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1 Introduction

We consider here two asymptotic properties of finite dimensional convex bod-
ies which generate a norm with an unconditional basis. For definiteness, such
a basis is taken to be the canonical basis in R". Thus, assume we are given
a convex set K C R™ of volume vol,(K) = 1 which, together with every
point « = (x1,...,2y), contains the parallepiped with the sides [—|z;]|, |z;]],
1 < 5 < n. In addition, K is supposed to be in isotropic position, which is
equivalent to the property that the integrals

/x?daj:LfK, 1<j<n, (1.1)
K

do not depend on j.

The isotropic constant Ly is known to satisfy ¢; < Li < cg, for some
universal ¢y, co > 0. Hence, for the Euclidean norm |z| = (23 + ...+ 22)'/?
we have

cn < / |z|? dz < con
K

and similarly, the average value of |z| over K is about /n.
Consider the linear functional

By (1.1), its Lo-norm over K is exactly ||f|l2 = Lx. As in the case of any
other linear functional, L,-norms satisfy || f||, < Cp||f|2 for every p > 1 and
some absolute C. Up to a universal constant, this property can equivalently
be expressed as one inequality || f|ly, < C||f|l2 for the Orlicz norm corre-
sponding to the Young function v (t) = el —1,t € R. For the concrete
functional f introduced above, this can be sharpened in terms of the Young
function ¥,(t) = eltl” — 1.
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Theorem 1.1. ||f|4, < C, for some universal C.

The proof might require some information on the distribution of the Eu-
clidean norm of a point x over K. Indeed, if we observe z = (x1,...,2,) as a
random vector uniformly distributed in K, and if (e1,...,&,) is an arbitrary
collection of signs, then (e121,...,e,xy,) has the same uniform distribution
(by the assumption that the canonical basis is unconditional). In particular,

. E1TL + ...+ EnTn

f(.’E,E)— \/ﬁ

has the same distribution as f(x). But with respect to the symmetric
Bernoulli measure P, on the discrete cube {—1,1}", there is a subgaussian
inequality

P{|f(z,e)| >t} <2e /GO >,

Taking the expectation over K, we arrive at
vol, {z € K : |f(z)| >t} < 2/ e/l g (1.2)
K

This is how the distribution of the norm |z| can be involved in the study of
the distribution of f(z). The statement of Theorem 1.1 is equivalent to the
assertion that the tails of f admit a subgaussian bound

vol,{z € K : |f(z)| >t} < Ceet’.

Hence, it suffices to prove such a bound for the integral in (1.2) taken over a
sufficiently big part of K. The function e~t*/2lel”) ynder the integral sign has
the desired subgaussian behaviour on the part of K where |z|/y/n < const.
To control large deviations of |z|/+/n, we prove:

Theorem 1.2. There exist universal tg > 0 and ¢ > 0 such that, for all
t> t07
vol,, {:C cK: % > t} < e ctvn, (1.3)
For the “normalized” ¢7-ball, this inequality was proved by G. Schechtman
and J. Zinn in [S-Z1], see also [S-Z2] for related results on deviations of the
Euclidean norm and other Lipschitz functions on the £7-balls.
Note that too large t may be ignored in (1.3), since we always have |z| <
Cn, for all z € K (V.D. Milman, A. Pajor, [M-P]). Therefore, for ¢ > Cy/n,
the left hand side is zero. For ¢t < C'y/n, the inequality implies

T .
vol,, {9: e K: u > t} < e*”z/c,
n

NG

which means that the Ly, (K)-norm of the Euclidean norm is bounded by its
Ls-norm, up to a universal constant. Thus, Theorem 1.2 can also be viewed as
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a sharpening, for isotropic convex sets with an unconditional basis, of a result
of S. Alesker [A]. We do not know whether the unconditionality assumption
is important for the conclusion such as (1.3). On the other hand, Theorem
1.2 as well as Theorem 1.1 (under an extra condition on the support) can be
extended to all isotropic log-concave probability measures which are invariant
under transformations (z1,...,2,) — (£z1,...,%xz,), cf. Propositions 5.1
and 6.1 below.
Using Theorem 1.2, one may estimate the integral in (1.2) as follows:

/ e_m‘z/(zw)dx:/ +/ < IR | gctoVE
K el<tovi JJal>tovm

< 9t/

provided that ¢ < const n'/4. Hence, we obtain the desired subgaussian bound
for relatively “small” ¢. To treat the values ¢ > const nt/ 4. one needs to involve
some other arguments which are discussed in section 6.

2 Preliminaries (the case of bodies)
Here we collect some useful, although basically known, facts about the sets

K with the canonical unconditional basis as in section 1. It is reasonable to
associate with K its normalized part in the positive octant R = [0, +00)™,

Kt =2KNR}.
Thus, if = (z1,...,x,) is viewed as a random vector uniformly distributed
in K, then the vector (2|x1|,...,2|x,|) is uniformly distributed in K.

The set K+ has the properties:

a) vol,(KT) =1;

b) forall z € Kt and y € R} with y; <z, 1 <j <n, wehavey e KT;
¢) [rsaide =4L%, forall 1 <j<n.

Proposition 2.1. L3 < 1.

Proof. With every point & = (z1,...,2,), the set KT contains the par-
allepiped []}_,[0,2;]. So [[j_,z; < 1, for every z € K. Since both the
sets K* and V = {2z € RY : [[j_, ; > 1} are convex and do not intersect
each other (excluding the points on the boundaries), there exists a separating
hyperplane. But any hyperplane touching the boundary of V' has equation
M1+ ...+ Ay, = n with some A; > 0 such that [[7_; A; = 1. Therefore,
KT C {l‘ eRY: w < 1}, and so, by the geometric-arithmetic
inequality,
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K+ n

By a Khinchine-type inequality,

/K+ s dx > 7 (/ 7 dx)m:\/iLK, (2.1)

according to the property c). Thus, 1 > v/2 L.

Remark 2.1. 1t is a well-known fact that, in the class of all measurable sets K
in R™ of volume one, the integral [, |z|? dz is minimized for the normalized
Euclidean ball B,, with center at the origin. Therefore, for isotropic K, we
always have Lx > Lp, which leads to the optimal dimension-free lower

bound
1

V2me'

More generally, in the class of all probability densities ¢ on R" attaining
maximum at the origin, the quantity ¢*(0) [ |z|?q(z) dz is minimized for the
indicator function of B,,. This property was observed by D. Hensley [H] who
assumed additionally that ¢ is log-concave and symmetric, and later K. Ball
[Ba] gave a shorter argument not using log-concavity and symmetry. In the
one-dimensional case, the property reads as

q(0) (/R t2q(t) dt>1/2 > % (2.3)

Remark 2.2. The inequality (2.1) is a particular case of the following theorem
due to S. Karlin, F. Proschan, and R.E. Barlow [K-P-B]: Given a positive
random variable £ with a log-concave density on (0, 4+00), for all real s > 1

Lk >

(2.2)

E¢ <I'(s+1)(E¢)".

Equality is achieved if and only if £ has an exponential distribution, that is,
when Prob{¢ >t} = e t > 0, for some parameter A > 0.

Proposition 2.2. For every hyperspace H in R™,

1
vol,_1(KNH) >

= %
Moreover, if K is invariant under permutations of coordinates, then every
section K; = K N{z; =0}, 1 < j <n, satisfies vol,,_1(K;) > 1.
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Proof. It H ={x € R™: (§,z) = 0}, |6] = 1, apply (2.3) to the density ¢(t)
of the linear function z — (0, z) over K: then we get

1
vol, 1(KNH)Lg > ——.
i N

This inequality holds true for any symmetric isotropic convex set K of volume
one. In our specific case, it remains to apply Proposition 2.1.

For the second statement, given a non-empty set m# C {1,...,n}, denote
by K the section of K by the (n — |r|)-dimensional subspace {z : z; =
0, for all j € w}. Write the Steiner decomposition

vol, (K* +7[0,1]") =Y ap(KT)r*, r>0,
k=0

where a, = 37 _; vol,_i(K7) with the convention that ag = vol,(K™) = 1.
By the Brunn-Minkowski inequality, vol, (K+ +r[0,1]") > (1 + 7)™, so the
coefficient a; (K™) in front of r should satisfy a; > n. That is,

Zvoln_l(K;) > n,
j=1

where K; = KT n{x; = 0}. Since all these (n — 1)-dimensional volumes are
equal to each other, and vol,_1(K;) = vol,,_1 (K j ), the conclusion follows.

Proposition 2.3. For all ay,...,a, >0,
vol,{z € KT 12y > ay,...,2, > a,} < e—clart . tan)

with c=1/v/6. If K is invariant under permutations of coordinates, one may
take c=1.

Proof. The function u(ay,...,an)=vol,{r € KT : 21 >ay,...,2p > ap} is
log-concave on R, u(0) = 1, and

du(a)
6aj

= —VOlnfl(Kj) S —C,
a=0
according to Proposition 2.2. These properties easily imply the desired in-
equality.

Actually, Proposition 2.3 can be sharpened by applying the Brunn-
Minkowski inequality in its full volume. The latter implies that the func-
tion w'/™ is concave on K+ which is a slightly stronger property than just
log-concavity. Hence, with the same argument, we have the inequality

clog + ...+ ap)

Voli/"{meK"’:xlzal,...,ngQH}gl— -




58 S.G. Bobkov and F.L. Nazarov

holding true for all (o, ..., a,) € K+ with ¢=1/4/6. Since the right hand
side of this inequality must be non-negative, an immediate consequence of
such a refinement is:

Proposition 2.4. For all (z1,...,2,) € KT,
T+ ...+ x, S\/én.
Equivalently, for oll (x1,...,2,) € K, 21|+ ... + |2s] < ? n.

Thus, the normalized ¢!-ball in R" is the largest set within the class of all
K’s which we consider (up to a universal enlarging factor). One may wonder
therefore whether or not it is true that the cube would be the smallest one.
The question turns out simple as one can see from the proof of the following:

Proposition 2.5. The set K contains the cube [f% L, % Lk]™ which in

turn contains [_2%/57 2%/%]"

Proof. The baricenter v = bar(K ™) must belong to K, so Kt contains
parallepiped H;;l[o, v;] with v; = [}, x; dz. Hence the first statement im-
mediately follows from the Khinchine-type inequality (2.1). The second one
is based on the lower bound (2.2).

3 Log-Concave Measures

Here we extend Propositions 2.1-2.3 to log-concave measures. Let p be a
probability measure on R™ with a log-concave density p(x), z € R", such
that

a) p(0) = 1;

b) p(£x1,...,+x,) does not depend on the choice of signs;

¢) [aFdu(x) = [xFp(x)de = L, does not depend on j =1,...,n.

The case of the indicator density p(x) = 1k (z) reduces to the previous

section. As in the body case, we associate with pu its squeezed restriction pu™
to the positive octant R’} : this measure has density

1
pT(z)=p <2x> , rc€RY.

If © = (x1,...,2,) is distributed according to p, then the vector (2|z4], ...,
2|z, ]) is distributed according to pu+. The function pT is log-concave, is non-
increasing in each coordinate, and satisfies

[ sat@=atz 1<i<n
R

n
+
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Proposition 3.1. L, < C, for some absolute C.

Proof. Since p™ is non-increasing, for every z € R?,

1>/ / y)dy > p*( /0 /0 dy =p*t f[

Hence,
n
u(r) = —logp*(z) > log H zj =v(x)
Note that u is convex, while v is a concave function. Therefore, there must
exist an affine function ¢ such that u(x) > ¢(x) > v(x), for all x € R’}. This

function can be chosen to be tangent to v at some point a = (a1,...,a,)
with positive coordinates. That is, we may take

{(x) = v(a) + (Vv(a),x — a) = log H %+ Z %

Setting A; = --, the inequality u(z) > ¢(x) becomes
J

n
H JIJ z € RY.

In particular, since p*(0) = 1, we have HJ 1Aj > e ™. Hence,

n

I | z; pt(z)dx < I I z;ile” |n| Xie N ) dy = e” |n| L < e
J J J )\
j=1 j

+J1 +]1

On the other hand, with respect to u*,

n n
= [T llzillo = " I T llzjll> = (2¢)"
0 =1 j=1

where we have used a Khinchine-type inequality |gllo = lim, o+ |gll, >
¢||gll2 for linear functions g with respect to log-concave measures (which is
actually valid for any norm, cf. [L]). Proposition 3.1 follows with C' = €2/(2c).

Proposition 3.2. For every hyperspace H in R,

/HP()x>F

If p is invariant under permutations of coordinates, then f{m~*0} p(z)dr > 1
J—
for every 1 < j <n.
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There is a way to prove this statement without appealing to Proposition
3.1. In turn, starting from Proposition 3.2, one can easily obtain Proposition
3.1 with C' = e/3. Indeed, the reverse one-dimensional Hensley inequality
(for the class of all symmetric log-concave probability densities ¢ on the line,
cf. [H], Lemma 4) asserts that

q(0) </Rt2 dx)1/2 < \% (3.1)

(equality is achieved at g(t) = e~2/*!). If we take any hyperspace H = {z €
" :(0,x) =0}, |#| = 1, and apply this inequality to the density ¢(t) of the
distribution of the linear function (f, x) under the measure u, then we arrive

exactly at
1
x)de L, < —.
/Hp( ) B — \/i

Hence, the lower bound fH p(z) dz > 1/(6\/6) would lead to L,, < ev/3, while
in the case where p is invariant under permutations of coordinates we would
similarly obtain the estimate L, < e/\@.

Proposition 3.2 will be derived from a more general:

Lemma 3.1. For any log-concave probability density p on R™ such that
p(0) =1 and p(£x1,...,%x,) does not depend on the choice of signs,

n

H/{ . p(z)dx > e™". (3.2)

It is interesting that the constant 1/e appearing on the right is asymp-
totically optimal. Indeed, for the density

p(z) = exp{ — 2n!Y/" max |alcj|}7
i<n

. 1/ 1
for every j < n, we have f{szo} p(z)de =2 — 2, as n — o0.

n

As in this example, when a density p is invariant under permutations of
coordinates, all (n — 1)-dimensional integrals f{%:o} p(z) dz coincide, so, by
(3.2), these integrals must be greater or equal to 1/e. In the general case,
we may only conclude that max; f{szo} p(z)dx > 1/e. On the other hand,

the combination of the two Hensley’s inequalities (2.3) and (3.1) immediately
implies that, for any symmetric log-concave isotropic density p on R” and for
any two hyperspaces Hy, Hy, we have [, p , P(x) da < V6 [, p 1, P() dz. Hence,

1
min | p(z)dx > max p(z)dx > —=.
" /H \[ {z;=0} ( eV/6

Thus, Lemma 3.1 implies Proposition 3.2.
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Proof of Lemma 3.1. Given a measurable set A in R"™, an inequality due to
L. H. Loomis and H. Whitney asserts ([L-W], [B-Z]) that

Hvoln 1(A;) > vol, (A)" 1,

where A; is the projection of A to the hyperspace z; = 0. As a matter of fact,
being applied to A = K, the above yields yet another proof of the second
part of Proposition 2.2.

Loomis-Whitney’s inequality admits a certain functional formulation.
Namely, given a measurable function ¢ > 0 on R™, not identically zero,
consider the family A(t) = {z : g(z) > t}, t > 0. Define on R"~! the func-
tions

9j($17-~-,$j717$j+17--~733n) = sup gj(xl,---79€j71,3€j,$j+1,-~-7$n)
zj

together with A;(t) = {x : gj(x) > t}, t > 0. Then A;(t) are projections of

A(t), so
vol,, H vol,,— 1 )

Put ¢;(t) = vol,,_1(A4;(t)), ¢(t) = VOln(A(t)). Raising the above to the power
1/n, integrating over ¢t > 0 and applying Holder’s inequality, we get

400 4too M n 400 1/n
| eeras [ w0 ma< ] ( Jae dt)
0 0 G =1 \Jo

_ ( f[l/Rnlgj(x) dx)l/n.

In order to bound from below the first integral, we use the property that (t)
is non-increasing in ¢ > 0. For such functions, for all @ € (0, 1], there is a
simple inequality (cf. [B-Z])

(/Om o) dt) > /;OO (1) dt.

But the right hand side is exactly [g., g(x)"/* dx, and for a = 2=1 we thus

get
n—1
H/ x)dx > </ g(z)™/ (=1 dz) .
Rn—1 n

This is the desired functional form yielding the original inequality on indicator
functions g = 14. For g = p, the supremum in the definition of g; is attained
at ; = 0, and the functional inequality becomes

1/
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n—1
H/ x)dr > (/ p(m)”/("_l)dx) .
xﬁo} R

The right hand side can further be estimated using the log-concavity of p.
Namely, since p(0) = 1, for every ¢t € (0,1) and = € R™, we have p(tx)'/t >
p(x). Integrating over z, we get g, p(x)'/* dz > " which for ¢ = =1 gives

It remains to note that ( )"(n D > e ",

Lemma 3.1 follows. As a consequence, we get an analogue of Proposition
2.3:

Proposition 3.3. For all ay,...,a, >0,
pHz e R" x> a1,...,2, > ap} < e—clont.+an)

with ¢ = ﬁ. If u is invariant under permutations of coordinates, one may
take c = 1/e.

4 Decreasing Rearrangement

For any vector x = (z1,...,,) in R™, its coordinates can be written in the
decreasing order,
Xi>Xo>...>X,.

In particular, X; = max; x;, X,, = min; ;. When x is observed as a random
vector with uniform distribution in K+ or more generally with distribution
p™T, the distribution of the random vector (Xi,...,X,) can be studied on
the basis of Propositions 2.3 and 3.3, respectively. In particular, we have:

Proposition 4.1. Foranya >0, 1<k <n,
pt{z € R} : Xj > a} < CFe e,
where ¢ > 0 is a numerical constant.

One may always take ¢ = 1/(ev/6) but the constant can be improved for
special situations. For example, ¢ = 1/e, when p* is invariant under permu-
tations of coordinates, and moreover ¢ = 1 when p™ is uniform distribution
on Kt which is invariant under permutations of coordinates.

We denote by C¥ the usual combinatorial coefficients ﬁlk),
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Proof. Since
{zeR} : Xy 2o} =Up>ji>. s>z € RY 125 > a,..0 25, > af,
we get
+ Xi > < + > S < Ck —cka
/’L{ ;.3_04} = M{xh—aa"'vxjk—a}— n€ )
n>ji1>...>jp>1

where we applied Proposition 3.3 (or, respectively, Proposition 2.3) on the
last step.

The combinatorial argument easily extends to yield a more general:
Proposition 4.2. For any collection of indices 1 < k1 < ... < k. <mn, and
forall ay,...,a,. >0,

n' efc (k1a1+(k27k1)a2...+(krfkr_1)o¢r)

<
- k‘ll(kg - kl)' R (kr - kr,l)!(n - kr)!,

where ¢ > 0 is a numerical constant.

:u+{Xk1 > ag, ... 7Xk‘r > ar}

Let us now illustrate one of the possible applications to large deviations,
say, for ¢*-norm ||z||; = >°}_, |zx| under the measure y. For all numbers
A1,...,0p 207

M{||33|1 > Zak} =ut {Zxk > 220%} = put {ZXk > 220%}
k=1 k=1 k=1 k=1 k=1

< Z;ﬁ{Xk >2a}t < ZC,’,? g2k ok
k=1 k=1

where we applied Proposition 4.1 on the last step. Using C¥ < (%)k, we

thus get
n n
Iu{c“x”l ZZak} Sze—k(Qak_log%).
k=1 k=1

Now, take ap = %log T+ tm which is almost an optimal choice.
Then, Y ;_; o < n(l+t), and we arrive at:

Proposition 4.3. For anyt >0,

¢l n
——>1+t, < —2t ———— 5.
M{ no +}_nexp{ logn—i—l}

The right hand side converges to zero for any fixed ¢ > 0. In particular, for
large n, we have ||z||; < 2n/c with u-probability almost one. In probabilistic
language, this means that the random variables ||z||;/n are stochastically
bounded as n — oo. Since L!(p)-norm of ||z||;/n is about 1, this property
cannot be deduced from the usual exponential bound for norms under log-
concave measures (cf. [Bo]).
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5 Euclidean Norm. Proof of Theorem 1.2

As in the proof of Proposition 4.3, for all ay, ..., a, > 0, we similarly obtain
that

R VR o) i)
k=1 k=1 k=1

<> pH{Xe =20} <Y CFe R
pat k=1

where again we applied Proposition 4.1 on the last step. Using C* < (%)k,

we thus get
n
M{02 |z? > ai} < Ze‘k@"’"log%).
1 k=1
Now, take ajp = %log Tt k". Then, 22:1 a% < 4nt?, for all t > 2, so

I {C\% > Zt} < ne 2tVn,

NE

S 7

In a more compact form:

Proposition 5.1. For anyt > 4,

n C|£L’| 7lt\/ﬁ
M{IER 'fzt} Se 2 .
n

As in Proposition 4.1, we may take ¢ = 1/(ey/6 ) in general, and ¢ = 1/v/6
in the body case. As explained in section 1, the above inequality implies:

Proposition 5.2. For every number C' > 56, in the interval 0 < t < Cn'/4,

t2

Indeed, applying Proposition 5.1 with ¢ = % < 51%’ we get,
1 n
> t} = u@Pe{ > ey 2 t}
Vil

< /e_mz/@'m'2)du(:c> = / +/
al<tovi  Jlal>tov

—t2/(2t2 — Lt
Se /( 0)-|-6 14 0ﬁ7

u{:z:ER”:

n

PO

j=1

otz

for every ty provided that ctg > 4,2that izs, to > 28. By the assumption on ¢,
the last term is bounded by e~**/(14C%) Tt remains to take (the optimal)
to = (TC%)1/3.
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6 Theorem 1.1 for Log-Concave Measures

In order to involve the region t > C'n'/* in Proposition 5.2, an extra condition
on the measure p is required. One important property distinguishing the case
where g is the uniform distribution on K from the general measure case is
indicated in Proposition 2.4: for all z € K,

|z1] + ...+ |zn] < An (6.1)

with A = v/6/2. Tt is therefore natural to assume that the measure u is
supported on a convex set satisfying (6.1) for some A = A(p). In this case
Theorem 1.1 admits a corresponding extension:

Proposition 6.1. | f[|,, ) < C\/A(p), where C is a numerical constant.

Note that in terms of the linear functional

f(x):ler...ern

Vn

the quantity A(p) is described as 1/v/n || f|| . (u). Thus, Proposition 6.1 re-
lates Ly,-norm to Lec-norm of f via ||fllr,, ) < C/vVn /| fllL.(- This
inequality is not linear in f which is due to the basic assumption p(0) =1 on

the density p of u. Without this condition, Proposition 6.1 can be formulated
as follows:

Corollary 6.1. Let p be a probability measure on R™ with a log-concave
density p such that, for all x € R™, p(£z1,...,xx,) does not depend on the
choice of signs, and fR" x? p(x) dx does not depend on j = 1,...,n. Then,
for some universal C,
C
A1, 0 < 7 AN 2 ) 1N 2o ()

Let us return to the original assumption p(0) = 1. Then A(u) is always
separated from zero. Indeed, since the density p(z) is bounded by 1, we have

1:/ p(z)dx <vol,{x € R" : |x1| + ... + |zn]| < An}
|1 4ot [ | < An

~ (24n)"
oonl
1L/ 1
Hence, A > 5. — > 4.

While the first applications are based upon Proposition 4.1, the proof of
Proposition 6.1 uses a more general Proposition 4.2. The estimate given in it
can be simplified as follows: using a general bound m! > (%)m and the fact
that the function x — (%)T increases in 0 < x < n, we get
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_ _ r kj—kj—1 r kj
nn—1)...(n —k.+1) SH( ne > < H<ne>
Bl (ks — k)G — ) LA\ = L%

with the convention that ky = 0 on the middle step. Hence, for all aq, ..., o, >
0,

Xy, >ag,.. ., X, >} <
H(”e) e (kyar+(kz—k1)az ..+ (kr—kr—1)ar)

From now on, the indices k; will be assumed to be the powers of 2. Thus
let £ = [logyn] (the integer part), and let S be any non-empty subset of

{0,1,...,¢}. From the previous inequality, for any collection oy > 0 indexed
by k € S,
+ ney?* k—1
p{Xor > ag, forall k € S} < H(ﬁ) exp —022 ag p.
keS kes

The choice ay, = B + 2 = log 57 leads to:

Lemma 6.1. For any non-empty subset S of {0,1,...,£} and any collection
B = (Br)kes of non-negative numbers,

{sz >ﬂk+ 1og ok for allkeS} < eXp{—CZleﬂk}-

kes

As before, one may take ¢ = 1/(ey/6). In view of the assumption (6.1),
the measure p* is supported by

1+ ... +x, <24n

so, only O, < 2An can be of interest in Lemma 6.1. Assume moreover that
each () also represents a power of 2. The couples (5, 3) with these properties
will be called blocks, and we say that a vector x € R is controlled by a
block (S, 3) if

X2k>ﬁk+ log ok forall k € S.

Lemma 6.2. The total number of blocks does not exceed, e? 1082 108(2log4An)

Indeed, given a non-empty S C {0,1,...,¢}, the number of admissible
functions § on S is equal to [logy 24n]!S!. Hence, the number of all blocks is
equal to

0+1
Z[log2 24n)% = Z Ciy1llogs 24n]" = (1 + [log, 2An])[log2 My
S r=1
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from which the desired bound easily follows.
Combining Lemma 6.1 with Lemma 6.2 and using ¢ = 1/(ev/6) > 1/7, we
thus obtain that

1
u+{x € R} : z is controlled by a block (S, 8) with » 2573, > 3 t\/ﬁ}
keS

< 62 log 2n log(2log 4An) €7ﬁ t\/ﬁ. (62)

Lemma 6.3. Given t > 0, assume that a vector x € R} is not controlled
by any block (S, B8) with ¥, 2" Br > §ty/n. Then, with some absolute
E1X1 + ...+ EnTy

constant B > 0,
P

Proof. Tt is also possible that x is not controlled by any block (S, 3) at all:
by the very definition, this holds if and only if

> t} < 92e /B,

X2k<1+%10g%, for all 0 < k < /.
But then
2 S 2 : 2 ok - 2 ne? k
2| :E@g%@ﬂ <§<1+Clog2,€) 2k < Bn,

for some absolute constant B. Therefore, for all t > 0,
11+ ...+ eEnxy

S (—

and the statement follows.
In the other case, there is a maximal block controlling the given vector x.
Namely, introduce (the canonical) set

> t} < 26—n1§2/2|9c|2 < 2€_t2/23,

P
S=dk=0,1,....0: Xor >1+ = log 2\
c 2k

and for each k € S, denote by [; the maximal power of 2 not exceeding
Xok — % log 5. In particular,

2 ne
Br < Xor — P log ok < 20k, (6.3)
and, by the assumption of the lemma,

> 2 lg < ét\/ﬁ. (6.4)

keS
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Define a new vector (Y;)i<j<, approximating (X;)i<;j<n in a certain sense.
First put
) +
ap = (sz.— (1+7 logn:)> C0<k<{,
c 2
so that aj = 0 outside S and 0 < a < 20k —1 < 20k, for all k € S, according

to (6.3). Let Y; = (X; —ay) ™, for 28 < j < 2841 (0 < k < £). Then, clearly
0<Y; <X; <Y;+ ag, and by (6.4),

n 14

DX Yy 2Pap =) e <y Mg < %t\/ﬁ.

7j=1 k=0 kes kes
1 n

Zt} - PE{‘Zstj Zt}
Vil

1 | t
Pg{‘zsjyj‘ 2}.
Vil 2 2

It remains to observe that, for 28 < j < 2*1 we have Y; < Yor < 1+
2 log 2%, so Y, Y2< Zi:o (14 2 log %)2 2% < Bn. Lemma 6.3 follows.

1 n
PE{‘ Z&jl‘j
Vil

IN

Proof of Proposition 6.1. We need to get a subgaussian bound of the form
w{lfl >t} < ¢ 67C2t2/A, for some absolute cy,co > 0. By the assumption
(6.1) on the support of p, we may assume t < Ay/n.

Put C = (0A)?>/* with a positive universal constant o to be determined
later on. Since necessarily A > 1/(2¢), we assume (2%)3/4 > 56 so that to
apply Proposition 5.2 in the interval 0 < ¢t < Cn!/*: it then gives

p{z e R": [f(z)| > t} < 2e~1"/(804),

The right hand side is of the desired order both in ¢t and A in that interval.

Now, let t > Cn'/%. Define £2(t) to be the collection of all vectors z €
R’ which are controlled by a block (S, 3) with >, .23, > £ ty/n. Let
2:1(t) =R\ 20(t). In terms of f(x,e) = %, we may write

p{lf] >t} = ut @ P{(2,) 5 |f(,2)| > 2t}
= [ Pl > 2bdt @)+ [ PIf @) > 2} dut (o).
0 1
The second integral does not exceed 2¢~*"/B with some numerical B (Lemma
6.3). The first integral can be bounded, according to (6.2), by

B (Bo(1)) < e VA,
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where A, (A) = 2log(2n)log(2log(4An)). Thus, for the values Cn'/* < ¢ <
Ay/n, it suffices to show that

e~ 58 tVItAn(4) < e-ﬁ/(nz A)

(note that if A\/n < Cn'/*, we are done). Equivalently,
1 1
— 2 —t A, (A4) <0.
1124 56 Vit An(4) <
Since t < Ay/n, the above is implied by A, (A4) < 35 ty/n. In view of t >
Cn'/* = (0 A)3/*n!/4, the latter is equivalent to

1 3/4, 1/4
< — .
A (A) < 115 (cA)**n

Clearly, if o is sufficiently large, the above inequality holds true for all A > i
and n > 1. Summarizing, we may write the following estimate for all ¢ > 0:

p{|f| >t} < max {2@42/(8‘”‘), 9e—*/B 4 o—1?/(112 AN,

This gives the desired result.
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