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COMPACT SETS OF ADDITIVE MEASURES

S. G. Bobkov UDC 519.2

In this note one gives compactifications, having a general character, for the
family of all probability measures and for convex, bounded sets in linear spaces,

considered in weak topologies.

In this note we present an approach, based on the application of the technique of addi-
tive measure, allowing us to cover from one single point of view.several apparently hetero-
geneous facts such as Yu. V. Prokhorov's theorem on the compactness of dense families of
probability measures, reflexivity criteria for normed spaces, the theorem on the weak com-
pactness of a ball in the conjugate space, the exigtence of the Cech compactification, and
also to obtain other, less well-known statements. .

Let (§ be a family of bounded functions on a set X , let (l be an arbitrary 6 -
algebra in X with respect to which the functions from C are measurable. We denote by
Z(X) the vector space of finitely additive measures (not necessarily positive) defined on
Ol and having a bounded variationm.

If { L} is a net in ?(X) then the formula }bi—»ﬁ% \HGC Hd}h—»wdy defines
i‘r} 2(X) a loca}vly convex topology W, known as the topology of  -weak convergence,
Zc(x) denotes Z(X) with the topology g, -

We mention the simplest properties of the C —weak topologies:

1) We=Wyne .

2) C1CC,V =9'wb‘ is weziker than ng,-

3) If the set A in Z(X) is bounded in variationm, then~wc\A=Wdc‘|A.

We consider the canonical imbedding Xcic(X): XEX‘-—*&(GZC(X) . where §, is the
Dirac measure at the point x. It is easy to see '1Ehat the additive uniform structure in-
herited from ?C (X) 1is the smallest of those in which the functions from C are uniformly
continuous.

We mention one more simple property:

4) a) WX: ZC (Xy ,i.e., X is a fundamfntal set.

b) The convex hull co X -is dense in DC(X)=i,‘b€Zc(X):_}*«’/ij‘*x=1} :
In general, the space zc(X) is not separated and therefore it is not convenient for

inversions., Let p&?dX}»ZdX)‘ZC(X)/LO be the canonical projection, where Lo is the inter-
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section of the neighborhoods of zero in ’ZC(X) . Actually, the factorization occurs with
respect to the equivalence relation Ju~~)i=>V¥eC Hd«}bﬂ\uﬁ-

We denote .AC‘PC(A) where ACiC(X) , ,Z={iB:B€Of,} . In thf sequel, the
following statement will be of a fundamental importance., We denote ﬁé(X)={/“Zc(X)?VMJ‘<1}.

Proposition. Assume that the set ACZ(X) is bounded in variation. If A is closed

in Z):(X) , then ‘Ac is compact.

Proof. By assumption &=WP{YM)L:)LEA} Lo . For the sake of simplicity, assume
that & =1 . The topology of :Dlx (X)  is induced from the compact space [—1,{]“ , and
ﬁ’x(X) itself is closed there, i.e., compact. We have: A is closed in Z}(X) == A

is closed in E:'c(x)é wﬂ\A is a compact topology.

We denote by I(X) the space of all measurable bounded functions on X . Then
wm;rﬁ(x)-vw;lp\:wm)h 7fw‘clA% WO\A is a compact topology. The projection P¢ is con-
‘tinuous = Ac =P (A) _ is compact. '

As applications of the above-proved proposition, we give four corollaries.

COROLLARY 1. Let _L be a vector space, let L’. be its algebraic conjugate, let C be
a linear gubspace of LI. , let G(L,C) be the weakest topology with respect to which the
functionals from ( are continuous. Let S be a convex set, closed and bounded in the
G'(L,C). topology of the space L . In the linear space CS= {A]S ‘A GC} we consider the
standard norm “Als I = sup IAXl . The following three statements are equivalent: -

1) S is compact".es )

2) Any continuous linear functional (.{'GCE has the form q(AIS)=Ax for some X&€ .
in S

3) 3 is complete (in the additive structure of (L,G(L,C)) ).

For the proof it is sufficient to note that:

* ~
a) If ({E,CS then there exists ﬂ,eZ(S) with the property q(AIS)és‘S Ad,);, . The
finitely additive measures of bounded variation have the form dqf‘/‘ "’ij"z )
where fy, ftp €D(S), 44;4,,30 -
b) Since the functionals from ( are 1linear and S is convex, it follows that
co SCS xscs and is everywhere dense in DCS(S)':[ﬁCS(S)]Cg-

¢) § 1is compact (complete) "'SCS is compaét (complete).

d) By the previous proposition, .‘DCS(S) is a separated compact space and, consequently,
SCS is compact ¢=>SQS - DC; (8) &> for each probability finitely additive
measure )L there exists xed such that SAd.jL=AX for any AGC .

Particular cases of the corollary are: 3

1) X is a normed space. Then X is reflexive & the unit ball BX is weakly
compact. One has to set: L=X S=Bx, G =]: . ,

2) X 1is a normed space "BX* is 6 (X" X) -compact. One has to set L=X" , S=Bys
C={jx:xeX} where J(A)=Ax for a11  AeX™.

COROLLARY 2. Let X be a completely regular topological space and let'C'C(X) be
the space of continuocus bounded functions. Then d-Dc(x)x is the Cech compactification.

Proof. The continuous functions from C(X) are uniformly continuous in the uniform

structure X by virtue of the above made remark on the trace of the structure ZC(X) on X .
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The following interesting corollary, from which we obtain at once the nonreflexivity of
C(K) for infinite compacta K . shows that the weak compact sets in C(K) are in a cer-
tain sense "rarefied." For the sake of simplicity we shall asumme that S ¢ BC(K) .

COROLLARY 3, If S is weakly compact, then k&yp”'{i}alv(thjt for some regular Borel
measure f .

Proof. From the assumption it follows that 5.:0!008 is a convex, weakly compact set
and, since S<=S,. assuming the opposite of the statement, we obtain the relation AUp
IS*d,jd = VW‘L}L for all the regular measures. If in ZS,(K) we introduce ﬁhe norm
u}.,|=ku§f|.5'.d}b\ then it will be isometric to the space of all regular measures Z-uq
with the norm var. By Corollary 1, for any AeZ:u] there exists {,e&‘,n, S, such that
A,/‘"'Sio d,/u, for all measures from Z.w’ « We consider the functional Ajb =Ju,{x,} where
%o € K , Juez.% _\A}bléVa/LjL #AQZ:MJ =] *o eCKy S#,d,}b =Jw{x,} . Since the Dirac measures
Sx are'regular, for all XEK {,(X)=8x {X,}_% {xo}, is open in K=7K is discrete =K is
finite?!

Finally, we give one more corollary, which is a direct theorem of Yu. V. Prokhorov. Let
S be a normal topological space, let Z, be a set of Borel probability measures with
topology induced from Zc“)(S) . We recall that a set ACZ, is said to be dense if for
each §50 there exists a compactum KCS such that VjL EA JMR?{"& .

COROLLARY 4. The dense families in Z, are relatively compact.

Proof., We shall simply write ])=IXXS)(SD and we shall assume that the distinct measures
in Zo are nonequivalent, i.e., Z°CAS)= Zo ; otherwise, we would consider the quotient space.
If A 1is a dense family of measures, then there exists an increasing sequence of compacta
{Kn} for which Ju,Kn)FIIZ"’ for any J&GA, A is a relatively compact in Z,édz’A
is compact. But cﬂZ’AthAnZ, is compact @C!«DA nZ, is closed since ‘D is a separated
compact space. Let {}b,} be a directed family of measures in chA NZ, and assume that
j.bl-’jbeD . Since. J"ledDAo we also have JLEOEDA' . Therefore, it is sufficient.
to show that Y is equivalent to some probability measure, Since VF €A ]an7{‘ 1/7-"' ’
by A. D. Aleksandrov's theorem [1], there exists a finitely additive probability measure Yy,
defined on the algebra of sets containing all the open sets, equivalent to u, regular, and,
consequently, with the property *Kn y4-4" . neN - By the Riesz—Markov theorem, there
exists a countably additive regular measure Kn on %LW such that 0¢Yy ¢4 and V’G
C(S&S{éﬁiﬁ*ﬁh We extend 9u by zero outside Kn. *ISince W is regular, we have
gnzr_ {lzn-"' and, consequently, V{ eC(S)lS{d?nﬂ‘den‘é %’.—;— . From the normality
of S it follows that for each Borel set B we have \?n*'B"ﬂ£Br$ Vfbl . Therefore,
VM(?nH—9n)_$2‘:B%PHM‘B—?nBlg/zﬂ—”. Thus, the sequence of measures {¥} is fundamental
(i.e., it is a Cauchy sequence) and by virtue of the completeness of the metric Pgﬁ,9)=
vam(jb—Q) , in the space of positive finite measures (countably additive) it has a limit A
Then, Qmm)\:ﬂns - NS =A3=4 . We show that A is the desired probability,
fe., VEeC® dn=fidp:

b= SHAN=T 4y =GN )] Fdv=T4dud +lf $dv-§ fdaL 1 43=§ Haval 1] wn-gkmm

n n n n

Ky, K S\ S\Ky K,
@ Og-Nedr) o  =(tdp = 4dr.
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DISTRIBUTION OF INTEGRAL FUNCTIONALS OF A BROWNIAN MOTION
PROCESS

A. N. Borodin UDC 519.2

In this paper one considers methods which enable one to determine the distribution
of certain functionals of a Brownian motion process. Among such functionals we
have: the positive continuous additive functional of a Brownian motion, defined by
the formula

oo

At) =_§°'Ab (hy)dF (Y,

"N
where % Cb,%) is the Brownian local time process while F(%) is a monotoni-

cally increasing right continuous functionj the functional

B(t) =1t (.Y (h,y) dy ,

where {(%,Iﬁ is a continuous function; and the functional

C = (W), F (s ds

As an application of these methods one considers some concrete functionals such

that 3| -m{S‘%(SOFZ}S“%(t Ny, sup £ (T where T is an exponential ran-
(Z)- AN *d oo ;g 'j ’ gePK‘ r, lj) . P

dom time, independent of %(t,%).

0. In this paper we consider methods which allow us to determine the distribution of
certain functionals of the process of Brownian motion. The first class contains additive
functionals of the Brownian motion. We denote by W() the standard process of Brownian

motion on a line. The limit (see'[l])
1
2 R o .
bebp=tim ¢ £ By, oy WMo

where ﬂA is the indicator of the set A, exists with probability one and is called
the Brownian local time at the point y. over the time t . In a certain sense, the
Brownian local time is an elementary additive functional of the Brownian process. Thus, any
positive continuous additive functional A(t) of the Brownian motion can be represented (see

[2]) in the form of the mixture
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