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3AMEYAHUS O HEPABEHCTBE ['POMOBA—MMUJIBMAHA !

C. I. Bobxos

PaccmarpuBarorcst onTuMaJibHBIE OINEHKY Jijist (DYHKIWH KOHIIEH-
TpaIUK ¥ JIJTST YKJIOHEHW JIUTITATEBBIX (DYHKIINI HA METPUIECKUAX

BEPOSITHOCTHBIX ITPOCTPAHCTBAX, Y/OBJIETBOPSIONNX HEPABEHCTBAM
tuna [lyankape.

[Tycrs (M, p) — MeTpryueckoe TIPOCTPAHCTBO, CHAGKEHHOE DOPEIeBCKOi

BepOSITHOCTHOU Mepoit p. s dbynknmit g na M onpemesmm 0600meHHbIIT
MOJIY/Ib ”rpajueHTa”

|[Vg(z)] =limsup ————"= =z € M,
p(z,y)—0 /)(37, y)
nonarast |Vg(z)| = 0 masg nsonmpoBanubix Touek x B M. Jlerko Bujers,

4TO eCJW OrpaHWYeHus ¢ Ha mapax B M WMeT KOHEYHYIO JIMIIIAIEBY
KOHCTAHTY (GyJeM Ha3bIBaTh Takue (hYHKIUH JTOKAJIbHO-THIIIAIEBBIMHE),
to dbyuknuga |Vg| KoHedHa Bciogy n u3MepuMa 1mo Bopero.

Tosopsit, aro (M, p, 1) yaoBiaerBopsier HepaBeHcTBY Tuia [lyankape,
ec/m JIIs Beex JIoKaJlbHO-ummmnesbix gynkuuit ¢ na M E|Vg|? < +o0
pieuer Eg? < 400, n npu aTom

M\ Var(g) < E|Vg|% (1)

31ech A; — MOJIOKUTETbHAS TOCTOSTHHAS, HE3ABUCSIIAA OT ¢, 8 MaTeMaTHIe-
ckoe oxupanne Eg = [ gdpw nuenepens Var(g) = E(g—Eg)? nornvarores
B CMBICJIE MEPHI (.

HepasencrBa Buga (1) mMHMPOKO PACIpPOCTPAHEHBI B PUMAHOBOi TeoMe-
Tpuu U Teopun npocTpaHcTB CoboseBa, IIaBHBIM 0OpPa3oM B 3ajJadax, B

Ipn wactwunoit mogmepxke Poccmitckoro @onga OyrraMeHTaabHEIX Mccaemnopa-
wuit, rpanT I 96-01-00201
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KOTOPBIX HaWJIydIlliee 3HAYEHWEe \; WHTEPIPETUPYETCs KaK IepBoe HeTPH-
BHAJIbHOE COOCTBEHHOE YHCJIO Jarjaacuana. /Jljisi Teopum BeposiTHOCTEH U
JIOKAQJTbHO Teopuu OaHAXOBBIX MPOCTPAHCTB 3TH HEPABEHCTBA ITPEJICTa-
BJISTIOT MHTEPEC MPexK e BCero BBUIY UX CBOMCTBA aJIUTHBHOCTH. VIMeHHO,
0e3 M3MeHeHHsI B KOHCTAHTE HMPU HEKOTOPBIX YCJIOBHSX THIA PEryasipHO-
crn HepapeHCTBO (1) pacmpocTpaHsiercsi Ha MHOMOMEPHBIE MPOCTPAHCTBA
M™ ¢ npomakT-Mepoit pu” = p X ... X [t U METPUKON EBKJIUIOBOTO THIIA
pn(T,y) = /Do, pli,y:)?, x,y € M™. CuenoBareibho, J1060e COOTHO-
IIeHne MeYKIy Mepoil (4 U MEeTPUKOil p, KOTOPOe MOYKHO W3BJIeYb HA OCHOBE
(1) B TepMuHax A;, OyJeT CHpaBeITUBLIM JJIsT MEPHI (™ U METPUKH p,. B
JACTHOCTHU, MOZKHO UCCJIEIOBATH CBOHCTBO KOHIIEHTPAIIUU TPOJAKT-Mep [,
HanpuMep, MOPsJI0K yObIBaHUS TP h — 00 (DYHKIINKA KOHIIEHTPAITN

a(h) =sup sup 1—pu"(A"), h>0,
nop(A)>1/2

rie (Bropasi) TOUHAS BEPXHSS I'PAaHb GEpeTcs 10 BCeM DOPENEeBCKUM MHO-
xectBaM A C M™ n

A ={x € M™: p,(x,a) < h nna mekoroporo a € A}

obo3Havaer OTKpHITYIO h-okpectHocth A B (M™, p,,). Brepsoie takoii mos-
XOJl K MCCJIEIOBAHMIO KOHIEHTPAIMA OBLT Ipeioxken ['poMoBBIM 1 Muib-
MaHOM [6], MOTyYHBIINMH HEPABEHCTBO

1 — p(A") < (1 —pP)e” 8PV -y — i (A), AC M, (2)

W BHITEKAIONLYIO U3 Hee OIEHKY

a(h) < Ke~W (3)
¢ mocrogrubiME ¢ = log(3/2), K = 2. JI0Ka3aTelbCTBO HEPABEHCTBA

(2) (koTOpoe B CHIY YIOMSHYTOrO CBONCTBA aJIUTHUBHOCTH ABTOMATHYE-
CKH PACIPOCTPAHSETCS HA MHOTOMEDHbBIE MPOCTPAHCTBA) OBLIO OCHOBAHO
na npumenennu (1) k dynkuusy suga g(r) = min{p(A* x),d} u nocme-
IyIoIeil uTepannn 1mo k ¢ MOAXOAAIINM 0, 3aBucsmuM oT h u A;. ITo3nnee
C TeMH Ke paccy:kaeHusMu Ajion u MuabMaH [3] mOJyunin aHamor Hepa-
BeHCTB (2)—(3) s rpados.

Ocrascs, 0JHAKO, OTKPBITBIM BOIPOC O TOM, HACKOJBKO ONTHMATIHHO
HepaseHcTBO (3). Tor dakt, 4T0 9KCMOHEHINATBHOE 0 h yObIBAHWE B Ipa-
Boil wacTu (3) He MOXKeT OBITH YJIYUINEHO, JIETKO OOHAPY’KHTh, PaccMa-
TpuBasg Ha npsaMoit M = R skcrmoHeHIWaIbHBIE MEPBI (1 = (i), C TJIOTHO-

CThIO d“;—lm(x) = VArexp{—2V A1 |z|}, x € R (3mech \; — mosoxRuTebHbI



mapamverp). lI3BecTHO, 9TO Mepa [y, YAOBJIETBOPSIET HEPABEHCTBY THIIA
[Tyankape, mpudeM ¢ HAWIydIIeii MOCTOSTHHON A, (BrepBbie oTMedeHO Bo-
poBkoBbiM, Yrenbim [5] u Kmaaccenom [7]). C apyroit cTOpOHBI, Tak Kak
mMHOKecTBO A = (—00, 0] nmeer py,-Mepy 1/2, 3akmodaeM, 9T0

a(h) > 1 — i, (A") = %e_%m |
CrnenoBarenbno, B HepaBeHCTBe ['pomoBa—MmabMaHa ¢ HEOOXOIUMOCTBIO
¢ < 2. B nmanHOil 3aMeTKe Me IOKarKeM, 4TO IPU HOIXOJAIIeM BHIOOpe
nocrostuHoit K B (3), 9T0 HEPABEHCTBO OCTAETCS CIPABEIJIUBBIM JIJIST MAK-
CUMAJILHO BO3MOYKHOTO 3HadeHus ¢ = 2. Takum oOpa3oMm, B CMBICJIE KOH-
L[eHTpaL[I/II/I IKCIIOHCHIIMAJIbHbIEC Mepr I/IFp&IOT IIo4YTN!n SKCTpeMaﬂbHyIO pOJIb
B HepaBeHCTBax Tuna Ilyankape.

Teopema. [Ipednoaostcum, wmo (M, p,p) ydosaemeopaem nepaseH-
cmey muna [lyankape ¢ nocmoanwoi Ay > 0. Tozda drs écex boperescrux
mmoorcecme A C M u ecex h > 0

9
1—p(AM) < —— 721 (4)
1(A)
Kpome mozo, daa ecex ¢ynryuii g ¢ aunwuyesot Konemanmot || g||rip < 1
umeem Elg| < 400, npuuem das ecex h > 0

1{lg — Eg| > h} < 672V, (5)

OueBnyino, HepaBeHcTBa (4) u (5) SKBUBAJEHTHBI IPYT JPYTY € TOTHO-
CTBIO J10 aBCOMOTHBIX MHOXKHUTeel. B cuty (5), 71s1 HEKOTOPBIX aBCOJTIOT-
HBIX MOCTOSHHBIX ty > 0 u Cy > 0

Be?Vhitols—Eal < (6)

B Kjacce Bcex dyHkumit ¢ jummmnesoit koucrantoii ||gllL, < 1. Hesa-
BHCHMO OT paboThl [6], Takoe HEPaBEHCTBO ¢ MOCTOSIHHBIME to = 1/24,
Cy = 2 6bL10 J0Ka3aH0 BOPOBKOBBIM 1 YTEBBIM B [5], paccMaTpUBABIINMY,
IpaBIa, HepaBeHcTBO IlyaHKkape UL /1 BePOATHOCTHLIX Mep /i Ha, Mps-
Mmoit M = R. Vcnonb3yembrit uMu MeTo 1 paboTaeT, 0JHAKO, U B aOCTPAKT-
HOIl CHTyalnuu W, B 9acTHOCTH, Jaer (3) ¢ Xyumreii MOCTOSIHHON ¢ B 9KC-
nonenTe: HepaBeHCTBO (1) mpumensiercst K dynkuusm Buga |g — Eg|P ¢
yeaosueM ||g||rip < 1 1 U3 moay4aeMoro peKyppeHTHOTO COOTHOIIEHUS BBI-
BOJATCS OIEHKH JIJIsi MOMEHTOB

(2v/ M )PE|lg — Eg|? < (4p)?, p>1,
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orkyzna (6) cpady caeayer. 3amernm, 9To B cuiay (D) MMeeT MeCTO mpa-
BIJIbHAST [0 TOPsiIKY orenka (2v/A )PElg — EglP < 6T(p+ 1) (rge T' -
ramma-dyukiws). leficTBurenbHo:

2V M) Elg —Egl” = 2VM) /Owﬂ{lg—EmZh}dh”

< (2\/)\1)”/ 6e VX gpr = 6T(p + 1).
0

Bompoc 06 ontumaibHOCTH HepaBeHcTBa ['pomoBa—MuibMana craa 00-
cy&Kaarbcs MHOTO To3nuee. Awmna, Macyna u [Tlurekasa [1], HeckoabKO
MoaudumupoBan moaxoa ['pomoBa—MunbMaHna, J0Ka3a/11 KOHEIHOCTD CPE/I-
anx Ee2vVAilo—Egl mpu t < tg = 2(61_1). JlabHeiinee yrounenue ObLIO CJie-
aaro B pabore Awapl u Crpyka (2], orpaHWYUBITUMECS, TPaBIa, PACCMO-
TPEHUEeM TOJIbKO 3Ha4YeHusl ¢ = 1/2 IPU OIEHUBAHUN SKCIOHEHIIAAJHHBIX

MOMEHTOB

u(t) = B2V,
I[Ipennonaras, 910 ||g||1ip < 1 1 Eg = 0, npumenenue (1) k dbyHkiusam Buia

eVMI puBoauT K BYHKIHOHATLHOMY HepaBeHCTBY

1
11—t

u(t) < ult/2)?,

t

¥ [IOCJIE N-KPATHOTO IIPUMEHEHUsI TOTO HEPABEHCTBA K 3HAYEHUAM T, 5, . . .,

ST, Oy daeM 1
T 1 n
u(t) < [ [ m—7mar u(t/2)™". (7)
g (1 —12/4%)

OueBnnno, npoussenenne B (7) cxomures mpu [t < 1, m Tak Kak u(e) =
1+ o(e) mpu ¢ — 0 (B cuny yciaosusg Eg = 0), npuxoaum B mpejiese K

OIIEHKE
(o]

1
t)y <U(t) = ——— t < 1. 8
n=0
B wacrHocTn, npu t = 1/2 nosyvaem HepaBeHCTBO
- 1
BeV™9 < Ky = [[ ————= = 1.720102... .. 9
€ = 0 H(1_1/4n)2n ()
n=0
D10 HepaBeHCTBO, Biekymee (6) ¢ tp = 1/2 mw (3) ¢ ¢ = 1, u ectb pe-

syabraT Auasl u Crpyka (B 06IIeM Ke BHe HEPABEeHCTBO (8) MOSIBUIOCH B
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[4]). Urobbl paccyKaeHnst GBI COBCEM CTPOTHUMH, CJIELYeT BCE BBIKJIAIKH
IIPOBOJIUTD B TIPEANONOKEHNHE 00 OTPAHNYEHHOCTH ¢ (¢ TeM, ITO0bI He BO3-
HUKAJIO MPOOJIEM ¢ IKCIIOHEHINAIBHONW MHTErPUPYEMOCTHIO) M 3aTeM C 110~
MOIIBIO yCeUeHuii Jerko moayanTh (8)—(9) yzxKe st BCeX JHNIIUATEBBIX ¢
Ha M ¢ HYJIeBBIM CDEIHUM.

Takum obpaszom, coraacHo (9), IKCTpeMaIbHBIM 3HaUeHneM B (6) sBJIs-
ercsi to = 1. BrepBbie KOHETHOCTH SKCIHOHEHIMATBHBIX MOMEHTOB 2V
npu |t| < 1 (kak u BBIIE — B mpeanosoxkennu, 910 ||g|jLp, < 1 u Eg = 0)
obuta mokazana [Imykenmaerepom [8]. TIpumenas (1) k dyHKImsIM BrIa
ge'™Y 219 1 apamusnpys momygaemoe auddbepeHnuaTbHOe HePABEHCTBO OTHO-
curenbio dbyukimun u(t), on uzsaek onenky u(t) < (1—|t])~*. Dro, ommaxo,
HECKOJIbKO XyiKe, ueM 0600mennoe HepaseHcTBO Anapl 1 Ctpyka (8): Kak
nokazano B [4], U(t) < (1+[t])/(1 —|¢]) < (1 — [¢t])~*. B wacrnocrn,

2
Be?Vh9 < 2 |t < 1. (10)

1=t

Bamernm, uto mpasas 9acth B (10) ¢ TOYHOCTBHIO 10 MHOXKHUTES IKBUBA-
jgentHa Gyuknuun U npu £ — 1, ¥ 9TO ¢ TOYHOCTHIO O MHOYKHUTEJS ITO
HEPAaBEHCTBO HEe MOXKET OBITh YJIYUIIeHO, KaK MOKa3bIBAET BCE TOT ¥Ke MPH-
Mep 9KCIOHEHIMAIBHBIX pacipeneaenuii py, u dyuxmun g(z) =z, z € R.
Onuako, uepasenctso (10) eme we Bieder (5): ecanm Ha BEPOSITHOCTHOM
npocrpanctse (M, i) ecth caydaiinag Benrnunua & co coiictBamu EE = 0,
Eelt < 19—‘1“ mpu [t| < 1, To mo HepaBeHCTBY UeObINeBa MOXKHO TOJIYIUTH
onenku g ykiaonenuit suaa puf|¢] > h} < Co(1 + h)e™", npuuem MHOXKH-
Tenb 1 + h He MoxKeT OBITH omytieH. CregoBaTe/bHO, HETb3d HAAeSIThCS
noJIyauTh onenkn tuma (5) n HepasencTBo I'pomosa-Munibnana (3) ¢ nan-
JIydieil moCTOSTHHO, OCHOBBIBASICh TOJIHLKO Ha OIEHKAX JIJIsT SKCIOHEHIIH-
AJILHBIX MOMEHTOB, /TayKe €CJU OHU ONTHMAJIbHBIE.

Hoxka3zarenbcTBo Teopemsr 1. TIpu BeiBoze (5) MOYKHO TIpemoararh,
aro (yHKImMA g orpannuena. [Ipumerum HepasencTBo turna [Tyankape (1)
K byukman Biga g,(xr) = eVV min@h) g e M h e R:

MEg: < M(Egrn)® + E[Vai|*. (11)

YT06BI OLEHUTH MEePBHIil wWieH B mpaBoii yactu (11), npuMeHnM HepaBeHCTBO
Awugp-Crpyka (9) k dyukuun min(g, h) — Emin(g, h):

Egh — Eemmin(g,h) < KO 6\/XEmin(g,h) < KO emEg.

YT00BI ONEHUTH BTOPOIT WIeH B HpaBoil gacTu, 3ameTnM, uto |Vg,| = 0 Ha
MHOKecTBe {g > h} (Tak Kak 5TO MHOYKECTBO OTKPHITO, a (bYHKIHUS ¢; Ha



HeM TIOCTOSIHHA), M 9TO Ha BceMm M

|Vgh\ < /)\lex/ﬂgh < /)\lex/ﬂg

(rax Kak ||gn|lip < 1). Crenosarensho, E|Vg,|> < MEe2YA91 . Ue-
110JIb3yst 9T orenku B (11) u 3amuceiBast

Eg? = B> 91,y + V" ifg > h},

npuxoanM K HepaseHcTBY 2V MM {g > h} < KZe*VMEI. Tak xak ero
IpaBas YacTh HEMPEPHIBHO 3aBHCHT OT h, CTPOroe HEPABEHCTBO MOYKHO 3a-
MEHHUTh Ha HEeCTPOroe:

p{g > h} < K2e 2WVAh2VaiPs  p c R, (12)

Ecin samucars 310 mepasenctso B Buge u{g — Eg > h} < KZe 2Vl y
CJI0KUTH C AHAJTOTHYIHBIM HEPaBEHCTBOM T (YHKIHH —g, TOo Ipu h > 0
MBI TIPUJIEM K OIICHKE

p{lg — Bg| > h} < 2K3 eV

Sro paer (5), Tak kak KZ = 2.958750 ... < 3.

Yro6bl BhiBeCTH (4), IPEANOIOKIM, 9TO MHOKECTBO A Hemycro, u nmpu-
mernm (12) npn h = 0 x (nmmmunesoit) dyuxkmun g(z) = —p(A4, ), e,
Kak o6braHO, p(A, x) = inf,ca p(a, r) obo3HaYAET KpaTUdaiiliee paccTosHUE
or x 10 A. Tak kak p{g > 0} = p(clos(A)) > p(A), nomygaem

62\/XEp(A,:v) < Kg )
— A

Haxkowuern, eme pa3 npumenum (12) ¢ h > 0, Ho Tenepb K dbyHkun g(r) =
p(A, x). C yderoMm mpeabiaymieii ONeHKH MOy daeM:

1—p(A") = pfz e M:p(Ax) > h}
4
< K2e2VNh 2VABA) < Ky —avxn
- — u(4)
Ocraercs 3aMeTUTh, UTO Kg < 9. Teopema 1 mokazana.

Bameuanue. Ilpu pacmpocrpanennu HepaBenctBa (1) ¢ mpocTpan-
crBa (M, p, ;1) Ha MHOTOMepHBIE TIpocTpancTBa (M™, p,, ;™) 1o cBolicTBAMHI
THITA " PeryJasspHOCTH MbI TIOHUMAEM CJIYIOIIe:

1) mpocrparcTBo M cenapabesibHO;
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2) MeTpuKa p,, COTIACOBaHA C TOMOJOTHEN MTPONU3BEIEHUsT TTPOCTPAHCTBA
M™, npuyem ISt BCEX JIOKAJIbHO-JTUITIIHIEBBIX GyHKIMI g Ha M™ B cMbIce

P, JUTsT p"-mi09TH BCeX & = (X1, ...,x,) € M™
V(@) =) IVag()), (13)
i=1

rie |Vg(z)| - Momyb rpagnenTa B cMbICTE p,,, & |V, g| — MOIyIb rpaauenTa
10 TepeMeHHoi z; € M B embicae p qis dbyukuun x; — g(xq, ..., Ty,).

[Ipu stux yenosusx (M™, p,, ™) yAOBIETBOPsieT HepaBeHCTBY THma [1y-
aHKape ¢ TOH »Ke MOCTOSHHOH A;. JloKazareJanbcTBO MOYKHO HPOBECTH IIO
WHYKIUH, WA TPOCTO MOYKHO BOCIIOJIB30BATHCS OJTHUM OOIIMM CBOHCTBOM
mucriepcnn: ecan (M, p) — BeposiTHOCTHOe pocTpancTBo, n (M™ 1) — ero
n-ag CTeNeHb, TO /I BeeX i"-u3MepuMbIX (byukuit g va M™

n

Var,»(g) < / Z Var,, (g) du(x) - - - dpu(z,). (14)

M™ iy

Bnecw Var,,(g) — p-nucnepcust byuxmun x; — g(z1, . . ., T,) 0pu GUKCAPO-
BAHHBIX [IEPEMEHHBIX Tj, j # i. Ecau Temepb mama p, —T0KaIbHO-THIIIIN-
nesast yHkIws g va M™, To aucnepcnio Var,, (g) MOYKHO OIEHUTH CBEPXY,
cormacro ”onromepronmy” nepasenctsy (1), wepes 3-E,, [V, g(z)[?, max aro
ngist Beex © = (xy,...,x,) € M"

=1 i=1

Bruny cenapbenbrnoctu M u B culy JIOKAJbHON JIMIIIIUIIEBOCTH ¢, TIpaBast
JacTh 3TOTO HEpaBEHCTBA OYIeT MPeACTaBIITh cOOO OopeeBCKy0 (DYHK-
muio Ha M"™, W TMOCTe MHTerpupoBaHus Mo Mepe p", mpumenss (14), Mb
IpuieM K HepaBeHCTBY

MVt (9) < [ 37 (9ug(a) duar) - due,)

Cornacnro (13), Mbl ostydaem HepaBeHcTBO Thna [lyankape 1jist mpocTpaH-
crBa (M", pp, (™).

B npeicTraBasionux nHTepec caydasx cBoiicTBo (13) BbITOTHSIETCS IS
METPHKH Py (T,Y) = \/D iy p(T:,¥:)%, x,y € M™. Hanpuumep, 310 cpases-
muo aig M = R? u abcomoTHO-HeIpephIBHBIX [, TAK KaK M0 M3BECTHOI
Teopeme Pajemaxepa JIOKaJIbHO-TUIIIAIEBbIE (DYHKITNH TIOYTH BCIOLY TH(D-

depeHIpyembl.
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Summary
Bobkov S. G. Remarks on Gromov-Milman’s inequality

We consider optimal estimates for the concentartion function and for
deviations of Lipschitz functions on metric probability spaces satisfying
Poincaré-type inequalities
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