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Summary. For non-correlated random variables, we study a concentration prop-
erty of the distributions of the weighted sums with Bernoullian coefficients. The
obtained result is used to derive an “almost surely version” of the central limit
theorem.

Let X = (X1, ..., X,) be a vector of n random variables with finite second
moments such that, for all &, j,

E X, X, = 0y, (1)

where dy; is Kronecker’s symbol. It is known that, for growing n, the distri-
bution functions

Fy(z) =P {Zekxk < x} ., z€R,
k=1

of the weighted sums of (X}), with coefficients 6 = (64,...,6,) satisfying
0? + ...+ 62 =1, form a family possessing a certain concentration property
with respect to the uniform measure o,,_; on the unit sphere S”~!. Namely,
most of Fy’s are close to the average distribution

Plz) = /S () doy1(6)

in the sense that, for each § > 0, there is an integer ns such that if n > ns
one can select a set of coefficients © C S"~1 of measure 0, 1(0) > 1 -6
such that d(Fy, F') < 4, for all # € 6. This property was first observed by
V.N. Sudakov [S] who stated it for the Kantorovich-Rubinshtein distance
d(Fy, F) = f+oc |Fo(z) — F(z)|dx, with a proof essentially relying on the

isoperimetric tfloeorem on the sphere. A different approach to this result was
suggested by H. von Weizsécker [W] (cf. also [D-F]). V.N. Sudakov also con-
sidered “Gaussian coefficients” in which case, as shown in [W], there is a
rather general infinite dimensional formulation. An important special situ-
ation where the random vector X is uniformly distributed over a centrally

symmetric convex body in R™ was recently studied, for the uniform distance
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sup,, |Fy(x) — F(z)|, by M. Antilla, K. Ball, and I. Perissinaki [A-B-P], see
also [B] for refinements and extensions to log-concave distributions. One can
find there quantitative versions of Sudakov’s theorem, while in the general
case, the following statement proven in [B] holds true: under (1), for all 6 > 0,

O 1 {L(Fy, F) > 6§} < 4n®/3¢779"/8, (2)

Here L(Fy, F) stands for the Lévy distance defined as the minimum over all
0 > 0 such that F(z—9)—d < Fp(z) < F(x+0)+0, for all z € R. As well as
the Kantorovich—-Rubinshtein distance d, the metric L is responsible for the
weak convergence, and there is a simple relation d(Fy, F) < 6L(Fy, F)*/? (so
one can give an appropriate estimate for d on the basis of (2)).

The aim of this note is to show that a property similar to (2) still holds
with respect to very small pieces of the sphere. As a basic example, we con-
sider coefficients of the special form § = ﬁ e where € = (€1,...,&,) is an

arbitrary sequence of signs +1. Thus, consider the weighted sums
1 n
Se=— e X
€ \/ﬁ ; kK

together with their distribution functions F.(z) = P{S. < z} and the corre-
sponding average distribution

Pla) = /{_1,1}n Fulx) dpn(e) = 2in 3 P{alxl +ﬁ+ n x}

Ek::tl
3)
Here and throughout, u,, stands for the normalized counting measure on the
discrete cube {—1,1}"™. We prove:

Theorem 1. Under (1), for all § > 0,

pin{e : L(F., F) > 6} < Cnt/4emend® (4)

where C' and c are certain positive numerical constants.

Note that the condition (1) is invariant under rotations, i.e., it is fulfilled
for random vectors U(X) with an arbitrary linear unitary operator U in R™.
Being applied to such vectors, the inequality (4) will involve the average
F = FY which of course depends on U. However, under mild integrability
assumptions on the distribution of X, all these FU (not just most of them)
turn out to be close to the one appearing in Sudakov’s theorem as the typical
distribution for the uniformly distributed (on the sphere) or suitably squeezed
Gaussian coefficients. In particular, one can give an analogue of (4) with a
certain distribution F' not depending on the choice of the basis in R™. On
the other hand, some additional natural assumptions lead to the following
version of the central limit theorem. We will denote by p, the canonical
infinite product measure p1 ® 1 ® ... on the product space {—1,1}°.
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Theorem 2. Let {X, 1}, _, be an array of random variables satisfying (1)
for all n and such that in probability, as n — oo,

max{|Xn,1| [ Xnnl}
a) -

— 0,

X12,1+"'+X72L,n
n

b)

Then, for piso-almost all sequences {ex}x>1 of signs,

— 1.

1 n
% ngX”’k‘ — N(0,1), as n — oc.
k=1

If we consider the sum ﬁ ZZ:1 exXn,; With € regarded as independent
Bernoullian random variables which are independent of all X, ;, then the
above statement will become much weaker and will express just the prop-
erty that the average distribution F' defined by (3) for the random vector
(X1,1,---,X5.n) is close to N(0,1) (here is actually a step referring to the
assumptions a) and b)). In addition to this property, we need to have a suf-
ficiently good closeness (in spaces of finite dimension) of most of F.’s to F'
and thus to the normal law.

Both the assumption a) and b) are important for the conclusion of The-
orem 2. Under a), the property b) is necessary. To see that a) cannot be
omitted, assume that the underlying probability space ({2, P) is non-atomic

and take a partition A, 1,..., A, , of £2 consisting of the sets of P-measure
1/n. Then, the array X, x = /nla,,, 1 <k < n, satisfies (1), and
max{|Xn,1|a-~-v|Xn,n} -1 X12,1+"'+X72L,n -1

vn ’ n ’
so, the property b) is fulfilled, while a) is not. On the other hand, for any
sign sequence (g1, ...,&,), the random variable ﬁ 22:1 exXn,k takes only
the two values +1, so it cannot be approximated by the standard normal
distribution. Note, however, that Theorem 1 still holds in this degenerate
case, with the p,-typical distribution F' having two equal atoms at +1.

It might be worthwhile also noting that in general it is not possible to
state Theorem 2 for any prescribed coefficients, say, for €, = 1 — similarly to
the case of independent variables, even if, for each n, {X, x} are bounded,
symmetrically distributed and pairwise independent. For example, start from
a sequence of independent Bernoullian random variables &;,...,&; (with
P{¢ = £1} = 1) and construct a double index sequence X,, (x ;) = &k,
1 <k < j < d. The collection {Xn,(k,j)}, of cardinality n = d(d — 1)/2,
satisfies the basic correlation condition (1), and since |X,, 1 ;)| = 1, both the
assumption a) and b) are fulfilled. Nevertheless, in probability, as d — oo,

d 2
1 1 d -1
—_— E X N=— E &G ———% —
n,(k,j) k)
Vn <hTi<d 2y/n (k_l 2y/n V2
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where ¢ € N(0,1).

We turn to the proof of Theorem 1. To this task, we first study the
concentration property of the family {F.} on the level of their characteristic
functions

f-(t) =Ee*S: teR.

Concentration of {f.} around its p,-mean

+oo
ft) = /fg(t) dun(e) = / eite dF(x)

— 00

can be then converted, with the help of standard facts from Fourier analysis,
into the concentration of distributions in the form (4). This route somewhat
different than that of [A-B-P] or [B] has apparently to be chosen in view of
a specific form of concentration on the discrete cube.

With every complex-valued function f on {—1,1}", we connect the length
of the discrete gradient |V f| defined by

f(e) = f(sk(e))
2

n

IVIEP =)

k=1

2
, ee{-1,1}",

where s (¢) is the neighbour of € along kth coordinate, i.e., (sx(g)); = ¢; for
Jj#k,and (sg(e))r = —¢ek. Set |V f|loo = max. |V f(e)].

Lemma 1. For every f such that ||V f]e < o,

Mn{‘f/fdun

This Gaussian bound is standard. It can be obtained using the so-called
modified logarithmic Sobolev inequalities, see e.g. [B-G], [L]. In fact, for real-
valued f, a sharper estimate holds true,

un{’f—/fdun

while in general the latter can be applied separately to the real and the
imaginary part of f to yield the inequality of Lemma 1.

> h} < de P/ s,

> h} < 2e M/

Lemma 2. Under (1), for every t € R,

[t| + ¢

Vel < Tn

Proof. Using the equality f.(t) — fs,(o)(t) = EeiS(1 — e 2itexXe/vVin) we
may write
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ztS Z
ak:
e*2’bt stk/\/ﬁ

n 1—
a

|V fo(t)] = sup |E

<sup E

where the supremum runs over all complex numbers ay,...,a, such that
la1|? + ... + |an|*> = 1. Using the estimate [¢’® — 1 —ia| < 1 a® (0 € R) and
the assumption EX,? = 1, we can continue to get

t
| | Zakeka

IVf()] < Nk E
ZakEka
k=1

+ — Sup E Z|ak|Xk
k=1

t2

NG

d

=—sup E

Jn +

It remains to note that, by Schwarz’ inequality and (1), (E | >_}_, axer Xy |)?
n 2
E |Zk:1 akEka | =1.
We also need the following observation due to H. Bohman [Bo].

Lemma 3. Given characteristic functions @1 and po of the distribution func-
tions F1 and Fy, respectively, if |p1(t) — p2(t)] < Alt], for allt € R, then, for
allr € R and a > 0,

2\ 2\
F1(x—a)—;§F2( )<F1($+a)+;

The particular case a = v/2\ gives an important relation

1
— L(F|, Fy)? < sup
2 >0

P1(t) ~ ()
t‘ | ©®

Proof of Theorem 1. Fix a number h > 0. For 0 < ¢t < %, by Lemma 2,

IV i(t)|loo < tj}’f < f (14 2), so that, by Lemma 1 applied to the function
e — fo(t), we get

,un{sz

In the case t > %, this inequality is immediate, since |f(t)— f(t)| < 2 < th, for
all . Thus, we have the estimate (6) for all ¢ separately, but in order to apply
Lemma 3, we need a similar bound holding true for the supremum over all
t > 0. To this end, apply (6) to the points t, = rh?, r =1,2,...,N = [%] +1,
to get

f(t)_f“)’ > h} < g /4042, (6)
- >hp<
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fe(ty) — f(t)
t

: > < —nh?/4(h+2)?

hn {5 125%)(1\[ > h} < 4Ne (7)
Since ES. = 0, ES? = 1, we have |f.(t)] <
and similarly for f. Therefore, |f.(t) — f(t)]

< th, for all €, as soon
as 0 < ¢t < h.Incase h <t < %, since tn one can pick an index
r=1,...,N — 1 such that ¢, <t < ¢,41. Assuming that \%:f(“” < h,

and recalling that ¢, — ¢, = h2, we may write

[fe(@) = fF@O] < [f(8) = fe(te)| + [fe(tr) = F(E) [ + [ f(Er) — F(2)]
<2/t —t,| +t.h < 2h% +t.h < 3th.

L fi(0) =0, |fZ(¥)] < 1,
< ¢
>

S

Consequently, (7) implies

t

i {Sup fe(t) — f(t)‘ > Sh} < 4Ne—nht/a(h+2)?
>0

cA(2 et

Therefore, by (5),

L {; L(FE,F)2 2 3h} S 4 (i + 1) e—nh4/4(h+2)2.

Replacing 6h with 42 and noticing that only 0 < § < 1 should be taken
into consideration, one easily arrives at the estimate u,{L(F.,F) > §} <

8 . . .
5%6_0”5 with some positive numerical constants C' and c¢. On the other

hand, in the latter inequality, we may restrict ourselves to values § > ¢;n~1/8
which make the bound 5% e~"0" less than 1, and then we arrive at the desired
inequality (4).

Theorem 1 has been proved, and we may state its immediate consequence:

Corollary 1. Under (1), for at least 2"~ sequences ¢ = (e1,...,&,) of signs,
L(F.,F) < C’(lo%)l/% where C is a universal constant.

Let us now turn to the second task: approximation of the p,,-typical F' by
more canonical distributions. Namely, denote by G the distribution function
of the random variable ¢ % where ( is a standard normal random variable
independent of the Euclidean norm |X| = (X? + ... + X2)'/2. Clearly, G
represents a mixture of a family of centered Gaussian measures on the line
and has characteristic function

g(t) = Be IXI/@n 4 e R, (8)

while F' has characteristic function
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n
t X
t)=E cos| — | . 9
s =®]Leos () )

In order to bound the Lévy distance L(F, G), the following general elementary
observation, not using the condition (1), can be applied.

Lemma 4. Assume E|X|?> <n. For all a >0 and |t| < 2,

1 max{|X1|,...,|Xn|}
t)—gt)] < —a’t* +2P i >ap.
0~ (0)] < goret 4 op {2l o
Proof. By Taylor’s expansion, in the interval |s| < 3, we have cos(s) =
52
e~ 7 ~u(8) with u satisfying 0 < u(s) < %-. Therefore, provided that | Ll <a

for all k < n, and alt| <

nm{zm}

with 0 < ZZ:l u(%) < % maxy |th 2 Zk . |th 12 < a \);\ . So,

_2x? 2 tXp S _ X2 4244 x|
e 2n > H cos | — > e 2n 9 n
P v

Taking the expectations and using | [],_, cos(t\)/(i“) — e*t2|X|2/(2n)| < 2 for
max{|X1],..

A

V

the complementary event - Sl Xnld a, we thus get

X1l,... Xn 21x2 w244 2
()~ g(0)] s2p{m{ L] '}>a}+Ee—w’i (1ot 55,
a2t | \2 o2:4 E|x|2

The last term is bounded by E(1 — e~ "9 J<l—e"3 "=
where we applied Jensen’s inequality together w1th the assumption E|X |2<n
Lemma 4 follows.

2t4

(6]

Via the inequality of Lemma 4, with mild integrability assumptions on
the distribution of X, one can study a rate of closeness of F' and thus of F.
to the distribution function GG. One can start, for instance, with the moment
assumption

E[Xy[*<p, 1<k<n, (10)

max{lXi/l%”’lx’L‘} >at < aTBn’ so that, by Lemma 4,

1 2 1
1f(t) —g®)| < §a2t4 + ?i, as soon as |t < 5

implying P{

Minimizing the right-hand side over all & > 0, we obtain that
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B1/3|¢]16/3 nl/4

If(t) —g(t)] < VI provided that [¢| < CYVER

Now apply Zolotarev’s estimate, [Z], [P], to get

1T F) —g(t) log T
L(F.G) < — —r Tt ldt+2e — (T >1.3
roy< s [ F a0 751
ﬁ1/3T16/3 logT n1/4
Tomnils e T if 1.3<T< 24ﬁ1/2.

Taking T' = - ° and using 0 > 1, we will arrive at the estimate of the form

[31/1
BY19 4 logn

37/15

L(F,G)<C
up to some numerical constant C. Higher moments or exponential integra-
bility assumption improve this rate of convergence, but it seems, with the
above argument, the rate of Corollary 1 cannot be reached.

On the other hand, the closeness of G to the normal distribution func-
tion @ requires some additional information concerning the rate of conver-
gence of Xi+4X5 45 1. For example, the property Var(|X|?) < O(n) guar-
antees a rate of the form L(G,®) = O(n™°) with a certain power ¢ > 0.
Thus, together with the moment assumption (10), one arrives at the bound
L(F,®) = O(n™°).

Finally, let us note that G is determined via the distribution of the Eu-
clidean norm |X|, so it is stable under the choice of the basis in R™. The
condition (10) is stated for the canonical basis in R™, and the appropriate
basis free assumption may read as

sup E|(0,X)]P <5,, p>2. (11)
gesn—1

Then, at the expense of the rate of closeness, one may formulate an analogue
of Theorem 1 for the distribution G in the place of ' and with respect to an
arbitrary basis in R™. The inequality (11) includes many interesting classes
of distributions such as log-concave probability measures satisfying (1), for
example.

Proof of Theorem 2. Denote by f, and g, the characteristic functions defined
for the random vectors (X, 1,..., Xpn) according to formulas (9) and (8),
respectively. Also, according to (3), denote by F' (") the corresponding average
distribution functions.

In view of the assumption a), one can select a sequence a,, | 0 such that

P{max{lxl’ll"”’lx"’"l} > an} — 0, as n — oo. Then, by Lemma 4, for all

n

t e R, |fn(t) — gn(t)] = 0, as n — co. On the other hand, the condition b)
readily implies g, (£) — e~ /2, so fu(t) — e~*'/2. Thus, L(F™ &) — 0.
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Now, given an infinite sequence ¢ € {—1,1}°°, denote by T}, (¢) its projec-
tion (e1,...,&x). It remains to show that L(Fr, (), F()) — 0, for jis-almost
all . Fix any small number p > 0, and take a sequence §,, — 07 such that

o0
8
Z Cn1/4 e—cnén <p,

n=1
where C' and ¢ are numerical constants from Theorem 1 (,, may depend

on p). Then the application of (4) yields

uoo{s : L(FTH(E),F(”)) > 9§, for some n > 1}

< ZNOO{L(FTn(a)aF(n)) > 5n}
n=1

=> pn{e=(e1,. . en): L(F, F™) > 6, } < p.
n=1

Therefore, L(Fr, (.), F(M) <5, for all n > 1 and for all € except for a set of
loo-measure at most p. That is,

oo {6 : sup (L(FT,L(E),F(”)) - én) < 0} >1-p. (12)

n>1

But since §,, — 0,

sup (L(FTH(E), F)y 5n) > lim sup (L(FT"(E), F)y 5n)

n>1 n—oo

= limsup L(Frp, »), F(")).

n—oo

Consequently, (12) implies 1o { limsup,_, o L(Fr, (o), F™) =0} > 1 —p.
The probability on the left does not depend on p, and letting p — 0 finishes
the proof.
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