomacemnn [59], [226], [227].

HepasencrBa tuna Ilyamkape (4.3.6) MoryT OBITH JIEFKO CBEICHBLI K YaCTHOMY
cayuaro (4.3.12) mis map oaMHAKOBLIX Mep A = p. JleHCTBUTENLHO, TPEANOIOKAM
miast onpenesnenHoctu, aro m(p) = 0 (rme m(p) obo3Hauaer MenwHY MepPLI fi).
Bynem paccmarpusatn (4.3.12) tarkske misi Mep Ha mosyocu (—oo,0) ¢ cooTBer-
CTBYIOIMMMY u3MeHeHUsAMu B onpenesncanu (4.3.13). OGosmaumm uepes fiy U fi_
cyskernus p #a (0,+00) u (—00,0) coorBercTBerno. B Hepasencrse (4.3.6), B cuimy
€ro MHBAPUAHTHOCTU OTHOCUTEJILHO ONEpPAIMU CABUra g — ¢ + const, MOKHO CUU-

tath, uro ¢g(0) = 0. IIpennonaras, uro (4.3.12) BomouHseTcs mias uap (fy, (i) U

(-, pu—), momygaenm

1/
lg = Egllzrwy < 209llLruy =2 (1901700, + 190700 y) "

1/
<20 (19170 sy T 19" 10 y) ™ < 2C 19 2oy

1 TakuM o6pasom, (4.3.6) Bomomaserca ¢ ¢ = 1/(2C). Ilpu atom, ||g — Eg|lr2¢,) <
9]l z2(u), crenoBarensro MoswHO maske B3aATL ¢ = 1/C mpu p = 2. O6paTHO, BLIBe-
meM (4.3.12) mus mapot (g, iy ), ucxons u3z (4.3.6). Hoompenenum g(z) = 0 npu

z <0. TOI‘,IIa CIIpaBE€OJINBO 2JIEMECHTAPHOE HEPABEHCTBO

l9llze(ur) <219 — Egll Loy (4.3.15)

OuenuBas npasyio dyactb (4.3.15) ¢ momompbio (4.3.6), IPUXOAUM K HEPABEHCTBY
tuna Xapmu (4.3.12) mus mapot (g4, gy ). Awsamormuno momydaem (4.3.12) mus
(ti—,pu—). Tarum 0BpaszoM, C TOYHOCTLIO A0 abOCOIMIOTHLIX MOCTOSHHLIX, HEPABEH-
ctBO (4.3.6) mus Mepol (4 PABHOCUILHO HepaBeHCTBY (4.3.12) must nap mep (u4, pi4)
u (p—,pu—), B yacTHocT, ¢ > (0 paBHOCUILHO TOMY, 4YTO B,(piy,ps) < +o0o n
By(p—,p—) < 4o00. B repummuax ¢ysrimum pacupenenenus F u maorHoctu f ab-
COJIIOTHO HENPEPLIBHOW KOMIIOHEHTLI BEPOATHOCTHOW Mepol i1 ¢ Meauanoit m(u) = 0

9TU OBa YCJOBUSA MOKHO 3allMCAaTDh IIPU P = 2 Kak

* 0 1

WM B TepMuHAX oToOpaskenus U, (B mpenmoosxkeHnu, 4To f HEIPEPBIBHA U IIOJIO-

sxUTeNbLHA Ha (a,b)) Kak ycioBue

sup e_x/ (UL(6)? + U, (—1)%)dt < +o0.
x>0 0
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Jlerko Bumern, uTo 3TO ycaoBue — HEGOIILIIOE OCIABIEHNE YCIOBUS JIUIIIUIEBOC-
™™ ||UullLip < +00, u ciremoBarennHO HepaseHcTBO Tuna Ilyamkape (4.3.6) mpnm
p = 2 (cTporo) cuaabee, ueM Takoe ske HEPABEHCTBO HpU p = 1. 3aMeTuUM Takxke,
uro, cornacHo (4.3.13), ycaosus By (py, piy) < 400 u Bp(p—, pi—) < 4oo mpu p =1

OpuMyT B

esssup
x>0

[Tt e ] <

uto, cornacHo (4.3.4), paBHocuanLHO ycaoBuio [s(u) > 0.
[Ipuctynum k mokazarteabcTBaM. Haunem c mokasareanbcTBa TeopeMbl 4.3.2.

IoxkazarenncTBo TeopeMmul 4.3.2. Ilomosxkum

o f(@)
K(p) = essinf o r o)1 —F@)]

Ouesumuo, K(u) > Is(u). HelictBurenvuo, musa z € (a,b) nmeem

F(x+¢€)— F(x

i (Al)) = limint L2 FE) (@),
IIO3TOMY
pt(A(z)) _ f+(x)

IS(N) < min{u(A(2)),1 - p(A(z))} — min{F(z),1 - F(z)} '

Beps essinf npasoii uactu no uarepsaay x € (a,b) u 3amedast, YTO B CHUIYy TEOPEMLI
JleGera o muddepennupyemoctu F nouru BCoay, fi = f HOUTH BCIOAY, IOIydaeM
K(p) > Is(p).

B wactroctu, K(u) = Is(p), ecmm K(pu) = 0. ITostoMy mis moka3aTeiabcTBa
(4.3.4) Gyger mOCTATOYHO YyCTAHOBUTL IPOTUBONIOJIOKHOE HEPABEHCTBO, HPUYEM
MOKHO Tpefnoiarars, uro K(u) > 0.

Wraxk, npennonoxkum, uro K(u) > 0. Kar crencrsue, f(x) > 0 mourm Bcioxy
Ha (a,b), n 3auuT F cTporo Bo3pacraer Ha »TOM mHTepBasie. CilenoBaTENILHO,
¢ yHKIUA

F1(p) = min{z : F(z) > p)

(0HO3HAUHO ONpenesaseMLIX KBaHTuIeH ) He yoniBaer, nenpeposHa Ha (0, 1] u npu-
HUMaeT 3HadeHus B (a,b]. oompenenum ee Ha Bech muTepBad [0, 1], momaras mo
menpepuisroctu F~1(0) = a.

Beenmem ¢yurmuio pacnpenenenus F), mepnt v. O6osmaumm uepes F,1:[0,1] —
[—00, +00] 06paTHYIO K Hell, 1 pACCMOTPUM (yHKIIIO

Hanomaum, uto orobpaskenue U, onpenenrsaTcs OqHO3HAYO U MOKET OLIThH 3aliCaHO

ABHO B B IEC
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3amerum, uro 1is Bcex ¢, x € R mepasencrsa U, (t) <z ut < V(r) sKBUBaJIEHTHLI,
nosromy U,(V(xz)) = = naa scex ¢ € R. Kpome rtoro, U, = x Ha uHTEpBajIax
(V(z7),V(x)), npuuem U, = a na (—oo,V(a)] n U, = b na [V(b), +00).

ITokasxkem, uTO
1

LS k). (4.3.16)
10wl Lip

dyurnua F muppepennupyema noutu scrony, npudem F'(x) = f(x) mus moutu Beex
r € (a,b). Hostomy, madpdepermupys V u momnsysach toxkmectsoMm f,(F 1 (p)) =

min{p, 1 — p}, monyuaem

/ f(z)
V@) 2 mma —Fay = B W

st moutu Beex x € (a,b). CnemoBarennHo, mius Bcex a <z <y < b,

V(y) - Viz) > / "V dt > K(u)(y - ).

[Monowum Im(F) = {F(x) > 0 : « € R}. Ilna Bcex p € Im(F), oueBnmHo,
F(F~Y(p)) = p, nostomy V(U(x)) = =z, rax tomeko F,(z) € Im(F). Ilockonnky

U, OpuHUMaeT 3HAYEHUA B [a,b], 3aKII0OYaEM, UTO IJIA BCeX T < Y

y—x=V(U(y) - V(U(z)) = K(u)(U(y) - U(z))

npu ycuosun, uro F,(z), F,(y) € Im(F). Ho, kak JIerko BUIETH, 9TO YCJIOBUAE MO-
AKeT OBLITL CHATO, HOCKOJNLKY ¢ymEnua F'~! mHempepnisra (B cuimy cTpororo Bospac-
ranus F') u mocrosiHHa Ha MHTepBaJax suna [F(z7), F(z)]. Takum obpasom, HEpa-
BeHCTBO (4.3.16) mokaszaso.

Hamnee, mot 3saem (cm. (4.1.13) wam, Gosee obmo, Teopemy 4.1.1), uro ciy-

yaliHas BeJINYNHA, g, nMemnmasa pacupenejpeomre VvV, ygoBJIEeTBOPaAECT aHAJIUTUNYECKOMY

HEpPaBEHCTBY

Elg(§)| < Elg'(5)I; (4.3.17)
rae ¢ — OPOU3BOJLHAS JIOKAJLHO JIMNIMINUNEBAsA (YHKIUA Ha TPAMOMA, Takas dUTO
m(g(§)) = 0. |gf(Iy};1/i g@(;;)'M, Mbl npunepskuBaemcs onpenpenenus 1.4.1: |¢'(x)| =

limsup, _,, 2o [Iyctn n = U,(€), n npumennm (4.3.17) & ¢QyHRIAAM

ly — x|
Buga ¢ = w(U,) (w — mokanbuo mummuresad): tak kak |g'(§)| < ||Upllniplw’ (UL(E))],
MOJIy YaeM
1
_ Blu(n)| < Blu/ ()] (43.18)

IUpllzip
Crenosarennuo, B cuiy (4.3.16),

K(p) Elw(n)| < Elw'(n)] (4.3.19)

IUISL BCEX JIOKAJLHO JIMIIMINUIEBLIX (GyHKImA w, Ttakux uro m(w(n)) = 0. Tak rak
7 UMeeT paclpelesieHre [i, U TaK Kak ONTUMajbLHas moctosinHas B (4.3.19) mepen

E|w(n)| pasra I[s(p), npuxoanm k onerke [s(u) > K(u). Takum obpaszom,

K(p) = Is(u). (4.3.20)
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Ananornuso u3 (4.3.18) momyuaem, 4To
1

1UullLip

C yuerom (4.3.16) u (4.3.20), a10 naer
1

||Uu||Lip

< Is(p). (4.3.21)

= Is(p), (4.3.22)

To ecthb (4.3.5). Ocraercsa nokaszarn (4.3.22) B cayuae, rorma K(p) = Is(p) =
0. IIpenmonaras mporusuoe ||U,|/rip < 400 m moBropsa mepexoxn ot (4.3.17)
(4.3.18), Mor 6o moxyuman (4.3.21), To ectn, Is(pn) > 0. Teopema 4.3.2 norasaHa.

IorazarenncTBo Teopemnr 4.3.1.

[Tepexon (4.3.17) = (4.3.18) = (4.3.21) mmeer cuiay [Js BCEX JIUMIIMIEBBIX OTO-
6paskenuit U, mepeBogsAmux v B [, U HosTOMy 3) = 4) yke nokaszano. Cienosa-
TeJLHO, B cuiIy TeopeMsl 4.3.2, cBoiicra 2), 3) u 4) skBuBasieHTHLI. VMnnukanms
1) = 2) Toske He TpebyeT mokaszareanbcTB. JlOKaskeM OCTABIINECS YTBEDIKICHU.

Moxso mpemmonararb, uro Is(p) > 0, to ects, |[U,llnip < +oo. Ilycts & =
(&1,...,&,) — caydalfHLIA BEKTOD ¢ pacupeneseHueM v, Tak 4TO CIydaliHLIA Bek-
rop 1 = (Uu(&1),...,Uu(&,)) nmeer pacupenenenue p. B cmimy teopemsbr 4.2.1,

nockoIbky [s(v) =1, umeem Is(v™) > nostoMy (cm. (4.1.13)) v™ ymosier-

1
246’

BOpPAET aHAJIUTUYECKOMY HEPABCHCTBY

= Blg(©)] < EVg(&)]. (4.3.23)

rJe g — IPOU3BOJLHASA JOKAJILHO Junmunesas pyukinusa sa R™, rakas uro m(g(§)) =

0. Ipumensas (4.3.23) k ¢pysrmuam suna g = w(U,) n 3amedas, 4to

V9(6)] < [Ulaipl V0 UL = 557 [V,

IIOJIyYaeM

20 Blu(n)| < BIVw()| (4.3.24)

re w - IPOU3BOJILHAS JIOKAJILHO Junmuiesas ¢pyukuusa va R”, takas uro mw(n)) =

0. Annpokcumupys B (4.3.24), Kak OOLIYHO, WHAWKATOPHLIE ()YHKIUU JIOKAJILHO

nunmunessiMu (siemma 1.4.1), IpUXOIUM K U30MEPUMETPUUECKOMY HEPABEHCTBY
(1) (4) = ZU min(u"(4),1 - p"(4)), AR,

Is(p)

2v6

Tenepn Bocmonb3yemcsi HepaBeHCTBOM (4.2.20), MOMyYEHHLIM IIPU HOKA3ATEIb-

uTO U o3Hayaet, yto [s(u") >

cTBe TeopeMbl 4.2.1:
Is(p)
(L")"(A) = == p" (A1 —pu"(4), ACR"
Kak MBI 3HAEM, 2TO M30NMEPUMETPUUYECKOE HEPABEHCTBO DKBUBAJEHTHO AHAJIUTU-
YEeCKOMY HEPaBEHCTBY
b
2v6

D10 mokasbiBaeT MHOroMmepHoii Bapuast (4.3.3). Teopema 4.3.1 moraszana.

Elw(n) — Ew(n)| < E[Vw(n)|.
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§4.4. HepasencrBa tuna llyankape B Kgacce BLITYKILIX (yHKIIAA

Ina nponaxkt mep p B R™ 3mech MBI paccMOTpuM OCaabJICHHBLIE BaApUAHT He-

pasencTB Tuna Ilyamkape miaa L2-HOpMEI
Var,«(g) < CE,|Vgl|?, (4.4.1)

Korja Tpebyercs, Y4TOOLI 9TO HEPABEHCTBO BLINOJHAIOCL HE I BCEX (JIOKAJILHO
JIUIIIMIEBLIX ), & JWOL IJs BLIIYKJIBIX ¢GyHknnit g Ha R™. Kak m B kriacce Bcex
¢yurmui, ”omnomepuoe” HepaBencTBO (4.4.1) pacmpocTpaHseTcs Ha IPOCTPAH-
creo (R™, u™) B kIacce Bcex BLIMYKILIX QyHEnnit Ha R™ Ge3 n3MeHeHns IOCTOAHHOMN
C. IlosTomy B (4.4.1) mocTaToyHO paccMarpuBaTh ciaydaid n = 1.

Kak canencrBue muoromepuoro Bapuanrta (4.4.1), momydyaem, UTO AUCIEDPCUU
BCeX BBIIYKJILIX (yHKIUEA ¢ Ha R"™, Takux uro ||g|rip < 1, orpannyeHsl mOCTOSH-
HOM, He 3aBUCALIEH OT Pa3sMEPHOCTU. DKBUBAJICHTHO, €CiU ((,)p>1 — HOCIENOBA-
TEJILHOCTL HE3aBUCHUMBIX CIyYaWHLIX BEJIWYNH, MUMEIOUX DPAaCIpENeIeHue [, TO
Var((y) < 400, u 47151 106010 orpasndeHHoro (I.H.) ciaydaiiHoro npouecca (Zy)ier,
JIVHEMHO NOPOKIEHHOrO BeaudnHamu &,, T.e., IPEACTABUMOIO B BUAE CYMMBI II.H.

CXOOAmerocs ClD:YHKL[I/IOHa.HLHOI'O pAanoa

x = ao(t) + Z an(t)Cn, teT,
n=1

MBI IMEEM
Var(sup z;) < C sup(Var(xy)). (4.4.2)
t ¢

EcrecTBeHHLII BOIpOC: Kakue MepLI (i Ha NPAMON yAOBJIETBOPAIOT CBOUCT-
By (4.4.2) nnu ¢opmannHOo Gosee cuabHOMYy HepaBeHCTBY (4.4.1) (mus kmacca
BCeX BLIMYKJILIX (yHEumii)? Takumum OymyT, HAOIpUMep, BCE MePBI ¢ KOMIAKTHBLIM
HocuresieM. leicTBUTENLHO, i JIFOOOW BLITYKJIOR naudpepeHnmupyeMoit ¢yHKIIN

g Ha R CIIpaBE€OJINBO HEPaABEHCTBO

l9(x) = gW)I> < (Ig'@)1* + 19’ W) (@ - )*,  z,y€R.

CnenoBarennno, ecnu p(la,b]) =1, o

Varu(g) = 3 [ [ o)~ gw)Pdu()duty) < 0 o? [ 19 @) du(o).

3aMeTuM, U4TO KOMIAKTHOCTL HOCUTEN HE ABJAETCSA AOCTATOYHLIM yCIOBUEM IS
BomosHerus: (4.4.1) B kiacce Bcex (yHKuMiA: Mepa g ¢ mioTHoctoio f(z) = |z,
|r] < 1, maer koHTpupumep, kKak cuaemyer u3 Teopemol 4.3.3. IlBycToponHee

IIOKa3aTeJLHOE pacClIpencJiecHrue V 1 CJIedOBaTC/JILHO BCE JIMIIIMINIICBLI o6pa3m 1 (TO
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ecTb, BCe Mepbl p co coiicrBoMm Is(u) > 0), ymoaerBopsitor (4.4.1) mus Bcex
g ¥ 3HAYUT Ui BCEX BLINYKILIX ¢g. YcaoBue [s(u) > 0 mourm HEOGXOIUMO.
Hwuxe marorcs mHeobxomuMmble u gocrartounvie ycuaoBus mus (4.4.1)—(4.4.2) (kak
HU CTPAHHO, TU ABA CBOWCTBA SKBUBAJIEHTHDI).

[Mycto g — BeposTHOCTHAs Mepa Ha R ¢ dymkuwmeil pacupenmenenus F(xr) =
p((—o0,z]), x € R. Kak oboruno, uepes U, Mbl 0603HaUaeM HeyOBIBaroOIee, Helpe-

PBIBHOE cJieBa OTOOpaKeHUe, MePeBOAANee MEPY V B [i.

Teopema 4.4.1. Cuenyrommue ycJIOBUsS SKBUBAJECHTHDIL:
a) cymecrByer nocrosuaas C, Takas 4To Ui BCeX (P PepeHInPYeMbIX BLITYK-
aoix pyurnuii ¢ Ha R
Var,(g) < CE,|d'|?; (4.4.3)

b) cymecrByer nocrosuHas C, Takas YTO NJIA BCEX BLIIYKJILIX (yHEnni g Ha R™
¢ ycaosueM ||g|rip <1
Var,»(g) < C; (4.4.4)

¢) cymecrByior nocrosuusie C' u h > 0, Takue yro nis Bcex = € R,
F(a)(1 - F(x)) < C (F(x) — F(z — b)); (4.4.5)
d) mis HEKOTOPOro (9KBUBAJIEHTHO — miis Bcex ) h > 0,

sup [Uy(x + h) —U,(z)] < 4o0. (4.4.6)

zeR
3aMeTnM, YTO C HOCIEAHUM CBOWCTBOM, TO €CTL, TeM (arToM, uro U, MOpOk-
JaeT KOHEYHLIA (aJIUTUBHLIA) MOLYJIL, MLI ysKe BCTPEUAINChL B IJaBe 2 IPU OIU-
CaHUM CBOWCTBA KOHIEHTPALUU IPOJAKT-MEP (" IO OTHOLICHUIO K PABHOMEDHOMY
paccrosirmio B R". Takum 06pa3oMm, Bce 9TU yCIOBUA @) — d) SKBUBAJIECHTHLI yCJIO-
BUAM a) u b) m3 TeopeMmbl 2.7.2, a TakKe YCIOBUSAM (1) — C3) U3 TeopeMbl 2.7.3

(paccMaTpuUBaeMbIX OJIHOBPEMEHHO):

sup Var(max((y,...,(,)) < +00; (4.4.7)

n

sup Var(min({y, ..., () < 400. (4.4.8)

n

CrenoBaTenLHO, BLITYRJIBIE (OyHKIUA BUIA
g(z) =max{zy,...,z,} m g(zr)=max{—z1,...,—x,}

ABJIAIOTCA B HEKOTOPOM (aCI/IMHTOTI/IquKOM) CMBLICJI€ TIOYTU SKCTpEMaJILHLIMMX B
(4.4.1).
CﬂenaeM €e HECKOJILKO 3aMEUYaHUN. OKa3BIBaeTCH, [JIs1 MIMPOKOI'0 KJacCcCa

pacupeneneHuii p Ha UpsAMOW HepasBeHcTBa Tuna Ilyamkape (4.4.3) mMoryr OnITh
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oOpameHsl B TOM CMBLICTEe, YTO AJIA BCeX AUPPepEeHNUPYEMDLIX BLITYKJILIX ()YHKINR

g Ha R BLIIIOJIHAETCA HEPaAaBEHCTBO
Var,(g) > ¢ B, g, (4.4.9)

rae ¢ > 0 He 3aBucUT OT g. MBI onmmeM OAWH KJIacC TAaKUX pacrnpenesenuii. Te-

crupys (4.4.9) va pynrnusax suna g(z) = (r—a)t u g(x) = (a—z)*

, JIETKO BUIETD,
YTO eCiU HEeBLIPOKAEHHAs Mepa [ yxoBiaerBopser (4.4.9), To oHA NOJLKHA UMETh
MOCTATOUHO ” TAAKENBIe XBOCTEL , TI0 Kpaitueit Mepe, F(z)(1 — F(x)) > cie~ 1l nna
HEKOTOPBIX C1,C2 > 0 u Bcex ¢ € R. B uacTtHOCTH, TayccoBCKas Mepa HE yIOBJIET-
Bopsier (4.4.9).

[IpennonosknM, uro 0 < F(a) < 1 mus Bcex a € R (uro meobxomumo s (4.4.9)),
U OIIpeeNIM yCJIOBHBIE OTPAHUYEHU MEpPDI [ Ha HoJxyocu (—oo,al u [a, +00) — Be-
POSITHOCTHDBIE MEPDI

_ MAN(=o0,a])

— + _ M(A N [a,+oo))
Iua (A) - ﬂ((_oo,a]) ) u’a (A> - ) A C R

p([a, +o0))

O6Go3uaunm uvepes Var(u) aucnepcuro GpyHKIUEU (L) = & O OTHOUIEHUIO K MEPE [i.

Teopema 4.4.2. Ilpennonosxkum, uro Var(u) < +oo. Onpenenum

o*(p) = inf min{Var(, ), Var(u])}.
ac
Torna mepasencTso (4.4.9) cupaBemiuBo miis BcexX U (HepeHIUpPyEeMbIX BLITYKIbLIX

dymrmui ¢ ma R ¢ mocrosmnOi ¢ = 02 (p).

[IpuBenem ommH mpumep.

Teopema 4.4.3. B rmacce Bcex muddepeHnnpyeMbIX BBITYKILIX (YHKIUA g Ha
R mo oTHOmEHUIO K ABYCTOPOHHEMY IOKa3aTEJILHOMY PACIpeNeIeHUIO V CIIPaBe-

JINBLI HEPABEHCTBaA
E,|g'|* < Var,(g9) <4E,[g'|*. (4.4.10)

[TpaBoe mepasencTBo B (4.4.10) XOpOImIO M3BECTHO U MMeET CUIY I BCEX ab-
COJIIOTHO HEIPEPLIBHLIX (YHKIUZA ¢. ACUMIOTOTAYECKA DKCTPEMAJLHLIMA B HEM
cayxar ¢pyskmuu g(r) =€ npu t — % JleBas wactn (4.1.10) npespamaercs B
paBeHCTBO Ha (GyHKIMU ¢(T) = |z|.

Hakonen ormMeruM, UTo B Ki1acce Bcex muddepeHuupyeMoix GpyHrimuid g (4.4.9) ne
MOJKET BLIMOJHATLCS, €CJAU MePa (4 He BLIPOXKIeHA. He MOsKeT BLIMOTHATLCS U MHO-
roMmepHbiii Bapuant (4.4.9) B Ki1acce BCEX BBIMYKJILIX U HEPEHINPYEMLIX (yHKIA
g Ha R™, ecim TpeboBaTh, 4YTOOLI MOCTOAHHAS ¢ HE 3aBUCEJIa OT PA3MEPHOCTHU 7N.

IleicTBUTENHLHO, €CJIM Obl BBIMOJHAJIOCH HEPABEHCTBO

Varun (g) Z CEun |Vg‘2
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IULA IPOIAKT-Mep, IPUYeM, He yMaJsasa OOMIHOCTH, Mepa, [ UMeJia OBl HyJIeBoe Cpe/l-
1+ -+
—————"), z € R", mMuI 6L

NG

IOJay4YnjIn, B CAJIY IleHTpaJILHOﬁ HpG,ZLG.HLHOi/JI TEOPEMDLI, OJHOMEPHOE HEPABEHCTBO

HEee, TO MPUMEHss ero K QYHKIUAM BUIA ¢, (T) = g(

(4.4.9) s rayccoBCKOHW MepBI (UTO, Kak y:Ke OTMEYaOCh, HEBO3MOKHO).

Ilepeimem K moka3aTesLCTBAM.
Hanmomunwm, uro B HepaBencrBax (4.4.3) m (4.4.9) ycnosume muddepeHnnpye-
MOCTH MJISl BBILYKJILIX (DYHKIUE ¢ MO:KET OBLITL CHATO, W TOTAAa B COOTBETCTBUU

¢ obmum onpeneneareM 1.4.1 monx BoipaskenueM |¢’'(z)| Mbl mOHMMaeM 3HAYEHUE
max{|g'(z )], |g'(z")[}.

IokazarenncTtBo TeopeMbl 4.4.1. PaccMOTpuM elmie OHO yCJIOBUE:
e) cymectByroT noctosiuabie C' u h > 0, Takue UTO I BCEX HEYOLIBAIONIUX

¢yurnuit g Ha R

Var,(g(z)) < CEylg(z + h) — (=) (4.4.11)
Jloka3aTeanLCTBO MPOBEIEM IO ABYM IUKJIAM €) = ¢) = d) = e) u d) = a) = b) =
d).
e) = c¢): npumenss (4.4.11) K UHIUKATOPHLIM (YHKIUAM § = L(z,400), IPUXOIAM
K (4.4.5).

¢) = d) upencrasisger cobOWl yTBep:kAeHUE JeMMbI 3.6.2: HY:KHO IIOJIOKUTD

c=1/C n hyg = h, u Mul noxy4um, coraacuo (3.6.8),
1
Uu<m+log(1+ %)) —-Uu(z) <h, z€R,

10 ecTn (4.4.6) ¢ h =log (1 + %)

d) = e): npumeHUM HepaBeHCTBO JjeMMbl 3.6.5 mpu a =1 u b= 0:
Var, (9(2)) < CE,|g(x +1) — g(z)[*.

IToncrasnsas B 10 HepaBeHcTBO ¢yukimu Buna ¢(U,), npuxonum k (4.4.11) c h =
Upyeg U@ + 1) — Up(a)].
d) = a): cHavaja TPENIOJIOKUM, YTO B NONOJHEHWE K BLIIYKJIOCTU ¢ HE yObLI-

Baer. CHOBa MpUMEHUM HEPABEHCTBO JieMMbl 3.6.5, HO Tenepn npu a = —1 u b= 0:
Var, (9(z)) < CEylg(z) — g(z — 1.

YTO HEPABEHCTBO MMeeT CUJIY A 000l HeyObnBaromeir ¢pysHkmuu g Ha R u, B

vactaocTH, aiA pyurmuu g(U,). Kak ciaencrsue,

Var,(g(y)) < CEulg(y) —g(y — h)P?, (4.4.12)

rae h ObLIO ompenesieHO Ha IpeAblayIneM Imare. 1ak Kak ¢ BLIOIYKJIasg U HEyOLI-

Baromas, umeeM 0 < ¢(y) — g(y — h) < hg'(y), n cnemoBarensuo (4.4.12) Birever
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(4.4.3) ¢ mocrosumo#r Ch?. Amasormuso paccMaTpuBaercs ciyda#t, korga g —

HEeBO3pacCTarnmiasd.

PaccmorpuM Tperuii BO3MOKHLIA ciyudaidi: ¢ He Bo3pacraer Ha (—oo,al u He
yoniBaeT Ha [a, +00). He ymasnsas oBmHOCTH, MOKHO cUUTATL, uTo ¢(a) = 0 m 4uro
g CyMMUpyeMa ¢ KBaIPAaTOM IO Mepe j. Torma, kak y:ke mokasauo, (4.4.3) cmpa-
BEJIMBO Ui (BBILYKJILIX MOHOTOHHBIX) OYHKIMA g0 = ¢ lig,400) U 91 = 9 1(—00,q]-

SamucoBag ag = E, g0, a1 = E, g1 u 3amevas, 9To g = go + g1, IoaydaeM:

Var,(g) = [lg — Eugllz < llgo — aollz + lg1 — axllz
<VCh|golla + VChllgills < V2Ch|g'|lo,

rae || - |2 obosmawaer mopmy B mpoctpanctse L2(n). Ha mociemmem mare Mbi

IPUMEHUIIN HEPABEHCTBO /Ug++/U1 < \/2(up + u1) mpu ug = E,|g)|* n us = E,|g1]2.
Taxmm obpasom, (4.4.3) mokaszamo u B obmieM ciaydae ¢ mocTosaHON 2Ch2.

a) = b) y:ke 0TMeYasIoCh.
b) = d): cm. Teopemy 2.7.2 u 2.7.3.

Teopema 4.4.1 mora3zaHa.

Ilna mokazarenbcTBa TeopeMbl 4.4.2 HaM moTpedyeTcs

Jlemma 4.4.1. Ilpenmomoskum, 4TO ciaydvaiiHas BeJaudyuHA ( MMeeT KOHEUHLIN

Bropoii momenT. I[lycth ¢ > 0. Cnenyromue yTBEpP:KICHNS SKBUBAJIECHTHDI:

a) Cov(f((),g9(C)) > cEf'(¢)g'({) mnsa Bcex meybuBaromux muddhepeHnnpyemMbx
BLIMYKJILIX QyHKIUA f 1 g, Takux uro f(() u g(¢) UMEI0T KOHEUHLIA BTOPO MOMEHT;

b) Var(g(¢)) > cEg¢'(¢)? nna moboii meybuBatome#t muddepeHmapyemMoit BLI-

IYKJIOW (YHKIVU (;

¢) Var((¢—a)™) > cP{{>a} mna Bcex a € R.

HorazarenscrBo. OueBmano, a) = b). 3amernm, 4yro b) MMeeT CMBICT U B
cayuae Var(g(()) = co. Kpowme Toro, kak B a), Tak u B b), ycaosue mudpdepen-
IUPYEMOCTA MOJKHO JIETKO CHATL, ecau ¢'(r) 3amenutn Ha ¢'(zT). Ilpm Takom
COTJIAIIEHUN HEPABEHCTBO B D) MPEBpAIAETCA B HEPABEHCTBO B €) HA (DYHKIUAX

ga(z) = (x — a)*. Cnenosatenvuo b) = c).

UTo6B! BBIBECTH @) U3 €), MOXKHO IPEINOJIAraThb, YTO (QYHKIVA DACIPEIeTICHIS
F c.B. ( menpepuiBHa, 1 uto f(—00) = g(—00) =0. Torma f u g MoryT 6LITL Ipe -
CTaBJeHLI B Bune cMecu | g, dm(a) GyHEIUMA Buna g, (Mepa m HeoTpUIATENbLHA), 1
TaK KaK HEPABEHCTBO B @) JUHEWHO 1o f U g, IOCTATOYHO €ro JOKA3LIBATL, KOTAa
f =94, 9 = g, cunTas a,b € R npomusponsabiMu. He ymamsas obmuOocTH, MyCTh

a <b. NaTerpupysa mo 4acTsaMm, UMeEeM:
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Cov(ga(¢), 95(C))
+o0 +oo “+oo
:/b (r —a)(x —b)dF(z) — /a (z — a)dF(JU)/b (z — b)dF (z)

+oc0 +oo +o0
:/b (2x—a—b)(1—F(m))dm—/@ (l—F(x))dx/b (1 - F(x))dz.
CuenoBarenbHO

=L Cov(ga(), 3(C)) =

+o0 too
—/ (l—F(x))dm—l—(l—F(a))/b (1 F(2))dz <0,

t0 ecthb, Cov(g.((),gs(()) HEe Bo3pacraer mo a € (oo,b|, B TO BpeMs Kak mpaBas
yacTb Hepasenctsa B a) cEgl(()g;(¢() = ¢(1 — F(b)) me 3aBucur ot a. Crenosa-
TEJILHO, HEPABEHCTBO B @) CTAHOBUTCA Oojiee cuibHbIM npu a = b. Jlemma 4.4.1

JORKa3aHa.

HoxraszarenncrBo Teopemnl 4.4.2. Moxso cunrars, yro Var,(g) < +00, u 4TO g
NOCTUTAET CBOE HaWMeHLIIee 3HauveHme B HeKOoTOpon Touke a € R. MoskHO Takxe
Ipeanojararhb, YTo QyHKIUA pacupenenenus F' Mepnl p HenmpepoiBHa. Bocmoanay-

EeMCsH a6CTp AKTHLIM TOXICCTBOM

Varpv+(1—p)>\<g) = pVar,,(g) + (1 - p)A Var(g) + p(l - p)|Eug - EAQ‘Q

(rme v m A — IpOM3BOJLHBIE BEPOATHOCTHEIE Mephl, p € [0,1]) mpu v = u, , A = pf

u p = F(a). Mot noxyuum:

Var,(g) > F(a) Var,— (g9) + (1 — F'(a)) Var,+ (). (4.4.13)

Ha

Taxk Kak g He BO3pacTaeT Ha (—o00, a] u He yOnBaeT Ha [a, +00), B cuiy semmol 4.4.1,

npumenernoii k (g, uf) u (g, p, ), umeem

Var, g 9) 2 ¢ (a) [ () duf (o), (1.4.14)

Var, (9) = ¢ (@) [ o (@) iy () (1.4.15)

C IIOCTOAHHBIMIN

Varuj ((x—b)T)

Var 7((b—x)+)
Fin) — i —( ra
o) =i —Ferey 0 ¢ W e
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Ho mpu b > a

Varuz. ((x—b)7T)
pg ([b,+00))

1—F(a)/ (@=bdF(z) - (1— a>/ (@ = Bak ))2
- / (¢ = bAF (@) = G fa = F (/b (x — b)dF (a >)2

21_ b)/ (¢ — b)2dF(z) — (1_ b)/ (z — b)dF( ))2

:Varuj ((x —b) ) = Var(u;),

_1-F(a
1-F(b

tak kak 1 — F(a) > 1 — F(b) u (z —b)" =2 — b ana p -nourn Bcex z € R. Tarum

obpaszoM,

¢*(a) > inf Var(uf) > 0> (n).

b>a

Ananoruuno nosmydaem omesry ¢ (a) > o%(p). Vicmosmnzys ®Tu ONEHKM COOTBET-
ctBeHHO B (4.4.14) u (4.4.15) u npumeHss sty HepaBeHcTBa K (4.4.13), npuxomum
K (4.4.9). Teopema 4.4.2 norazaHa.

IorazaTenbcTtBo TeopeMbl 4.4.3. Tpebyercsi yCTAaHOBUTL JIWIIL IIEPBOE HEPa-
BeHCTBO B (4.4.10). B cuny cummerpuynocTu Mepnl v otHocurennHo 0, Var(v, ) =

Var(vt

*.), n cormacuo Teopeme 4.4.2, mOCTATOYHO TOKa3aThL, uto Var(v)) > 1 mua

dv(x 1
Bcex a € R. Hanmomuuwm, uro d( ) ) exp(—|z|), z € R. Ecan a > 0, To ¢ To4-
X
HOCTBLIO 10 CHBUTA V) — ONHOCTOPOHHE TOKA3aTENILHOE DACHPENEJCHUE, TaK UTO
+) —
Var(v)) = 1.

Paccmorpum cayyait a < 0. YToOBI TpOU3BECTU COOTBETCTBYIOIUE BLIUYUCTICHUS,
HaM ynoOmee Oyner paborars ¢ ¢pyHkmmeil pacupenenenus Fy(z) = vt ((a,a+ z]),

TO ecTb, Kak Mepa, F, — mpocto cmsur v, , u smauut Var(v)}) = Var(F,). Oue-
—latz|
e

2—ea ’

BunHoO, F, cocpemorouena ua mosyocu [0,400) U MMeeT TaM MIOTHOCTL

z > 0. Vcnonn3ys siaeMeHTaApHBIE TOXKIECTBA
/xe‘rdx = (z—1)e”, /xe‘xdx =—(x+1)e”
2 x o 2 x 2 —x o 2 —x
/wedx—(x — 2z + 2)e”, /xe de = —(z° + 2x 4+ 2)e™ 7,

HaXOdM1M:

(2 — e“)/ xdF,(z) = / 2T dr = —(a + 1) + €
0 0

(2 — e“)/ xdF,(x) = / ze” @)y =1 — q.
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—2a + e®

gt Iamee,

Taxum obpasom, [;° xdF,(z) =

(2 — ) / 22dF, (z) = (0% + 2a + 2) — 267,
0

(2 —e€%) / 2?dF,(z) = a* — 2a + 2.

—a

202 + 4 + e

Crnenosarensuo, [;° #2dF,(z) = 2 _ea ’

202 +4 + e (—2a+ea )2_ e2e — 2q2e® 4 4ge® — 8e® + 8

Var(FG) - 2 —e@ 2 —e@ (2 —e2)2

OuesBunno, Var(F,) — 2 = Var(v) npu a — —oo, u Var(Fy) = 1. Haxrosrer,

Var(F,) > 1 <= €** — 2a%¢" + 4ae® — 8¢” +8 > (2 — e*)?
<« (a® —2a +2)e* <2

<:>t2-|—2t—|—2ngt:2(1+t+%t2+...),

roe t = —a. Ilocimennee mepaBencTBO OueBMOHO, Tak Kak t > 0. Teopema 4.3.3

JOKa3aHa.
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§4.5. O pacupeneseHUr JTUNIMUIEBLIX (YHKINOHAJIOB HA BEPOATHOCTHBIX
MeTPUYECKUX IMPOCTPAHCTBAX, IOJIUUHAIOIIUXCA HepaBeHCTBAM

tuna Ilyankape

yctn (M, p, ) — MeTpUUeCKoe MPOCTPAHCTBO C BEPOSTHOCTHOW Mepoii, mom-

YMHAIOEeCs HepaBeHCcTBY Tuna llyankape
A1 Var(g) < E|Vg|?, (4.5.1)

rae g — IpoOM3BOJLHAA QYHKIUA Ha M, IMeomasa KOHEYHYIO JINIIINAIEBY KOHCTAHTY
Ha Bcex mapax B M, u A\; > 0 He 3aBucur oT ¢ (MareMaTwUdecKoe OKUITAHUE U
ICTIEPCUsT OHUMAIOTCS B CMBICJIE Mepol ft). YUTO Torjga MOMKHO CKa3aTh O pac-
IpelesIeHNN JINIINNUIEBLIX QyHKuuii za M7

3aMeTuMm, 4To ecyau Obl yaanoch Ha ocHoBe (4.5.1) monyunTs kakme-inbo cooT-
HOIIEHUS MexkIy pacupenenerusMu g u |Vg| mus dyurnmii g va (M, p, 1), T0 Takue
K€ COOTHOIIEHUs OB OLI CupaBeauBLl U s GyHKIud g HA (M™, py, u™) O OT-

HOIIEHUIO K IIPOJAKT-Mepe u'" 1 MeTpUKe

n

ZP(%:%’)% x??JGMn-
=1

HetictBurenvuo, (4.5.1) pacupocrpansiercsa Ha npocrpauctsa (M™, pa, u') ¢ To#

’Ke caMoil TOCTOAHHOW A\ Ui omepaTopa
Vgl =) Va9l (4.5.2)
i=1

rae |V, g| obosnagaer Momgynn rpamuenrta ¢yHrmuu x; — ¢(z) (HAmOMHUM, YTO
IPpU PACCMOTPEHUN MHOTOMEDHLIX AHAJIUTUYECKAX HepaBeHCTB B (M™, po, u™) MbI
npeanosaraeMm, 9yro M cemapabeianbHO, M 4TOo cooTHOomeHue (4.5.2) BLIIOJHAETCS
IJIS BCEX po-JIMMIIUNEBLIX (yHKnuit Ha M" nnsa p'*-modytum Bcex T € M”). Tagum
obpazom, (4.5.1) MO¥KET CILYKATL MHCTPYMEHTOM HPU KCCJIEeIOBAHUU MHOTOMED-

HLIX 3aJa4. Mur JOKaXKEM CJIeOYIOMNE ABa YTBEPKIACHUSA.

Teopema 4.5.1. Ilpennmonosxkum, uro (M, p, ;1) TOTUNHAETCA HEPABEHCTBY THUIA
[Tyanrape (4.5.1). Torma Bce nummuness! GyHKIMU Ha M UMEIOT KOHEUHDLIA DKC-
IOHEHNUAILHLIE MoMeHT. Bosee toro, mius Bcex g ma M, takux 4dto ||g|rip <1 m
Eg =0, u Bcex t € [0,1)

~+

Ee?Vits < 12 (4.5.3)

—t’
2
M Eg2e?Vite < (1—2) E|Vg|262‘/>‘_1tg. (4.5.4)



182

Teopema 4.5.2. Ilpm Tex :Ke OpeANOTOXKEHUAX, OIA Bcex (GyHENIuii g Ha M,
rakux 4910 ||¢||rip < 1 u Eg = 0, a Takke 018 BCeX HEIYCTLIX U3MEPUMBIX MHO-
sxectB A C M u Bcex h > 0,

pilgl = h} < 6e2VAh, (4.5.5)
9 _
1— p(AM) < — 2VALR, (4.5.6)

OueBuaHO, NOCHIEeNHNE OBAa HEPABEHCTBA ®KBUBAJIEHTHLI APYT APYLY C TOYHOC-
TBIO 10 abcomoTHLIX MHO%HUTeneld. C TOUHOCTLIO OO abCOMIOTHLIX MHOKUTEJEH
oHU BiekyT (4.5.3), u B 9TOM cMbIcie OHU Gosiee cuibHble. Eciaum ke MCXOIUTDL 13
(4.5.3), T0 (4.5.5) mOIYYUTL HENB3S HasK€ C TOYHOCTHLIO IO HEKOTOPOIO MHOMKU-
TeJsd, XOTA M MOMKHO IIOJIYyYUTL HEMHOIO 0oJiee cIadylo OLEHKY: II0O HEPABEHCTBY

Yebnmmesa mis Beex ¢t € [0,1) u h >0

p{z e M:|g(x)| > h} < (BN 4 Bem2VAitg) o2V Auth

14t 4
<9 1+t e—2x/>\1th < : te—Q\/)\lth7

1 1
—  h >
2Nk T 2N

p{zeM:|g(z)|>h} < 8ey/ AL he 2V,

u onTuMu3upys mo t (t =1 — ), IPUXOIUM K HEPABEHCTBY

SamernMm Takke, uro npu t = 0 (4.5.4) Bo3Bpamaer HAC K UCXOIHOMY HEDABEH-
crBy (4.5.1), u 3nauur (4.5.4) — Hauboslee CUILHOE yTBep:KIeHNe B Teopemax 4.5.1
n 4.5.2 (5TO HEPABEHCTBO MCIOJIL30BAJIOCEH B [83] IPU OLCHUBAHUN SHTPOINN).

Hackonbko Touner HepasencTsa (4.5.3)—(4.5.6) moka3siBaeT nprMep BEpOATHOC-

THOTO pacupenesenus p = py, Ha apsmoid M = R (¢ o6biubOl MeTpuKoid) ¢ miaoT-
dp(z)

dx
sTa Mepa nomuuHsaercs HepaseHcTBY (4.5.1) ¢ moctosmuO# A;. IIporectupyem

(4.5.3)—(4.5.6) va ¢yurmum g(z) = x:

HOCTBIO = \/)\16—2\/X|x|, z € R (A1 > 0 — napamerp). Kak y:xe ormeuanocs,

Ee2Vhits = 1 >l—1+t,
1—12 = 4 1—¢
2 2V/Art 1+3t7 Lo/ 14t? 2 2V/Art
MBg e = S sy 2 5 (107 ) BIVePe ™,

n{lgl = h} =e 2V,

TaxurMm o6pazom, (4.5.3)—(4.5.5) ¢ TOYHOCTLIO 10 abCOMIOTHLIX MHOMKATEJIECH Hey-

ayumaeMmpl. Ytobul onenuts (4.5.6), paccMorpuM mHTEpBadnl Buga A = (—oo, al,
1 vl

Ipeanosaras, 4ro 56_2 Ah < (A) (To ecTn, HaC UHTEpPECYIOT GONLITME 3HAUE-

Hust h). Vmeewm:
_ h 1 —2VA1 h
1=p(AY) 2 ge

u B oTOM ciaydae (4.5.6) Toske HEyIydmaeMo ¢ TOYHOCTHIO O abCOJIIOTHOIO MHO-

HRUTEIA.
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OcranoBuMcs BKpaTie Ha ucrtopun HepaseHcTs Tuna (4.5.3) u (4.5.6). Buepsrre
HepaBeHcTBO Tuna (4.5.6) Onw1o monyderno ['pomoBoiM 1 MuabMasOM (B KOHTEKCTE

prMaHOBOW reomerpun). VmenHo, umu nokaszano B [137], uro

— u(A") < (1 - p?) e sV R, (4.5.7)
rne p = u(A). IlpoBemeHnoe NOKA3aTEILCTBO OLLIO OCHOBAHO HA NPUMEHEHUU

(4.5.1) ® ¢pymrmaam suna g(x) = min{p(A™,z),§} u mocrenyromeii uTepamum MO
n ¢ momxomAmmM 0, 3aBucsameM ot h u A;. Ilo-Bmmmmowmy, Takoil moaxon He gaeT
onTuMaJibHbIE oeHku. TeM He MeHee, u3 (4.5.7) yske cienyer, 4To M HEKOTOPBIX

abCOIIOTHLIX TOCTOAHHLIX tg > 0 u C)
Ee2VAitoldl < ¢ (4.5.8)

rae g — npousBoabHag nunnmneBa Gpysrnus Ha M (||g||rip < 1) co cpemanm Eg =

1
aMCOZQ—(ibm

nozaaee nonydern BopoBkoBoiM u Y reem ([10], Teopema 2). Hepasencrso Ily-

0. Amnasormunnii pesyanrar — HepaBeHcTBo (4.5.8) ¢ to =

ankape (4.5.1) uMu paccMaTpuBaJIOCh BHE CBA3UM CO CBOWCTBOM KOHIIEHTDAIWM,
IpuYeM A1 BEPOATHOCTHLIX Mep i Ha npamoit M = R. VMcnoan3yeMmbiit uMu MeTO
paboraer, ongHako, u B abcrpakrtHoil curyaruu: (4.5.1) npuMmeHsieTcs K QyHKIUAM
BUAa |g|P m u3 mosydyaeMoro peKyppeHTHOrO HEPABEHCTBA, C YYETOM TOTO, UTO

A1 Var(g) < 1, BLIBOAATCS OLUEHKU IJISI MOMEHTOB

(2v/ M) ElglP < (4p)?, p=>1,

orkyna (4.5.8) cpasy caemyer. 3amerum, uto B cuiy (4.5.6) mMeer mecTo mpa-
BUJILHASA 11O MOPAIKY OIEHKA (2\/_) Elg|P <6T'(p+1) (rme I' — ramma-dyHsrmms).

Dauskre k pabore I'pomosa n Munbmana pacCyskIeHUs OLUIM NPOBeAeHbI Au-
nofi, Macynoii u Illurexasoii [54], noxasasmumu komeunocts Ee2V U9l npy |t] <

to = IHanvueiimee yrounenue Onino chenano B pabore Aumnt u Ctpyka

2(e—1) "
[55], orpaHMYMBIIMMUCSH, IpaBAa, 3HAYEHUEM ¢ _% IpPY OICHUBAHUM SKCIOHEHIIU-
amnaoro MomenTa u(t) = Ee?V 9. Tlpumenenme (4.5.1) ® ¢pyukmnmm eV M9 mpuso-

IUT K (PYHKIIMOHAJLHOMY HEPABEHCTBY

u(t) < ! u(i)Q,

1—t2 2
t t
" IIOCJI€ N-KPATHOT'O IPMMEHCHUSA 9TOI'O HEPpaBEHCTBa K 3HAYCHUAM t g ey T
2 oan—1
moJgIyvyaeM
o 1 t
27L
k=0

OueBnno, npoussenenue B (4.5.9) cxonures npu |t| < 1, u rak xax u(t) = 1+ o(t)
upu t — 0 (B cuay ycuosus Eg = 0), nmeem B mpenese

oo

E\/_A1tg<U

t2/4" B ——Tt (4.5.10)
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1
B wacTHOCTH, TIpU t = 5 » CTIPABEITUBO

Ec/9 < K = ] = 1/1 = 1.720102. ... (4.5.11)
n=0

gn+1)2n

DTO HEpPaBEeHCTBO U ecTh pedyabrarT Auant u Crpyka. UTobOnl paccyskaeHus OLiau
COBCEM CTPOTUMU, CJIEAYET BCE BBIKJIAIKA MPOBOIUTEL B MPEANOJIOKEHUN OTPAHU-
YeHHOCTU ¢ (C TeM, YTOOLI He BO3HUKAJO MPODBIEM C DKCIOHEHIUAJILHOW MHTErpu-
PYEMOCTLIO), M 3aTeM C MOMOIILIO ycedeHU# Jsierko moaydnth (4.5.10) yke s
BCEX JIUNIUIEBLIX ¢ HA M ¢ HyJIeBLIM CPEITHUM.

Takum obpaszom, corsacuo (4.5.10), skcTpeManabHLiM 3HaveHueM B (4.5.8) sB-
asiercs tg = 1. BuepBble KOHEUHOCTHL DKCIOHEHIIMAJILHBIX MOMEHTOB EeV2Mity upu
|t| < 1 6oina memaBHO mokasana IlImykenmuerepom [211]. Om npumensn (4.5.1)
K (QYyHKIUAM BHUIQ gemtg U, pemas nojaydaeMoe nuddepeHnuatLHOe HePaBEHCTBO
oTHOCUTEALHO (yHEmMM u(t), usBick omerxy EeV2Mi < (1 — ¢2)~4 Dro, ommaxo,

xysxe (ocobenno mpu t — 1), uem (4.5.3) u (4.5.10), Tar rak U(t) < ?ﬁi

1

[Ipuctynum, HaKOHEI[, K HOKA3aTEILCTBAM.

IokazarennctBo Teopem 4.5.1 u 4.5.2.

Haunem ¢ (4.5.3). Cormacuo (4.5.10), ocraercs sumb mokasarb, uro U(t) <

1+¢
—— Tpu 0 <t <1, uro paBHOCUILHO HepaBeHCTBY /V (t) < 1+ t, rue

n=1
Paszmaras B pan Teirmopa, umeem
oo oo oo
t2k t2k
— n —
log V (t) = kg 1 5_12 TR = kg 1 R (4.5.12)

CIeMOBATENLHO (QyHKIUSA V JOorapu(MUUECKU BLITYKIA. B Y4aCTHOCTH, BBITYKIA
¢yuruma /V(t), u 3aauntr #HepaBeHcTBO \/V (t) < 1 4 ¢ HYKHO TPOBEPATL JIUIIDL
B KOHIEBLIX Toukax mHTepBaJsa [0,1]. Ilpu ¢t = 0 morasviBaTL Heuero; nmpu ¢t = 1
HYKHO TIOKa3aTh, uTo log V(1) < log4. Tax xax 22¢~1 —1 > 4*~1 npu k > 1, moxmO

OLEHUTL, ncrnonb3ys (4.5.12):

o0
1 4
logV(1) <1+ ——— =4log 7.
k=2

Ocraercs 3aMETUTL, YTO (%)4 < 4.
BrBenem Temepn (4.5.5) m (4.5.6), ommpasich OXHOBDEMEHHO Ha HEPABEHCTBA
(4.5.1) u (4.5.11). Ilpemmonoxum, 4uto ||g|rip < 1 (ycmoBue Eg = 0 BpemenHo



185

e Hasjaraem), u npuvesnM (4.5.1) K (orpasmdenso#) QymErman g = eV 1 min(g:h)

heR:
MEg: < M(Egr)? + E|Vgs|*. (4.5.13)

B cuny (4.5.11), Eg, = EeV2i9 < K eVMEBan < K eVMEI. Kpome Toro, Tak Kax
|Vgn| = 0 ma muoxectse {g > h} u |Vgn| < vVA1eY M9 ma Bcem M, umeem E|Vg,|? <
A Ee2vVAig l{y<ny- Vicmonnsys o1 onenkn B (4.5.13) u 3amucLiBas

Eg} = E¢2V\19 Lig<ny + 2Vl Lg > hY,

IPUXOAUM K HepaBeHcTBy e2VAM i fg > bl < K2e2VME9 Tak kak ero mpasas gacTn

HEIIPEPLIBHO 3aBUCUT OT h, 3aRJIIO4YaeM, 4YTO

p{g > h} < K2e 2VMh 2VNEg - c R (4.5.14)
Eciu Eg = 0 u A > 0, TO BMecTe C COOTBETCTBYIONIUM HEPABEHCTBOM IJsI —(¢

(4.5.14) nmaer p{g > h} < 2K%2e 2VMh | Orcioma monygaem (4.5.5), Tak xak K2 =
2.958750... < 3.

Ecnu npumennts (4.5.14) l'IpI/I h =0 & ¢pyurmun g(r) = —p(A, x), TO MBI HOLY IUM

HEPaABEHCTBO e2VME(A) < m Ucnonnsys sty omenry B (4.5.14) ¢ h > 0 u
dyuruwmeir g(z) = p(A, x), 3akn0uaem, 4TO

4
— (A" = p{z € M : p(A,2) > h} < %8—2\/%_1@

Irto naer (4.5.6), Tak kax K* < 9.

Hakonern, nokaskem (4.5.4). Hocratouno moka3arth, uto ecau |[Vg| < A < 24/ )\

u Eg =0, To
2
1 2V A1+ A 2
9« [ 2YAATA g
Eg?ed < ™ (2\/)\_1_)\) E|Vg|©ed. (4.5.15)

Honoxum 22 = Eg?e9, a® = E|Vg|?e? (z,a > 0). 3anumewm nepasenctso (4.5.1) B
OoJsee obmeir popMme: ecam u U v — CyYMMHPYyeMble C KBaApaToM ¢yHKuum Ha M,
VMeIOIre KOHEUHYIO JIMIIINIEBY HOPMY Ha Bcex mapax B M u takue uro Eu = 0,

0 (Euv)2 < %%E|VU|QE|VU|2. [IpuMerss 5TO HEPABEHCTBO K u = g 1 v = €9/ u

HCIIOJIL3Yy A CACJTAaHHLIEC ITPEOIIOJJOKREHNA, UMEEM

(Egeg/2)2 < E|Vg| ’E|Vg|%e? < 4)\2 a2 (4.5.16)

Kpowme Toro,

A1 Var(ged/?) < E|Vged/?|? < E|[Vg[*(1+ g/2)269

2
< a®> + E|Vg|*ge? + )\TCL’Q. (4.5.17)
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Cpennu#l uieH cnpaBa OLUEHUM 110 HepaBeHCTBY Koum—DByHAKOBCKOTO:
E|Vg|*ge? = E(|Vg|e?/?)(|Vg|ge?’?) < Naw.
[MosTomy, cornacuo (4.5.17),
A1 Var(ge?/?) < (a + %)2 . (4.5.18)
Kom0Ouaupys (4.5.16) u (4.5.18), moxyuaem:

A2 1
— (Egeg/2)2 + Var(ged/?) < WaQ e (a+ —)2.

TO ecThb, (2M\17)? < (Aa)? 4+ A1 (2a + Az)?. Orcroona
2/\11’ S /\CL+2\/ )\16L+ \ /\1 )\CL’,

u, TakuM obpasoM, (2A; — VA1 )z < (24/A1 + A) a. Teopema 4.5.1 noraszana.

Sameuanue 4.5.1. HepasenctBo (4.5.3) MOskeT OLITL HEMHOIO YCHJIEHO, €CIIN
MOTOJIHUTENLHO K yCIOBUAM TeopeMrl 4.5.1 pyHKIUA g MeeT CUMMETPUYHOE pac-

npenesesue (OTHOCUTEILHO HYJIA):

2
Ee>V it < 10 <1 (4.5.19)

— 2

Uro6nl moKa3aTh 910, npuMeHuM HepaBeHCTBO (4.5.1) k ¢yukumum sh(y/Aitg): Tak
kak Esh(yv/A1tg) =0,

A1 Var(sh(v/Aitg)) = MEsh?*(v/Aitg) < Mt2Ech?(y/\itg),

a 910 u ecThb B Tounoctu (4.5.19) (¢ ydueToM, KOHEYHO, CUMMETPUYHOCTHU PACIIPe-

JEJIEHUS ).
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§4.6. O pacupeneneHn” (pyHKIMOHAJIOB Ha BEPOATHOCTHBLIX METPUUECKUX
IPOCTPAHCTBAaX, NOAYNHAIOMUXCA JOrapUPMUICCKAM

mepaserncTBaMm tuna CoboiseBa

CuoBa nyctn (M, p, 1) — BEPOSITHOCTHOE MeTPUYECKOE IPOCTPAHCTBO. Temepn

Halell ucXoqHot Touko# Oymer sorapudmuyeckoe HepaBencTBo tuna CoboseBa
Ent(g%) < 2¢E|Vg|?, (4.6.1)

rae g — npom3BoJsibHAA GyHKIUA HA M, UMeomas KOHEYHYO JUNIINAIEBY KOHCTAHTY
Ha Bcex mapax B M, u ¢ < 400 He 3aBUCUT OT g. HamoMHUM, 4TO MDLI UCIOJIL3YeM
obo3HaueHue

Ent(g) = Ent,(g9) = Eglogg — Eglog Eg

IUIS. SHTPONMM ¢ TIO OTHOWIEHUIO K f (9TOT (YHKIMOHAT KOPPEKTHO ONpPEIeseH
st Beex p-uamepuMmpix g > 0). Kak m mepasencrso tuma Ilyamkape, (4.6.1)
o6o0maercsi Ha MHOroMepHole mpoctpascTBa (M™, pgy, u™) Ge3 U3MeHeHUs MOCTO-
auaaoit ¢. IlosTOoMy, M3ydeHME OTHOMEPHOW CHUTyalnu aBTOMATUYECKU BRIIOUYAET
B ce0s BO3MOKHDIE MPUIIOKEHUS K MHOTOMEPHBIM 3aadaM (HampuMep, O KOHIIEeH-
Tpanuy IPOJAKT-MEPDI).

3amerum, uTo HepaBeHCTBO (4.6.1) OAHOPOMHO, HO HE MHBAPUAHTHO OTHOCU-

TEJILHO OIlepalnuu g — ¢ + @, U MO3TOMY OHO MOKET OBITL (POPMAJILHO YCHUJIEHO:

L(g) = sup Ent ((g + a)?) < 2¢E|Vg[>. (4.6.2)

a€R
Omuako, ¢pyurnmmonan £ He MOKeT OBITL TaK SBHO 3alUCAaH B TEPMUHAX pacIpe-
neeHus ¢, Kak sHTponusa. Mol moaydmMm eme OQHY DKBUBAJICHTHYIO (OPMY, €CIIU

npumenuM (4.6.1) g pyHKIUAM BUaa e9/2:

Ent(e?) < 7 E[Vg|*e’. (4.6.3)
DTO aHAJIUTUUIECKOE HEPABEHCTBO YK€ MHBAPUAHTHO OTHOCUTENLHO ONEPaIuu § —
g+a.

Jlerko mpoBepurn, uro npu a — +oo Ent ((g + a)Q) — 2Var(g), mostomy (4.6.1)
BJIeUeT HepaBeHCTBO Tuna [lyankape (4.5.1) ¢ koHCcTaHTOR A\ = % . Tor ¢axkr, uro
(4.6.1) MOskeT OLITL CYNIECTBEHHO cuibHee, ueM (4.5.1), nposBisgercs, HAIpUMeD,
B MOBEJECHUYN SKCIOHEHIMAJILHLIX MOMEHTOB JIMIIIUIEBLIX (GyHKIUA Ha M.

Bonpoc 06 sKCIOHEHNUAJLHLIX MOMEHTaX WCCIEIOBAJICA MHOTMMU aBTOPaMU
nocJie Toro, kak B 1975 r. mepasencrsa tuna (4.6.1) Guuin BBenennt I'poccom [138]
Ha IpuMepe rayccoBckoro npocrpauctsa (R™, p,v,) (p — KaHOHUUECKAs €BKINIOBA
MeTpuka). B yacTHOCTH, MM OBLLIO HOKa3aHO, YTO B 9TOM mnpocrtpancTse (4.6.1)

BLIIOJIHACTCA ¢ (omrmMasnbHOR) mocrosiHof ¢ = 1. Ilo cBumerenncrBy I'pocca
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n Porxaysa [140] u IsBuca u Calimona [122] BmepBble BO3MOMKHOCTL W3y UEHUs
9KCIOHEHINAILHLIX MOMEHTOB JIAIIIUIEBLIX (yHKIUE Ha ocHOBe (4.6.1) OnLno OT-
Medena XepOcrom. B myGmukanusx ero mues Obuia peannsoBaHa B [122] u MHOrO
nozauee B pabore Aunnt, Macyner u Hlurekaser [54] (oOHapykuBmumMy ommbKy B
pabore IlsBuca u CaiimoHa).

Hanomunm ocroBHO# aprymert. [lycTs g — orpanmuennas gyukius Ha M, Takas
uro |Vg| <1 u Eg =0. Ecian npumernnts (4.6.1) ¥ QpyHRIUAM BrIa e!9°/2 1o ML

HOJIyLII/IM ,Z[I/I(i)CbepeHHI/IaJILHOG HepaBeHCTBO HepBOI‘O HOpH,Z[Ka
ty'(t) —y(t) logy(t) < 2ct?y'(t), t>0,

2
orrOocuTenbHO (yHEmUE y(t) = Ee'9" . Tlpu ”pemenun” sToro muddepeHnmaiLHoro
HEPABEHCTBA HETPYIHO M3BJIeUL OLEHKY [54]

t
1—2ct

1

tg2 <
EeY < exp{ »

Eg’}, 0<t< (4.6.4)

Tak xak Eg? < ¢ (B cuny HepasencTsa Ilyamkape), MOKHO 3aKJIIOUATL, UTO Pac-
npeesieHne § UMEET rayCCOBCKUE XBOCTLI (B CIydae rayCCOBCKOTO MPOCTPAHCTBA
cBoicTBO (4.6.3) OueHL GJM3KO K M30ME€PUMETPUUECKOMY HEPABEHCTRBY ).

Jeny ([175], [176]) mpumennn (4.6.1) & dymkmmaM Buma e'9/?: eciu Temepn

y(t) = Ec'9” | 1o (4.6.1) Breuyer mpyroe (6osee mpocroe) mudppepeHantLHOe He-

PaBEHCTBO
2

ty/(t) —y(t) logy(t) < S-y(t), t>0,
koTopoe mocie 3amenst y(t) = et coscem ympomaercs: u/(t) < % Tax rak

w(0%) =0 (B cuny ycnosus Eg = 0), cpa3y moaydaem, 4To
Ee' < /2 teR. (4.6.5)

Kak cinencrsue, mis scex h >0

p{g>h} < e/, (4.6.6)

HepaBeHCTBa, Osuskve K (4.6.4) u (4.6.5), Obum Takke moaydeHnl Porxays3om
[207], kOoTOpLIA KUccienoBad noBenenre MoMeHTOB E|g|P mis nmunmuneBnix ¢yHKIudA
g.

3mech MBI OOCY QUM IBa pe3yJibTaTa, CBA3AHHLIE C JIOTAPUPMUUIECKIMU HEPABEH-
crBamu turna CoboneBa. OCHOBHOW BOHPOC, KOTOPLIA HAC OyIeT MHTEPECOBATD,
cocrout B caenyromeM: " MozkHO i1 oneHuTL Ha ocHOBE (4.6.1) 9KCIOHEHIIMATLHLIE
MOMEHTHI GpyHKIUU g Ha M B TepMUHAX pacupemeseHus MOLyis rpaauenta |Vg|?”
BaskHBIM npuMepOM MOMKET CIy:RUTL cemelicTBo HepaBeHcTB (0.14), mONyUeHHLIX
st rayccoBckoro npocrpancrsa (R™, p,,) Husbe: mus mo60# BLITyKIOH (yHK-
muu ¥ wa R, mua grobol riaaakoi (BKBI/IBa.HGHTHO — JIOKAJLHO JII/IHLUI/IueBoﬁ) dhyH-

kmuu g Ha R™ co cpenanm Eg = 0,

EV(g) < //‘If(% (Vg (), y)) dyn (@) dyn(y).
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[Mpu ¥(x) = €* MBI IPUXOIUM K HEPABEHCTBY

2
™
— |Vgl?

Ec? < Ee 8 (4.6.7)

Hackoabko ontuMaianbHO 9T0 HepaBeHCTBO? flcHOo, uTo must munmunesnix g (4.6.7)
HECKOJILKO Xyske 1o cpasHeHuio ¢ (4.6.5). OxaspiBaercsi, 06a 2TU HEpABEHCTBA
MOTYT OBITH OOBLEAUMHEHLI U PacCMaTPUBATLCA KaK YaCTHBIE ciaydau Oosiee 00-
MEero HEPaBEHCTBA MU BEPOATHOCTHLIX METPUYECKUX mpocTpancTts (M, p, i), mon-

YMHSAIOMUXCSA JorapudgMuyeckoMmy HepaseHcTBy (4.6.1). Mmeer mecto

Teopema 4.6.1. Ilyctn Bomosneno mepasenctBo (4.6.1). Torma mus mo6oi
Gyurmuu g ma M co cpemaum Eg = 0, nMmeromell KOHEUHYIO JUNMIUIEBY KOHCTAHTY

Ha BCex mapax B M, m mis Bcex a > ¢/2,

c/(2a—c)
Eed < (EeanV) . (4.6.8)
B YaCTHOCTU, IIPA X = C MDLI IIOJIy4YaeM
Ee? < Ee¢Vdl’, (4.6.9)

Yie B TayCCOBCKOM CJlIydae »TO HEPaBEHCTBO IPEICTaBIAeT COOOHM HEKOoTOpoe
yaydmenue no cpasHeHuio ¢ (4.6.7), Tak Kak %2 >c¢ = 1. Ecun |[Vg| <1, 10
cornacuo (4.6.8), Ee'¥ < exp{
wepaserctsy Jleny (4.6.5).

ﬁﬂ}, U YCTPeMJIAA o — -+00, MBI IPUXOIUM K

HoxkazarennctBo Teopemnl 4.6.1 Tak ke, Kak U IOKa3aTeJLCTBO HEPABEHCTBA
(4.6.5), B Goubliell cTeneHr OCHOBAHO HA NMPUMEHEHUUW SKCIOHEHIUAJILHON (OPMDI
(4.6.3), meskenu ucxomuoro HepasenctBa (4.6.1). IlosTomy mmeer cmbica Gparth
B KauecTBe OCHOBBLI (4.6.3), mpuyem MOKHO TpebGOBAThL, UTOOLI HTO HEPABEHCTBO
BLIMIOJIHSAJIOCL HE MJis ~BCeX' ¢, a JUMDL MU QYHKIUA U3 KAKOTO-HUOYOL KJIacca.
Hanpumep, rorma M = R™, moxkuO paccmarpuBarh (4.6.3) Ha Kigacce BCeX BLI-
OyKJILIX ¢, 1 Toraa (4.6.1) MoMkeT OKa3aTLCA CYIMIECTBEHHO 60Jiee CUILHLIM IIPE -
nonoxkenueM. [lpuBemeM oouH mpuUMep, WUITIOCTPUPYIOMUA TPUMEHEHUE TaKOTO

IOOXOIA.

Teopema 4.6.2. IlycTtn p — paBHOMEpPHOE paclIpenesieHne Ha OUCKPETHOM KyOe
{-1,1}". Ina moboii mudpdepenmupyemoii dpyurnuu ¢ Ha R", MOKOOpIUMHATHO

BLINYKJION n co cpenuuM Eg = 0,
Eed < Ee2/V9l*, (4.6.10)
ITpu sToM, ecam |Vg| < 1, To mus Bcex t € R

Ee'd < e (4.6.11)
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Kak ciencrBre, Mbl moimydyaeM HepaBeHCTBO (4.6.6) s yKIOHEHU IO OTHOIIE-
HUIO K Mepe [ C IOCTOSIHHOM ¢ = 2 B KJIacCe BCEX JIMIIIUIEBLIX MOKOODAUMHATHO

BLINIYKJBIX (yHEIU ¢ HAa R™ ¢ HyneBbIM cpenHuM:
,u{g > h} < exp{— %hQ}, h > 0. (4.6.12)

Amnasioruunoe HEPpaBEHCTBO OJIA :YK.HOHGHi/JI g OTHOCHUTEJILHO MEINAaHDLI m(g),

i{lg —m(g)| > h} < K exp{— - (h— log2)*}, (4.6.13)

h > /log2 (K — abcomoTHad TIOCTOAHHASA) B MPEANOJIOKEHAN BLITYKIOCTH ¢ (BMec-
TO TOKOODAVHATHOW BLIIYKJIOCTH) OLLIO moaydyeHO TaJsarpaHoM Kak CJenCTBUE
M30MEePUMETPUYECKUX HEPABEHCTB MJIsI MEPDLI [l HA KJIACCe BCEeX BLITYKJLIX MHO-
xxectB B R"™ [216]. C xymmeil koHcTanTo#l B 9kcnonente (4.6.13) Bunepsoie mo-
asunoch B pabore Tanarpama [213]; ¢ apyro#i croponni, B [216] mokazano, 4ro
MHOKUTEID % He MO:KeT ObIThL yiyumed. He M3BECTHO, OIHAKO, MOMKHO JIU W3-
6aButncsa or uneHa y/log2. Takke He M3BECTHO, CHPABEIJIUBO JIU AHAJIOTUYHOE
HepaBeHCTBO B (4.6.12) mus BeposTHOCTEH seBbix yriaonenuit u{g < —h}.

[Ipuctynum k mokasarenbcTtBaM. YTOOLI m3beKATL MOBTOPEHUN MPU JIOKA3a-
renncrBe (4.6.8) u (4.6.10), paccmorpum Gosee abcerpakTHyio cxemy. Ilycro
(M, ;1) — BEpOSITHOCTHOE NPOCTPAHCTBO, U IPEANOJIOKUM, UTO HA HEKOTODOM Ce-
MeficrBe X OrpaHWYEHHBIX M3MEpUMBIX ¢GyHKIu Ha M omnpenenern omeparop I' co
CIEIYIOMUMEI CBOVICTBAMU:

1) Vg € X, T'(9) — meorpunarennpuas namepumasi QyHruus Ha M

2)Vge X, Vae R,b>0, a+bge X uT(a+bg)=>0I(g).

Jlemma 4.6.1. IIpennmonosxwum, uro mia Bcex g € X
Ent(e?) < ET(g)%eY. (4.6.14)

Torna misa Bcex g € X co cpenaum Eg =0 u Bcex o > 1,

(4.6.15)
,Z[OKa3aTeJILCTBO. By,HeM HCIIOJIL30OBATL CJeayromee XOpomo M3BECTHOE IIPEn-
CTaBJICHUE OJISI SHTPOIINN:

Ent(v) = sup Evw,

rae v — IpOM3BOJIbHAS HEOTPpUIATEJILHASI U3MEPUMaAd q)YHKI_II/IH Ha M, n cynpemym
6GpGTCH II0 BCEM U3MEPUMLIM W Ha M, TaKM YTO MaTEeMaTN4YeCROE€ OXKNIaHME Evw

cymectByet, npuueM Ee” < 1. B uwactHOCTH,

Ee¥ =1 = Evw < Ent(v). (4.6.16)
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IIyctn g € X, a > 1. Ecun Eeal(9)® = 400, mOKa3LIBATL HEUYero. B mpoTuBHOM
caydae moJokuM [ = log Eeo‘r(g)Q, tak uTo Ee® = 1 qna w = al'(g)? — . B cuny
(4.6.16), nus Bcex mamMepuMbIX (GyHKIuUA v > 0

Ent(v) > E(aT(g)* — B)v. (4.6.17)
[Tpuvernnm (4.6.17) k v = e u Bocmoab3yeMcsi HepaBeHCTBOM (4.6.14):

Ent(e?) > E(aT(g)® — B)e? > aEnt(e?) — BEef.

CrnenoBaTeabHO
Ent(e?) <

g
- Ee’. (4.6.18)

ODTO HEPABEHCTBO CIPABEMIMBO HJsA BCceX ¢ € X m 3HAUUT [uisi GYHKIURA BUOa tg,

t > 0. IHonoxnum
B(t) = log Be T)",

Trak uro (4.6.18) mis Takux GyHKUMANA OTpUMeT BUI
2
Ent(e) < 25 gt (4.6.19)

Ecnu renepn, cnenysi BeiBony (4.6.5), onpemenutn ¢yurmumo u(t), ¢ > 0, ¢ mo-
mompbio pasesctBa Eeld = ()| 1o Beumy rommecrsa Ent(efd) = t2u/(t)et(®),
(4.6.19) ympommaeTcs cienyomuM oopa3om:
1 B

a—1 t2

u'(t) < , t>0.

Samerum, uro ¢pyuknusa ((t) somykna, S(0) = 0, upu srom ('(0) > 0. Caemosa-
resbHO ¢yukmusa ((t)/t we ybuBaer Ha umHTepBaJse ¢ > 0. B wacrHOCTH, TIpH®

0<t<1uU(t) < PO _ 5 g cuny ycaosua Eg = 0, nmeem u(0T) = 0,

a—1 a—1

nosromy u(l) < —aﬁ 7> TO ecTh
_ u(l) B
Eeld =e¢ < ea-1,

D10 U ecThb nckoMoe HepaBeHCTBO (4.6.15). Jlemma 4.6.1 nokasana.

HoxrazarenscrBo Teopem 4.6.1 n 4.6.2. Ycmosue (4.6.3) B Teopeme 4.6.1 ecrn
npennonoxerne (4.6.10) ¢ omeparopom I'(g) = \/§|Vg|. B cuny memmor 4.6.1,
HepaBeHcTBO (4.6.9) mMmeer cuiy B kinacce X BCEX OIPAHUYEHHBIX (DYHKIUNA HA
M, mveromux KOHEUHYIO JUNINUIEBY KOHCTAHTY Ha BceX mapax B M um HyzJeBoe
cpennee. Y caoBue orpaHuyeHHOCTH B (4.6.9) JIerKO CHUMAETCs ¢ MOMOIILIO MPO-
nenypnl yceuenuii. Takum obpazom, Teopema 4.6.1 mokasana.

Ilna nokaszarenbcTBa TeopeMbl 4.6.2 BOCHOIL3yeMCs JIOTAPUPMUUECKIM Hepa-

BencrBoM Tuna Cobonesa Ha muckpernom kyGe (I'pocc, [138]):

Ent(g?) < 2ED(g)% (4.6.20)
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3nech g — npousBosbHas ¢yuknusa va {—1,1}", u D(g) — mnuHa QUCKPETHOrO rpa-

OUeHTa, T.€.,

2

n — o(s:
D(g)(x) _ \/Z } g(x) g(sz(x)) . x€ {_1,1}71,
i=1
(rkak u pamee, s;(zr) — cocen x 1o i-My HampaBieHuio: (S;(x)); = x; Upu j # i u
(si(x))i = —xi).

[Tycts g — maddepennupyemas pysrnms zHa Kyoe [—1,1]", Boimykaas mo Kaskmnon
nepeMeHHOW. 3aMerum, 4To s dboi muddepenmupyemas GyHrnum v Ha [—1, 1]
(v(1) —v(=1))2 <v'(1)2 +v/(-1)?, cnenoBaTennuO

| (i) 12
2 2 g(si(x
D(g)*(z) < |Vg(@)]* + ) _| e

1=1

, xe{-1,1}".

Mepa p MHBapUaHTHA OTHOCUTEJILHO OTOOpamkeHus T — s;(r), MO3TOMY IS BCex

. 15) 4 2 15) 2

2§nE‘ 9(68(90))‘ :E‘ 9(90)‘ .
T

O Crnenosarenvno ED(g)? < 2E|Vg|?, u B cuny

(4.6.20),
Ent(¢?) < 4E|Vg|> (4.6.21)

[Mpumenss (4.6.21) x GpyHRIUN e9/2 (a ona Toke MU GepeHIMpyeMa U BLITYKIA [0

KK IOW MepEeMEeHHOM ), MoIyJaeM, 4To
Ent(e?) < E|Vg|%e?. (4.6.22)

Takum 06pa3oM, BLITOJHAIOTCA ycaosusa gemMbl 4.6.1 musa onepartopa I'(g) = [Vyg|,
ONpeeIeHHOTO Ha kiacce X Bcex muddepeHunpyeMmnix GpyHkuuid Ha kybe [—1, 1],
BBLIYKJILIX IO KaKIOW mepemeHHOU. Rak pe3ynabrat, mis Bcex g € X u Bcex a > 1

(4.6.23)
IIpu a = 2 mor npuxomqum K (4.6.10). Ecmm |Vg| < 1, to momyuaem Ee'? <
eo‘tz/(o‘_l), n ycrpemiss « — +oo, npuxoauM k (4.6.11). Teopema 4.6.2 Toske

JOKa3aHa.

Sameuanue 4.6.1. Jlerko mokasarn, uro (4.6.22) cupaBemynBO M NPOU3BOIL-
HBIX QYHKIUEA ¢ HA OUCKpeTHOM KyGe, ecau |Vg| 3aMeHUTEL HA MOIYJL AUCKPETHOTO
rpamuenta D(g). Kak caencrsue semmot 4.6.1, MBI osiyuaeM AUCKPETHLIA aHAJIOD

(4.6.23) 1, B 4aCTHOCTU, HEPABEHCTBO
Ee? < Ee2P(9)°, (4.6.24)

Moskno paccmarpuBaTh (4.6.24) u Kak AUCKPeTHLI aHAJOr HepaBeHCTBa [lusne
(4.6.7) nus rayCccoBCKOW MepLI 7, (BOIPOC O CHpaBEIIMBOCTUA TAKOIO HEPABEHCT-

Ba Obwt momuar Ilusne [202]).
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Bameuanue 4.6.2. C xymmeit, Ho yEMBepcadbHOR mocTosmuo# mepen E|Vg|2ed,
Jleny [177] ycramosun HepaBeHCTBO (4.6.22) MO OTHOMEHUIO K MPOU3BOJLHLIM
IPOJAKT-MePaM [t = i1 X « -+ X [, Ha KyOe [—1,1]" (B ToMm ke knacce X ). Vmenno,

UMEET MECTO HEPABEHCTBO
2
Ent,(e?) <2E,|Vg|<e’.

Kak caencrsue smemmobr 4.6.1, mpr moxydaem asanor (4.6.10) ¢ mocrosmHHONW 4 B

9KCIIOHEHTE (BMecTO 2).
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§4.7. BeposTHOCTHLIE MEPLI HA MPSMOiL, yIOBIETBOPAIOIIAE

.HOI‘apI/IClDMI/ILIeCKI/IM HEepaBEHCTBaM THUIIA Coboaesa

3mech MLl JaaUM XapaKTepUu3aluio BCEX BEPOATHOCTHLIX Mep p Ha upsmoir R,

KOTODBIE yIOBJIETBOPSIOT JIorapumMuyueckoMy HepasercTBy tuna CoboseBa
Ent(¢?) < cElg'|? (4.7.1)

C HEKOTOPO¥ MOCTOAHHOM ¢ < 400, He 3aBucAme# or g (g — IPOU3BOILHAS IJIa KA,
T.€., HENPEPLIBHO muddeperuupyemas GyHKIUsa Ha R mam, 4Tto SKBUBAJIEHTHO, —
IPOU3BOJILHAS abCOMIOTHO HempepLiBHas ¢GpyHkuusa Ha R, u torma ¢ — ee mpowus-
BonHas B cMmbicie Panona—Hukomuma). Marematnueckoe OKUIaHWE W SHTPOIUS
B (4.7.1) HIOHMMAIOTCSI B CMBICJIE MEPLI L.

O6o3naunm uepes F(z) = u((—o00,z]), x € R, ¢pyHrmuio pacnpenesenus u dyepes
f — mimorHOCTL aBGCONIOTHO HENPEPLIBHOW KOMIOHEHTLI MepLI f (IO OTHOLICHUIO
k Mepe JleGera). O6o3maunmm uvepes m = m(p) (a00yi0) Meauany MepLl [ U
OlpeIesIuM

1 (M
Dy = sup F(z) log m/ Wdt’

rm

1 o
Dy = sup (1 — F(x)) log 1—F(x)/ 0 dt.

r>m
Ecan p((—oo,m)) = 0 u/umm pu((m, +o00)) = 0, To coorBercrBerro nouaraem Dy = 0

u D = 0. Hameir nennio Oymer

Teopema 4.7.1. Ilns ontuManbHOR mocTosHHOR ¢ B (4.7.1) cupaBeninBLl Hepa-

BEHCTBa
Ko(D0+D1) S CS Kl(Do-i-Dl), (472)

rae Ko u K — HeKOTOpLIe abCOMIOTHLIE IOCTOAHHDIE (MOMKHO MOJIORUTL Ko = 1/150,
K, = 360).

Takum obpa3om, ¢ < 400 TOrma u TOJALKO Torma, korma Dy + Di < +oo.

B masnpuedimem OymeM cuMTaTh, UTO Mepa [ HE BLIpOMKAEHA (HE COCpemoTode-
Ha B Touke m). CxemMaTWUHO IJIaH HOKa3aTeanLcTBa TeopeMmol 4.7.1 cocrour B
caenyromem: depes Gopmy (4.6.2) Mol cmavana Tpanchopmupyem (4.7.1) B He-
paBenctBo Tuna Xapmu (4.3.12), HO He B mpocrpancTBe LP, a B IOAXOASIEM
npocrpancTtBe Opanva, 06ob6mumMm pesyanbrar Aproant, Tamentu m Tomacenau
(Tounee teopemy 4.3.3 mpu p = 2) Ha UOAeANbLHBIE DAHAXOBLI HPOCTPAHCTBA (B
YacTHOCTHU, Ha npoctpancTBa Opiuya), U 3aTeM NPUMEHUM HOJIydYeHHOe 060061Ie-
Hue npu BoiBoxe (4.7.2).

Hawm morpebyercs paccmarpuBarh aBa npocrpanctsa Opauva Ly u Ly, TOpOk-

neuuoie ¢pyurnuaMu FOura

N(z) =2%log(l1+2%) u ¥(z)=|z|log(l+|z]), =z¢cR.
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Kak 00bLIuHO, HOpMa B TAKUX NPOCTPAHCTBAX 0003HAYAETCS COOTBETCTBEHHO | g| N
n ||g|lw, B To Bpemsa kak ||g||, obo3mauaer mHopmy B mpocrparcrBe LP (p > 1).
HamomuawmMm, uTto

lgllx = inf {A > 0:EN(g/)\) <1}.

Ananornuno onpenensiercs ||g||ly. OwueBmmao, N m ¥ cBs3aHLI COOTHOIIEHUEM
N(z) = ¥(2?), Tax uro [lg°[le = [lg]3-
B (4.6.2) Mol BBesn hyHKIMOHAI

L(g) = 8161112 Ent ((9 4+ a)?),

B TepMHUHAX KOTOPOTO (4.7.1) ®KBUBAJIEHTHO 3aMMCLIBAETCA Kak HEPABEHCTBO
L(g) < cEl|¢'|%. (4.7.3)

Urobur cBs3aTh (4.7.3) ¢ Gosee NPUBLIYHBIMU HEPABEHCTBAMU, JOKAKEM CJIELYIO-

mee yTBeEpKICHUE.

Jlemma 4.7.1. Ilycrn (M, p) — BeposaTHOocTHOE mpocTpancTBo. Ilis Bcex g €
Ln(M, )
2 2 5 2
gHg—EugHN <L(g) < EHQ—EHQHN- (4.7.4)

TakuMm oGpasom, dorapudmudeckoe HepapercTBo tuna CoGomnesa (4.6.1) ¢ Tou-
HOCTBLIO 1O abCOJIOTHOrO MHO.UTENA K 9KBUBaJICHTHO HepaBeHCTBY Tuna llyan-
Kape

lg — Eglly < K+v/c|Vylla.

B wunTepecyromem nac cayyae M = R »T0 HEpaBeHCTBO MOKET OLITL maJjiee CBe-
IEHO K HEPABEHCTBY TuNa XapAu, KaK ITOKA3LIBAeT CJEeNyIOIlee yTBEDiKIEHUE.

Ilna ¢ysrmuii g, oupenenennnix Ha R, Oynmem mcnosn3oBaTh 00O3HAUEHUA gy =
g 1(—oo,m]7 g1 =9 1[m,—|—oo)'

Jlemma 4.7.2. HomycTtum, 4TO 1A BCexX riaankmx GyHrnuii g Ha R
Ent(g?) < cE|¢'|% (4.7.5)
Torma mus Bcex rnankux ¢yHruuii ¢ va R, takux uro g(m) = 0,
lgolly + llgtlly < dElg"? (4.7.6)

¢ mocrosaHHO# d = 75¢/2. O6parno, (4.7.6) Bieuer (4.7.5) ¢ mocrosiuHON ¢ = 45d.

[Ipu mokazarenncrtBe semm 4.7.1 u 4.7.2 mam norpebyercs

V5
Jdemma 4.7.3. lg|l1 < |lg]l2 < - llglln mst Bcex g € Ly (M, ).
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IokazarenscrBo. He ymanaa obmmoctu, nycets |g[|y = 1. Tak rak E¥(g?) =
EN(g) = 1, no HepaBeHCTBY Mencena \I/(EQQ) < 1. Crenosarennuo Eg? < U11)<
5/4, tak xak ¥(5/4) =1.014...> 1 (V! — ¢ymrmusa, obpaTtHas k ¥, cyxKeHHON Ha
[0, +00)). Takmm o6pasom, g2 < 1/5/4.

HokazarenncrBo gemmbr 4.7.1. Moxkuo cumrarn, yto Eg = 0 u ||g[|xy = 1.
Urobbl noKa3arh BTOpOE HepaBeHCTBO B (4.7.4), BOCHOJL3yeMCs HEPABEHCTBOM

Porxaysa ([H], memma 10)
L(g) < Ent(¢®) +2Eg*> (Eg=0). (4.7.7)

Paccmorpum ¢ymrnuio U(z) = 2o — xlogx, © > 0, u 3amerum, uro Eg?logg? <
Eg?log(1 + g*) = EN(g) = 1. CnenosaTennHo

Ent(g°) + 2Eg® = Eg*log g° + U(Eg®) < 1+ U(Eg?). (4.7.8)
¢yurmusa U(z) Bospacrtaer Ha mHTepBasie 0 < z < e, MOPTOMY, B CUIY JIEMMLI
473, UBg?) <U(2) =2 —w(2) <2 1= KomGummpys (4.7.7) u (4.7.8),

nosnygaeMm L(g) < 5/2, 94ro u mokasbiBaeT BTOpOe HepaBeHCTBO B (4.7.4) Yrtobn
BLIBECTHU TEPBOE HEepaBeHCTBO B (4.7.4), 6ynem cuurarh, uyrto g € Ly (M, pn), Eg =0

n (mo ommoponuoctu), uro L(g) = 2. Tak kak B obmeM ciyuae

1 . 1
Eg’ — (Eg)* = - lim Ent((g+a)®) < - L(9),

la|— o0
mveem Eg? < 1, u mostomy Eg?log Eg? < 0. CnemoparennHo,
Eg?log g> = Ent(¢%) + Eg*log E¢g® < Ent(¢?) < L(g) = 2.
Ho, rak merpynuo Bumern, VU(z) < 1+ xlogx mpu x > 0, mosTomy
EN(g) =E¥(¢*) <1+ Eg?logg* < 3.

[IpuMensas sieMeHTAPHOE HEPABEHCTBO N(i) < iN(x), OJIyYaeM EN(L) <

V3 3 5 V3
Taxum obpazom, |g||3 < 3 = 5£(9>' Jlemma 4.7.1

1, To ecTn, ’%HN < 1.

IOKa3ama.

[Ipu mokazarenncTBe seMMmbl 4.7.2 HAM noTpedyercs

Jlemma 4.7.4. Ilna mo6o#t pyurkuuu g € Ly (R, p)

lg = Eg|[y < 3llglln- (4.7.9)

Kpowme Toro, eciu g =0 Ha (—00, m), TO

lglln <51lg — Eg|| - (4.7.10)
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HoxkazarenncTtBo. B cuny smemmer 4.7.3, nmeeMm

lg —Eglly < llglly +llgll < 3llgll-

OTo moraspBaeT (4.7.9). Urobul BoBectu (4.7.10), 3aMeTnM, YTO IO HEPABEHCTBY
Komwn—ByHsakoBckoro (¢ yueTroMm TOro, 4to m — MeIMaHa MEpLI ft) U CHOBA B CUILY

semMmol 4.7.3,
| = [Eg 1o < llglla 75 < /5 ol

CiuenoBaTeabHO
lgll < g — Egl| s + [Eg| < [|lg —Bally + /2 lgllx-

1
Takum o6pasom, ||g]|n < —= Hg — EgHN <5 Hg — EgHN.
s
HokaszarennctBo gemmbl 4.7.2. Cuauana BoiBegeM HepaBeHCTBO (4.7.6), omwm-

pasico Ha (4.7.5). B cuny memmur 4.7.1, nus noGo#i raankoit pyukmuu g € Ly (R, p)
2 2
5 19— Eglly < cElg”. (4.7.11)

B Takom HEpaBeHCTBe yCiOBUE I'IaIKOCTU § MOKET OLITH, OUEBUIHO, OCIADIIEHO 10
yCIJI0BUsI abCOMIOTHON HenpepuiBHOCTHU. [leficTBUTennLHO, MOkHO 3anucaTsh (4.7.11)
B TepMuHax npoussomHoii Panoma—Hurkomuma ¢/, m ecam 9TO HEpPaBEHCTBO BLI-
MOJIHACTCA MJIS HENPEPLIBHLIX ¢, TO OHO OyAeT BLINOJHATLCA W MJIA JIOKAJLHO

cymmupyeMmoix (mo mepe Jlebera) ¢'.

3aMeTuM, UTO TAKOW apryMeHT IO3BOJISIET
3aMEeHUTDL Mepy [ B npaBoii uactu (4.7.11) Ha ee aBCOMOTHO HEIPEPLIBHY O KOMIIO-
HEHTY, M 3HAYUT UHTETPAJI B BTOW MPABOW YaCTU MOKHO PACCMaTPUBATL JIUIIL HA
MHOKECTBE MOJIHOW s1eberoBoii Mepol, B yactHocTr, Ha MHO:kecTBe R\ {m}. Cie-

OBATEJLHO, B npeanoioskernu ¢g(m) = 0 moskHO mpuMmeHnTsh (4.7.11) K yHKIIAM

go 1 gi1:

2 2 "
2o~ Baolly < [ lg'@)Paute),
— 00
2 2 oo
o~ Barlly <c [ lg'@)Pduta)
m
WHTErpajLl CIpaBa OepyTcs IO OTKPLITLIM MHTepBajdaM (—oo,m) m (m,+00)).
6
[Tpumensis mepasenctso (4.7.10) u Toxmectso ||g||3 = ||¢g?||w, momyuaem
2 m
wlladle e [ lo'@Pau).
2 e
2 2
il <e [ g@Pduto)
m

CrnaapiBas 9TU HepaBeHCTBa, npuxoaum k (4.7.6).
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[Tpu BeBOme (4.7.5) u3 (4.7.6) Gyaem ucnosnb3oBarh HepaBeHCTBO (4.7.9).
[Mycto cuauana g(m) = 0. Tak rak g = go + g1, UMmeeMm

2
lg — Eglly < (lgo — Egolln + lg1 — Eg1 | n)

2
<9 (lgolln + lgrlln)” <18 (Nlgollz + o lld)
=18 (|lg5llw + llg3llw) < 18dE|g'|?

(mepaBencTBO (4.7.6) MCIOIL30BANIOCH Ha mocienHeM mare). llpumenss temepb

asemmy 4.7.1, monyyaeMm
5
L(g) < 5 llg — Eglly < 45dE[g'>.

DTO HEpPABEHCTBO MHBAPUAHTHO OTHOCUTENILHO CIOBUTOB ¢ — ¢ + const, IMOSTOMY
ycaosue g(m) = 0 moxeT O6LITL cHaTo. Hakomer, Tak kax Ent(g?) < £(g) nna Becex
abcomoTHo HenpepuBHLIX g € Ly (R, 1), moryuaem Ent(g?) < 45d E|g’|?. Hepasen-

crBo (4.7.5) m ¢ HuM nemma 4.7.2 MOKA3aHLL.

He ymanss obmuoctu, 6ymem masee npeamnoiarath, uro m(u) = 0. Temepn Mot
MOYKEM CKOHIIEHTPUPOBATLCA HA XapPAKTEPU3AIUU MEp (4, VAOBIECTBOPAIOMUX HEPa-
BeHcTBaM Tuna Xapmu (4.7.6) mo oraomenuto K HopMme Opiamya B HPOCTPAHCTBE
Ly. Ham Oymer ymoOHee cHadajsia MOKA3aTh OMHO yTBEP:KICHUE O MPOU3BOJIL-
HBIX UJEAJLHLIX ODAHAXOBLIX MPOCTPAHCTBAX X A-M3MEPUMBIX (QYHKIUA HA TOIYOCH
M = (0,400) u numb 3aTeM ABaKALI IPUMEHUTL OOIMU pe3yianLTaT K TPOCTPaH-
crBy X = Ly (M, \) (B poau A OyzmeT cHavaJsia BLICTYNATL CY:KEHUE [l HA MOJYOCD
(0, +00), a motom — mepa A(A) = pu(—A4), A C (0,+00)).

Wrak, nycts A — HeoTpunaTeanLHas KoHeUHas Mepa Ha nosayocu (0, +00), 1 mycTh
(X,] - ]) — nneansHOE GaHAXOBO HMPOCTPAHCTBO A-M3MEPUMBLIX (YHKIUEA (ompemne-
ngerus Obutr gadel B §1.6; cm. [16], [165]). O6Gosmaumm dyepe3 f\ IIOTHOCTH
abCOTIOTHO-HENIPEPLIBHOYT KOMIIOHEHTHI Mephl A MO OTHOmeHuio kK Mmepe Jlebera.

Cropasennusa

Jlemma 4.7.5. Ilycrs C' = C(X, \) onruManbHas MOCTOSHHAS B HEPABCHCTBE
lg°ll < CExlg'?, (4.7.12)

rne g € X — mpowmsBonbHas raamkas ysrnus Ha [0, 400), Takas uro g(0) = 0.
Torma B < C < 4B, rue

Yodt
B=B(X,\) = sup [ r— H/O R (4.7.13)

Iloka3aTeanLCcTBO. HYCTL IV — HeOoTpunaTeJbHasd KOHE€YHas ME€pa Ha IOJJNYyOCHu

(0,400). Ob6o3naunm uepes C'(v, \) OOTUMANLHYIO MOCTOSHHYIO B HEPABEHCTBE

1911220y < C@ M) 191220
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Ipu TeX ke ycaoBusax Ha ¢g. OnpemenanMm Takxe

dt
x(®)

B, A) = sup v((z, +00)) / )

x>0

(momaraem B(v,\) =0, ectu v =0). B cuny reopemsr 4.3.3 ¢ p =2
B(v,\) < C(v,\) <4B(v, \). (4.7.14)

[IpencraBum HOpMY B X B BUIE

lg]l = sup /oo |g(2)[v(x) dA(z), (4.7.15)
veEV JO

rae V' HEKOTOpoe CeMefCTBO HEOTPUIATEILHLIX ONPDAHWYEHHBIX M3MEPUMBIX (11O
Bopenio) ¢yurunii v Ha (0,400), n BBemeMm Mepol v,(dx) = v(x)A(dz). Torma
HEIIOCPEJCTBEHHO B CUIy CHAEJAaHHLIX onpeneseHnii mocrosaHbix C' n B m npen-

craBiennsa (4.7.15), Mbl mosyunm

C(X,A) =sup C(vy,\), B(X,A) = sup B(v, A).
veV veV

CrenoBaTennbHO, IpUMEHsAs HepaBeHCTBO (4.7.14), momydyaem TpebyeMble COOTHO-
menus B(X,\) < C(X,\) <4B(X,\). Jlemma 4.7.5 nokasaHa.

B gactHOM ciyuae, korga X = Ly (), umeem

o0 o = —7——
( A((z, +00)) >

rae, kak obnruno, Wl oBosmauvaer ¢ymrmmio, obparnyo K ¥(x) = xlog(l + z),

x > 0. ITosTomy, cornacuo onpemnenenuto noctossuHo B B (4.7.13), onTtuMannuas
nocrosaaas C' B HepaBerncrse (4.7.12) mns wopmet || - || = || - ||¢ yamoBaerBopsier, B

cuiny JieMMBI 4.7.5, COOTHOIIEHUAM

1 Todt
> 4.7.1
©= ilipo w1 1 ) /0 O (4.7.16)
A((z, +00))
1 oat
< 4 . 4.7.1
05w [5G D

A((z; +00))

YrobLnI YIOPOCTUTL C TOYHOCTLIO OO aOCOMIOTHLIX MHOMKUTEJIEH BLhIpaKE€HUs B IIpa-

BBLIX YaCTAX DTUX HEPABEHCTB, MOKAKEM CJEIYIOIIEe DIEMEHTAPHOE YyTBED:KICHUE.
1
Jlemma 4.7.6. Ilyctn ¢ = 5 2= 2. Huns Bcex t > 2
t t

—1
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IorasarennctBo. IlepBoe mepasenctBo B (4.7.18), TO ecTh, HEPABEHCTBO

cit cit cit
\IJ( logt ) - logt log (1 + logt ) <t

C1 1
B CnJjay TOro, 4To ﬁ S 1 opn t Z 2 u Cc1 = 5, BLITECKa€T M3 60JI€G CUJIILHOTI'O
og

t
HepaBEHCTBA % log(1 +t) < t, KOTOpOE PKBUBAJEHTHO HEpPaBEHCTBY 1 + t < t2.
(0]

cat cat
[Mocnenuee oueBummuo. Bropoe mepasencrso B (4.7.18) 12t log (1 + 12t) >t
og og
MOKET OBLITHL 3aIllMCAHO B BUIE
t
1 + Cc2 Z t1/02
logt
cat
u OymeT ciemoBaThL U3 HEPABEHCTBA 12t > tl/ez, I[Ipu ¢y = 2 mocnennee K-
og
logt
BUBAJEHTHO HEPAaBEHCTBY u(t) = Wi < 1. ¢yHEIUA © HOCTUraeT MAKCUMYM Ha

2

unTepBase [2,+00) B Touke t = €2, um ocraerca 3amMeTuTh, uTo u(e?) = 1/e < 1.

Jlemma 4.7.6 mokasaHa.

Ocraercsa cpenaTh MOCHIENHUI Iar.
IoxrazarennctBo Teopemnl 4.7.1. Hepasenctso (4.7.6) 9KBUBAJIEHTHO OJHOBpE-

MEHHOMY BLIIIOJTHEHUIO ABYX HEPABEHCTB!:

Jadlly <d [ labta)Pduco) (4.7.19)

Ioflly < d [ loi ) Pduta), (47.20)

rae go U g1 — IPOU3BOJLHLIE TJIAAKME ()YHKIUU, ONpeIesleHHbIe COOTBETCTBEHHO Ha
noayocsax (—oo,0] u [0,400) u Takue, uro go(0) = ¢1(0) = 0. IIpumennm (4.7.16)—
(4.7.18) & cyskeHnio A Mepol p Ha moxyoch (0,+00): onruMasabHAs MOCTOSHHAS d)

(B poan d) B HepaBenctse (4.7.20) mosskHA YIOBIETBOPATL COOTHOIICHUSM

1 1 Todt
> — Ty E— — .
di > 5 Sup (@, +00))log —rms /O Ok (4.7.21)
1 Toat
< 1 . 4.7.22

[Ipumensasa memmy 4.7.6, MBI UCIIONIBL30BaJM TOT (AKT, YTO t = > 2 npu
m

((z, +00))
x > 0 (uro BepHO, Tak kak m = 0 — Mequana ). Bcenomuuas ompenenenus D1,

MOkHO mepenucarh (4.7.21)—(4.7.22) B Bune
S Dy <dy <8Di. (4.7.23)

[To amamormyHLIM TprUrHAM, TpUMeHss deMMy 4.7.5 u semmy 4.7.6 k Mmepe A(A) =
u(—A), A C (0,400), 3akarouaeM, 4To ONTUMAaJLHAS MOCTOAHHAS dy (B posnu d) B

HepaBeHcTse (4.7.19) momkHA yIOBIETBOPATL COOTHOIIEHUSIM

=Dy < do < 8Dy (4.7.24)
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31eCh MLI ellle BOCIOJIL30BAINCh TEM OUYEBUIHLIM (aKTOM, 4TO B ompeneiaeHuun Dy
F(x) Mmoo 3amenuts Ha F(27) = pu((—00,x)).

B cuny smemmnbr 4.7.2, mepasenctBo (4.7.6), 1O ectn, HepaBenctBa (4.7.19)—
(4.7.20), Bomonssiorcs ¢ nocrosHHOW d = 75c¢/2. Ho rtarx rax d = max(dy,d;)
ONTUMAJILHA IJIs1 OJHOBPEMEeHHOTO Boinmoanerus (4.7.19) u (4.7.20), 3akmouaem, ¢
yueroMm (4.7.23)—(4.7.24), uro % max(Dy, D) < 75¢/2. Orcroma Dy + Dy < 150¢,
Tak YTO mepBoe HepaBeHCTBO B (4.7.2) B teopeme 4.7.1 cupasemauso npu Ky =
1/150.

O6partno, cHOBa B cuiy gemMmol 4.7.2, ¢ < 45d = 45 max(dy,d;), Tak 4roO,
IpUMEHsA Temeph mpasble HepaBeHcTBa B (4.7.23)—(4.7.24), momxyyaem ¢ < 45 -
8 max(Dy, D1) < 360 (Dy + D;). CraenoBareanHO BTOpOE HEpaBeHCTBO B (4.7.2)
cupaBemimBo npu K; = 360.

Teopema 4.7.1 nokazaHa TOJHOCTBLIO.
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§4.8. Ilpumeuanus

Nsznoxenue §§4.1-4.2 cnenyer pabore [80]. DieranTHOe NOKA3ATENLCTBO JIEM-
Mot 4.1.1 waiineno A.B."Ky6pom (mepBoHayannbHOE JOKA3ATEILCTBO UCHOIL30BAJIO
BapUAIMOHHLIE PACCYsKIeHus, npudeM B yciaosuu (4.1.9) npenmonaranocs (mocra-
TOUYHOE IJIs1 JaJLHERIUX Hy K1) PABEHCTBO BMECTO HEPABEHCTBA. JlOKa3aTeanLCTBO
TeopeMbl 4.2.1 HEMHOTO yIPOIIEHO: 31eCh MBI CJIeLyeM OCHOBHOMW JIMHUM MCIIOJIL30-

BaHUs HepaBeHCTB Buaa (4.2.11), B TO BpeMs KAk MHAYKIMOHHLIA AT TOKA3aTeh-

ctBa B [80] GBI OcHOBaH Ha HepasercTBax Buma Var(g) < Ey/1+ C(a)?|Vg[? — 1.

WaTtepecHo, 4yTo nBa MOAXO0Ma TIPUBOIAT K OMHONW U TOXKE aOCOTIOTHON MOCTOAHHOM
1

2V6

W3zonepumerpryeckne KOHCTAHTHI MOYKHO OIIPENeAThL 0ojee OO0mO W IO OTHO-

IIECHUIO K HEKOTODPO monosxurensrof Ha (0,1) ¢pysrnun I:

. pt(A)
Isi(p) = 0<;8£)<1 I(min(u(A), 1 — u(A))

Hanpumep, musa (mopmanusoBanuoii) Mepnt Jlebera ma n-mMepHOM MHOroOOOpas3um
TaKyl0 KOHCTAHTY €CTECTBEHHO OINPEeNeJNSATL IO OTHOIEHWI K ¢yHkuuu [(t) =
t(=1/n (em. [183], [121], [107]). YUTOBBI KOHTPOJIUPOBATL T'AyCCOBCKAE XBOCTLI
JUMIIUIEBLIX () YHKIMOHAJIOB HA METPUYECKOM NMPOCTPAHCTBE, TAKKE OMPENEIIAIOT
T.H. JOTaPpUPMUYECKYIO U30MEPUMETPUYECKYIO KOHCTAHTY IO OTHOIIEHUIO K (yH-
kv [(t) = ty/logt ([172]). CymecTBYyIOT M IMCKPETHLIE AHAJOTH W30IE€PUMET-
pPUUECKUX KOHCTAHT M CBS3aHHBLIE C HUMM HepaBeHcTBa Tuna Yurepa ([56], [170],
[208]). Ormerum, uto Bysep [96], [97] namen mHekoTopoe obpalieHre HEpaABEHCTBA
Yuwurepa.

Hepasenctso (4.3.12) 6nuio ycranoBieno Xapau 1js (HEBEPOATHOCTHLIX) Mep
na (0, +00) ¢ mrotnoctamu du(z)/de = x~", d\(z)/dr =z ""P mpup > 1, r > 1 c
P (cum. [44], [25]). Topraos [31] u Cricoesa

[41] monyunnu 06OBImEHNE STOrO PE3yabTaTa Kak COOTHOIMIEHUE MEKILY HOPMAMU

(omrmmasbHOM) mocrosiaHON C =

l9llLacuy < Cllg' lLe(ry,  9(0) =0, (4.8.1)

¢ pasHeiMu, HO He mo0bMu Becamu W = du(z)/dz, V = d\(x)/dx (W sBHO ompe-
neasnoch yepes V). B yacTHOCTH, M3 MOJMYYEHHLIX UMK COOTHOIIEHUYW BLITEKAET
ynomsuyTas Teopema B. Teopema 4.3.3 coorBercrByer B (4.8.2) cayuaro p = q.
Ecau p # ¢, TO yciaoBUsi, IPU KOTOPLIX MPOU3BOJILHLIE HEOTPUIATEILHLIE MEPDI
pu A Ha (0,+00) moguuHsAOTCA HepaBeHCTBY (4.8.1) ¢ HEKOTOPOW KOHEUYHOW mo-
crosigaoli C' 6o mHafipennt Maspsa u Posunniv [25], [189], a rakxke npu p < ¢ —
Kokunamsuian [17]. OrMeTum Takxke, 4TO MHOMOMEPHLIE HEPABEHCTBA TUNA Xap U

VMEIOT BUI

9l Leat,w (z)dz)y < C IVl Lr(a,v (2)de)
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rae M — obnacrts B R™, npuyem Beca W n V sBasirorcs (cTeneHHLIME) (yHKIUAMA
ot dist(OM,z). Takue HepaBeHCTBa M3ydaauch MHOruMu asropamu (cm. [164],
[230], [143]), ogHako, HESICHO, KAK OHU CBSI3AHLI C MHOTOMEDHLIMU HEPABEHCTBAMU
tuna [Tyankape (B orauyme oT OJHOMEPHLIX HEPABEHCTB).

Teopema 4.4.1 norazana B [75], a Teopemsr 4.4.2 n 4.4.3 — B [81]. Paznnunsie
BEPXHUE ¥ HIKHUE OLEHKM s mucnepcun Var(g(§)) B TepMMHAX IPOM3BOIHOM
g'(£), a TakKe CBsI3AHHLIE C HUMU XapPaKTEPU3ALUN HOPMAJILHOIO U APYTUX pacIpe-
NeJeHUT M IPUIIOKEHUsI K IEHTPAJILHON IpPeneNLHOM TeopeMe M3ydasnch, KpoMe
ysKe OTMEUEHHLIX, B paborax Y tesa, Kakynnoca, [lanatanacuy, Ilamanaroca [15],
[42], [98]-][104], Yena, JIy [110]-[112], ¥Yaps, Ilepec-Abpey, Cypraiinuca [153],
[155], [156]. Cm. Takxke pabory Ksamens, Jlarannst u Onemkesuua [166], roe me-
paBeHCcTBa Tuna XUHUYMHA—KaxaHa yCTaHABIMBAIOTCS HA OCHOBE HEPABEHCTB TUIA
[Iyankape.

Teopema 4.5.1 nokasana B [83] (Tram ke ormedeno m HepasencTtso (4.5.19)).
Teopema 4.5.2 mpuBOIUTCA BHEPBLIE.

Teopema 4.6.1, mepasenctso (4.6.10) n Teopema 4.7.1 nokasanot B [76], a He-
paserctBo (4.6.11) — B [5]. B [76] Takke msyuanach CBA3L MEKIY JIOrapu(Mu-
yeckuMu HepaBeHcTBaMu Tuna CoboseBa m TPAHCHOPTHON 3amadeii.

CymiecTByeT HECKOJILKO PA3JIMYHLIX MOAXOIOB K HOKA3aTENLCTBY I'ayCCOBCKOTO

nopapupmmyeckoro Hepasencrsa I 'pocca (cm. [205], [49], [105], [176], [139]).
Hanpumep, »TO HEpABEHCTBO MOMKHO DPACCMATPUBATL KaK CJEACTBUE [ayCCOBC-
KOO M30IEePUMETPUYECKOro HepaBeHCTBa [176], HO, UTO MHTEPECHO, €ro MOYKHO
M3BJI€YD, W ONMUPASChL TOJLKO Ha ((popMasbHO 3aBenoMo Goiee ciaaboe) HepaBeH-
crBo tuna [lyaskape mis rayccoBckoir Mepel. Takoe Habironenne OLIIO CAEIAHO B
[83], rme OLLIM BBENEHLI TAK HA3LIBAEMDLIE MOIUPUIMPOBAHHLIE JOTaPUYMUUECKUE
nHepaBercTBa tuna Cobosesa (t.e., (4.6.3) npu momonuurensaoM ycaosuu |Vg| <
U C IOCTOAHHOW ¢, 3aBucsmeid or ). Takue HepaBeHCTBA HOCAT OYEHDL IIMPOKUA
XapakTep M CHPaBeJIUBLI, HAIPUMED, €CJU BLIIOJIHAETCs HepaBeHCTBO Tuna Ily-
aHkape. Kpome TOro, oHU OKa3LIBAIOTCS MOJIE3HLIM MHCTPYMEHTOM IIPU M3y YECHIN
cBOWICTBa KOHIEHTpauuy npoiakr-mep Ha R™ (u, Goxee obmo, Ha abCTPAKTHBIX
METPUUECKUX NPOCTPAHCTBAX) 10 OTHOMEHWIO K ONEPANNY PACIIUPEHU MHOKECTB
U(A)=A+ hB; + VhBs.
Jlorapudmuueckne HepaBercTBa trna CoboseBa NU3BECTHLL U U1 HEKOTOPLIX HEra-
YCCOBCKUX Mep, HAIPUMeED, IJisi PABHOMEDPHOTO pacupeneinenus Ha cpepe (Mbromaep
n Baiicaep [194]). CuenoBaresbHO Ha cepe TakKe BBLIIOJHAIOTCS HEPABEHCTBA
Bruna (4.6.8)—(4.6.9). IuckperHsle norapudmuueckue Hepasencrsa tuna Coboie-
Ba u3ydauuco B [125], [208] (B cBsi3u ¢ 3amauaii 0 CKOPOCTU CXOAUMOCTU MAPKOBC-
KUX Llelell K cTannoHapHOMy pacupenenesuio), cMm. takxke [140], [84]. Ilocrosuuas
p=1/(2¢) B (4.6.1) (econ oHa onTMMAaJILHA) HA3LIBACTCS JIOTAPUGMUYECKOR mO-
crosiuoii CobosieBa, U ee OLEHMBAHUIO MOCBSIIEHO ysKe MHOrO paboT (cM. Hamp.
M.®.Yen u Banr [114]).
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[MPNJIORKEHNE

Hexkoroprle aHanuTmyeckue CBOWCTBA M30IEPUMETPUYECKON (yHKIUU

PaBHOMEDHOI'O pacIpeneeHus Ha cdepe

3nech Mbl nokaskeMm jgemmy 1.7.1 (a ¢ Hell m Teopemy 1.7.2), yTBep:KIarOmyIo,

4TO (PyHKIUA
pq

2p)= 7y 1=1-p pe0l),

BorHyTa. Kak u panee, I, 0003Ha4YaeT M30IEPUMETPUYECKYIO (YHKIUIO PABHO-

MEPHOTO PACIpEeneaeHns g, (To ecTh, HOpMUPOBaHHOW Mepol JleGera) Ha n-MepHON
cpepe S™(r) € R"™ pammyca r > 0. Coramacuo Teopeme I1.JleBu 06 m3omepumer-
pUYECKOM CBO¥cTBe mapoB Ha cpepe, QYHKIUs [, HESBHO 3aNUCLIBAETCS B BUIE

(em. (1.7.4))
Iy, (p) = 0, (B),

rane B — (mo6oi) map na S™(r) meput p = 0,(B). Kak obuano, 0,7 o6osmauaer
[EePUMETP B CMLICJIE 0, IO OTHOMEHWUIO K M€0Ie3UYeCKOMY (MM, YTO SKBUBAJIECHTHO,
— eBRINIOBOMY) paccrosuuio Ha S™(r).

Ham 6yner ynoOnee 3amucari I, B apyrom Buue. Ob6o3maumm depes F), ¢yH-
KIUIO PACIPENENIeHUs] CIydaliHOW BenuduHLl £ — x1 (HA BEPOSTHOCTHOM IPOC-

tpauctse (S™(r),0,)):
Fo(t) = on(By(t)) mpm [t] <

rne B,(t) = {z € S"(r) : 1 < t}. O6osmaumm uepes F, ! : (0,1) — (—r,7)
obpatiyio QyHknuio, Tak uto I, (p) = o} (B, (F,'(p))).

n

Uepes s, OymeM Bcerga o603HAYATDL IIIOmMALL mosepxHoctu S™(1).

Jlemma 1. Ilycrs n > 2. Ilua seex p € (0,1)

I,.(p) = =2 (2 — (F; M (p)?) " V2 (1)

SpT™

[Ipu »ToM, F), nmMeeT MIOTHOCTD

Sn—1 (n—2)/2
falt) = o Ts (r* —1?) ;< (2)
Hanpumep, npu n = 2 numeem fo(t) = 2%"’ |t| < r, Tak uro Fh — paBHOMEpHOE
pacupenesienue Ha UHTEpBaJe (— %, 2—174) B asrom cayuae I,,(p) = @, u, oye-

BUAHO, (yHKIMA z(p) = r,/pq Boruyrta. Ilpm n > 3 I, He mMeeT CTOIL SIBHOTO

BLIpAKCHUA.
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HoxrazarennctBo jemMmol 1. OGo3naumm uyepes pu, mepy JleGera ma S™(r), To

€CTb, (b, = T"S8,0,. Ilo onpenenenuro nepuMerpa, UMeeM:

on(BR(t) — on(Bn(t))

I,, (p) = liminf

h—0+ h
1 .. . BMt)) = pin (Bn(t
_ lim inf pn(By(t)) — pn(Bn(t)) ,
™Sn  h—0+ h

rae t = F;1(p) u B"(t) — reonesmueckas h-okpectnocts By, (t). Iocremnuii avxmmii
npenes ecTb IPOCTO Hpedes W IpencraBiser cobod (n — 1)-mepHyro miomann
IDAHUILI

0B, (t) ={x € S"(r): x1 =t}.

Tak Kak ¢ TouHOCTBIO 10 asura OB, (t) = S"71(p) — (n—1)-mepHas chepa paaumyca
p =+/r?— 12, To nmoman, rpaHuIn pasHa p"ls, 1, u Mo npuxomum K (1).
[ycts |t| < 7. Ecmu B!(t) me ectn Bes chepa, To »To cHoBa map B,(s) Ha

cpepe S™(r) ¢ mapamerpoM s € (¢,r), onpenenseMbIM COOTHOIIEHUEM
rarccos(t/r) — rarccos(s/r) = h.

Cnenosateanno, npu h — 07, T.e., mpu s — tT

h = %(S—t)JrO((S—t)Q), p=r?—1t%
U 3HAYUT
Fu(s) — oft) = 120~ in(Ba(0)
_ 1SR 2y
TS
= P20 (s 1),
[TosTomy -
fult) = Jim S = S
uro coBnamaer ¢ (2). Jlemma 1 mokaszana.
B mampmedimem Mo:kHO cumTaTh, uTOo r = 1 m n > 3. B cuny memmnr 1, c

TOYHOCTBHIO IO MHOMKUTEJ S, 3aBUCAIMETO OT Pa3MEPHOCTH, M30MEePUMETPUYECKas

¢YHKIUSA MEpLI 0, UMeeT BU

Ip)=(1-F"@)?)", 0<p<l, (3)
raoe F71:(0,1) — (—1,1) — obpaTHas k GpyHKIUM pacupenenerus F ¢ MIOTHOCTLIO

F'(z) = dx(1—2?),  |z| <1, (4)
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rae d) — HOPMAJU3YIOUUA MHOKUTEND, IPUYEM

n—1 n—2
T=——, A= O (5)

Bosee obmo, 6yaem cunTaTh T U A TPOU3BOJLHLIMU HEOTPUMATEILHLIMU UNCIIAMMA,
onpenensia ¢pyaknuio I B coorBercrBun ¢ (3)—(4).
Jlemma 2. Ecim 1 <A <7 <A+ 1, To pyHRIUA

2(p) = % g=1-p,

BoruyTa Ha (0,1).

Ecaun 7 u A onpenenennt ¢ nomompo (5), To, BBUAy yciaoBus A > 1, memma 2
naetr yrBepikaenue sgeMMmol 1.7.1 mpu n > 4. Cayuaii n = 3 Oymer paccMOTpeH

OTIEJILHO.

CpopMmynupyeM CBOWCTBO BOTHYTOCTU (YHKIUWU 2 HECKOJLKO B APYTUX TEPMU-

max. [Ipu A > 0 BBemem QyHKIUIO
Hy(z) = / (s(1 —s)) s, 0<z<1, (6)
0

u Boipa3uM F' uepe3 H) (menas Huke 3ameny t = 2s —1): npu |z| <1

1+
F(x):d,\/ (1—t2)Adt:d,\22’\+1/ 2 (s(1—s))ds
-1 0
A 1+x

CnenoBaTenabHO, IPUHUMAs BO BHAMaHUE TOXAECTBO 1— F(z)=F(—z), umeem

_ F(@)(1-F() _ F@)F(—z) _  Hy(y)H\(1-y)
F@) = —TFey T - ¢ yacy

1—2x
rney= ——,uc > () — moCcTOsAHHAA, 3aBUCAMIASA TOJLKO OT T U A. udpdepenmu-

pOBaHME IO X OaeT

/ / c d —
2 (F(x))F'(z) = S i [ H/\;?jzfi(;)r Y) } 7

u npumenss (4) ¢ ygerom toro, uro 1 — 22 = 4y(1 — y), monyuaem

fwen-con -0t SR o

roge ¢ CHOBa 3aBUCHUT TOJILKO OT T U A

1
CPYHKI_II/IH Z, OUEBUIHO, CHUMMETPUYHaA OTHOCHUTEJILHO TOYKHA 5, n IIpym sTOM

2(07) = 2(17) = 0, z'(%) = 0. ITostomy Bormyroctn z Ha (0,1) paBHOCHILHA
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1
BOTHYTOCTHU 2 HA (0,5), TO €CThL, TOMY, UTO mpou3BoAHAasA 2’ (p) HE BO3pacTaeT Ha

1
(0,5). [Ipumenss (7), nosydaeMm CienyoIee yTBEDIKICHUE.
Jlemma 3. ®yurmusa z sorayra Ha (0,1) TOrma u TOJILKO TOTHA, KOrAa (yHKIUI

Hy(z)HA(1 — )
(z(1 —x))"

(2(1—2)) ™ =

1
He Bo3pacTaeT Ha mHTepBate (0 < x < 5 -

Hawm moTpebyroTca HEKOTOPLIE TPUTOTOBJIEHUSA.

Hy(x)H)(1 — x)
(z(1 —z))2A+1

Jlemma 4. Ilpu A > 1 ¢pyurmus Uy (z) = He Bo3pacraer Ha (0

75]
Hy(z)H)(1 — )
(z(1 — )t
1

9 5]

Jlemma 5. Ilpu A > 0 dpymrmus Vy(z) =
Vi(z)
(@1 —a) !

He yObniBaeT, a mpu A > 1

GyHRIW He Bo3pactaeT Ha (0

3ameTum, 4To Ipu A > 1 BTOpOe yTBEP:KIEHUE STOR JIeMMDLI D0Jiee CUILHOE, YeM

1
ImepBoe, Tak Kak Vi(;) = 0. IlepBoe yTBep:kAeHUE JEeMMBI 5 OyAET UCIOJIH30BAHO

1
B IOKA3aTeJIbLCTBE JeMMBI 6 Ipu )\:5.

HoxkazarenncTBo memMul 4. [enas B (6) 3ameny s = tz, umeem

Hy(z) = ™M1 /0 (t(1 — tx))* dt, (8)

Hy(x)
$2>\+1

Ux(x) = /OltA (i —t)Adt/OltA (ﬁ —t)/\dt = T(u)T(v),

1
TO ecTh, npu x > 0 = fol tA(; - t)Adt, U TI05TOMY

T —

rneu=1/x,v=1/1—-xz), T'(u) = fol tAu—t)Ndt. 3amerum, uro (u—1) (v—1) =1,
n yro u = u(x) > 2 — yOLBaeT mo x € (O,%]. Mensis v Ha u+ 1 m v HA © + 1,

IPUXOAUM K TORIECTBY

Hy(x)H (1 —x 1 1
OO s, e o1

x

rie S(u) = T(u+1) = [(1— ) u+ ) dt = [} (u+ ) pt)dt ¢ p(t) = (1 —t)*.
Tpebyercs nokasars, uro ¢pyukuus S(u)S(1/u) Bospacraer Ha uaTepBase [1, +00).

3amnunem
Sw)S(--) = /Ol/ol(u + (% + S)Ap(t)p(s) dtds
= // {(u +t)* (% + s)A-i- (u+ s)* (% + t) /\} p(t)p(s) dtds.

0<t<s<1
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IlocraTouHo moka3aTh, 4To i Bcex 0 <t < s <1 ¢pymrnusa
1 A 1 A
g(u) = (u+t)* (- +5)" + (u+5)*(—+1)
£\ s\
- ((1+ts)+us+ ;) + ((1+ts)+ut+ ;)
Bo3pacTaeT Ha uHTepBajue u > 1. duddepennupys,

9’&“) - ((1—|—t8)+us+ %)A_l ( ! )

s — —
U2

+ ((1+ts)+ut+ %)A_l (t— i),

u2
U 3aMeyasi, 4To §—

— > 0, 3aKqI09a€eM, YTO IPOU3BOAHAA ¢  MOJIOKATEILHA TOTIA
u
U TOJBKO TOTZa, KOTOa

t A—1 s
(1—}-ts)+us—}-; t—?
> um
S
(1+ts)+ut+; g — —

DTO HEPABEHCTBO CIPAaBEIINBO, TaK Kak, B cuiy ycioBuit 0 < t < s mw u > 1,

mpaBas 4acTh DTOrO HEPaBEHCTBa MeHLINe 1, BLIpakeHre B KBaAPATHLIX CKOOKax

— boapme 1, u crenesn A — 1 > 0. Takum oOGpasom, stemMma 4 MOKa3aHA.
[Monoxum k = x(1 — x).

B nmanpuedimiem OymeM MHOTOKPATHO WMCIOJIL30BATH
TOXKIECCTBA

Hi(z) =#*,  (Hx(z) H\(1 —2)) = (H\(1 — z) — Hy(2)) ",

K =1-2z (1-22)>=1-4x.

HokazareancTtBo geMMbl 5. Haumem co BTOpOro yTBep:KIeHWUS, HpeamIojarasd,
uro A > 1. Nmeem:

V)\(CC) — HA(:I") H)x(l — :IZ)

1
pSwE] , O<x<5,
/ Hy(1—z)— Hy)(x Hy(x) Hy(1 — =z
V() = D@y gy EIAZD) () gy,
Vi(z Hy(1—2x)— Hy(x Hy(z)Hy(1 —x
,2\(71) _ Hx( H)/\ A() — (A +1) A(@) Hx( )

e (1—2x).

Eme pa3 mudpdepeHnupys m npusBons moNOOHBIE UIIEHBI, s (GYHKIUM u(T)
K22 (V;(x)//&—l)/ IIOJIy4YaeM BLIpaKEHUE

u(z) = A+ 1)((2A+ 1)(1 — 4k) + 25) Hx(z) HA(1 — )
L9 2242

— 2N+ 1) (H\(1 — z) — Hy(x)) s (1 = 22)
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1
Tpebyercst moka3aTh, UTo QyHKUMA U HemogoxuTeanrHa Ha (0, 5 ). Tar rar u(0) =

1
0, To Oymer JOCTATOUHO yCTaHOBUTL HepaBeHCTBO ' (z) < 0 mus Bcex x € (0,5).

CHoBa mudepeHnupyeM U IPUBOIVM IIOJOOHLIE YJIEHDL:

W () = — (A4 1)(8A + 2) Ha(z)Ha(1 — 2) (1 — 22)
— 252 (1 - 22)

+ (6A +4)(H\(1 — x) — Hy(z)) &
To ecTb, B TepMUHAX ()yHKIUN

v(z) = % = — (A +1)(4X+ 1) Hy(2)H\(1 — z) — 2!
Hy(1—2) = Hx(2) a1

+ (83X +2) o

1
HYKHO YyCTAHOBUTL HepaBeHCTBO v(x) < 0 mpu 0 < x < 5
CroBa v(0) = 0, u 3HaYUT HOCTATOYHO HOKa3arh, 4to v'(x) < 0. Ilocie Heko-

TOPOT'O IMoACYEeTa IIOJIyYaeM:

1—-14
0/ (2) = (4N + 60k — (A = 1)) (HA(1 — 2) — Hx(2))
— &M((2A+1) = 22k) (1 — 22). (9)
2 _
Orcrona cpasy moayuaem, uro v'(z) < 0, eciiu kK < Ko = 4)\)\274%1»\ (oba umena

B mpaBo#i yactu (9) HemomoxkuTedbHBI). Ha qOmoTHWTEILHOM WMHTEpBATE K > Ko

paccMOTpUM (yHKIWIO

2A+1) —2Xk

w(z) = (A1 - o) - HA(@) = #* G o o2 -1

(1 —2x).

Ecnu Mo Tenepn mokaskeM, uTo Ha »TOM uHTepBaJte w'(x) > 0, To ecTh, 4TO W HE
1 .

yOLIBAET, TO TOCKOJILKY w(;) = 0, mosyunM, 4To GPYHKIUA w, a ¢ HedA u v’, OymayT

HETOJIOKUTEILHLI HA ®TOM MHTEPBAJIE. DTO 3aBEPIIAT AOKA3aTEJILCTBO IPEBOTO

YTBEPKICHUSA JTEMMDI.

st yupomesus 3anucu BBeIeM ()yHKIAN
b= (2 \+1) —2\k, c= (4N +6\)x— (A2 —1),
tak uto w(z) = Hy(1 — x) — Hy(x) — k* % (1 —2x), n 3ameTnM, UTO
b—c=(\+2)\) k(1 —4k). (10)
Unmeem ¢ yuetom Toro, uto b = —2A(1 — 2z), ¢/ = (4\? + 6))(1 — 2x):

w'(z) = — 267 — M1 — 4r)r™M 1 % + 2,%)‘%

+ AL = 48) 2 A (1 - dR) (AN + 6))
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CritanpiBas nepBLii u TpeTuid uien ¢ yuerom (10) u 3anuchiBas OnpeneseHue st

b BO BTOpPOM uJjieHe, IPUXOIUM K DABEHCTBY

Al —4kr)

(k) = = S w'(2)

crkr—1

= @A+ D)+ (@6 K(1+ ), Ko <K<

Z .

b b—c
SamucoBas 1 + — B Bume 2 + —— wu cHOBa npumenss (10), momyyaem Takoe
C

C
BLIDAKEHUE IS Y

PY(k)=—2A+1)+2(4\+6) K
+ (4N +6) (A2 +20)(1 — 4k)

(A2 46Nk — (A2 —1)

IIpobn cipaBa yOBIBaeT IO Kk U IO9TOMY MOKET OLITL OIleHEHA CHU3Y €€ 3HAUEHUEM

CnenoBaTelbHO

B TOYKEC K = — , DABHBIM .
4’ b 6A 44

(4X + 6) (A2 4 2))
6A 44

(k) > Yo(k) = —2A+1) + 24N+ 6) k + (1 —4k).

1 o
OueBumgHO, lﬂo(z) = 2, U Tak Kak Yy JuHeiiHa, OyAeT JOCTATOYHO MPOBEPUTH, UTO

_ 6A 44 _
Yo(ko) > 0. Ucnonn3ys paBencTBo 1 — 4/{0—74)\2 o ¢ AMee:
. A2 —1 (AXN+6) (A2 +2)) 6A+4
Yolko) = —(2A+1) +2(4A +6) 755 =5 + 6X+ 4 A2 16X
EEENTCEL Y

1
CnenoBarensrHo w'(x) > 0 mis Bcex x € (0,5), U NepBOe yTBEPHKICHUE JIEMMDI 5
JOKa3aHO.

[lepeiinem k mepBoMy yTBep:kaeHuto. llokaskem, 4To (yHKIUA

f@) = w2V (2)
= (Hx(1 —z) — Hx(2)) M — (A + 1) Hy(z)HA(1 — 2) (1 — 22)

HEOTPUIATEILHA HA [0,%]. Jlerko Bunets, uro f(0) = f(=)=0mn

g(o) = T = (A4 1) Hy(@) Ha(1 — 2) — s,

g _ fl=)
kAL T 9 A+l
sHauur g(z) > 0 mpum mocrarouno maunix x > 0. Ilosromy, 4TOo6LI HOKA3ATDL,

B uacTtHOCTH, — Hy)(1) > 0 mpu z — 0" (ucmonnsyem (8)), m
1

uro (GyHEIUA [ HEOTpUlATEILHA HA (0,5), MTOCTATOYHO IOKA3aThL, YTO HA BTOM

naTepBasie ypasuenue f'(z) =0, To ectn, g(z) = 0 umeer He Goslee OJHOrO KOPHI.

C yuerowm Toro, uro ¢g(0) = 0, nocrarouno GyaeT MOKa3aTh, YTO PYHKIUA § CTPOTO
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Bo3pacraer Ha uHTepBate [0,xg] u crporo ybnBaeT Ha [xo,%] Ipu HEKOTOPOM
xy € (O,%). Nmeem:
g (x)=\+1)(Hx(1 —z)— Hy(2)) * — (2A+1) (1 — 22) k** > 0

TOI'Da M TOJILKO TOr'Ja, KOI'da

22 +1
A+1

h(z) = Hx(1 —x) — Hx(z) — (1—2x)r* > 0.

[Toraskem, uro h(x) > 0 ma HeroTropoMm mHTepBase (0,z9) um h(z) < 0 Ha (O,%).

CuoBa nudpepeHnupyem:

220+ 1 _
B (x) = —2r> — N [—26™ + A(1 — 4k)r ]
Aﬁkfl
= -7 [—2k + (2A 4+ 1)(1 — 4k)]
2X(4X + 3)rr 1
— ()\+1)R (x — 1) (x — x2),
1 1 1 1

rme x| = — — —————_ L9 = — ————— . CunengoBaTenanHO HEOUA h cTporo
AT =5 T S 2T 2 T s A pyHK b

youiBaeT Ha [0,x1] 1 cTporo Bo3pacraer Ha [xl,%]. Tax xakx h(0) = Hy(1) >0 n

1

h(;) = 0, monyuyaeM TpedOyeMoe cBoiicTBo ¢yukuuu h. Jlemma 5 nokazana.

HorazarenscrBo semmer 3. Hamomuuwm, urto k = x(1 —z). Tpebyercsa nokasars,

4TO (PyHKIUA

—x d [ Hx(z)H\(1—x)
/{ _—
dx KT

1
He Bo3pacTaeT Ha mHTepBaJe (0 < x < 5 [Tomowwum o« = A — 7+ 1, Tak 4TO

Hy(z) Hx(1 — x)

K-/T

= KV (). (11)

ITo ycnosuio 0 < o < 1 (3amMerwM, UTO B HPUIOKEHUM K CIydaio Cepnl, KOraa
1
mapaMeTpLl A U T OLIPEeNEIAIOTCA COOTHOMEHUAMY B (5), MBI IMeeM o = 2 ). dud-

¢pepennupys (11), nmeem:

OO0 ] _ ety ) (1 22 4 V()

dr KT
cJie I0BATEJILHO
ax d [Hx(@H\(Q-2)] Vi) Vi(@)
K E[ — ]—am(l—Qw)"‘ﬁx—a
1 V) (x) 1
=« U)\(CE) kl—a (]' - 2‘1;) + ,:;\71 rl—a

dyurnMA cupaBa He BO3PACTaaeT, TaK KakK, B CUIY JeMM 4—5, Bce pUIypuUpyIOIue

MHOKUTEJN CyTL HEOTPUIaTeIbHble HeBo3pacTawmue ¢pyrrnuu Ha (0 Jlemma

9 E ] .
3 morasaHa.
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Ocraercsa JOKa3aTh CJeAyronmee YyTBEPXKIACHUEC.

1—
Jlemma 6 (cayuaii n=3). Pyurmus z(p) = pl(i(pi)) Boruyra Ha (0,1).
o3
n—1 n—2 1
HorazarenbcTtBo. B mamHOM ciayuae 7T = 5 = 1, A= R [Tomosxum

H(z) = Hys(z) = [ /t(1 —t)dt. Cornacno nemmur 3, TpeGyeTcs IPOBEPUTD, UTO

QyHEINUA
~1/2 d [ H@)H( —x)

u(x) =R dx K

se Bospactaet ma. (0, ). Tak wax
(Hx)HQ—2)x Y = (H1 - ) — H(z)) 1/
— H(z)H(1 —2) x%(1 — 22),
mreem: u(z) = (H(1 —x) — H(z)) k™' — H(z)H(1 — x) s5/2(1 — 22),
u'(z) =—2k"Y2 —2(H(1 —z) — H5(x)) K721 - 22)

+2H(2)H(1 —z) k% + SH(@)H(1 - x) k21 — 4k).

YMHO%Kas 06e YACTU TOrO PaBeHCTBa Ha 2Kk2 UM cobupas Kod()(OUIMEHTLI Tpu

H(z)H(1 — z) k=3/?, 3armouaem, uro u'(z) < 0 TOrma u TOJLKO TOTAA, KOTJA

Hx)H(1 —=x
HOICZD (5 16r) < 45%% +4(H(1 —2) — H(x)) (1 - 22). (12)
B cuny mepBoro yTBep:kICHUA JEMMLI 5 Ipu )\:%, dynrmma Vi /o (x) = W

1
He yOLIBaeT Ha (0,5) 1 IO®TOMY MOKET OLITL OIleHeHa CBepXy ee 3HAaYeHUEM B
1 1,2 <
TOUKe T = -, PABHLIM 8H(§) . C apyro#t CTOPOHEI, B CUJIY BLITYKJIOCTU (YyHKINN
1 H(l—2z)— H(zx
H(l —z) — H(z) Ha (0,5), GYHKIIA ( : )2 (@)
— 2

1 1
3HAUUT MOKET OLITDL OIlCHECHa CHU3Y €€ 3HaUYCHUEM B TOUKE I = E, PaBHLIM 5

1
HEe BO3pacTaeT Ha (0,5) u

CaenoBaTeinbHO,

H(l1—z)— H(x)
1—-2x

(H(1 - z) — H(z)) (1 — 22) = (1-4r) > - (1 - 4r).

Wcnonn3ys »To omenku, 3akiaodaeM, uto (12) Gymer cienoBaTh U3 HEPABEHCTBA
8H( 7 )*(5~165) < 45¥2 +2(1 — 4r).

1 1 1 2
3aMeTum, 4UTO H(E) = EH(D =7 200820 df) = 17r—6, TO €CTh, HOCTATOYHO YC-

TaHOBUTL HEPABEHCTBO

1

2
v(k) = %(5—16/{)—4;@3/2—2(1—4@SO, 0<k< .

2 2
s 1 10 — =
Nmeem: v'(k) = — - +8-6 K1/2 > UI(Z) = —— >0, crenosaremnno GynKmmn
1 1 ™ 1
v BO3pacTaer Ha [O’Z]' Ocraercs 3aMeTUTL, 4TO U(Z) =35~ 3 <0 Jlemma 6

JOKa3aHa.
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