LARGE DEVIATIONS
VIA TRANSFERENCE PLANS *

Sergey G. Bobkov T

1 Introduction

Let P be a log-concave probability measure on R"™. Equivalently, P is concentrated
on some affine subspace £ C R"™ where it has a density p, with respect to Lebesgue
measure on F, such that

pte + (1 —t)y) > p(z)p(y)t=t, forallte (0,1) and z,y € E.

We refer the reader to the classical 1974 paper by C. Borell [Bor| for a general theory
of such measures.

As is known, given a function f on R", certain possible distributional properties
of f with respect to P can be controled by the behavior of this function along lines.
For example, when f(z) = ||z| is an arbitrary norm, we have an inequality for large
deviations

P{f > XEf} < Ce %, A>0, (1.1)

where C and ¢ are positive numerical constants, and where we use probabilistic
notations Ef = [ fdP for the expectation with respect to P. In an equivalent
form this fact first appeared in [Bor], cf. Lemma 3.1. If f is a polynomial in n real
variables of degree d, we have a similar inequality

P{If| > ABIf]} < C(d) e @Y, x>0, (1.2)
thus with the right hand side depending on d, but independent of the measure P.
This observation, which gave an affirmative answer to a conjecture of V. D. Milman,
is due to J. Bourgain [Bou| who considered for P the uniform distribution on an
arbitrary convex body in R".
Both (1.1) and (1.2) can be united by a more general scheme. With every
continuous function f on R™ and ¢ € (0,1), we associate the quantity

dr(e) = sup mes{t € (0,1):]|f(two+ (1 —t)z1)| < e|f(zo)|}.

zo,r1€ER"?
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As turns out, the behavior of §; near zero is connected with large deviations of f,
and moreover, the corresponding inequalities can be made independent of P. To
study the polynomial case, J. Bourgain established the property

df(e0) < 0o (1.3)

with dp = 1/2 and with some ¢¢ € (0, 1) depending upon d. This was already enough
to derive a very general statement on large deviations in the form (1.2). However, the
altitude of d7(¢) for small £’s may contain an additional information on the strength
of deviations. In this note, we refine and extend Bourgain’s approach to arbitrary
functions f and log-concave measures P, with resulting estimates depending upon
dt, only. In particular, we prove:

Theorem 1.1. Let P be a log-concave probability measure on R™, and let f be
a continuous function on R"™. Then, for all X\ > 2e such that 6§(2e/)\) < 1/2,

1
P AE < —_—— . 14
171> m}_exp{ 25f(26/A)} (14)
Once 0f(¢) — 0, as € — 0, the assumption d7(2e/)\) < 1/2 is fulfilled for all A
large enough. In case d(c) < Ce", for all € € (0,1) and some C' > 1, r > 0, we thus
arrive at the estimate of the form

P{|f| > AE|f|} < c1e7", A>0.

As an example, we will observe that d¢(e) = f—fg for any norm f(z) = ||z|| on R",
and we are thus lead to (1.1). In the polynomial case, ;(¢) = O(¢!/?) that leads to
(1.2) with the correct power r(d) = 1/d.

The main Bourgain argument based on the existence of suitable measure-preserving
maps is described in section 2. In the next section 3, we study large deviations un-
der the condition 1.3. The latter turns out to be related to a property known as
Markov’s inequality for polynomials in one real variable. In section 4, we consider
Theorem 1.1 itself and show how it can be applied to norms and polynomials, by
computing or estimating the quantity ds(¢). In section 5, we apply Theorem 1.1 to
study deviations of convex functions f from their mean Ef. In particular, we will
consider the case of the euclidean norm for which it is possible to reach exponentially
decreasing tails in terms of P-variance. At the end of this note, we put an appendix
devoted to triangular measure-preserving maps.

2 Bourgain’s argument

As a first basic step, we prove:
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Theorem 2.1. Let f be a continuous function on R™, and let P be a log-concave
probability measure on R". Let ¢ € (0,1) and 6 = é6¢(e) < 1. Then, for all X > 0
and v € (0,1 — 4],

P{|f| > Ae} = yP{|f] > A}/, (2.1)

Proof. Without loss of generality, we may assume that P is absolutely contin-
uous with respect to Lebesgue measure on R™. Thus, P is concentrated on an open
convex set Ag C R™ where it has a positive, log-concave density p(x). We may also
assume that 0 < A < esssup f. For such values, introduce a family of non-empty
open subsets of Ag,

Ay = {$ € Ay: ]f(x)\ > )\}

Fix A and take a regular subset A of A, (e.g., a finite union of open balls, cf.
Appendix for details). In particular, P(A) > 0. We follow an argument of J.
Bourgain [Bou|: There exists unique continuous bijective triangular map 7' : A — Ay
which pushes forward the normalized restriction P4 of P to A to the measure P.
Moreover, the components T; = Tj(x1,...,2;) of T, i = 1,...,n, are C'-smooth
with respect to x;-coordinates and satisfy gfj > 0 so that the Jacobian

~ 0T (x)
J(x) - ) X E A?

is continuous and positive on A. Since P4 has density pa(z) = };E%, x € A, the

property that 1" pushes forward P4 to P is equivalent to saying that

IZ(&)) = p(T(x)) J(z), z€ A (2.2)

Now, for each t € (0,1), introduce another map,
Ti(x) =tx+ (1 —-t)T(x), z€ A,

which is also continuous, triangular, with components that are C'-smooth with
respect to x;-coordinates. Moreover, its Jacobian J; satisfies

() = 1_11 (t (=) M;(% > J@)', we Al (2.3)

Consider the set
Bi={zecA:|ftx+ (1 —-t)T(x))| > Ae}

and its image B = Ty(By). Clearly, if y € B}, then y = tx + (1 — t)T(x), for some
x € By, hence |f(y)| > Ae, that is, y € Ay.. This means that B C A)., and

therefore
P(B)) < P(Ay.). (2.4)
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On the other hand, using the log-concavity p(tx + (1 —t)z') > p(x)!p(z’) =t (which
will be needed with 2’ = T'(z)), and applying (2.2)-(2.3), we get

Py = [ oy P = | p(Tia)) J(a) do
[ T s tae = [ p) o)t a@) " d
By By
— pa)! / p(z)dr = P(A)"'P(B,).
By

v

Together with (2.4), this yields
P(Ay) 2> P(A) T P(By). (2.5)

Now, in order to further estimate from below the last term in (2.5), it is the time
to involve the function ¢¢. By the definition, for any z € A,

mes{t € (0,1) : |f(tz + (1 = )T (z)| < e|f(x)|} <.
Since A C Ay, we have |f(x)| > A, so,
mes{t € (0,1) : |f(tz + (1 —t)T(z)| < eA} <,
or equivalently,

1
/0 L{fter(1—t)T(x)|>Ae} dt >1-9.

Integrating this inequality over the measure P4 and interchanging the integrals, we
get

/1 PaA(By)dt > 1—6. (2.6)
0

Thus, the function ¥ (t) = P4(B;) being bounded by 1 satisfies fol P(t)dt > 1—9.
This actually implies that ¢(t) > =, for some ¢t € (0, 9] where ty = e (
Indeed, assuming that 1(t) < v, whenever ¢ € (0, tg], we would get

/1/) t)dt = /¢ )dt + ¢()dt<7t0+(1—t0):1—(1—7)750:176.

Thus, [y ¥(t)dt < 1 —§ that contradicts to (2.6). We can therefore conclude that

P(B:)
P(A)

= Py(B;) >, forsome ¢t e (0,tp.

Applying this in (2.5), we arrive at P(Ay.) > vP(A)!, and since t < tg,

P(Ay.) > vP(A)'. (2.7)
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At last, approximating from below the set Ay by regular subsets A so that P(A) 1
P(A)), we get from (2.7) in the limit P(A).) > vP(A,)%, that is, exactly (2.1).
Theorem 2.1 is proved.

Remark 2.2. The above argument still works with many other measure pre-
serving maps. For example, one may take for T the Brenier map, i.e., of the form
T = V, for some mod(P)-uniquely defined convex function ¢, cf. [Bre| and [M]. In
this case, the derivative T"(x) represents a positively definite matrix, and the crucial
inequality (2.3) should be replaced with

det(t1d + (1 — t) T'(z)) > det!{(T" ()

which is a particular (and log-concave) case of the Brunn-Minkowski-type inequality
for determinants det'/™(A+ B) > det!/™(A) +det!/"(B) in the class of all positively
definite n x n-matrices. However, to make the argument following (2.3) absolutely
rigorous (the change of the variable formula), it is desirable to require that the
map T} be in a certain sense regular. C''-smoothness seems too strong requirement,
but specializing in triangular maps, it is enough to have C'-smoothness of the
components T; of T" with respect to i-th coordinates. We provide more details in
appendix.

Remark 2.3. An attempt to choose an optimal v in (2.1) complicates this
inequality, but in essense does not give an improvement. For further applications,
at the sake of some loss in constants, one may use Theorem 2.1 with v = %, for
example.

It is however interesting to know how sharp the inequality (2.1) is. The definition
of 6 reflects the behavior of the function f along all lines, so one may try to derive
inequalities of this kind by appealing to the localization technique going back to
the papers by M. Gromov and V. D. Milman, cf. [G-M], [A], and L. Lovasz and
M. Simonovits [L-S], cf. also [K-L-S]. The advantage of this approach is that it allows
one to reduce many problems to dimension one where it is much easier to explore
extremal situations. In a recent preprint [N-S-V], F. Nazarov, M. Sodin, and A.
Volberg employ the localization ideas to prove the following remarkable statement
which they call the geometric KLS lemma in the spirit of [K-L-S]: Given a compact
convex set K in R", its closed subset F', and a number o > 1, define

IFnJ| a—l}
> .
Jl T«

F, = {:c € K : for every interval J such that x € J C K,

Then, if vol,,(F) > 0,

i = (i)

It is noted in [N-S-V] that in the definition of F}, it is enough to consider only the
intervals J that have x as one of their endpoints. Moreover, the above inequality
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extends to arbitrary log-concave probability measures P in the form
P(F,) < P(F)°. (2.8)

To see a connection with (2.1), take F' = {z : [f(x)| > Ae}, G = {z : |f(z)| > A},
and assume that § = d¢(e) < 1. Then, by the very definition of d7, we have G C Fy,
for « = 1/6, so (2.8) turns into

P{|f| = X} > P{|f| = A}°. (2.9)

This is an improved and more correct version of (2.1): the factor v can thus be
replaced with 1 while the power §/(1 — =) can be replaced with §. The inequality
(2.9) is sharp already in some special sitiuations. For example, for an arbitrary
norm f(x) = ||z|| on R", we have d¢(¢) = 12—_;, e €(0,1), s0o P{|f| > Xe} > P{|f]| >
A}2¢/(+4€) which is another version of the ineqiality

- P(iA) < (1- P(A))%/0+9) (2.10)
for the class of all centrally symmetric convex sets A in R™. The latter was proved
using a localization lemma by L. Lovasz and M. Simonovits [L-S] for euclidean balls
A and later extended by O. Guédon [G] to the general case. He also observed
that equality in (2.10) is attained in dimension one for any interval A = (—a,a),
a > 0, at the (non-symmetric) exponential measure P with P(x,+00) = e~(@+a)
x > —a. We do not know whether the argument based on the transference plans
can appropriately be modified to reach the sharp forms (2.9)-(2.10).

Remark 2.4. It follows from (2.1) by letting A | 0 that P{f =0} =0, if f #0
mod(P) and ds(e) — 0, as € | 0. Note also that in Theorem 2.1 one may assume
that f is defined on Ag (rather than on the whole space), and restrict the points xg
and z in the definition of 6 to the set Ao.

3 Iteration procedure. Markov’s classes

In order to apply the inequality (2.1), the weakest assumption which should be
required from f is the property ds(¢) # 0 (identically), that is,

df(e0) < do (3.1)
for some g9 € (0,1) and Jp € (0,1). As shown in [Bou], already in this situation

one can recover exponentially decreasing tails for f by iterating the inequality (2.1).
Namely, we have:
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Theorem 3.1. Under the condition (3.1), there exist positive numbers C,c,r,
depending on (g9, dp), only, such that, for all A > 0,

P{|f| > AE|f|} < C e, (3.2)

The power r appearing in (3.2) can be chosen as close to the number ry =

{ggg;ggg, as we wish. In particular, f has finite moments E|f|? of any order ¢, and,

moreover, for all 0 < r < ro,

Bexp{If'} = [exp{lfI"}dP < +ox.
In addition, f satisfies Khinchine-type inequalities
(BIf|)Y1 < CElfl,  C=Clq,20,0), q>1. (33)

It would therefore be interesting to explore the class of all functions f possessing
the property (3.1). One sufficient condition was suggested by Yu. V. Prokhorov
in his study of Khinchine-type inequalities for polynomials over Gaussian and I'-
distributions on the real line, cf. [Pr1], [Pr2]. Prokhorov’s proof of (3.3) is based on
Markov’s inequality,

max |Q'(t)| < k max |Q(t)], (3.4)

0<t<1 0<t<1

which holds true for any polynomial @ in real variable ¢ of degree d with (optimal)
constant k = 2d2. Let us then say that a given function f on R" belongs to the
(Markov) class M (k) with constant x > 1, if, for all vectors xg, z; € R", the function
Q(t) = f(txo+ (1 —t)xy) is absolutely continuous on R and has a Radon-Nikodym
derivative @) satisfying the inequality (3.4). With this definition, we have:

Proposition 3.2. Every function f in M (k) satisfies (3.1) with

1 1
S o sa=1— —
27 0

o = .
2K

Indeed, following an argument of [Pr1-2], let ¢y be a point of maximum of |Q(¢)|
on [0,1], and assume for definiteness that Q(¢o) > 0. Then, by (3.4), for all ¢ € [0, 1],

Q) 2 Qo) (1~ wlt —to]) = 5Qto),

where the second inequality holds true in a smaller subinterval |t — to| < 1/(2k),
0 <t < 1. This interval has length at least 1/(2k), so

mes{| f(tz + (1~ )o1)| < el (ao)]} = mes{t € (0,1): |Q(0)] < 121}
< mesft € (0.1): QU] < ,[QMo)l} <1 5,



158 Sergey G. Bobkov

Thus, according to Theorem 3.1 and Proposition 3.2, any function f in M (k)
shares the large deviation inequality (3.2) and the Khinchine-type inequality (3.3).
Moreover, for large values of k, the critical value r¢ in (3.2) is of order at most C/k.

According to Markov’s inequality, any polynomial f on R™ of degree d belongs
to the class M(2d?). Another important example: any norm f(x) = |z| belongs
to the class M(2). Indeed, the function Q(t) = f(tzo + (1 — t)z1) is convex and
satisfies, by the triangle inequality, Q(t) > Qo(t) = |t||zo| — (1 — t)||z1]| |- Since
Qo0(0) = Q(0), Qo(1) = Q(1), we conclude that

! < ! = < .
max |Q'()] < max [Q(t)] = llzoll + [l]] < 2 max |Q(®)]

Proof of Theorem 3.1. Assume for definiteness that f # 0 mod(P) and write
the inequality (2.1) with € = €g, § = dp and an arbitrary fixed v € (0,1 — §p) as

P{|f| > A} < o’ P{|f| > A=0}?, A 20, (3.5)

where o = %, 6= 16_—07. Thus, @ > 1 and 8 > 1. In case A = 0, we get in particular

that 5
P{|f] >0} >a 7T (3.6)

Now, applying (3.5) to Aeg, we get P{|f| > A} < o7 P{|f| > Ae2}7°. Similarly,
on the k-th step, we will have

k k
P{|f| > A} < o0 P{If] > A}

Using B+ ...+ 3¢ < % (%, we obtain a simpler estimate

k

8
P{IfI> Ay < (a7T PS> M) (37)
)
Now denote by m a quantile of |f| of order e~! o~ #-1, that is, any number such
that ) )
P{lf[>m} < ——5- P{lfl<m}<—F (3.8)
eqp-1 eqp-1

By (3.6), such a number m must be positive. Furthermore, the inequality (3.7) with
ek = m yields, for all k = 1,2. ..,

P{'ﬂ > 50k} < exp{—ﬁk}. (3.9)

Now take any « > 1/ep and pick up a natural namber k such that e; F <o <

56(k+1). Then, k& > logl‘(’f/io) —1, so, gF > %xlogﬁ/log(l/eo). Since P{l—ﬁ > x} <

P {‘mﬂ > Eak}, we derive from (3.9)

| f] 1 _logp 1
P<— >z <exp{——axlsl/) ;= x> —. (3.10)
m B €0
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The power r = logl?% /ﬁe 5y in (3.10) is less than ro = iggg;gg; but it can be made close

to this number by choosing small values of ~.
Now, in order to replace the quantile with the mean E|f|, we may use the
inequality E|f| > —15—m, so (3.10) yields

B
eaB-1

_B_ 1 logB 1
P{|f|>ea51 xE|f|}§exp{—gazlog(1/50)}, x> —.
€0

s
Making the change A = ea?-T x, we get the desired inequality P{|f| > AE|f|} <
e~ X\ > Ao, with an arbitrarily chosen v € (0,1 — &), and

_B_
log 3 1 eaqB-1
= ) )\0 = .

r=——->—  c¢c= S
log(1/e0) 8 10;(1%0_) €0

4 Theorem 1.1. Norms and polynomials

To derive the inequality of Theorem 1.1 from Theorem 2.1, assume f is normalized
so that E|f| = 1. By Chebyshev’s inequaity, P{|f| > z} < 1/z, for all x > 0. If
d¢(e) £1/2, we can take in (2.1) v = 1/2 which leads to

9\ 1/(26¢(¢))
)0

P{If| > A} < @P{|f] > X))/ < (r

Choosing if possible € = 2¢/\, we then arrive at the estimate (1.4), that is,

1

P{|f| > AE[f[} SGXP{W

} , A>2e, 6¢(2e/X) <1/2. (4.1)
The above inequality immediately implies:

Corollary 4.1. If §¢(e) < C€", for all e € (0,1) and some C > 1, r > 0, then

Pl iz B} sen{-3} w2ec (42)

As we see, the inequalities (4.1)-(4.2) may contain more precise information in
comparison with the general Markov classes M (k). This concerns in particular such
functions f as norms and polynomials for which it would be interesting to explore
the behavior of §; near zero. We start with an arbitrary norm f(z) = ||z|| on R".

Proposition 4.2. For any norm f, we always have 6¢(¢) = 12_4557 e€(0,1).
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Proof. By the triangle inequality, for all xg,21 € R", and t € (0, 1),
[tz + (1 = t)aa|| = [llwoll — (1 —t)[|a]|].
Hence,
mes{t € (0,1) : [[tzo + (1 — t)a1|| < el|zol|} <
mes{t € (0,1) : [t[|zol| — (1 = ?)[|z1[|| < &l[woll}-

Putting a = ||zo||, b = ||z1]|, ¢ = ;%3 < 1, and assuming a > 0, we obtain

a+
mes{t: |ta — (1 —t)b| <ea} = mes{t: —ca <ta—(1—1t)b<ea}

= mes{t: (1—¢e)a<t(a+b)<(1+¢)a}
= mes{t: (1—¢e)c<t<(1+¢)c}

= min{l,(1+¢)c}—(1—¢)c.

The last quantity is maximized in 0 < ¢ < 1 at ¢ = 1—+8 which gives f—fg The
optimality of this upper bound can be seen in case 1 = —exy, ||zo|| = 1. Proposition

4.2 is proved.

Thus, the assumption made in Corollary 4.1 is fulfilled for the norm-function
with 7 =1 and C' = 2. Hence, by (4.2), for all A > 8e,

P{|f] > AE|f|} < eV,

The numerical constants are certainly not optimal and can be improved by virtue
of (2.10).

Now let f be an arbitrary polynomial of degree at most d > 1. In this case,
the maximal possible value of ¢¢(¢) is completely determined in dimension one, so
assume n = 1. In [Bou] it was shown that, for some numerical ¢y € (0, 1),

mes {t € (0,1): [7(0)] < e | Fllzwon } < 5

% h1ch complements Proposition 3.2 in the poly-
1 — —=. As for small values of ¢, we have:

Thus, we always have §7(cd) <
nomial case, namely, 07(1/2) <

Proposition 4.3. For any polynomial f of degree at most d > 1, for all € €
(0,1),

1) 6p(e) <2deV/d;  2) §4(e) < 2e'/log ﬁ.

Proof. Let f(t) = [T%(t — z) with z; € C, 1 < i < d. Then, on the interval
(0,1),
d
mes{t € (0,1) : [f()] < | fO)} < mes J{It — =] < £/ |=4]}

i=1
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d
< Y mes{|t — 2| < Y4z}
=1

Since |t — z;| > |t — |zi||, the roots z; may be assumed to be real non-negative
numbers. But, for any ¢ € (0,1) and z > 0, the quantity mes{t € (0,1) : |[t—z| < cz}

is maximized at z = —— and is equal to 12+cc. This gives the first inequality.

1+c
To get the second one, we follow an argument of [Bou|. Fix o € (0,1) and put

u; = 1/z; (z; > 0). By Chebyshev’s and Holder’s inequalities,

d
mes{t € (0,1) : |f(t)| < e|f(0)]} = mes {H ugt — 1)7/% > g—a/d}
=1

1 d
< ea/d/ IT fuit — 1]7*/%at
0 =1
d 1 1/d ) a/d
< go/d (H/ uit — 1|7 dt) < =
170 l1-—a
i=1
where we used a simple inequality fol lut — 1|7*dt < 2 (u > 0) on the last step.

It remains to optimize over all a € (0, 1).
Thus, the condition of Corollary 4.1 is fulfilled with » = 1/d and C' = 2d. Hence:
Corollary 4.4. For all A > (4d)¢,
P{|f|> XE|f|} < e/ (Bed),
The upper bound can further be sharpened with the help of the localization
lemma of Lovasz-Simonovits [L-S] which allows one to get in Khinchine-type in-

equalities for polynomials a correct order of constants as functions of degree d. As
shown in [B1-2], for all p > 1,

(E[f))7 < (cp) Elf],

where ¢ > 1 is a universal constant. Hence, by Chebyshev’s inequality, for all A > 0,
d
P{|f| > NE|f]} < %. Optimizing the right hand side over p > 1, we arrive at

P{|f| > AE|f|} < e~/ (o),

provided that A > (ce)?.
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5 Deviations from the mean

Large deviations of f from the mean Ef = [ fdP can be controled once we know
how to estimate the quantity d;_. uniformly over all ¢ € R. For example, since the
class of polynomials f of degree d is closed under translations f — f + const, (1.2)
implies the bound

P{|f —Bf| > o} < C(d) exp{—c(d) )1}, x>0,

in terms of the variance 02 = E(f — Ef)2. One may therefore hope to reach similar
dimension-free inequalities for other classes of functions. The question is stimulated
by the observation (typical in concentration problems, cf. [M-S], [L]) that many
interesting f’s have very large expectations Ef, but relatively small variances o2.
In this situation, bounds for P{|f — Ef| > Ao} are certainly more delicate and
preferable in comparison with those for P{|f| > AE|f|}. However, if we wish to
involve into consideration arbitrary norms, the desired extension of (1.1) to the
larger class f(x) = ||z|| — ¢ is no longer valid, and some extra condition on the norm
like the uniform convexity is required. To illustrate these ideas, we will consider
here the example of the euclidean norm f(x) = ||z||2 on R".

To start with, it might be reasonable to find an appropriate form of Theorem
1.1 for the case of devations from constants. To every continuous function f on R"™
and ¢ > 0, we may associate another quantity A¢(e) defined to be the least number
A € [0,1] such that, for all zg,z1 € R", the function Q(t) = f(tzo + (1 — t)z1)
satisfies

mes {t €10,1] : Q(t) — min Q(s) <e [max Q(s) — min Q(s)}} < A.

0<s<1 0<s<1 0<s<1

Theorem 5.1. Let P be a log-concave probability measure on R™, and let f be
a convez function on R™ with mean Ef and variance o®. Then, for all X > 2e such

that Ay(4e/(A+2e)) < 1/2,

PAS=BfI> Ao} < exp {25f(4e/(1A+ 26) } :

The statement follows immediately from Theorem 1.1 and

Lemma 5.2. For every convex f on R", for all e € (0,1),

2e
Sf—c(e) = A . 5.1
SUp 0y () f(HE) (5.1)
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Proof. Fix zg,z1 € R™ and the corresponding function Q(t) = f(txo+(1—t)x1),
0 <t <1 (not identically a constant on [0,1]). Since @ is convex, it attains its
maximum at ¢ = 0 or t = 1. By homogeneity and translation invariance of (5.1), and
replacing zo with z; if necessary, we may assume that (1) = maxp<s<1 Q(s) =1
and Q(tp) = ming<s<1 Q(s) = 0, for some ¢y € [0,1). Consider the quantity

o(c) =mes{t € [0,1] : |Q(t) — ¢| < e|l —c|}

appearing in the definition of §y_.(¢). In view of sup.cg 65 —c(€) = sup,, ., sup.cr ¢(c),
we need to maximize the latter function over all c.

If ¢ > 1, |Q(t) — ¢| < €|l —¢|implies Q(t) > 1 that is not possible. So, assume
¢ <1 in which case the definition becomes

olc) =mes{t € [0,1]: (1+e)c—e<Q(t) < (1 —e)c+e}. (5.2)

In the range {c : (1 +¢&)c —e < 0} = (—o0, 757), the first inequality in (5.2) is
fulfilled automatically, while the upper bound (1 — €)c + € increases with ¢. Thus,
we may also assume ¢ > co = 15

As ¢ varies in [cp, 1], the interval ((1 4 €)c — &, (1 — €)c + €) moves to the right
and its length 2¢(1 — ¢) decreases from 2¢g to 0. By the convexity of @, this implies
that the length of the interval {t € [to,1] : (1 +e)c—e < Q(t) < (1 —¢e)c + ¢}
decreases as a function of ¢. Indeed, if @) is not a constant in any neighborhood of
to, then it increases in [tg, 1], the inverse function Q= : [0, 1] — [0, %] is concave, so,
for any positive decreasing function h = h(u), the function Q' (u + h) — Q7' (u) is
decreasing in u, as well. A similar argument applies to () restricted to the interval
[0,t9]. Therefore, ¢ = ¢p is the point of minimum to ¢. To involve a possible
”degenerate” case, we should write

ig};{ o(c) = (llelg; o(c) =mes{t € [0,1] : Q(t) < (1 —¢€)co + €}

It remains to note that (1 —e)co + € = 2¢p = f—fa, and the lemma follows.

Now, let us turn to the particular case f(z) = ||z||2. The euclidean norm can be
related to the polynomial f2 of degree d = 2 via the following observation: For every
convex f > 0 on R", for all ¢ > 0 and ¢ > 1, we have Ag(e) < Ara(e). The latter
statement easily follows from the definition and a simple inequality zz:gz < lc’:—g,
0<a<b<e(a#c). Now, appropriate computations show that

2/¢e
Aapz(€) = T\/\_/g

Hence, Ajjz1,(e) < Ajp2(e) < 2y/e. Thus, from Theorem 5.1, we obtain

e€(0,1).

Corollary 5.3. Let X = (X1,...,X,) be a random vector in R™ with a log-
concave distribution. Let o? be the variance of || X||2. Then,

Prob{| | X|j2 — E|X|2| > Ao} < Ce~¥*, X >0,
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where C and ¢ are positive numerical constants.

Since one can relate the strength of concentration of || X |2 about its mean to
the standard deviation o, one may wonder how to bound the variance itself. For
normalization, let the covariances of the components of X satisfy

COV(XZ',XJ‘) = EXlX] — ]ELXVZ]ELXVJ = 5ij7 1 < i,j < n, (53)

where §;; is the Kronecker symbol. Under this (isotropy) assumption, the question
of whether or not 02 = Var(|| X||2) does not exceed a universal constant represents a
week form of a conjecture of R. Kannan, L. Lovédsz and M. Simonovits, cf. [K-L-S].
One simple sufficient condition of dimension free boundedness of o2, namely, the
property

cov(X7,X7) <0, 1<i<j<n, (5.4)
was recently proposed by K. Ball and I. Perissinaki [B-P]. Indeed, for positive ran-

2
dom variables £’s, there is a general estimate Var(§) < v;;;g ) which for E=|1X|2
2

in view of (5.3) becomes Var(|| X ||2) < % On the other hand,

n n
Var(| X[|3) = Var(X7) + 2 cov(X?,X7) < Y EX} < Cn,
=1 i<j i=1

where we used (5.4) and Khinchine-type inequality EX} < C (EX?)? = C.
In [B-P], a property implying (5.3) was verified for random vectors X uniformly
distributed in £} balls in R".

6 Appendix: Triangular maps

Here we recall some facts about triangular maps which are needed for the proof of
Theorem 2.1. A map T'= (T1,...,T,) : G — R" defined on an open non-empty set
G in R" is called triangular if its components are of the form

T, =Ti(x1,...,x;), re@G, 1<i<n.

The triangular map T will be called increasing if, for all ¢ < n, the component
T; is a (strictly) increasing function with respect to x;-coordinate while the rest
coordinates are fixed (x; may vary within an open interval which depends on the
rest coordinates x;, j < 7).

Such maps were used by H. Knothe [Kn] to reach some generalizations of the
Brunn-Minkowski inequality. The following statement is often refered to as the
construction of the Knothe mapping [Kn].
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Theorem 6.1. Let A and B be open, bounded, non-empty convex sets in R™.

There exists a continuous, bijective, triangular map T : A — B such that
a) the partial derivatives g—g are continuous and positive on A ;

b) the Jacobian J(z) = Det(T"(x)) =TT, gg is constant on A and satisfies

Vol,(B)
=/ A:
T@) =L@y TN
c) the map T pushes forward the uniform distribution on A to the uniform dis-
tribution on B.

Note that T is not required to be C'-smooth, so the property b) first defines a
function ”Jacobian” and then pustulates that it is a constant.

To complete Bourgain’s argument, we need an appropriate generalization of The-
orem 6.1 for measures. In [Bou], Theorem 6.1 is stated without convexity assumption
on A which might lead to singularity problems. Indeed, consider, for example, the
sets B = (0,1)x (0,1) and A = (0,1) x (0,2)U(0,2) x (0,1) C R2. The set A is open,
bounded and has Lebesgue measure |A| = 3. Let P be a probability measure which
has density p(xz) = 1/3, for x € A, and p = 0 outside A. Then, the distrubution P;
of x1-coordinate under P is concentrated on the interval A; = (0,2) and has there

density
(2y) = 2/3, if 0<ay<1
PRIV =178, if 1<z <2

That is, P; does not have any continuous density on (0,2). But the property that
P has a continuous density is necessary for smoothness of triangular maps which
push forward P to the uniform measure @) on B.

Thus, to save the property a) in the general non-convex case, some extra con-
dition is required. First note that, given random vectors X = (Xi,...,X,) and
Y = (Y1,...,Y,) with values in open sets A and B and distributed according to P
and @, respectively, the first i coordinates (X1,...,X;) and (Y1,...,Y;) (1 <i<n)
have distributions P; and Q; supported on the open sets

Aj={reR":FtcR"" (a,t) € A},

Bi={zecR":3tcR"" (z,t) € B},

which are projections of A and B to R. In particular, A, = A, B,, = B.

We will say that P is regular if it has a (necessarily continuous) density p on
A such that the following two conditions are satisfied. The first condition is that,
for each ¢ < n, the measure P; has a positive continuous density p; on A;. This is
equivalent to saying that the integral

pi(x1, ... x5) :‘/]Rniip(flfl,...7flji,ti+17...,tn)dtz‘+1...dtn
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is finite for every (z1,...,x;) € A; and represents a continuous function on A;
(when i = n, we just have p; = p). The second condition is that, for each ¢ < n, the
conditional distribution function

PrOb{XZ' < xi|Xj = Ty, j = 1,...,.%_1}

is continuous in (x1,...,z;) € A;. Under the first condition, this is equivalent to
saying that the integral

i
/ / P, Tty by ty) d L dEy
—00 n—i

defines a continuous function on A;. We can now state a corresponding generaliza-
tion of Theorem 6.1.

Theorem 6.2. For all reqular probability measures P and @ supported on an
open set A and on an open convex set B, respectively, there exists unique increas-
ing, continuous, triangular, bijective map T : A — B which pushes forward P to
Q. Moreover, the components T; are C'-smooth with respect to x;-coordinates and

satisfy 22 >0 on A;.

Some examples of regular measures will be described at the end of this section,
and we turn to the study of triangular maps T" themselves. Many properties of such
maps are determined by behavior of functions 7; with respect to x;-coordinates. We
collect some properties in the two lemmas below.

Lemma 6.3. If T = (Th,...,T,) : G — R" is a continuous, increasing, trian-
gular map, then the image T(G) is an open set, and T represents a homeomorphism
between G and T'(G).

Lemma 6.4. Let T = (T,...,Ty,) : G — R"™ be a continuous triangular map
whose components T; have continuous positive partial derivatives ggj on G. Then,
for every integrable function f on R,

L@@y i@de= [ i)y (61)
G

T(G)

where J(x) =T, 85"1(;”).

Note that, by Lemma 6.3, the map T from Lemma 6.4 is increasing, so 7T is a
bijection from G to the open set T'(G). The topological Lemma 6.3 can easily be
proved by virtue of Brauer’s theorem, so we omit the proof.

Proof of Lemma 6.4. If T is C'-smooth on G, i.e., T has a continuous

derivative T" = (%)ngn, the ”true” Jacobian J(z) = Det(T"(z)) = [1i, 8%(55)
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is well-defined and is everywhere positive on G. Hence, the equality (6.1) holds true
by the well-known theorem on the change of the variable in the Lebesgue integral.

In general, we approximate T by smooth triangular maps 7¢. Recall that the
domain of T; is the open set

Gi={x=(z1,...,2;) cER': E!yER”*i (z,y) € R"}.

Now, take Ci°-functions K; > 0,4 =1,...,n, supported on the unit ball D;(0,1) C
R’ and such that [ D3 (0,1) K;(y)dy = 1, and introduce convolutions T} of T; with

K (x) = & Ki(x/e), e > 0:

Tf(z):/ Ki(x—2)Ti(z)dz, x€R.
G;

The above integral is well-defined and represents a C*°-function on R?. Differenti-
ating over x;, we obtain a C'"*°-function

OTF (x) OK:(x — z) -
[ — 3 I'IL , 7/‘
92, /Gz —om (2)dz, z€eR

The kernel K¢ is supported on D;(0,¢). Hence, this integral may be taken over the
whole space R’ as soon as D;(z,¢) lies in G;:

T (x) [ OK{(z—2) i
M_Ai by Tiz)dz wERL

Let e;(z) be the supremum of such e’s. Integrating by parts, for ¢ € (0,&;(x)],
€ < 400, we get
o (v)

T K —
9z, - i (@ —2)

IT;(2)

52 dz, xR

oT;(z)
= | K¢(zx-—
92 dz /Gz S(z—2)

The integral on the right is again well-defined and represents a C'*°-function as the

convolution of % with K. Moreover, it is positive, by the assumptions on 7; and
Thus, the map 7¢ = (17, ...,T%) is triangular, C°°-smooth, with positive Jaco-

bian n o )

Ja(ﬁ) = H : é;l —

i=1

at every point € G and for all € € (0,400) such that 0 < ¢ < g, (x) (note that the
numbers €;(z1,. .., x;) decrease when ¢ increases from 1 to n). Moreover, J-(z) > 0
on the set G. = {x € G : Dy(x,e) C G}, the open e-interior of G. Therefore, we
can apply (6.1) to any open set A C G. and every intergrable function f on R" to
get

[ f@ @) d@yde = [ sy (62)

T=(A)
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oT;
0,

Now, by the choice of K;’s, and since T and are continuous, 7°(x) — T'(z) and

%z(f) — 6?—5), as € | 0 uniformly over all x € A, for every A whose closure clos(A)

is compact and lies in G. Similarly, J.(z) — J(x).

Let A be open with compact closure clos(A) C G. Since G: T G, as € | 0, there
is 9 > 0 such that clos(A) C G¢,. Hence, we can apply the Lebesgue dominated
convergence theorem: for every continuous function f on R”,

/ F(T(2)) Jo(2) do — / F(T(2) J(x)dz, as & 0. (6.3)
A A

To find the limit of the right hand side of (6.2), first note that

limsup T°(A) C clos(T'(A)) = T'(clos(A)).
€l0
On the other hand, by a topological argument, we have T'(A) C liminf. o 7T°(A),
that is, whenever a € A, the point b = T'(a) is contained in 7°(A), for all ¢ > 0
small enough. As a result, 1p4)(y) < liminf, g 17e4)(y) < limsup, g 1ye(a)(y) <
L(clos(a)) (y), for every y € R™. Hence, for every non-negative bounded continuous
function f on R”,

f)dy <tmint [ fy)dy <tmsup [ f@yay< [ f@dy.
T(A) el JTe(A) el0 Te(A) T (clos(A))

Together with (6.2)-(6.3) we get

|ty < [ s@@)s@dn< [ ).
T(A) A T'(clos(A))
This already easily implies the equality (6.1). Lemma 6.4 follows.

In order to turn to the proof of Theorem 6.2, let us first emphasize what exactly
we need to prove. Assume we have two absolutely continuous probability measures
P and @ on R™ which are supported on some open sets A and B and have there
densities p(z) and ¢(y), respectively. We wish to construct a continuous bijective
map 1" = (Th,...,T,) : A — B which pushes forward P to . This property is
denoted @ = PT~! or Q = T(P) and can be defined via the equality [ fdQ =
J4 f(T)dP or, in terms of densities, as

| 1wy = [ 5T @)p(a)ds. (6.4)
B A

holding for every bounded measurable function f on B. If T is C'-smooth and
has at every point € A an invertible matrix 7"(z) = (az;;@))l<i,j<n of the first
S )1<ig<

derivatives, one can make in the first integral the change of variable y = T'(z), and
(6.4) becomes

[ $@@) (@) PeuT @) do = [ £(T (@) pl) da.
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Thus, if T is bijective, C'-smooth, and the Jacobian J(z) = Det(T"(x)) is every-
where positive, the necessary and sufficient condition for Q@ = PT ! is that, for
almost all z € A,

q(T(x))J (x) = p(x). (6.5)
In the case where the map T is increasing and triangular, one can weaken the
smoothness requirement and just assume that the components T; have positive con-

tinuous derivatives gfz Indeed, if B =T(A), then, by Lemma 6.4, the equality

| swdy= [ o(T@) (@) da

B A

holds true for every integrable function g on B with J(x) = [, 82;(:6). Applying
this equality to g(y) = f(y)a(y), we get

/f(y)Q(y)dyz/ f(T(2)q(T(x)) J(x) dx.
B A

Therefore, (6.4) would immediately follow from (6.5). Thus, we may conclude:

Lemma 6.5. Let T = (Th,...,T,) : A — R" be a continuous triangular map
whose components T; have continuous positive partial derivatives gz: on A. Let
B = T(A). If the equality (6.5) holds true for almost all x € A, then the map T

pushes forward P to Q.

However, the existence of the triangular map T satisfying (6.5) requires more
properties such as regularity of P and Q.

Proof of Theorem 6.2. We use induction over n, and prove at the same time
that the components T;, 1 < i < n, satisfy, for all (x1,...,z;) € A;, the relation
ff;o fR”*i p(.%'l, ey Li—1, ti, e ,tn) dtz‘ . dtn
S Jqnei D1y oo i, by tn) iy,

I fani q(Th, . Tia, iyt dti . dby,
JTE Jrn—i a(T, oo Tty tn) dt o dty

(6.6)

where it is also claimed that all the integrals are finite and positive. For ¢ = 1, the
above formula becomes

T Tl
/ / p(tl,...,tn)dtl...dtn:/ / Gty ta)dtr . dtn,  (6.7)
—00 Rnfl —00 Rnfl

while for i = n, it reads as

ffgop(xla-nvxn—latn) dtn _ ITZOQ(Tla-”an—latn) dtn
(@, Tty ta) Aty [T (T, T, t) diy,

(6.8)
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Note that the formulas (6.6)-(6.8) may be written in a more compact probabilistic
form as

PI‘Ob{Xi S €Ty |X1 =T1y..- 7Xi71 = .%L',l} = PI‘Ob{Y; S Tl | Y1 = Tl,. . .,Y;',l = T%,l},

where for i < n we write for short T; = T;(x1,. .., z;).
The case n = 1 is obvious: the desired map 7" = Tj(x1) is unique and is deter-
mined by

] 1(z1)
/ p(t1) diy =/T q(t1) dti. (6.9)

—00 —0o0

Clearly, Ty is a C'-smooth increasing bijection from A to B (B is an interval).

Now, to perfom the induction step, assume n > 2 and recall that P; and @; de-
note the distrubution of the first i variables (z1, ..., x;) under P and @, respectively.
By the induction hypothesis, there is unique continuous, increasing, triangular bi-
jective map (T4,...,Tp—1) : Apn—1 — Bp—1 which transports P,_; to @,—1, and
moreover, the equality (6.6) holds true on A; for all i <mn — 1.

According to (6.9) for the case n = 1, the equality (6.7) expresses the fact that
the measure Pj is transported to ()1 by the map T7. Similarly and more generally,
the equality (6.6) expresses the fact that, given a vector (x1,...,2,-1) € A;—_1, the
function

T; — T%(.%l, e ,332;1,.%1')

transports the corresponding conditional measure P, . ,,_, of P on the line in R!
with these first 7 — 1 coordinates to the conditional measure Q7 (z,),...T,_, (e1,....251)
of @ on the line with fixed coordinates T (z1),...,Ti—1(x1,...,z;—1). In order to
make the same to be valid when i = n, we just postulate equality (6.8) as the
definition of T;,. Note that P,, .. , represents a probability measure which is
supported on the open one dimensional set

Az, ... xn—1) ={x € R: (x1,...,2p-1,2) € A},

while Q7 (z1),...T_1(21,....zn_1) 1S @ Probability measure supported (by convexity of
B) on the open segment

B(zi,...,2p—1) ={y € R: (T1(x1),..., Tph-1(z1,. .., 2n-1),y) € B}.

In addition, by the regularity assumption made on P and @, these measures have
positive continuous densities on A(z1,...,x,—1) and B(z1,...,x,—1), respectively.
Hence, as well as in the case n =1, for all (z1,...,2,-1) € Ap_1, the function

Ty — Tp(T1, ..oy Tp—1,Tn)

represents a C'l-smooth increasing bijection from A(x1, ..., 2, 1) to B(z1,...,Tn_1).
This proves that (71,...,T,—1,Ty) is an increasing bijection from A to B together
with the fact that all components T} are C''-smooth with respect to z;-coordinates.
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It should also be clear that, for each i < n, the function 7; continuously depends
on (z1,...,x;). Indeed, the case i = 1 does not need to be verified, while for i > 2
we may argue using induction over ¢. Assuming that T1,...,7T;—; are continuous,
introduce the function

y
w(xl,...,xi_l,y):/ / ‘q(Tl,...,E_l,ti,...,tn)dti...dtn
—00 n—1
and write the equality (6.6) as

R($1, e ,in) = ’lﬂ(.ﬁl, e ,infl,Ti).

By the regularity assumption on P and ) and the induction hypothesis, both R and
1 are continuous functions defined respectively on the open sets A; and

{(xl,...,xi_l,y) : (:Cl,...,l‘i_l) S Ai—17 (Tl,...,Ti_l,y) S Bl}

In particular, if o, — z; forallj = 1,...,4, and y = Ti(w1, ..., 2;), ¥ = Ti(a), ..., 77),
we get that

¢<$/17 v 7'%';—173/) - w(l'l’ oo 71'2‘—1721)-
The function v increases with respect to y. So, if ' does not converge to y, and for
definiteness y’ < y — ¢ for some € > 0, then for some § > 0,

1/}(.%/1, e 7x2717yl) < w($/17 cee l‘;,l,y - E) - 1/1(%17 sy Ti—1,Y — E)
< w(xh"'axi—hy)_(s
which is a contradiction. Hence, 3/ — y, and thus T} is continuous.

Now, differentiating (6.7) over x1, (6.6) over x;, where we assume that 2 < i <
n — 1, and (6.8) over x,, we get respectively,

oT:
/ p(xl,tz,...,tn)dtz...dtn:/ q(Tl,tg,...,tn)dtg...dtn —1, (6.10)
Rnfl Rnfl axl
fRn_ip(xl,...,Jii,ti+1,...,tn) dtH_l...dtn _
fRn—i-H p(l‘l, e ,CCi_l,ti, e ,tn) dti e dtn
fRn—¢Q(T1,~--7E7ti+1,---,tn)dti+1---dtn 8TZ (6 11)
fRn—H-l q(Tl,...,’I%_l,ti,...,tn) dti...dtn axz ’ ’
Ty,...,T, T,
— p(xh 73:71) _ Q( 1 ) n) a n ) (612)

o, 1, ty) diy N j;f q(Th, ..., Ty1,tp) dt, Ovp
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Myltiplying (6.10)-(6.11)-(6.12) by each other, we arrive at

. zm) = a(Tr, . T [
=1 O

which is exactly (6.5). It remains to apply Lemma 6.5, and the existence part of
Theorem 6.2 immediately follows.

The uniqueness follows from the requirement that, given a vector (z1,...,x;—1) €
A;_1, the function z; — Tj(z1, ..., x;—1,x;) must transport the conditional measure
Py,.....z;, to the conditional measure Q7 (z,),... 7, (21,....z:_1)-

Theorem 6.2 is now proved.

To give some examples of regular measures (in the above sense), we need another
definition. In addition to the projections A;, with every set A C R", we also
associate its sections

Ap oo ={t € R"": (z1,...,1;,t) € A}, (z1,...,7) €R!, 1 <i<n-—1.

We say that A is regular, if for all i <n—1 and for all (z1,...,x;) € A4;, the section
(0A)gz,.... «; of the boundary of A has the (n—i)-dimensional Lebesgue measure zero.

For example, a finite union of balls represents a regular set. Another simple
example is provided by an arbitrary open convex set in R™. As for regularity of
measures, the following lemma covers most interesting cases.

Lemma 6.6. Assume that a probability measure P is concentrated on an open
set B C R™ where it has a positive continuous density p such that, for eachi < n—1,

/ sup p(z,t) dt < +oo (6.13)
R~ zeB;

(where it is assumed that p = 0 outside B). Then, the normalized restriction of P
to any regular set A C B is a reqular measure.

The condition (6.13) is fulfilled, for example, if with some positive constants C'
and c, the density p satsfies an inequality

p(z) < Ce el 2 e B. (6.14)
Proof of Lemma 6.7. By the assumption, the function
pi@) = [ plat)a(et)at

is finite for every z € B;, and moreover the function under the integral sign is
bounded by an integrable function. We should show that p; is continuous on A;.
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So, take a sequence () € A; converging to a point z € A;, as k — co. Then, for
every t € R 1,

1a(z,t) < liminf 14(z®, ¢) < limsup 14(z™, 1) < Letos(a) (T, ).

k—o0 k—o0

Since p; (2™, t) — p(x,t), as k — oo, and since A is open, we may apply Lebesgue
dominated converging theorem which gives

IN

lim inf (™ )14 (=™, 1) dt

k—oo Rn—i

< limsup/ .p(x(k),t) 1a(z® t)dt < /
Rn*l

k—o00 Rn—t

pi()
p(ﬁ, t) 1clos(A) (:L’, t) dt.

Now note that, by regularity of A, for any = € A;
Leos(a)(z,t) — 1a(x,t) = 1ga(w,t) =0, for almost all t € R"!

with respect to Lebesgue measure on R"*. Hence, [ga—i p(,1) Leos(a)(z, t) dt =
pi(z), and thus p; is continuous. The first condition involved in the definition of
regularity of a measure is therefore fulfilled. The second condition requires to verify
that, for each i < n, the function

ri(z,z;) = / ' / (.t t) La(z, ty,t) dt; dt
+o0
= / / 'p(l‘,ti,t) 1A(l‘,ti,t) 1(—00,:0¢]><R"*i(ti’t) dti dt

is continuous in (z,x;) € A;, as well, where for short we write z = (x1,...,2-1),
t = (ti+1 ...,tn). In case i = 1, the above expression depends on z1, only,

“+00
Tl(xl):/ /Rn_lp(tl,t) LA(E1 ) 1 (oo it (1, ) dty dt,

and is clearly continuous on A;. In the case ¢ > 2, we use the property that, for every
(ti,t) € R x R"™%, the function (z,z;) — p(x,t;,t) L~ oo,z xR (ti, 1) is continuous
on A;, and then argue as before: for any x € A;_1,

Los(a) (@, ti, t) — La(z, ti,t) = loga(x,t;,t) =0, for almost all (t;,t) € R x R"™

with respect to Lebesgue measure on R™ ! and therefore, once more by the
Lebesgue dominated convergence theorem, r; is continuous on A;. Lemma 6.6 fol-
lows.

Corollary 6.7. Uniform distrubution on a bounded reqular set is a regular
measure.
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This statement appears as a particular case of Lemma 6.6 with A = B and
p=1/|A| on A (where |A| stands for the Lebesgue measure).

At last, since absolutely continuous log-concave measure on R™ are known to
satisfy (6.14), we also obtain:

Corollary 6.8. FEwvery absolutely continuous log-concave measure P on R"™ is
regular. Moreover, the normalized restriction of P to an arbitrary reqular set A of
positive Lebesgue measure in the support of P represents a regular measure.
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