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Modified Logarithmic Sobolev Inequalities in Discrete
Settings
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Motivated by the rate at which the entropy of an ergodic Markov chain
relative to its stationary distribution decays to zero, we study modified ver-
sions of logarithmic Sobolev inequalities in the discrete setting of finite
Markov chains and graphs. These inequalities turn out to be weaker than
the standard log-Sobolev inequality, but stronger than the Poincare’ (spectral
gap) inequality. We show that, in contrast with the spectral gap, for bounded
degree expander graphs, various log-Sobolev constants go to zero with the
size of the graph. We also derive a hypercontractivity formulation equivalent
to our main modified log-Sobolev inequality. Along the way we survey vari-
ous recent results that have been obtained in this topic by other researchers.
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1. INTRODUCTION

Let (M,P,π ) be an ergodic, reversible Markov chain with a finite
state space M, transition probability matrix P and stationary distribution
π . For f, g:M → R, let E(f, g) denote the Dirichlet form defined by

E(f, g)=−Eπ (f Lg)=−
∑

x∈M

f (x)Lg(x)π(x), (1.1)

1 Department of Mathematics, University of Minnesota, Minneapolis, MN, USA. E-mail:
bobkov@math.umn.edu

2 School of Mathematics and College of Computing, Georgia Tech, Atlanta, GA, USA.
E-mail: tetali@math.gatech.edu

3 To whom Correspondence should be addressed.

289

0894-9840/06/0400-0289/0 © 2006 Springer Science+Business Media, Inc.



290 Bobkov and Tetali

where −L = I − P is the associated Laplacian matrix. Then the spectral
gap of P or the smallest non-zero eigenvalue of −L can be defined as the
optimal positive constant in Poincaré-type inequality

λ1Varπ (f ) � E(f, f ), (1.2)

over all f:M →R. As usual, Varπ (f )=Eπf 2 − (Eπf )2 stands for the var-
iance and Eπf =∫ f dπ for the expectation of f with respect to the mea-
sure π . One arrives at such a functional (or variational) definition of the
spectral gap in a natural way by considering the rate of decay of variance
of the distribution of the chain with respect to the stationary distribution.
More formally, working in the technically easier continuous time, let µt =
µ0Pt be the distribution of the chain at time t , for t � 0, where Pt =etL is
the semi-group generated by L. Then it is a classical fact that the density
ft (x)= µt (x)

π(x)
, x ∈M, satisfies the identity

d

dt
Varπ (ft )=−2E(ft , ft ), (1.3)

thus motivating the above definition of λ1. On the other hand, only
recently attention seems to have been given to the following equally nat-
ural property: for all t >0,

d

dt
D(µt‖π)=−E(ft , log ft ), (1.4)

where D(µ‖π) =∑
x∈M µ(x) log µ(x)

π(x)
denotes the so-called informational

divergence or the relative entropy of µ with respect to π . Using the
standard notation for the entropy functional Entπ (f ) = Eπf log f −
Eπf log Eπf , one is now motivated in studying the inequality

ρ0Entπ (f ) � 1
2
E(f, log f ), (1.5)

in the class of all positive f on M, since then d
dt

D(µt‖π) � −2ρ0D(µt‖π).
Together with a well-known relation between the total variation norm
‖µt −π‖TV =∑x∈M |µt(x)−π(x)| and the relative entropy, the latter leads
to the bound

‖µt −π‖2
TV � 2 log

1
π∗

e−2ρ0t , t � 0, (1.6)

where π∗ = minx∈M π(x). This recovers and in fact improves upon a sim-
ilar bound, due to Diaconis and Saloff-Coste,(15) employing the logarith-
mic Sobolev constant ρ, the best one in the standard logarithmic Sobolev
inequality



Modified Logarithmic Sobolev Inequalities 291

ρEntπ (f 2) � 2E(f, f ). (1.7)

As is shown in,(15) for the time τ2 = inf{t > 0: supµ0
[Eπ |ft − 1|2]1/2 � 1/e}

“reach stationarity,” one has

1
4ρ

� τ2 �
(

1+ 1
4

log log
1
π∗

)
1

2ρ
.

Therefore, while ρ captures rather accurately the convergence to stationa-
rity in terms of supµ0 [E|ft − 1|2]1/2, which in general is larger than
D(µt‖π), it seems better to use ρ0 when one wants to work with either
the relative entropy or the total variation norm.

In this paper we aim to study a number of general properties of this
constant in the framework of abstract Markov kernels and finite graphs
and put it in the hierarchy of various Sobolev-type inequalities actively
circulating in the literature in the recent years. In general, the inequality
(1.5), defining ρ0, may be viewed as a modified form of L. Gross’ inequal-
ity (1.7) – a concept, suggested in 1996 by Ledoux(26) in connection with
the concentration of measure phenomenon. To be more precise, he studied
the form involving the length of the gradient,

ρ1Entπ (ef ) �
∫

|∇f |2ef dπ, (1.8)

as an approach to some of M. Talagrand’s deviation inequalities for prod-
uct probability measures. Afterwards, some other modifications of (1.8) have
appeared in the literature, especially in the discrete settings, cf. e.g. Refs. 6,
7, 27, 28. In particular, the inequality (1.5) was considered by Ledoux(28) for
product measures on the discrete cube and, as an application, for Poisso-
nian limits. While preparing the present paper, we learnt that the inequality
(1.5) was also introduced by Dai Pra, Paganoni and Posta (see Ref. 13 where
ρ0 is referred to as the “entropy constant”) in the context of certain Gibbs
measures on Zd . In particular, they showed examples of measures which
fail to satisfy the classical inequality (1.7), while satisfying (1.5). The crucial
identity (1.4) justifying (1.5) in the framework of Markov kernels was proba-
bly first observed in the early 90’s by Bakry(2) and Stroock,(37) and later was
used in bounds involving ρ rather than ρ0, cf. e.g. Refs. 15, 19. We also learnt
that Gao and Quastel(20) have recently considered ρ0 and using martingale
tools obtained for it a lower estimate on the symmetric group and for slices
of the discrete cube. Unaware of(20) and our present work, these examples
and some others (such as the top-to-random card shuffle) have been derived
by Goel.(21) A very detailed analysis of the decay of relative entropy in the
specific example of the top-to-random shuffle is reported in.(36) It should
therefore be emphasized that, since in many interesting examples ρ0 is much
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better than ρ, the role of (1.5) needs to be explored in terms of various appli-
cations regardless of (1.7). In an upcoming paper(35) some of the ideas from
this paper are being further employed in developing the so-called transpo-
ration inequalities in discrete settings.

These notes (which are an extended and a detailed version of Ref. 8)
are organized as follows. In Section 2, we formalize the argument leading
to the bound (1.6) under (1.5) in the general non-reversible case. In Sec-
tion 3, we observe that

ρ � ρ0 � ρ1 � λ1,

and discuss several standard examples illustrating these relations. In many
of them, ρ0 is in fact the order of λ1, while ρ = o(ρ0), thus provid-
ing tight bounds on convergence to stationarity using the total variation
norm. In Section 4, we introduce a family of inequalities that interpolate
between the modified logarithmic Sobolev inequality (1.5) and the Poin-
caré inequality (1.1). In application to Markov chains, these more gen-
eral inequalities allow one to control a distance-like quantity Eπf

p
t − 1

(between µt and π ) uniformly over all p ∈ (1,2].
It is natural to wonder how the relative entropy decays for random

walks on expander graphs (namely the graphs for which λ1 is bounded
away from zero). In Section 5, it is shown (using ρ1) that in fact both
ρ and ρ0 are of the order of 1/ log |G| for bounded degree expanders G.
Here we also discuss a concentration content of (1.5) in terms of devia-
tions of Lipschitz functions on G.

Note that the eigenvalue interpretation of λ1 tells us that there is a
function (namely an eigenfunction) which achieves the optimal value in
the variational description of λ1. The same is not necessarily true for ρ

and ρ0 (e.g. as in the symmetric two-point space). In such a case, it turns
out that if the inf in the definition of ρ0 is not achieved, then in fact
ρ0 =λ1! The analogous result for ρ was known to be true, implicit in the
work of Rothaus(33) in the context of manifolds and also appears explicitly
in the context of finite Markov chains in.(34) These questions are discussed
in Section 6. Finally, in the last (7th) section we give a hypercontractivity
characterization of ρ0.

2. CONVERGENCE TO STATIONARITY

Elaborating on the introduction, we start with a stochastic matrix P

on a finite set M, and define a Markov process {Xt }t �0 in M with initial
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distribution, say, µ0 and transition matrices

Pt = e−t (I−P), t � 0,

with the generator −L = I − P . To study the asymptotic behavior of the
probability distributions µt of random variables Xt for large time, we will
assume that:

(a) There is a stationary distribution π for P , i.e. πP =π .
(b) π(x)>0, for all x ∈M.
(c) For all x, y ∈M, there exists n � 1 with P n(x, y)>0.

Since M is finite, the irreducibility property c) implies that such a π

exists and is unique, see e.g. [18], and it is easy to see that (c) and (a) in
turn imply (b). Moreover, by b), any probability distribution µ on M is
absolutely continuous with respect to π .

Thus, let ft (x)= µt (x)
π(x)

, x ∈M, be the density of µt with respect to π

at time t � 0. As is well known, the measures µt approach π , or equiv-
alently, ft ’s are getting close to 1 for large t . A proper quantitative state-
ment may be done, for example, in terms of Lp-distance

‖ft −1‖p

Lp(π) =
∫

|ft −1|pdπ, 1 � p <+∞,

which becomes the total variation norm ‖µt −π‖TV in case p=1. Another
important measure of closeness is the informational divergence,

D(µt‖π)=Entπ (ft )=
∫

ft log ftdπ.

Recall that µt = µ0Pt . Let P ∗ denote the time-reversal of P defined
by the identity π(x)P ∗(x, y)=π(y)P (y, x), x, y ∈M. Let

P ∗
t = etL∗ =

∞∑

n=0

tn(L∗)n

n!
,

be the semigroup associated to the dual −L∗ = I −P ∗. Then the following
is a useful basic technical fact.

Lemma 2.1. For any µ0 and all t � 0, ft =P ∗
t f0. Consequently, for

any x ∈M,

dft (x)

dt
=L∗ft (x).
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For example, differentiating the function Varπ (ft ) = ∫
f 2

t dπ − 1, we
get

d

dt
Varπ (ft )=

∫
d

dt
f 2

t dπ =2
∫

ftL
∗ftdπ =2

∫
L(ft )ftdπ =−2E(ft , ft ).

Therefore, starting from the Poincaré-type inequality (1.2) with a constant
λ1 >0, one gets d

dt
Varπ (ft ) � −2λ1Varπ (ft ). Integrating over t , one arrives

at the standard estimate:

Theorem 2.2. For every initial distribution µ0,

Varπ (ft ) � Varπ (f0)e
−2λ1t , t � 0. (2.1)

Now, let us repeat a similar argument towards the study of the infor-
mational divergence.

Lemma 2.3. For any µ0 and all t > 0, the density ft is strictly pos-
itive on M. Furthermore, the function t → D(µt‖π) is differentiable on
(0,+∞), and

d

dt
D(µt‖π)=−E(ft , log ft ), t >0.

Proof. Given x, y ∈M and t � 0, write Taylor’s expansion

P ∗
t (x, y)= e−t

∞∑

n=0

tn

n!
(P ∗)n(x, y).

Since π(x)(P ∗)n(x, y) = π(y)P n(y, x),for all n � 1, with the assumptions
b)−c) we get P ∗

t (x, y)>0 whenever t >0. Since ft =P ∗
t f0 and

∑
x f0(x)=

1, this yields the first statement of the lemma.
Thus, in the range t >0, we are allowed to perform differentiation in

accordance with Lemma 2.1 and the identity (1.1) for the Dirichlet form:

d

dt
D(µt‖π) =

∫
d

dt
ft log ftdπ

=
∫

(log ft +1)L∗ftdπ =
∫

L(log ft )ftdπ =−E(ft , log ft ).

Now, similarly to Theorem 2.2, we can start from the modified log-
arithmic Sobolev inequality (1.5) on M. By Lemma 2.3, d

dt
D(µt‖π) �

−2ρ0D(µt‖π), for all t >0. Integrating this inequality over t and since the
right hand side is continuous at t =0, we arrive at:
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Theorem 2.4. For every initial distribution µ0,

D(µt‖π) � D(µ0‖π)e−2ρ0t , t � 0. (2.2)

Remark 2.5. Note that we did not make the assumption of revers-
ibility of the Markov kernel, namely, the assumption that π(x)P (x, y) =
π(y)P (y, x), for all x, y ∈M. In the next section, assuming reversibility we
will observe that ρ � ρ0, thus showing that the estimate (2.2) improves
upon

D(µt‖π) � D(µ0‖π)e−2ρt , t � 0. (2.3)

The latter was obtained by Bakry(2) and Stroock,(37) see discussion in.(15)

Remark 2.6. Together with (2.3), Theorem 3.6 in(15) also involves
nonreversible Markov kernels in which case ρ is replaced with ρ/2 (a
result of Miclo Ref. 31). However observe (as also pointed out in Ref. 15)
that there is something inherently reversible about E(f, f ) – namely, using
the notation EP (f, f ) to indicate the dependence on the kernel, it is easily
seen that

EP (f, f )=E
P̂
(f, f ), with P̂ := 1

2
(P +P ∗),

where P ∗ is the time-reversal of P . Hence one has in general, for the opti-
mal constants in (1.2) and (1.7),

λ1(P )=λ1

(
1
2
(P +P ∗)

)
, ρ(P )=ρ

(
1
2
(P +P ∗)

)
.

Thus the estimate (2.2) together with ρ0(
1
2 (P +P ∗)) � ρ( 1

2 (P +P ∗)) (see
Proposition 3.6 below) recovers the nonreversible case of [15] as well.

Remark 2.7. The above proof of Lemma 2.3 which led to Theorem 2.4
is implicitly contained in(15) (or as paraphrased in the appendix of Ref. 19).
The important difference is that the usual log-Sobolev inequality (3.2) is
taken as a starting point in(19) and in all the above-mentioned papers.

The estimates given in Theorems 2.2 and 2.4 are not comparable
in general: each may have its own advantages. When ρ0 = λ1 or when
these constants are of similar magnitude, the estimate (2.2) can be more
useful than the estimate (2.1). First note, there is a general inequality∫

f dπEntπf � Varπ (f ), holding true for any measurable function on an
arbitrary probability space. Applying this to f =ft , we get

D(µt‖π) � Varπ (ft ).
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Hence, in the second theorem, a smaller distance (the informational diver-
gence at time t) is estimated from above by a smaller quantity (the infor-
mational divergence at the initial time multiplied by an exponentially
decreasing factor).

Another natural and typical objective is obtaining the rates of con-
vergence in total variation norm ‖µt − π‖TV uniformly over all possible
µ0. Then, in order to apply (2.1), one can use the bound ‖µt − π‖2

TV �
Varπ (ft ). The right hand side of (2.1) is maximized when µ0 is one of the
Dirac measures δx which leads to

‖µt −π‖2
TV � 1

π∗
e−2λ1t , π∗ =min

x∈M
π(x). (2.4)

It is also possible to relate the total variation norm to the infor-
mational divergence, using the following well known inequality, see e.g.
Lemma 12.6.1 in Refs. 12, 15 or 19: for every probability measure µ on
M,

‖µt −π‖2
TV � 2D(µ‖π). (2.5)

With estimate (2.2) this leads to a certain refinement of (2.4) in the case
where ρ0 is approximately λ1:

Corollary 2.8. For every initial distribution µ0 on M, for all t � 0,

‖µt −π‖2
TV � 2 log

1
π∗

e−2ρ0t . (2.6)

A general 2-state chain can be used to show that in (2.6), the depen-
dence on t can be sharp; (once again, ρ0 and λ1 are of the same order in
such an example.)

It might also be worth mentioning that the bounds (2.4) and (2.6) can
be sharpened by virtue of Theorem 2.2 under mild symmetry assumptions
of the initial density f0 about its mean value

∫
f0 dπ =1. In particular, we

have:

Corollary 2.9. For every initial distribution µ0 such that
∫
(f0 − 1)3

dπ =0,

Varπ (ft ) � 2 log
1
π∗

e−2λ1t , t � 0. (2.7)
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Proof. Let ξ = f0 − 1 so that
∫

ξdπ = 0 and
∫

ξ3dπ = 0. We may
assume that f0 >0 and f0 �=0 identically on M. Fix p∈ (1,2] and consider
the function

ψ(s)=
∫

(1+ sξ)pdπ =‖1+ sξ‖p
p, |s| � 1.

We have ψ(0)=1, ψ′(0)=0, and

ψ′′(s)=p(p −1)

∫
ξ2(1+ sξ)p−2dπ =p(p −1)‖ξ‖2

2

∫
(1+ sξ)p−2dv,

where v is a probability measure on M with density ξ2

‖ξ‖2
2

with respect to

the measure π . Since the function t → tp−2 is convex in t > 0, and since
1+ sξ >0 for all |s| � 1, we obtain by Jensen’s inequality that

∫
(1+ sξ)p−2dv �

(∫
(1+ sξ)dv

)p−2

=
(∫

(ξ2 + sξ3)
dπ

‖ξ‖2
2

)p−2

=1.

Hence, ψ′′(s) � p(p − 1)‖ξ‖2
2 which implies ψ(s) � 1 + p(p−1)

2 ‖ξ‖2
2s

2. For
s =1, the latter yields

‖f0 −1‖2
2 � 2

p(p −1)

(
‖f0‖2

2 −1
)

, 1<p � 2,

with equality for p =2. Letting p ↓1, we obtain

‖f0 −1‖2
2 � 2 Entπ (f0)=2D(µ0‖π),

an inequality sharpening the estimate (2.5) for the total variation norm. It
remains to apply Theorem 2.2 and to bound the informational divergence
similarly to Corollary 2.8.

3. HIERARCHY OF INEQUALITIES AND SOME EXAMPLES

In this section we make a systematic study of relationship between
various logarithmic Sobolev inequalities and the Poincaré inequality in dis-
crete settings. Let (M,µ) be a probability space, and let A be a linear
space of bounded measurable functions on M. Further assumptions on A
are:

Axiom 1. If f, g ∈A, then fg ∈A (that is, A is an algebra).
Axiom 2. If f ∈A, then ef ∈A.
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Definition 3.1. Any bilinear form E : A × A → R will be called a
Dirichlet form.

Although the definition of Dirichlet forms has nothing to do with
the measure µ, it appears that many standard examples are constructed
through a measure. In what follows we will be primarily interested in a
discrete setting of finite undirected graphs or finite Markov chains. How-
ever, since traditionally these functional inequalities have been studied in
a continuous setting, we also briefly mention such a setting.

Example 3.2. (a continuous setting). Let M be an open subset of Rd ,
and let A be the family of all smooth, compactly supported functions on
M. Put

E(f, g)=
∫

M

〈∇f (x),∇g(x)〉dµ(x),

where 〈·, ·〉 is a canonical scalar product in Rd , and where ∇f (x) =
(
∂f (x)
∂x1

, . . . ,
∂f (x)
∂xd

) denotes the usual gradient of f at the point x ∈M. This
gradient is local in the sense that ∇u(f )=u′(f )∇f , for any smooth u such
that u(f )∈A.

The example can be generalized by considering for M a Riemannian
manifold of dimension d. If M is compact, one typically takes for µ the
normalized Lebesgue measure on M.

Example 3.3. (a graph setting). Let G = (M,M) be a finite, con-
nected, undirected graph with vertex set M and edge set M = {(x, y) ∈
M ×M : x ∼y}. Let µ be an arbitrary probability measure on the vertices
and let µ(x) = µ({x}), x ∈ M. Given a function f on M, one can define
the gradient ∇f (x) at each vertex x ∈M as the vector {f (x)−f (y)}y∼x of
the length d(x), the degree of x. Hence, the corresponding Dirichlet form
becomes

E(f, g) =
∫

〈∇f (x),∇g(x)〉dµ(x)

=
∑

x

∑

y∼x

(f (x)−f (y))(g(x)−g(x))µ(x).

Here A represents the space of all functions on M.

Example 3.4. (an abstract discrete setting and reversible Markov ker-
nels). Again, let (M,µ) be a finite probability space, and let P:M ×M →
[0,+∞) be a non-negative function, called a kernel in the sequel. For all
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functions f, g on M, one may define the associated Dirichlet form by

E(f, g)= 1
2

∫ ∑

y∈M

(f (x)−f (y))(g(x)−g(y))P (x, y) dµ(x).

It corresponds to the gradient operator ∇f (x) = { 1√
2
(f (x) − f (y))√

P(x, y)}y∈M , so again the gradient formula as in Example 3.2 works
well. If P is a reversible Markov kernel, then the above definition is also
equivalent to the general definition given by (1.1), and we have the addi-
tional property that E(f, g) = E(g, f ). It turns out that the formula sug-
gested by Example 3.2 is particularly suited to study reversible kernels, due
to the apparent symmetry, while (1.1) is more general.

In the rest of this section, whenever we assume that P is a Markov
kernel, we also assume implicitly that P is in fact reversible.

Consider a probability space (M,µ) and a Dirichlet form E:A×A→
R, as above. Then one can introduce Poincaré-type (or spectral gap) and
logarithmic Sobolev inequalities as

λ1Var(f ) � E(f, f ), f ∈A, (3.1)

ρEnt(f 2) � 2E(f, f ), f ∈A. (3.2)

As mentioned already in the introduction, by a modified logarithmic
Sobolev inequality (of the Dirichlet type), we mean an inequality of the
form

ρ0Ent(ef ) � 1
2
E(ef , f ), f ∈A. (3.3)

If the Dirichlet form comes through a gradient like in all the previous
examples, one may also consider modified logarithmic Sobolev inequalities
of the gradient type. The most popular versions which appeared in con-
nection with the concentration of measure phenomenon (cf. Ref. 27) are:

ρ1Ent(ef ) � 1
2

∫
|∇f |2ef dµ, f ∈A, (3.4)

ρ1Ent(ef ) � 1
2

∫
|∇ef |2e−f dµ, f ∈A. (3.5)

To be more precise, here one assumes that any point x ∈ M is assigned
with a linear operator A�f →∇f (x)∈Rd(x) such that the functions of the
form x →〈∇f (x),∇g(x)〉 are µ-integrable and bounded, whenever f, g∈A
Formally replacing f with log f , the inequality (3.5) takes a more familiar
form

ρ2Ent(f ) � 1
2

∫ |∇f |2
f

dµ, f ∈A, f positive. (3.6)
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More precisely, we obtain (3.5) from the last inequality (3.6) by applying it
to ef . At this step the axiom 2 is used. For the converse implication, one
needs a different assumption, that log f ∈A as long as f belongs to A and
is positive. Thus, in all the examples we considered before, the inequalities
(3.5) and (3.6) are equivalent, but we prefer the first, exponential form in
order to keep maximal generality and to save more analogs between (3.5)
and the other exponential form (3.4).

If the gradient is local like in Example 3.2, all the log-Sobolev
inequalities (3.2), (3.3), (3.4) and (3.5) are equivalent to each other, and
moreover ρ =ρ0 =ρ1 =ρ2 for optimal values. As for the general case, first
we show that, under reasonable assumptions, the spectral gap inequality is
weaker than any of these inequalities.

Proposition 3.5. Assume that

(1) the function g(x) = 1 belongs to A and E(f,1) = E(1, f ) =
0, for all f ∈A;

(2) for all f, g ∈ A and for any uniformly bounded sequence fn

converging to f (µ-almost everywhere), we have E(fn, g) →
E(f, g), as n→∞.

Then, for the optimal constants in (3.1)–(3.5), we have max{ρ,ρ0, ρ1,

ρ2} � λ1.

Proof. To show ρ � λ1, note that, for every c real, E(f + c, f + c)=
E(f, f ). Since Ent((f +c)2)→2Var(f ), as c→∞, the application of (3.2)
to functions of the form f + c yields (3.1) with ρ in the place of λ1.
To prove ρ0, ρ1, ρ2 � λ1, apply the inequalities (3.3)–(3.5) to functions 1

n
f

with n→∞.

Note that the assumptions (1) and (2) are not needed for deriving
ρ1, ρ2 � λ1. The assumption (2) is automatically fulfilled as long as there
exists a linear operator L associated with the Dirichlet form E . In partic-
ular, this is clearly true for an abstract discrete setting.

Now let us specialize the log-Sobolev inequalities to discrete settings
where they may differ considerably in terms of the magnitudes of ρ,ρ0, ρ1
and ρ2.

Proposition 3.6. In the reversible Markov kernel setting, for the opti-
mal constants in (3.1)–(3.5), we have

0 � ρ � ρ0 � ρ1 � ρ2 � λ1.
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Proof. Let (M,µ) be a finite probability space with a reversible
Markov kernel P . First we show that the logarithmic Sobolev inequality
(3.2) implies the modified logarithmic Sobolev inequality (3.3) with ρ0 =ρ.
Thus, fix a function f on M. Starting from (3.2), apply it to the function
ef/2 to get

ρEnt(ef ) � 2E(ef/2, ef/2).

Hence, in order to derive (3.3) with the same constant on the left, it suf-
fices to show that

E(ef/2, ef/2) � 1
4
E(ef , f ).

This estimate is actually observed in [15]. To remind the argument, note
that, according to the definition (in Example 3.4) of the discrete Dirichlet
form, we need to check that

(
ef (x)/2 − ef (y)/2

)2
� 1

4

(
ef (x) − ef (y)

)
(f (x)−f (y)),

for all x, y ∈ M. Putting a = ef (x)/2, b = ef (y)/2, we are reduced to the
inequality (a−b)2 � 1

2 (a2 −b2) log a
b

in the range a, b>0, which can easily
be verified to be true.

Now, in view of Proposition 3.5, we need only to show that (3.3)⇒
(3.4) ⇒ (3.5) with ρ2 = ρ1 = ρ0. Clearly, it suffices to compare the right
hand sides in these inequalities and to see that, for every f on M,

E(ef , f ) �
∫

|∇f |2ef dµ �
∫

|∇ef |2e−f dµ. (3.7)

Since |∇f (x)|2 = 1
2

∑
y∈M(f (x)−f (y))2P(x, y), we have

∫
|∇f |2ef dµ = 1

2

∑

x,y∈M

(f (x)−f (y))2ef (x)P (x, y)µ(x)

= 1
2

∑

x,y∈M

(f (x)−f (y))2ef (y)P (x, y)µ(x),

by reversibility. So

∫
|∇f |2ef dµ= 1

2

∑

x,y∈M

(f (x)−f (y))2 ef (x) + ef (y)

2
P(x, y)µ(x).
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Similarly,
∫

|∇ef |2e−f dµ= 1
2

∑

x,y∈M

(ef (x) − ef (y))2 e−f (x) + e−f (y)

2
P(x, y)µ(x).

On the other hand,

E(ef , f )= 1
2

∑

x,y∈M

(f (x)−f (y))(ef (x) − ef (y))P (x, y)µ(x).

To establish (3.7), it suffices to compare the corresponding terms in these
three representations. Thus, put a =f (x), b =f (y) for fixed x, y ∈M: we
need to show that

(a −b)
(
ea − eb

)
� (a −b)2 ea + eb

2
�
(
ea − eb

)2 e−a + e−b

2
.

Since all the three sides are symmetric with respect to (a,b), we may
assume a � b. Putting a =b+h, we are reduced to

h(eh −1) � h2 (eh +1)

2
� (eh −1)2 e−h +1

2
, h � 0. (3.8)

Write the first inequality as eh −1 � heh+1
2 . It turns into an equality at the

point h= 0, while after differentiation it becomes eh � 1
2 + h+1

2 eh. Again,
there is equality at h = 0, and differentiating it, we arrive at eh � h+2

2 eh

which is evidently true. This proves the first inequality in (3.8).
The second inequality is simplified as h2eh � (eh − 1)2 ⇐⇒ heh/2 �

eh −1⇐⇒ h
2 � sh( h

2 ). It readily holds, as well and thus Proposition 3.6 is
proved.

Note that the normalizing property
∑

y P (x, y) = 1, x ∈ M, was not
used in the proof of Proposition 3.6. Moreover, the proof holds good for
the graph setting with µ being uniform on the set of vertices. M. Sam-
mer and the second author also observed recently that a part of the above
proposition, namely that ρ � ρ0 � λ1 easily extends to the nonreversible
Markov setting as well.

Example 3.7. (symmetric discrete cube). Let M = {0,1}n be the dis-
crete cube. For x ∈M, if y is the neighbour of x obtained by flipping coor-
dinate i, then we write y = si(x). The canonical Dirichlet form on M is
defined by

E(f, g)=
∫ n∑

i=1

(f (x)−f (si(x)))(g(x)−g(si(x))) dµ(x), (3.9)
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where the measure µ is uniform. In this case,

ρ =ρ0 =ρ1 =ρ2 =λ1 =4. (3.10)

Formally we are not in a Markov kernel setting. However, one may simply
multiply the Dirichlet form by 1

2n
to get the corresponding constants. That

ρ =4 is due to Gross;(22) that λ1 =4 is immediate in “dimension” one (n=
1). Both constants are dimension-free since the entropy, as well as, the var-
iance represent subadditive functionals over product probability measures
(see discussion in Section 4). Hence ρ = λ1 and the remaining equalities
in (3.10) follow immediately from Proposition 3.6, noting that this may be
treated as a graph with uniform measure.

Example 3.8. (non-symmetric discrete cube). Now, for p ∈ (0,1),
equip M with the product measure µ = µn

p with marginal µp assigning
mass p to 1 and mass q = 1 −p to 0. In this case for the Dirichlet form
(3.9)

λ1 = 1
pq

, ρ = 1
pq

2(p −q)

log p − log q
,

1
2pq

� ρ0, ρ2 � 1
pq

. (3.11)

The first equality is trivial (again, up to the tensorization of the vari-
ance); the second one was obtained by Diaconis and Saloff-Coste in;(15)

see also(23) and.(34) Proofs of inequalities for ρ0 and ρ2 can be found in(27)

and,(7) respectively. As for the remaining constant, we have

ρ1 � 2(log p − log q)

p −q
. (3.12)

Note that in huge contrast with Proposition 3.6, as pq →0,

ρ1 �ρ �ρ0 ≈ρ2 ≈λ1,

(although the best value of ρ1 is not known). This pathological situation
concerns only the modified log-Sobolev inequality (3.4) of gradient type.
Apparently, it may be explained with the fact that the gradient is not
defined via the Dirichlet form (in contrast with (3.1), (3.2) and (3.3)) and
essentially depends on the kernel itself. Indeed, already in dimension one,
for any f: {0,1}→R,

∫
|∇f |2ef dµ= (f (1)−f (0))2

(
pef (1) +qef (0)

)
. (3.13)
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If p �= q, the right hand side is not invariant under replacement f (1) ↔
f (0). On the other hand, in accordance with definition (3.9) in dimension
one,

E(ef , f )= (f (1)−f (0))
(
ef (1) − ef (0)

)
, (3.14)

which is invariant (and does not depend on p, at all).
To prove (3.12), we may and do restrict ourselves to the case n = 1.

Using (3.13), write down the modified log-Sobolev inequality (3.4) on M =
{0,1}:

pf (1)ef (1) +qf (0)ef (0) −
(
pef (1) +qef (0)

)
log

(
pef (1) +qef (0)

)

� 1
2ρ1

(f (1)−f (0))2
(
pef (1) +qef (0)

)
.

Applying this inequality to f (1) = log q − log p = −f (0), we get pef (1) +
qef (0) =1, and the inequality becomes

(q −p)(log q − log p) � 2
ρ1

(log q − log p)2.

Example 3.9. (general Markov kernel on a two point set). Now, on
M ={0,1} consider an arbitrary Markov kernel, that is, a stochastic matrix
of the form

P =
[

1−a a

b 1−b

]
, 0 � a, b � 1.

To avoid trivialities, we assume a +b>0. Clearly, the kernel P has always
an invariant measure µ which can be viewed as a probability vector on M

with coordinates

p ≡µ1 = a

a +b
, q ≡µ0 = b

a +b
.

Note, that P is reversible with respect to µ. Hence the associated Dirichlet
form is given by

E(f, g)= ab

a +b
(f (0)−f (1))(g(0)−g(1))= (a +b)covµ(f, g),

where f, g are arbitrary functions on M. It follows from the above exam-
ple (more precisely from (3.11)), and also using Proposition 3.6 that,

a +b

2
� ρ0 � ρ1 � ρ2 � λ1 =a +b, ρ = 2(a −b)

log a − log b
. (3.15)
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The left of the inequality can slightly be improved to

ρ0 � a +b

2
+

√
ab,

with equality when a = b. We omit the derivation as an exercise to the
interested reader.

Example 3.10. (the complete graph). A bit more generally, let (M,M)
be the complete graph on a non-empty finite set M. Moreover, assume M

is equipped with a probability measure µ such that µ∗ = min
x∈M

µ(x)> 0, and

consider the function P(x, y) = µ(y). Then, (P,µ) is a reversible Markov
kernel, and in accordance with the Markov kernel setting, the Dirichlet
form may be expressed in terms of the covariance

E(f, g)= covµ(f, g)≡
∫

fgdµ−
∫

f dµ

∫
gdµ. (3.16)

In particular, for M = {0,1} with µ = µp, this Dirichlet form is pq times
the Dirichlet form (3.14). Since the inequalities (3.1)–(3.3) are defined
through the Dirichlet form, we can apply (3.11) (in part concerning ρ0 and
ρ) and then Proposition 3.6 to conclude that

1
2

� ρ0 � ρ1 � ρ2 � λ1 =1, (3.17)

and that

ρ = 2(p −q)

log p − log q
. (3.18)

Thus, in contrast with Example 3.8, the optimal constants in all modified
log-Sobolev inequalities are of order λ1. Actually, the set of inequalities
(3.17) remains to hold for an arbitrary complete graph M with the remark
that, for a single point set M, all the optimal constants are equal to
+∞. Indeed, by Jensen’s inequality and by (3.16), Ent(ef ) � cov(f, ef )=
E(f, ef ), so ρ0 � 1

2 . On the other hand, λ1 = 1, and it remains to apply
Proposition 3.6. As for the constant ρ, every complete graph M satisfies
(3.18) with p = µ∗, q = 1 − µ∗. This is shown in Ref. 15 on the basis of
the two point case (3.11).

As in the previous example, the bound ρ0 � 1
2 in (3.17) is not optimal

and can slightly be improved to

ρ0 � 1
2

+
√

µ∗(1−µ∗).
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Example 3.11. (slices of the n-cube and Bernoulli-Laplace model). A
fundamental example is a slice �(n, k) of the discrete cube: the graph with
vertices being k-subsets of an n-set (1 � k � n, n � 2). Two subsets are
adjacent if and only if they can be obtained from each other by a single
swap of a pair of elements. (Note that this is also the so-called uniform
matroid.) In particular, for k = 1 or k =n, we obtain a complete graph of
size n. By symmetry, �(n, k) and �(n,n−k) are isomorphic, so the range
k � n

2 is only of interest.
There is a natural reversible Markov kernel associated with the graph

�(n, k), which assigns the transition probability P(x, y) = 1
k(n−k)

, when-
ever x and y are neighbors. In this case, the spectral gap was studied by
P. Diaconis and M. Shahshahani who showed in Ref. 16 that λ1 = n

k(n−k)
,

cf. also Ref. 14. Equivalently, using the normalization of the graph setting
as in Example 3.3, we have λ1 =2n which is surprisingly independent of k.
An asymptotic behavior of the logarithmic Sobolev constant ρ as a func-
tion of (k, n) was studied in Ref. 29 by Lee and Yau. Using a martingale
approach, they prove that, in the graph setting,

c1n

log n
k

� ρ � c2n

log n
k

, 1 � k � n

2
,

for some numerical constants c1, c2 >0. A lower bound with log n replac-
ing log n

k
was previously obtained by Diaconis and Saloff-Coste(15) where

they also raised the question on the correct asymptotic.
As for modified log-Sobolev constants, all of them turn out to be of

order λ1! It will be shown in the next section by a direct inductive argu-
ment that

n+2
2

� ρ0 � 2n.

An asymptotically equivalent lower bound was also obtained by Gao and
Quastel in a recent paper(20) with a different approach similar to the one
of.(29)

Example 3.12. (random transpositions). Another related example is
the group Sn of permutations of n elements. Each of n! transpositions has
n(n−1)

2 neighbours, thus inducing a canonical graph structure on Sn. In the
corresponding Markov kernel setting, the spectral gap is λ1 = 2

n−1 , cf. Ref.
17 (Diaconis mentions in Ref. 14 that the first 10 values were computed
by J. Deken).

The logarithmic Soboblev constant ρ is approximately log(n)-times
smaller.(29) Similarly to the previous example, ρ0 turns out to be of order
λ1, namely,
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1
2(n−1)

� ρ0 � 2
n−1

.

We discuss the argument in the next section, cf. also Ref. 20. On the prob-
abilistic language, the above implies in particular that, for of the chain on
permutations using (uniform) random transpositions, the mixing time in
the total variation norm is at most O(n log n), which is tight, whereas only
an O(n log2 n) bound follows from ρ, since ρ =	(1/(n log n)).

4. BETWEEN MODIFIED LOG-SOBOLEV AND POINCARÉ

For reversible kernels, both inequalities (2.1) and (2.2) can be united
by a more general scheme under a certain stronger hypothesis. Namely,
given (M,P,π) with P being a reversible kernel, for a number p ∈ (1,2],
one may start with the Sobolev-type inequality

α(p)
[‖f ‖p

p −‖f ‖p

1

]
� p

2
E(f, f p−1), (4.1)

where f is an arbitrary positive function on M, and ‖f ‖p
p = ∫ f pdπ .

If p = 2, we are reduced to the Poincaré-type inequality (3.1), so the
optimal constant α(2) is just the spectral gap λ1. For 1 <p < 2, applying
(4.1) to functions of the form 1+εf and letting ε→0, we obtain the rela-
tion

α(p) � λ1.

On the other hand, dividing both sides of (4.1) by p−1 and letting p↓1,
we get in the limit the modified logarithmic Sobolev inequality (3.3), so
α(1+)=ρ0.

The proofs of Theorems 2.2 and 2.4 are readily extended to the more
general statement:

Theorem 4.1. Under the hypothesis (4.1) with p∈ (1,2], for every ini-
tial distribution µ0 on M,

‖ft‖p
p −1 �

[‖f0‖p
p −1

]
e−2α(p)t , t � 0. (4.2)

In the continuous setting with Dirichlet form E(f, g)= ∫ 〈∇f,∇g〉dπ

the inequality (4.1) may be rewritten equivalently by replacing p with 2/q

and putting f =gq . It then takes the form

α(2/q)
[
‖g‖2

2 −‖g‖2
q

]
� (2−q)E(g, g), 1 � q <2. (4.3)
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This inequality was introduced in 1989 by Beckner(4) as a kind of sharp
interpolation between Poincaré and logarithmic Sobolev inequality: it was
established for the canonical Gaussian measure with optimal constants
α(2/q) = 1 thus generalizing the famous Gross’ theorem ((4.3) was also
proved there for uniform distributions on Euclidean spheres). Recently, a
similar inequality was derived for product measures in Rn with marginal
densities cre

−|x|r , 1 � r � 2, by Latala and Oleszkiewicz, cf. Ref. 25.
Let us note that, while for q = 1 the inequality (4.3) represents the

spectral gap, the limiting case q =2 reduces to the usual logarithmic Sobo-
lev inequality (3.2), where the optimal constant may be much smaller than
the one in (3.3). Therefore, (4.1) has a correct form to fit the features of
the modified log-Sobolev inequality in the discrete setting. The essential
difference between (4.1) and (4.3) already appears for complete graphs as
we can see from the following:

Proposition 4.2. For every complete graph M on at least two verti-
ces, equipped with an arbitrary probability measure π , for every p∈ (1,2],

p

2
� α(p) � 1.

Proof. The right hand side inequality is immediate since λ1 = 1.
Recalling that E(f, g)= covπ (f, g), the left hand side inequality is just

‖f ‖p
p −‖f ‖p

1 � covπ (f, f p−1)=‖f ‖p
p −‖f ‖1‖f ‖p−1

p−1,

that is, ‖f ‖p−1 � ‖f ‖1. The latter holds due to p −1 � 1.

It can easily be shown that the lower bound α � p
2 is sharp in the

class of all complete graphs. This is true even if we fix M and let π be
arbitrary. However, the bound can be sharpened a little for prescribed
measures. In particular, we have:

Proposition 4.3. For a two point complete graph M with uniform
probability measure π , for every p ∈ (1,2],

α(p)=λ1 =1.

Proof. Letting M = {0,1}, f (1) = a, f (0) = b, the inequality (4.1)
turns into

ap +bp

2
−
(

a +b

2

)p

� p

8
(a −b)(ap−1 −bp−1), a, b>0.
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By homogeneity, we may assume that a+b=1, and by symmetry, that a �
b. Thus, setting a =1+h, b=1−h, we are reduced to

(1+h)p + (1−h)p

2
−1 � p

4
h
(
(1+h)p−1 − (1−h)p−1

)
,

under the assumption 0 � h � 1. The best way to derive this inequality is
apparently to write Taylor’s expansion in powers of h. The left hand side
is just

p(p −1)
h2

2!
+p(p −1)(p −2)(p −3)

h4

4!
+p(p −1)(p −2)(p −3)(p −4)(p −5)

h6

6!
+· · ·

while the right hand side is given by

ph

2

[
(p −1)h+ (p −1)(p −2)(p −3)

h3

3!
+ (p −1)(p −2)(p −3)(p −4)(p −5)

h5

5!
+· · ·

]
.

Since 1 <p � 2, all the coefficients in front of h2n are non-negative, so it
remains to apply a simple bound 1

2n! � 1
2(2n−1)! , n � 1. Proposition 4.3 fol-

lows.

One may further enlarge the class of examples by considering (Carte-
sian) products of graphs M = M1 × · · · × Md with product measures π =
π1 ⊗· · ·⊗πd , among which the discrete cube seems to be of the most inter-
est. This can be done with the help of the crucial property of the func-
tional

L(f )=‖f ‖p
p −‖f ‖p

1 ,

being of the subadditive type. This means that, for any f on M,

L(f ) �
∫ d∑

i=1

Lxi
(f ) dπ(x), (4.4)

where Lxi
(f ) denotes an application of L to the i-th coordinate with

respect to the marginal measure πi (while the remaining coordinates are
fixed). In case of the entropy functional L(f )=Ent(f ), a similar property
was established by Lieb.(30) More general functionals on abstract probabil-
ity spaces (M,π) of the form

L(f )=
∫

�(f )dπ −�

(∫
f dπ

)

have been studied only recently. If � is a convex function on an inter-
val (a, b) finite or not (a necessary assumption), the property (4.4) always
holds true for product spaces for all measurable f with values in (a, b) if
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and only if the functional L is convex in f . We refer the reader to(26) for
a simple inductive proof of this characterization. Note that the entropic
case corresponds to the choice �(t)= t log t, t >0, and the convexity of L
readily follows from the classical representation

Entπ (f )= sup∫
egdπ �1

∫
fgdπ.

As for the general convex �, the convexity of L can easily be shown to
be equivalent to the property that the function

1
�′′(t)

, a < t <b,

is concave (provided that � is in C2(a, b) with �′′ > 0). Thus, the power
functions �(t)= tp generate convex functionals L if and only if 1 � p � 2.
We may apply this to the discrete cube.

Proposition 4.4. Let M ={0,1}d with uniform probability measure π ,
and let p ∈ (1,2]. Then, in the Markov kernel setting,

α(p)=λ1 = 2
d

.

Perhaps, a similar statement for the discrete cube can be done for
the inequality (4.3): Beckner(4) mentions on the possibility to derive
(4.3) for the Gaussian measure by starting from the discrete cube in
the spirit of Gross’(22) approach to logarithmic Sobolev inequality (thus,
Beckner implicitly refers to the convexity of the functional L generated by
�(t)= tp).

Example 4.5. (product graphs) From the above discussion, we also
note the following generalization. Let M =Gn be the Cartesian product of
n copies of G, with product probability measure µn, where µ is arbitrary
on the vertices of G, and let p ∈ (1,2]. Then we have α(p)[Gn]=α(p)[G],
for all n � 1.

The following observation is aimed at the study of the interpolating
inequality (4.1) for non-product graphs.

Lemma 4.6. For any p ∈ (1,2], the function

R(a, b)= (a −b)(ap−1 −bp−1), a, b>0,

is convex in the positive quadrant.
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Proof. Let t =p−1, 0<t � 1. Then, clearly the second partial deriv-
atives

∂2R

∂a2
= tat−2((1+ t)a + (1− t)b),

∂2R

∂b2
= tbt−2((1+ t)b+ (1− t)a),

are positive. Since ∂2R
∂a∂b

=−t (at−1 +bt−1), after algebraic simplifications we
come to

1
t2

det(Hess(R))= (1− t2)at−2bt−2(a −b)2 − (at−1 −bt−1)2.

We need to show that the right hand side is non-negative. Replacing a =
ub, we arrive at

√
1− t2u

t
2 −1|u−1| � |ut−1 −1|, u>0. (4.5)

First consider the case 0<u � 1, when the inequality simplifies as

ψ(u)≡
√

1− t2u
t
2 −1(1−u)− (ut−1 −1) � 0.

Since ψ(1)=0, it suffices to see that ψ is non-increasing on (0, 1), that is,

ψ′(u)=
√

1− t2

((
t

2
−1

)
u

t
2 −2 − t

2
u

t
2 −1

)
+ (1− t)ut−2 � 0.

Dividing by u
t
2 −2, we have to show that

g(u)≡ (1− t)u
t
2 −

√
1− t2

((
1− t

2

)
+ t

2
u

)
� 0.

Clearly, g(0)<0 and g(1) � 0, so we only need to check the above inequal-
ity at the point u0 where g′(u0) = 0 (if it exists). Differentiating, we get

u
t
2 −1
0 =

√
1−t2

1−t
, so

g(u0) = (1− t)

√
1− t2

1− t
u0 −

√
1− t2

((
1− t

2

)
+ t

2
u0

)

=
√

1− t2

(
1− t

2

)
(u0 −1),

which is indeed negative.
Similarly, the case u � 1 can be settled, for which (4.5) becomes

ψ(u)≡
√

1− t2u
t
2 −1(u−1)− (1−ut−1) � 0.
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Now, since ψ(1)=0, we need to see that ψ is non-decreasing on (1, +∞),
that is,

ψ′(u)=
√

1− t2

(
t

2
u

t
2 −1 −

(
t

2
−1

)
u

t
2 −2

)
− (1− t)ut−2 � 0.

Dividing by u
t
2 −2, we are reduced to

g(u)≡
√

1− t2

(
t

2
u+

(
1− t

2

))
− (1− t)u

t
2 � 0.

We have g(1) � 0 and g(+∞)=+∞, so we only need to check the above
inequality at the point u0 > 0 with g′(u0) = 0 in case such a point exists.

But differentiating, we get u
t
2 −1
0 =

√
1−t2

1−t
which is impossible since the left

hand side of the equality is smaller than 1, while the right hand side is
bigger than 1. Hence, g is strictly increasing, finishing the proof of Lemma
4.6.

As an illustration, consider the graph M = �(n, k) of slices of the
discrete cube. Recall that the statement about the modified log-Sobolev
inequality,

Entπ (f ) � 1
n+2

E(f, log f ), (4.6)

was mentioned in Example 3.10 for the Dirichlet form corresponding to
the graph setting, namely,

E(f, g)=
∫ ∑

y∼x

(f (x)−f (y))(g(x)−g(y))dπ(x), (4.7)

where π is uniform probability measure on M. Making use of Proposition
4.2 and the convexity of R(a, b) above, (Lemma 4.6) leads to the following
generalization of (4.6).

Proposition 4.7. Let 1 � k � n−1 be integer, and p∈ (1,2]. For every
positive function f on �(n, k), with repsect to the uniform probability
measure

‖f ‖p
p −‖f ‖p

1 � 1
n+2

E(f, f p−1). (4.8)

Equivalently, in the Markov kernel setting,

p(n+2)

4k(n−k)
� α(p) � λ1 = n

k(n−k)
.
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The constant on the right, 1
n+2 , is of correct order uniformly over

all admissible triples (n, k,p). The particular case p=2 in (4.8) yields the
spectral gap inequality

Varµ(f ) � 1
n+2

E(f, f ). (4.9)

As we already mentioned, the optimal value of the constant is equal to
1

2n
(Ref. 16). For this constant, equality in (4.9) is attained for any linear

function f on Rn (provided that the graph is naturally embedded in Rn as
in the proof below). On the other hand, dividing both sides of (4.8) by p−
1 and letting p→1, we arrive at the modified logarithmic Sobolev inequal-
ity (4.6) stated above.

Proof of Proposition 4.7. We may identify �=�(n, k) with a slice of
the discrete cube, {x ∈{0,1}n :x1 +x2 +· · ·+xn = k}, so that � inherits the
structure of a graph from the discrete cube: neighbours are the pairs of
points which differ exactly in two coordinates. The canonical inner metric
ρ =ρn,k in � is given by

ρ(x, y)= 1
2

card{i � n :xi �=yi}, x, y ∈�,

that is, one half of the Hamming distance.
For 1 � k � n−1, let An,k denote the best constant in

‖f ‖p
p −‖f ‖p

1 � An,kE(f, f p−1), (4.10)

where f is an arbitrary positive function on �. In terms of the function
R of Lemma 4.6 this inequality takes the form

∫
f pdµ �

(∫
f dµ

)p

+An,k

1
Ck

n

∑

ρ(x,y)=1

R(f (x), f (y)), (4.11)

where Ck
n denotes

(
n
k

)
and the summation is performed over all ordered

pairs (x, y)∈�×� such that ρ(x, y)=1. By symmetry, An,k =An,n−k.
We know that An,1 � 1

2n
. As for k � 2, we will deduce a recursive

inequality relating An,k to An−1,k−1, and then we may proceed by induc-
tion. Thus, fix k � 2 and a positive function f on � with

∫
f dµ=1 (this

can be assumed in view of homogeneity of (4.10)–(4.11)). Introduce the
subgraphs

�i ={x ∈� :xi =1}, 1 � i � n,
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and equip them with uniform probability measures µi . Since all �i can be
identified with �(n−1, k −1), we may write the definition (4.11) for these
graphs:
∫

�i

f pdµi �
(∫

�i

f dµi

)p

+ An−1,k−1

Ck−1
n−1

∑

x∈�i

∑

y∈�i,ρ(x,y)=1

R(f (x), f (y)).

Setting ϕ(i)=∫
�i

f dµi and summing these inequalities over all i � n with
weight 1

n
, we obtain

1
n

n∑

i=1

∫

�i

f pdµi � 1
n

n∑

i=1

ϕ(i)p + An−1,k−1

nCk−1
n−1

n∑

i=1

∑

x∈�i

∑

y∈�i ,ρ(x,y)=1

R(f (x), f (y)). (4.12)

Since 1
n

∑n
i=1 µi =µ, the first term in (4.12) is equal to

∫
f pdµ. The sec-

ond term is estimated from above, according to the case k =1, by
(

1
n

n∑

i=1

ϕ(i)

)p

+ An,1

C1
n

∑

i �=j

R(ϕ(i), ϕ(j)).

But 1
n

∑n
i=1 ϕ(i)= ∫ f dµ=1. Hence, (4.12) implies

∫
f pdµ−1 � An,1

n

∑

i �=j

R(ϕ(i), ϕ(j))+ An−1,k−1

nCk−1
n−1

n∑

i=1

∑

x∈�i

∑

y∈�i ,ρ(x,y)=1

R(f (x), f (y)).

To treat the triple sum, fix x, y ∈� with ρ(x, y)= 1. The number of
all i such that x ∈�i and y ∈�i simultaneously is equal to k − 1. Hence,
the triple sum will contribute

(k −1)
∑

x∈�

∑

y∈�,ρ(x,y)=1

R(f (x), f (y))= (k −1)Ck
nE(f, log f ).

Since (k−1)Ck
n

nCk−1
n−1

= k−1
k

, we thus get

∫
f pdµ−1 � An,1

n

∑

i �=j

R(ϕ(i), ϕ(j))+ (k −1)An−1,k−1

k
E(f, log f ). (4.13)

To treat the sum in (4.13), for each pair (i, j), i �= j , define the bijec-
tive map sij : {0,1}n →{0,1}n,

(sij x)r =xr , for r �= i, j, and (sij x)j =xi, (sij x)i =xj .

It acts as a bijection between �i and �j and pushes forward µi onto µj ,
provided that k � 2. In particular, ϕ(j)≡ ∫ f (y)dµj (y)= ∫ f (sij x)dµi(x).
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Now, by Lemma 4.6, the function R is convex in the quadrant a, b>

0. Consequently, by Jensen’s inequality,

R(ϕ(i), ϕ(j))=R

(∫
f (x)dµi(x),

∫
f (sij x)dµi(x)

)
�
∫

R(f (x), f (sij x))dµi(x).

Therefore,

∑

i �=j

R(ϕ(i), ϕ(j)) � 1

Ck−1
n−1

∑

i �=j

∑

x∈�i

R(f (x), f (sij x)). (4.14)

Note that y =sij x always implies ρ(x, y) � 1, and in case x ∈�i , the equal-
ity ρ(x, y) = 1 is only possible when xi = 1, xj = 0. Hence, the double
sum in (4.14) contains only terms R(f (x), f (y)) with ρ(x, y)=1 (the cases
ρ(x, y)= 0 can be excluded). In turn, fixing any pair (x, y)∈� such that
ρ(x, y)=1, there is a unique pair (i, j) such that i �= j and y = sij x. Thus,
the right hand side of (4.14) is just

1

Ck−1
n−1

∑

x∈�

∑

y∈�,ρ(x,y)=1

R(f (x), f (y))= n

k
E(f, f p−1),

and we get from (4.13)
∫

f pdµ−1 � An,1 + (k −1)An−1,k−1

k
E(f, f p−1).

Hence, An,k � 1
k
(An,1 + (k −1)An−1,k−1), or in terms of Bn,k =kAn,k,

Bn,k � An,1 +Bn−1,K−1.

Applying this inequality successively k − 1 times and recalling that Ar,1 �
1
2r

, we arrive at

Bn,k � 1
2n

+ 1
2n−1

+· · ·+ 1
2(n− (k −2))

+Bn−(k−1),1

� 1
2n

+ 1
2(n−1)

+· · ·+ 1
2(n− (k −2))

+ 1
2(n− (k −1))

.

If k � n
2 , each of the above k terms does not exceed 1

n+2 , so Bn,k � k
n+2 .

This implies the desired estimate An,k � 1
n+2 . In the case k � n

2 , we may
use An,k =An,n−k, and Proposition 4.7 follows.

A similar statement with a completely similar proof can be made
about the symmetric group M = Sn in which case we have (4.6) with the
same constant 1

n+2 for the Dirichlet form (4.7):
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Proposition 4.8. Let p ∈ (1,2]. For every positive function f on
Sn, n � 2, with respect to the uniform probability measure

‖f ‖p
p −‖f ‖p

1 � 1
n+2

E(f, f p−1).

Equivalently, in the Markov kernel setting,

p(n+2)

2n(n−1)
� α(p) � λ1 = 2

n−1
.

Now let us return to Theorem 4.1 and the inequality (4.2) about the
mixing time. Since the norm ‖f0‖p is maximized for Dirac measure µ0 =
δx , for some x ∈M, we obtain similarly to (2.4) a more general bound

‖ft‖p
p −1 � 1−π

p−1
∗

π
p−1
∗

e−2α(p)t , t � 0,

where π∗ =minx π(x). Letting p↓1 helps us recover the previous estimate
on the informational divergence, cf. (2.2) and (2.6),

Entπ (ft ) � log
1
π∗

e−2ρ0t , t � 0.

5. CONCENTRATION AND BOUNDS ON DIAMETER

Throughout this section we assume that G= (M,M) is a finite, con-
nected, undirected graph of cardinality |G| = card (M) � 2. For simplic-
ity we assume that G is d-regular, although typically the weaker assump-
tion, that the maximum degree is at most d, is sufficient. We denote by
D =D(G) the diameter of G. As usual, by a Lipschitz function on G we
mean a function f : M → R such that |f (x) − f (y)| � 1, whenever x and
y are neighboring vertices. Let µ be uniform probability over M so that
µ(x)≡µ({x})= 1

|G| .
For some ρ0 > 0, the graph G satisfies the logarithmic Sobolev

inequality

ρ0Entµ(ef ) � 1
2
E(f, ef ), (5.1)

for all f :M →R, with a canonical Dirichlet form in the graph setting

E(f, g)=
∑

x∈M

∑

y∈M:y∼x

(f (x)−f (y))(g(x)−g(y))µ(x).
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Since the constant ρ0 might be of considerable interest in the study of
Markov chains, one may also wonder how it influences the global behav-
ior of Lipschitz functions and how it is related to basic characteristics
such as the diameter of a graph and the degree of its vertices. As it turns
out, deviations of Lipschitz functions from their µ-means may be con-
trolled by the tails of the so-called double exponential distribution func-
tion F(h)=e−e−h

on the negative half-axis (with tails that decrease to zero
much faster than the Gaussian ones, for example). This is already seen
from the bound on the Laplace transform of Lipschitz functions.

Theorem 5.1. Let f be Lipschitz with Eµf =0. Let A=d/ρ0. Then,

Eµetf � eAt2
, 0 � t � 1

� eAt(logt+1), t � 1.

Proof. The argument is standard. By (5.1), for all f on M, we have

ρ0Entµ(ef ) � 1
2|G|

∑

x∈M

∑

y∈M:y∼x

(f (x)−f (y))(ef (x) − ef (y))

= 1
|G|

∑

x∈M

∑

y∈M:y∼x
f (x)>f (y)

(f (x)−f (y))(ef (x) − ef (y))

= 1
|G|

∑

x∈M

∑

y∈M:y∼x
f (x)>f (y)

(f (x)−f (y))(1− e−(f (x)−f (y)))ef (x)

= 1
|G|

∑

x∈M

∑

y∈M:y∼x

φ((f (x)−f (y))+)ef (x),

where we set φ(t)= t (1− e−t ). In particular, if f is Lipschitz, then for all
t � 0,

ρ0Entµ(etf ) � dφ(t)Eµetf . (5.2)

Assume Eµf = 0 and let Eµetf = etu(t). Then Entµ(etf ) = t2u′(t)etu(t), so
(5.2) becomes

u′(t) � d

ρ0

φ(t)

t2
, t � 0.

Integrating this inequality and using u(0) = 0 (due to Eµf = 0), we con-
clude that

u(t) � d

ρ0

∫ t

0

φ(s)

s2
ds = d

ρ0

∫ t

0

1− e−s

s
ds.



318 Bobkov and Tetali

But φ(t)= t (1− e−t ) � min(t, t2) implies, setting A= d
ρ0

,

u(t) � At, 0 � t � 1
� A+A log t, t � 1,

proving the theorem.

Corollary 5.2. Given Lipschitz f on M with Eµf = 0, for any h �
2A=2d/ρ0,

µ{f � h} � exp
{
− A

e2
e

h
A

}
.

Proof. Using the standard Chebyshev argument, the theorem implies
that for all t � 1, h>0,

µ{f � h} � e−thEµetf � eAt(log t+1)−th.

The corollary now follows by minimizing the exponent over all t � 1.

Similarly, the use of the first inequality of Theorem 5.1 allows one to
control “small” deviations of f above levels h from the remaining range
0 � h � 2A. Namely, in this case we have a standard gaussian bound:

µ{f � h} � exp

{
− h2

4A

}
, A= d

ρ0
.

Together with Corollary 5.2 this yields:

Corollary 5.3. The diameter D =D(G) of a d-regular graph G satis-
fies,

D �
{

4
√

A log |G|, if |G| � eA,

4A+2A log log |G|
A

, if |G| � eA,

where A=d/ρ0.

Proof. Given a Lipschitz function f on G such that Eµf = 0, let
h1 = maxx∈M f (x). Since the set {f � h1} contains at least one vertex, by
Corollary 5.2 and the comment following it,

1
|G| � µ{f � h1} � e−v(h1),
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where

v(h)=
{

h2/(4A), if 0 � h � 2A,

A exp{h/A−2}, if h � 2A.

Hence, introducing the inverse function

v−1(z)=
{

2
√

Az, if 0 � z � A,

A(2+ log(z/A)), if z � A,

we obtain that h1 � v−1(log |G|). For the function −f , the latter inequal-
ity takes the form −h0 � v−1(log |G|), where h0 =minx∈M f (x). Adding up
the two estimates, we arrive at

max
x,y∈M

(f (x)−f (y)) � 2v−1(log |G|).

This inequality is translation invariant, so the condition on the mean may
be removed. The corollary now follows by choosing the Lipschitz function
f (x)=d(x, x0), x0 ∈M, and maximizing over all x0.

Now, instead of (5.1), let us see what can be derived if we start from
the logarithmic Sobolev inequality.

ρ1Entµ(ef ) � 1
2

∫
|∇f |2ef dµ. (5.3)

Recall that |∇f (x)|2 = ∑
y∈M:y∼x

(f (x)−f (y))2, x ∈M.

Proposition 5.4. D � 2
√

2d
ρ1

log |G|.

Remark 5.5. This improves upon similar results by Alon and
Milman(1) and F. R. K. Chung, A. Grigoryan, and S.-T. Yau [11], where
the bounds are of the type D � c

√
d
λ1

log |G|, for some universal constant

c > 0. Using the elementary inequality ρ � λ1
log |G| (see e.g. Ref. 34) and the

relation ρ1 � ρ, as we commented after the proof of Proposition 3.6), it
is clear that the Proposition 5.4 is a refinement. Results in(10) and(32) also
provide improvements over,(1) but are in general incomparable with ours.

Remark 5.6. The proposition also implies that, for expander graphs
of bounded degree, ρ, ρ0 and ρ1 are all of the order of 1/ log |G|, where
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the constants would depend on the bounds on the degree and the expan-
sion, or equivalently, the spectral gap. Indeed since we have,

λ1

log |G| � ρ � ρ0 � ρ1 � 8d log |G|
D2

,

and since for graphs with degree at most d, the diameter is at least
logd |G|, up to a universal constant.

Remark 5.7. Starting with the standard log-Sobolev inequality, with
ρ >0,

ρEntµf 2 � 2E(f, f ),

and using an argument similar to the above, it can be shown that D �
5d/ρ. It remains to be seen how this compares with Corollary 5.3 and
Proposition 5.4 above. The example of the discrete cube, with M ={0,1}d ,
which is d-regular with diameter d and ρ =ρ1 =4 shows that our bounds
on the diameter are tight up to universal constants.

Proof of Proposition 5.4. We follow an argument of M. Ledoux for
deriving from (5.3) a bound on the Laplace transform, cf. e.g. [26] or [27].
Applying the inequality (5.3) to tf , with t ∈ R and Lipschitz f such that
Eµf =0, we get

ρ1Entµ(etf ) � dt2

2
Eµetf . (5.4)

Setting Eµetf = etu(t), Entµ(etf ) becomes t2u′(t)etu(t). Plugging into (5.4)
yields that u′(t) � d/(2ρ1), which in turn implies that u(t) � dt/(2ρ1).
Hence

Eµetf � edt2
/2ρ1. (5.5)

Now let us tensorize (5.5) on G�G, the Cartesian product of G with
itself. It is well known (cf. e.g. Ref. 24) that making use of the additive
property of entropy, one has ρ1(G�G)=ρ1(G). Consider g on M ×M of
the form g(x, y)=f (x)−f (y). In particular, if f is Lipschitz on G, then g

will be Lipschitz on G�G, and moreover, Eµ×µg =0. Thus applying (5.5)
with g, and noting that G�G is regular with degree 2d yields:

Eµ×µet(f (x)−f (y)) � edt2
/ρ1.
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On the other hand, letting M =max f (x) and m=min f (x), we have

Eµ×µet(f (x)−f (y)) � et (M −m)

|G|2 .

Thus we may conclude that for all t ∈R,

M −m � dt

ρ1
+ 2 log |G|

t
.

Minimizing over t yields, for all Lipschitz f on M,

max f −min f � 2

√
2d

ρ1
log |G|. (5.6)

To conclude the proof of the proposition, let us take f (x)= d(x, x0), for
x0 ∈M, and maximize the left hand side of (5.6) over all choices of x0.

6. EXTREMAL FUNCTIONS

Let (P,π) be a reversible Markov kernel on the finite set M. We
assume for definiteness that card(M) � 2 and that the stationary probabil-
ity measure π charges every point in M. Recall that the associate Dirichlet
form is given by

E(f, g)= 1
2

∑

x,y∈M

(f (x)−f (y))(g(x)−g(y))P (x, y)π(x).

In this section, we are going to study extremal functions in logarith-
mic Sobolev inequalities. As is well-known, the infimum over all non-con-
stant functions f on M,

inf
E(f, f )

Varπ (f )
,

is attained at some f and represents the spectral gap λ1 – the optimal con-
stant in the Poincaré-type inequality (1.2). Since

E(f, g)=−
∫

(Lf )gdπ, L=P − I,

this optimal constant is therefore the smallest eigenvalue λ1 of −L among
those to which non-constant functions f belong as eigenfunctions:

−Lf =λ1f. (6.1)
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Of course, it may occur that λ1 =0. This is possible if and only if for
some non-constant function f on M, we have E(f, f )=0, that is, f (x)=
f (y), whenever x �=y and P(x, y)>0. Equivalently, after some re-enumer-
ation of the elements in M, the matrix P should be of the form

P =
[

P1 0
0 P2

]
,

where P1 and P2 are square submatrices of sizes at least 2. In the sequel it
is natural to exclude this case from the consideration. Actually, one usu-
ally assumes a little more, namely, that (P,π) is irreducible in the sense
that, for every pair x, y in M there is a natural number n = n(x, y) such
that P n(x, y)> 0 (hence, the case where P1 or P2 have size 1 is excluded,
as well). In the language of Markov chains, this means that all the states
are communicable (which in case of a graph, for example, means that the
graph is connected). Thus, the irreducibility ensures that λ1 > 0. so this
number can be characterized as the minimal non-zero eigenvalue of −L.

Since in the class of non-negative f , we have c1Varπ (f ) � Entπ (f 2) �
c2Varπ (f ) with some c2 >c1 >0 depending on π (see Remark 6.7 below),
the above characterization of the property λ1 >0 is also equivalent to say-
ing that ρ >0, that is, the infimum

inf
E(f, f )

Entπ (f 2)
, (6.2)

is positive, as well. The variational problem on finding an extremal func-
tion f at which the infimum (6.2) is attained leads to the non-linear equa-
tion

−Lf =ρf log f, (6.3)

under the constraint ‖f ‖2
2 = ∫ f 2dπ =1.

To be more precise, note the following: if we apply the Eq. (6.3) to
functions of the form 1+εf

‖1+εf ‖2
and let ε→0, we will come back to the lin-

ear Eq. (6.1) with λ1 =ρ. Hence, (6.1) can be regarded as an infinitesimal
or limiting form of (6.3), and in this sense the latter may be called “gen-
eralized”.

Definition 6.1. A non-negative function f on M normalized by
‖f ‖2 =1 is called a solution to the generalized Eq. (6.3) if it satisfies (6.3),
or (6.1) with λ1 =ρ.

With this convention we have the following theorem:
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Theorem 6.2. (a) There exists a number ρ > 0 such that the gener-
alized Eq. (6.3) has a non-negative, non-constant solution f on M.

(b) Among such numbers there is a minimal value.
(c) This minimal value represents the optimal constant in the logarithmic

Sobolev inequality

ρEntπ (f 2) � 2E(f, f ).

Note in advance that in the irreducible case any non-negative solution
f to (6.3) with any ρ > 0 must be positive on M. Indeed, if f (x)= 0 for
some x ∈M, then, by (6.3), Pf (x)=0. The latter implies f (y)=0 whenever
P(x, y) > 0. Hence, f (z) = 0 whenever P 2(x, z) > 0. Repeating the argu-
ment, we get f (z) = 0 whenever P n(x, z) > 0 for some n � 1. Hence, f

must be zero on M.

Corollary 6.3. If within the class of all non-negative functions the
only solution to the Eq. (6.3) with an arbitrary ρ > 0 is the trivial solu-
tion f =1, then ρ =λ1.

One may formulate this sufficient condition in a different way: if the
infimum in (6.2) is not attained, then ρ =λ1. Actually, this will be a part
of the proof of Theorem 6.2 – to deduce from ρ <λ1 the property that the
infimum is attained! We were informed by Saloff-Coste that this result is
implicit in(33) in the context of Riemannian manifolds, and that it is stated
explicitly with a sketch of the proof in Ref. 34. We include the proof here
for completeness. We further extend this result (see below) to the modified
log-Sobolev inequality defining ρ0. It is also worth mentioning that Chen
and Shen(9) utilize the above corollary in establishing that ρ =λ1 for the
simple random walk on the discrete circle Z mod m when m is even. Com-
putation of the precise value of ρ for odd m � 5 remains open, while for
m = 3 it has been computed in(15) and shown to be strictly smaller than
the value of λ1.

It may indeed occur that (6.3) has no non-negative, non-constant
solution. This is the case, for example, for M = {0,1} with uniform mea-
sure π . So in this case Corollary 6.3 yields ρ =λ1, which is Gross’ theorem
on the two point space.

On the other hand, when ρ < λ1, there is no need to consider the
generalized equation (that is, to attach (6.1) to (6.3)). To illustrate this,
consider the (weighted) two point space M = {0,1} with the measure π

assigning the mass p ∈ (0,1) to the point 1 and q = 1 −p to the point 0.
In this case the operator −L can be identified with the matrix
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−L= I −P =
[

p −p

−q q

]
.

Hence, if f (0)=u, f (1)=v with u, v � 0, the Eq. (6.3) becomes the sys-
tem

{
p(u−v)=ρu log u

−q(u−v)=ρv log v,

under the constraint qu2 + pv2 = 1. Adding up the two equations with
weights q and p, we get qu log u+pv log v =0 which means that the solu-
tion (u, v) is determined by p, only, but not by the parameter ρ >0. It is
already an easy exercise to see that in case p �= q the only possible non-
constant solution is given by u=

√
p
q
, v =

√
q
p

which leads to

ρ = 2(p −q)

log p − log q
.

Thus, by virtue of Theorem 6.2, we have recovered the second equality in
(3.11).

Proof of Theorem 6.2. We assume from the very beginning that
λ1 >0 (so ρ >0, as well). There is nothing to prove in case ρ = λ1, so
assume ρ <λ1.

We wish to minimize the functional

W(f )= E(f, f )

Entπ (f 2)

in the class of all non-constant functions f on M. Since E(|f |, |f |) �
E(f, f ) with equality only when f is either non-negative or non-positive,
we may restrict ourselves to non-negative f ’s. Moreover, since W(cf ) =
W(f ) for all constants c, we may assume for definiteness that maxx∈M

f (x)=1.
First we show that the minimum to W(f ) is indeed attained in this

class. Let ρ
2 denote the infimum (thus, with ρ being the logarithmic Sobo-

lev constant). Then, there is a sequence of non-negative functions {fn}n�1
on M with maxx∈M fn(x)=1 and such that

lim
n→∞W(fn)= ρ

2
. (6.4)

For each x ∈ M, the sequence {fn(x)}n�1 has a converging subse-
quence. Since M is finite, such a subsequence can be chosen common for
all x. Hence, without loss of generality, we may assume that fn(x) →
f (x), as n → ∞ for all x ∈ M. Necessarily, 0 � f � 1 on M. Moreover,
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there should be maxx∈M f (x) = 1. Indeed, fn(xn) = 1 for some xn ∈ M,
so for some x0 ∈ M, we have xn = x0 for infinitely many indices. Hence,
f (x0) = 1. In addition, choosing a suitable subsequence, we may assume
that fn(x0)=1, for all n � 1.

Suppose that fn(x) → 1, for all x ∈ M, so that fn = 1 + gn for some
sequence gn →0 on M. Then

E(fn, fn)=E(gn, gn), Entπ (f 2
n )=2Varπ (gn)+O(‖gn‖3

∞),

by Taylor’s expansion in the entropy asymptotic (for all n large enough,
say, when ‖gn‖∞ � 1

2 ). Recall that gn(x0)=0, for all n � 1. Hence,

2Varπ (gn) =
∑

x,y

|gn(x)−gn(y)|2π(x)π(y) �
∑

x

|gn(x)−gn(x0)|2π(x)π(x0)

=
∑

x

|gn(x)|2π(x)π(x0) � π2
∗ ‖gn‖2

∞.

Therefore, Entπ (f 2
n )=2(1+o(1))Varπ (gn), so

lim inf
n→∞ W(fn)= lim inf

n→∞
E(gn, gn)

2Varπ (gn)
� inf

g

E(g, g)

2Varπ (g)
= λ1

2
>

ρ

2
,

and we get contradiction with (6.4). Thus the limiting function f cannot
identically be 1. In that case, since f (x0)= 1, we get Entπ (f 2)> 0. Since,
as n→∞,

E(fn, fn)→E(f, f ), Entπ (f 2
n )→Entπ (f 2),

we conclude that W(fn)→W(f ). Consequently, minimum to W is attained
at f .

Now, take a non-negative, non-constant function f on M represent-
ing a minimizer for W . Let it be normalized so that ‖f ‖2 = 1. Thus, for
any non-constant function h on M, we have W(f ) � W(h). We apply this
inequality to h = f + εg with an arbitrary function g on M and real ε

small enough, in order to derive the Eq. (6.3). We have

‖f + εg‖2
2 =1+2ε

∫
fgdπ + ε2

∫
g2dπ,

so, as ε →0,

‖f + εg‖2
2 log ‖f + εg‖2

2 =2ε

∫
fgdπ +O(ε2).
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Similarly, since the derivative (t2 log t2)′ = 2t (log t2 + 1) is continuous on
the whole real line,
∫

(f + εg)2 log(f + εg)2dπ =
∫

f 2 log f 2dπ +2ε

∫
fg(log f 2 +1)dπ +o(ε),

and we find

Entπ (f + εg)2 =Entπ (f 2)+2ε

∫
f log f 2gdπ +o(ε).

On the other hand,

E(f + εg, f + εg)=E(f, f )+2εE(f, g)+ ε2E(g, g).

Combining both the asymptotics and using ρEntπ (f 2)=2E(f, f ), we get

ρEntπ (f + εg)2 −2E(f + εg, f + εg)=4ε

[
ρ

∫
f log fgdπ −E(f, g)

]
+o(ε).

By the log-Sobolev inequality, the left hand side is non-positive. But the
right hand side is non-positive for all ε small enough if and only if
E(f, g)=ρ

∫
f log fgdπ , or equivalently, if

∫
(Lf +ρf log f )gdπ =0.

Since this holds for all g on M, the integrand with respect to gdπ must
be zero:

Lf +ρf log f =0.

Thus, the logarithmic Sobolev constant ρ is among positive numbers
such that the above equation, that is, the Eq. (6.3), has a non-negative,
non-constant solution f with ‖f ‖2 =1.

Minimality: let ρ′ be another one with this property, i.e., such that for
some non-negative, non-constant function f on M with ‖f ‖2 =1, we have

−2Lf =ρ′f log f 2.

Multiplying this equality by f and integrating with respect to π , we get

2E(f, f )=ρ′Entπ (f 2).

But 2E(f, f )=ρEntπ (f 2) for all f on M, so necessarily ρ′ � ρ. This com-
pletes the proof of Theorem 6.2.
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Now let as turn to the modified logarithmic Sobolev inequality (3.3)
which can be written equivalently as

ρ0Ent(f ) � 1
2
E(f, log f ), (6.5)

in the class of all positive functions f on M. This is a different inequality,
and the corresponding variational problem leads to a different equation

−Lf −f L(log f )=2ρ0f log f, ‖f ‖1 =1, (6.6)

under the constraint ‖f ‖1 = ∫ f dπ =1.
Note that if we apply this equation to functions of the form 1+εf

‖1+εf ‖1
with small ε, we come back again to the linear Eq. (6.1) with λ1 = ρ0.
Hence, (6.1) can also be regarded as an infinitesimal or limiting form of
(6.6), and in this sense the latter may once again be called “generalized”:

Definition 6.4. A positive function f on M normalized by ‖f ‖1 = 1
is called a solution to the generalized Eq. (6.6) if it satisfies (6.6), or (6.1)
with λ1 =ρ0.

With this convention we have the following analogue of Theorem 6.2.

Theorem 6.5. (a) There exists a number ρ0 >0 such that the gener-
alized Eq. (6.6) has a positive, non-constant solution f on M.

(b) Among such numbers there is a minimal value.
(c) This minimal value represents the optimal constant in the logarithmic

Sobolev inequality (6.5).

Proof. The argument is similar to the one used in the proof of The-
orem 6.2. Again, there is nothing to prove in case ρ0 = λ1, so assume
ρ0 <λ1. We wish to minimize the new functional

W(f )= E(f, log f )

Entπ (f )
,

in the class of all positive functions f on M. Since W(cf )=W(f ) for all
constants c, we may assume for definiteness that maxx∈M f (x)=1.

First we show that the minimum to W(f ) is attained in this class and
is positive. Let 2ρ0 denote the infimum (thus, with ρ0 being the modified
logarithmic Sobolev constant). Then, there is a sequence of positive func-
tions {fn}n�1 on M with maxx∈M fn(x)=1 and such that

lim
n→∞W(fn)=2ρ0. (6.7)
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As in the proof of Theorem 6.2, we may assume that this sequence is con-
verging point-wise to a limiting function f with values in [0, 1], and more-
over, for some x0 ∈M, f (x0)=fn(x0)=1, for all n � 1.

If fn(x)→1, for all x ∈M, so that fn =1+gn for some gn →0 on M,
then, by Taylor’s expansion, once ‖gn‖∞ � 1

2 , we have

E(fn, log fn) = (1+O(‖gn‖∞))E(gn, gn),

Entπ (fn) = 1
2

Varπ (gn)+O
(
‖gn‖3

∞
)
.

As we know, 2Varπ (gn) � π2∗ ‖gn‖2∞ which implies that Entπ (fn) =
1+o(1)

2 Varπ (gn). Therefore,

lim inf
n→∞ W(fn)= lim inf

n→∞
E(gn, gn)

1
2 Varπ (gn)

� inf
g

2E(g, g)

Varπ (g)
=2λ1 >2ρ0,

and we get a contradiction to (6.7). Thus the limiting function f cannot
be identically 1. Hence, since f (x0)=1, we get Entπ (f )>0.

Now, let us see that f must be positive. Put

M0 ={x ∈M :f (x)=0}, M1 ={y ∈M :f (y)>0}.
The second set contains the point x0, so it is non-empty. Note that the
irreducibility is exactly the property that, for any partition of M into
two non-empty subsets M0 and M1, there are x ∈ M0, y ∈ M1 such that
P(x, y)>0. But in our case for such points, we have

E(fn, log fn) � (fn(x)−fn(y))(log fn(x)− log fn(y))π(x)P (x, y)→+∞,

as n → ∞, which implies W(fn) → +∞, so ρ0 = +∞! Hence, the set M0
must be empty.

Thus, 0<f (x) � 1, for all x ∈M, so

E(fn, log fn)→E(f, log f ), Entπ (fn)→Entπ (f ),

Since Entπ (f )> 0, we conclude that W(fn)→W(f ). Consequently, mini-
mum to W is attained at f . Now, take a positive, non-constant function
f on M representing a minimizer for W :

ρ0Ent(f )= 1
2
E(f, log f ). (6.8)

Let ‖f ‖1 = 1. Given an arbitrary function g on M, f + εg is positive on
M for small ε, and moreover,

‖f + εg‖1 log ‖f + εg‖1 = ε

∫
gdπ +O(ε2).
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Similarly, by Taylor’s expansion,
∫

(f + εg) log(f + εg)dπ =
∫

f log f dπ + ε

∫
(log f +1)gdπ +O(ε2),

and we find

Entπ (f + εg)=Entπ (f )+ ε

∫
log fgdπ +O(ε2).

On the other hand,

E(f + εg, log(f + εg)) = E
(

f + εg, log f + ε
g

f
+O(ε2)

)

= E(f, log f )+ εE(log f, g)+ εE
(

f,
g

f

)
+O(ε2).

Combining both the asymptotics and using (6.8), we get

2ρ0Entπ (f + εg)−E(f + εg, log(f + εg))

= ε

[
2ρ0

∫
log fgdπ −E(log f, g)−E

(
f,

g

f

)]
+O(ε2). (6.9)

Now, using reversibility,

E
(

f,
g

f

)
= 1

2

∑

x,y

(f (x)−f (y))

(
g(x)

f (x)
− g(y)

f (y)

)
π(x)P (x, y)

= 1
2

∑

x,y

(
g(x)+g(y)−f (x)

g(y)

f (y)
−f (y)

g(x)

f (x)

)
π(x)P (x, y)

=
∑

x

[
g(x)π(x)− g(x)

f (x)

∑

y

f (y)π(x)P (x, y)

]

=
∫ [

1− Pf (x)

f (x)

]
g(x)dπ(x).

Hence, recalling that E(log f, g)=− ∫ L(log f )gdπ , the expression in (6.9)
can be written as

E
∫ [

2ρ0 log f +L(log f )−1+ Pf

f

]
gdπ +O(ε2).

Since it is non-positive, the coefficient in front of ε must be zero:
∫ [

2ρ0 log f +L(log f )−1+ Pf

f

]
gdπ =0.
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Since g is arbitrary, we obtain

2ρ0 log f +L(log f )−1+ Pf

f
=0.

Multiplying by f and recalling L=P − I , we finally get

2ρ0f log f +f L(log f )+Lf =0,

which is exactly the desired Eq. (6.6). Thus, the logarithmic Sobolev con-
stant ρ0 is among positive numbers such that the Eq. (6.6), has a positive,
non-constant solution f with ‖f ‖1 =1.

Minimality: let ρ′
0 be another one with this property, i.e. such that for

some positive, nonconstant function f on M with ‖f ‖1 =1, we have

ρ′
0f log f =−1

2
f L(log f )− 1

2
Lf.

Integrating this equality with respect to π , we get

ρ′
0Entπ (f )= 1

2
E(f, log f )

But ρ0 Entπ (f ) � 1
2E(f, log f ), for all f on M, so necessarily ρ′

0 � ρ0,
This completes the proof of Theorem 6.5.

Remark 6.6. As we have already mentioned, in the class of all non-
negative functions f on a finite probability space (M,π), the entropy and
variance functionals are connected by the relation

c1Varπ (f ) � Entπ (f 2) � c2Varπ (f ).

In a Markov kernel setting, the second inequality may be viewed as
the logarithmic Sobolev inequality Entπ (f 2) � c2E(f, f ) on the complete
graph M with transition probabilities P(x, y)=π(x). This case is listed in
Example 3.10: the best constant, found in [15] by Diaconis and Saloff-
Coste, is given according to (3.18) by

c2 = log p − log q

p −q
, where p =π∗ =min

x∈M
π(x), q =1−p.

Thus, c2 is of order log 1
π∗ . By Remark 6.6, this statement may be

strengthened to L(f ) � C log 1
π∗ Varπ (f ), is a universal constant.

As for the constant c1, it can be chosen to be independent of π .
Here we include a simple argument given in [L-O]. In general, by Hölder’s
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inequality, any function of the form u(t) = (Eπf 1/t )2t is convex, so the
ratio

ϕ(t)= u(t)−u(1/2)

t −1/2
,

is non-decreasing in t > 1
2 . But ϕ(1)=−2Varπ (f ), while ϕ( 1

2+)=−2Entπ
(f 2). Hence, one may take c1 =1. A careful analysis shows that this con-
stant is optimal.

7. HYPERCONTRACTIVITY

In this last section, we are considering a description of the logarithmic
Sobolev constant ρ0 in terms of a hypercontractive property of Markov
semigroups. Our treatment is very general, including both the continuous
and the discrete cases. Let (M,µ) be a probability space and let A be a
linear space of bounded measurable functions on M. Let L : A→A be a
linear operator associated with the Dirichlet form E : A × A → R in the
sense that

−
∫

f Lgdµ=E(f, g), for all f, g ∈A. (7.1)

It is easy to see that whenever such an operator exists, it is unique. Fur-
thermore, assume a family of linear operators Pt :A→A, t � 0, is associ-
ated with E , with the properties that:

(1) P0 is the identity operator;
(2) Pt form a semigroup: Pt+s =PtPs , for all t, s � 0;
(3) Pt has generator L satisfying the relation (7.1);
(4) For all f ∈A and t0 >0, sup0� t � t0

‖Ptf ‖∞ <+∞.

The property of having a generator is understood in L1(µ) sense: for all
f ∈A and t � 0,

lim
ε→0

Pt+εf −Ptf

ε
=L(Ptf ), (7.2)

with convergence in the norm of the space L1(µ). Then we have:

Theorem 7.1. Given a number ρ0, the following properties are equiv-
alent:

(a) The Dirichlet form E satisfies the modified logarithmic Sobolev
inequality

ρ0Ent(ef ) � 1
2
E(ef , f ), f ∈A. (7.3)
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(b) For all t � 0 and f ∈A,

‖ePtf ‖
e2ρ0t � ‖ef ‖1. (7.4)

All the norms here are taken in the Lebesgue spaces Lq(µ) (although
we say “norm” even if q < 1). The equivalence of (7.4) and log-Sobolev
inequality (3.2) is well known in the continuous setting (cf. Bakry and
Emery);(3) also see Ref. 15 for a thorough discussion of this equivalence
in the context of finite Markov chains. Here we are dealing with the most
general formulation fitting both continuous and discrete cases. The main
point and motivation is that, in discrete spaces, the constant ρ0 can be
much better than ρ.

We need the following standard fact (proof omitted) to prove the the-
orem.

Lemma 7.2. For any continuously differentiable function ϕ : R → R,
the function of the form t → ∫

ϕ(Ptf )dµ is differentiable on the half-axis
[0,+∞) and has derivative

d

dt

∫
ϕ(Ptf )dµ=

∫
ϕ′(Ptf )L(Ptf )dµ, t � 0. (7.5)

If the derivative ϕ′ is bounded on the whole real line, the assump-
tion (4) is not needed. However, we will need Lemma 7.2 for exponential
functions ϕ(s)= eqs and for ϕ(s)= eqss. Nevertheless, (4) is automatically
implied by (3), when the set M is finite. In this case, L∞(µ)-norm is
equivalent to L1(µ)-norm, while (3) yields continuity of the function t →
‖Ptf ‖1. Note also that, for finite sets, there always exists a unique opera-
tor L and a semi-group Pt associated with E .

Proof of Theorem 7.1. First note that, for any bounded measurable
function g on M, the function of the form

u(q)=‖eg‖q =
(∫

eqgdµ

) 1
q

, q >0,

is smooth in q and has derivative

u′(q)= 1
q2

(∫
eqgdµ

) 1
q
−1

Ent(eqg), q >0. (7.6)

Now let us fix q >0, and for f ∈A, consider the function of the form

ν(t)=‖ePtf ‖q =
(∫

eqPtf dµ

) 1
q

, t � 0.
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Applying the chain rule and Lemma 7.2, we can perform differentiation of
ν(t):

ν′(t)=
(∫

eqPtf dµ

) 1
q
−1 ∫

eqPtf L(Ptf )dµ. (7.7)

These observations show that the function of the two variables G(t, q)=
‖ePtf ‖q, (t, q) ∈ [0,+∞) × (0,+∞), has partial derivatives which can be
found according to (7.6)–(7.7):

∂G

∂t
=
(∫

eqPtf dµ

) 1
q
−1 ∫

eqPtf L(Ptf )dµ, t � 0, (7.8)

∂G

∂q
= 1

q2

(∫
eqPtf dµ

) 1
q
−1

Ent(eqPtf ), q >0. (7.9)

To prove that G is really differentiable with respect to the pair of the
variables, consider the function K(t, q) = ‖ePtf ‖q

q = ∫
eqPtf dµ. Fix t � 0

and q > 0. By property (4) of the semi-group Pt , the functions Pt+ε are
uniformly bounded for bounded ε (say, for |ε|<1). Hence, for any ε >−t

with |ε|< 1 and δ >−q (both parameters will tend to zero independently
of each other), we have

K(t + ε, q + δ) =
∫

eqPt+εf eδPt+εf dµ

=
∫

eqPt+εf (1+ δPt+εf +O(δ2))dµ

=
∫

eqPt+εf dµ+ δ

∫
eqPt+εf Pt+εf dµ+O(δ2),

where the constants in both the appearances of O(δ2) can be chosen
depending on (t, q), only (and not on x ∈ M). To continue the above
expansion – now over ε, it remains to apply Lemma 7.2 with ϕ(s) = eqs

for the first integral and with ϕ(s)= eqss for the second one. As a result,
we will arrive at an expression of the form

K(t + ε, q + δ)=K(t, q)+ c1ε + δ(c2 + c3ε +o(ε))+O(δ2),

as ε, δ →0. This proves that K is differentiable, and so is G=K1/q .
Now, given a differentiable function q : [0,+∞)→ [0,+∞), consider

F(t)=G(t, q(t))=‖ePtf ‖q(t).



334 Bobkov and Tetali

This function is also differentiable on [0,+∞) as a superposition of differ-
entiable functions. According to the chain rule and by (7.8)–(7.9), we find
that, for any t � 0,

F ′(t) = ∂G(t, q(t))

∂t
+ ∂G(t, q(t))

∂q
q ′(t)

=
(∫

eq(t)Pt f dµ

) 1
q(t)

−1(∫
eq(t)Pt f L(Ptf )dµ+ q ′(t)

q2(t)
Ent(eq(t)Pt f )

)
,

or equivalently,

q(t)

(∫
eq(t)Pt f dµ

)1− 1
q(t)

F ′(t)

=
∫

eq(t)Pt f L(q(t)Ptf )dµ+ q ′(t)
q(t)

Ent
(
eq(t)Pt f

)
.

Introduce ft = q(t)Ptf . Using (1.1), the first integral on the right is just
−E(eft , ft ), and we get

q(t)

(∫
eft dµ

)1− 1
q(t)

F ′(t)= q ′(t)
q(t)

Ent(eft )−E(eft , ft ).

For the particular choice q(t)= e2ρ0t , the equality becomes

q(t)

(∫
eft dµ

)1− 1
q(t)

F ′(t)=2ρ0Ent(eft )−E(eft , ft ). (7.10)

Now, starting from (7.3), the right hand side of (7.10) will be non-positive,
so F ′(t) � 0, for all t � 0. Hence F is non-increasing, so F(t) � F(0). The
latter is exactly the conclusion (7.4) since f0 =f . Conversely, if (7.4) holds
true, that is, if F(t) � F(0), for all t � 0, then, necessarily F ′(0) � 0. This
implies that the right hand side of (7.10) is non-negative at t =0, which is
exactly (7.3), thus establishing Theorem 7.1.

ACKNOWLEDGMENTS

We thank L. Saloff-Coste for providing us with several relevant
references. We also thank the anonymous referees for a very careful read-
ing of our manuscript. Research supported in part by NSF Grants DMS-
0103929, DMS-0405587 (Sergey G. Bobkov) Research supported in part
by NSF Grants DMS-0100298, DMS-0401239; research done while visit-
ing Microsoft Research (Prasad Tetali)



Modified Logarithmic Sobolev Inequalities 335

REFERENCES

1. Alon, N., and Milman, V. D. (1985). λ1, isoperimetric inequalities for graphs and super-
concentrators. J. Comb. Theory Ser. B 38, 73–88.
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d’Été de Saint Flour, 1992. Lect. Notes in Math., Vol. 1581, Springer-Berlin.

3. Bakry, D., and Emery, M. (1994). Diffusions hypercontractive. Séminaire de Probabilités
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