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Abstract. Concentration properties and an asymptotic behaviour of distributions of normal-
ized and self-normalized sums are studied in the randomized model where the observation
times are selected from prescribed consecutive integer intervals.

1. Introduction

Let (2, F, P) denote a probability space. It is well known that any norm-bounded
system in L%(Q2, F, P), say {Xu};2 |, contains a lacunary-type subsystem {X,, }
whose elements behave like shifted independent random variables, possibly mul-
tiplied by an independent factor p (random or not). In particular, it was shown in
1960s by V. F. Gaposhkin [G2], that if X, is convergent to zero weakly in L2, a

subsystem can be chosen such that the distributions of the normalized sums
Xpy 4+ Xny
S N=—""F7—""
v N

will be weakly convergent to N (0, p?), that is, to the law of pZ where Z is a
standard normal random variable independent of the random variable p > 0. For
short, this may be written as

Sy = N(O0, p%), asN — oo. (1.1)

The first observation of this kind with a purely normal limit is apparently due to
M. Kac in his 1938 paper [K1] and a somewhat later there is a similar result by R.
Fortet [Fo], cf. also [K2]. On the unit interval Q2 = (0, 1) equipped with Lebesgue
measure P, they considered special subsystems of the system { f (nw)}, where f is
a fixed 1-periodic function on the real line.

Apart from questions concerning possible rates of increase of ny, the general
problem of the existence of subsequences of indices satisfying (1.1) was studied
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by many authors with different methods and for more general schemes of sums
involving weights. See for instance the work of G. W. Morgenthaler [Mo] for
uniformly bounded orthonormal systems in L2. Later on, various aspects of the
above types of CLT have been intensively investigated by Gaposhkin, cf. [G1-4].
Some of his results were rediscovered by S. D. Chatterji [C] who introduced an
informal statement known as principle of subsequences; it states that any limit the-
orem about independent, identically distributed random variables continues to hold
under proper moment assumptions for a certain subsequence of a given sequence
of random variables. This general observation was made precise and extended by
D. J. Aldous [A], and later by 1. Berkes and A. Péter [B-P].

However, not much is known about the speed of increase of a subsequence such
that a central limit theorem holds. Historically, classical trigonometric systems like

Xy (w) =cosQrnw), O0<w<1,

on the interval Q = (0, 1) have been studied most intensively in this respect. The
first result in this direction (after [K1-2]) was obtained by R. Salem and A. Zyg-
mund [S-Z] showing in particular that Sy = N (0, %), whenever "2—:1 >q > 1,
for all k. This lacunary condition was weakened in terms of consecutive ratios of

indices by P. Erdos [E] to the optimal condition "fl—:l >14+ 3—%, where ¢ — +00,

cf. also [Berl], [Mu], [Fu]. Note that here n; must grow faster than e*/z. It was
therefore an intriguing question whether a slower increasing sequence ny can be
chosen to satisfy the CLT and what the best possible rate is. To this aim, in 1978
I. Berkes [Ber2] proposed an implicit construction based on a random selection of
indices.

Namely, assume the set of all natural numbers is partitioned into non-empty
consecutive intervals Ay, k > 1, of respective lengths (cardinalities) |Ax| — +o00.
It was shown that, if we select each n; from Ay independently and at random
according to the discrete uniform distribution on Ag, then for almost all choices of
indices, still Sy = N (0, %) holds. Hence, the gaps ny4+1 —ny may grow as slow, as
we wish. One of the purposes of the present note is to extend this result of Berkes
in the case of self-normalized statistics

X111+"'+XnN
X%1+'”+X%N

Ty =

to general systems of random variables X, in L? satisfying certain natural assump-
tions. Although it will not matter, one may define 7 to be zero in case the denom-
inator is vanishing.

Throughout we assume that the “maximal spectral norm” A of the associated
correlation operators,

r=sup ElaiX; 4 - +a, X, %

is finite. Here the supremum is taken over all n > 1 and all collections (a1, . . ., a,)
of real (or, equivalently, complex) numbers such that |a|? + - - - + |a,|> < 1. For
example, any orthonormal system has spectral norm 1.
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Introduce

,
Vi = X:,  ph=——-—" (on=0).
|Ak| 2 N N

nelAg

Now we claim:

Theorem 1.1. Let |Ag| — 400, and assume that

a) maxi<ig<y Maxpea, | Xu| = o(ﬁ) in probability, as N — 00,
b) limsupy_, .. Plon <h} — 0, ash | 0.

Then, for almost all indices (n)ik>1, selected independently and uniformly from
Ag,

Ty = N(©O,1), as N — oo. (1.2)

If b) is replaced by the assumption that '012\/ = p? weakly in distribution for some
random variable p, then for almost all indices as selected above, we obtain the
CLT (1.1).

We will comment on the assumption a) later on. The condition b) guarantees
that the distributions of py should not have weak limit probability measures on
the positive half-axis [0, +00) with an atom at zero. This ensures that the random
variables Ty are well-defined for large N with probability approaching 1.

Note that b) holds whenever ,012V = p? with p > 0 a.s., but the latter restriction
is not important for the CLT in the form (1.1). For the cosine trigonometric system,
we have pjzv — p?= % a.s., so it does not matter whether we consider normalized
or self-normalized sums.

In case of orthogonal systems, a statement related to Theorem 1.1 has recently
been derived in [B-G3] under similar hypotheses for a different randomized model,
where every X, is included in the partial sum Sy = X1 + --- + ey Xy and
the self-normalized statistic Ty = X tten Xy

\/—2 with a prescnbed probability
e1Xi7+-+enX

pn (thus, either &, = 1 or 0). As turns out, when p,,’s approach zero in a certain
stable way, (1.1)—(1.2) will hold with probability one in the sense of the infinite
product Bernoulli measure on {0, 1}°°. The latter was used to show that, whenever
”]’(—k — 400, (1.1)—~(1.2) hold for some fixed (non-random) sequence nj satisfy-
ing ny < my for all k large enough. Although very close, this is however a weaker
property in comparison with what one could potentially obtain in the Berkes model.
Indeed, by the Erdos-Rényi “pure heads” theorem, in the scheme of Bernoulli trials
we will be selecting indices ny = min{i > nx_1 : & = 1} with gaps ngy1 — ng
of order at least log k for infinitely many k’s, and therefore the rate of increase of
gaps cannot be made as small as we wish.

Concerning the cosine trigonometric system, Berkes raised the natural ques-
tion whether or not it is possible to find n; with bounded gaps nyy1 — ny satisfying
Sy = N(O, %), as in the randomized central limit theorem with growing gaps.
We shall give a negative answer to this question. It turns out that a non-trivial limit
Sy = & is possible in case of bounded gaps, but then necessarily E&2 < % (so, part
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of the second moment must be vanishing in the limit distribution). Nevertheless, it
is of course a challenging problem to describe all possible weak limits of Sy. To
see what may happen in the typical situation, let us look at the simplest case of a
partition into intervals of cardinality 2.

Theorem 1.2. Foralmost allindices ny, selected independently and uniformly from
the two point integer sets A = {2k — 1, 2k}, we have

«/ESN = N(0, ,02), as well as Ty = N(O, ,02),
where p is distributed according to the arcsin law.

More precisely p has the distribution function F (x) = % arcsin(x),0 < x < 1.

Hence, E,o2 = % while for the normalized partial sums E («/E S N)2 = 1. Other
typical distributions appear in the limit for intervals Ay of larger length. As we will
see, the limit of Sy essentially reflects the density of the index sequence ny in the
set of all natural numbers.

It is of course a remarkable intrinsic feature that one may freely speak about
typical distributions regardless of the behaviour of lengths | Ax | in randomized limit
theorems. This is due to a strong concentration property of the family of the dis-
tributions F; of Sy = Sy (r) with respect to finite selections t = (ny,...,ny),
which may be of independent interest. To be more precise, fix N and equip the space
M = A1 x --- x Ay of all T’s of length N with a (discrete) uniform probability
measure . In terms of the Levy’s distance between probability measures on the
line we obtain, in particular:

Theorem 1.3. For any § > 0,
plt i L(Fy, Fy) > 8} < Ce™ N, (1.3)

where Fy = f F; du(t) is the average distribution, and where C, ¢ denote positive
constants depending on X and §, only.

Note that the strength of concentration depends on A only. Inequality (1.3) is
obtained as an application of an abstract logarithmic Sobolev inequality in product
probability spaces and a concentration phenomenon associated with it. Let us men-
tion in this connection that the concentration property of {F;} around its p-mean
Fy is also known for some other distributions p over the space of collections T
of indices, cf. [B-G3], [B2]. This line of applications of concentration methods
originates in the work of V. N. Sudakov [S] and is now being actively discussed in
the literature.

The paper is organized as follows. The basic concentration tools are discussed
in section 2. In section 3 they are used to derive concentration inequalities for
characteristic functions of randomized sums. A more detailed version of Theorem
1.3 is established in section 4. Section 5 is devoted to the asymptotic behaviour of
the average distributions. Theorem 1.1 is proved in section 6. In section 7 we dis-
cuss typical distributions for the trigonometric system appearing in the model with
bounded gaps and prove, in particular, Theorem 1.2. There it is shown as well that
limit laws cannot be standard normal. Section 8 illustrates applications of Theorem
1.1 to sums of pairwise independent random variables.
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2. Concentration in product spaces

In order to make the presentation self-contained, we recall in this section a rather
abstract variant of the concentration phenomenon in product spaces, which will be
used to study the concentration properties of normalized sums.

Given arbitrary probability spaces (My, ux), 1 < k < N, consider the product
space (M, ) = (M1, u1) ® - - - ® (My, ). With every complex-valued measur-
able function g on M, we associate the function of the “point” x = (x1, ..., xy) €M,

N
1
IVe)|* = 3 Z/ g(X) = 8X1, .y Xkt Yoo Xkt 1, - - XN d i ().
k=1
2.1)

The quantity |Vg(x)| may be viewed as the modulus of a gradient of g at the point
x, and

ligliLip = ess sup [Vg(x)]
xeM

as the Lipschitz semi-norm of g. In particular, when the “dimension” N = 1,
formula (2.1) simplifies to

1
IVe(x)|* = 5 / lg(x) — g > dp(y). (2.2)

In the general case, the modulus of the gradient defined in (2.1) is of the additive
type in the sense that

N
Ve = IVee@P,  x=(x1,...,xn), (2.3)
k=1

where we write |V, g(x)| to emphasize that at this step the modulus of the gradi-
ent is evaluated as in dimension one with respect to the k-th variable (keeping the
remaining variables fixed).

Proposition 2.1. If ||gllLip < D, then g is u-integrable, and moreover, for any
h >0,

o

A standard argument to derive (2.4) relies upon suitable Sobolev-type inequal-
ities. As a first interesting example, let us note that according to (2.2), in dimension
one we have Var,(g) = f |Vg|2 d . In dimension N the variance functional pos-
sesses a subadditivity property

> h} < 4e7M/BDY), 2.4)

N
Var() < [ 3" Var, (9) du

k=1
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with the same understanding as in (2.3). This leads to a Poincaré-type inequality

Var,(9) = [ 1VeP du @5)
which can already be used to recover exponential tails of “Lipschitz” functions
on the product space (M, ). To reach the Gaussian decay as in (2.4), one has to

work with a different class of analytic inequalities, and it appears that a modified
logarithmic Sobolev inequality

Ent, (ef) < ¢ / |Vg|?es dpu (2.6)
represents the most convenient form responsible for the Gaussian-type concentra-

tion. Here g is an arbitrary real-valued function on M, and Ent,, stands for the
entropy functional defined for all non-negative integrable functions, say u, by

Ent, (1) = /ulog(u)d,u—/udu log/udu.

In dimension one, by Jensen’s inequality,

1
Ent, (¢f) < covy(g, ef) = 3 f f (g(x) — g™ — 8y dp(x) du(y)

IA

1 5
2 f (g(x) — g (€W + 8Dy dp(x) dpu(y)
Z/IVglzegdu,

where we used the elementary estimate (a — b)(e® — eh) < % (a —b)2(e + ),
a,b € R. Therefore, (2.6) holds true with ¢ = 1 when N = 1. Applying the
subadditivity property of the entropy functional (similarly to the variance) and the
additivity property for the gradient, one arrives at (2.6) for general product spaces.

Now, starting from (2.6) with ¢ = 1 for functions ¢g with bounded g such that
Vgl < D on M, we get a distributional inequality Ent, (e'8) < D2 [e®du
implying the bound on the Laplace transform

/ JEE) gy < D LR,
where E; g = [ g dju. By Chebyshev’s inequality, the latter yields

(g —Eug > h} < e "/4PY 2.7)

and therefore uf{|lg — E,g| > h} < 2exp{—h*/(4D?)}. In the complex-valued
case, this estimate applies separately to real and imaginary parts of g, and then we
obtain (2.4).

This is how the standard argument leading to Proposition 4.1 works in the
abstract framework. When every M} consists of two points of equal p;-measure,
(2.6) holds with optimal constant ¢ = %, which follows from a logarithmic Sobolev
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inequality due to L. Gross [Gr]. Thus, (2.4) represents a natural generalization of the
concentration phenomenon on the discrete cube. With the same constant, (2.6) can
also be shown to hold on the discrete cube for non-symmetric product measures.
In the present form, the modified logarithmic Sobolev inequality (2.6) first
appeared in M. Ledoux [L1] as a tool to recover a concentration inequality in
abstract Hamming spaces, i.e., for functions on M that are Lipschitz with respect
to the metric d(x, y) = card{k < N : xx # yr}. M. Ledoux also used a similar
argument as an alternative approach to an abstract scheme of penalties, developed
in 1995 by M. Talagrand, cf. [T]. For other aspects related to isoperimetry and
concentration in abstract product spaces, see also [L2], [B-G1, B-G2]. However,
beyond the discrete cube, we are not aware of any applications of abstract deviation
inequalities, such as (2.4), that are formulated in terms of the modulus of gradient
defined via (2.2). So, we have found a little amazing that (2.4) can be effectively used
to reach concentration for randomized distributions, as given in Theorem 3.1 below.

3. Concentration of characteristic functions

In the set of all natural numbers, let us fix non-empty consecutive integer intervals
Ay, 1 < k < N, of respective finite cardinalities |Ag|, equipped with arbitrary
probability measures pi.
Consider arandom vector X = (X, ..., X,,) inR™ wherem = n|+---+ny.
With every collection of indices T = (ny,...,ny)in M = Ay X --- X Ay, we
associate the sums

Xy 4+ Xuy

X2 +... .1 x2
S(r) =~ R (1) = 4—0n— "N

ﬁ b N 9
and the two-dimensional random vector W () = (S(1), R? (7)). Let G, denote the
distribution of W (t), and let

G =/GT du(t)

be the p-mean of these distributions on the plane with respect to the product mea-
sure £ = (] ® --- ® puy on M with marginals px. In this section we study the
concentration property of the family G, about G in terms of their characteristic
functions

fe(t,s) = / TN 4G (x, y),

f(t,s) = /e“’xﬂ‘y) dG(x,y), t,s€R.

A main step will be the following:

Theorem 3.1. Assume EX,zl < o2 forall 1 <n < m. Then, forallt,s € R, and
h >0,

1T 1 fe(t,5) = f(t,5)| = h} < de NP/AD@? 3.1)
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where D(t,s) = ~/2X |t| + 202(t2 + |s|) with A being the maximal eigenvalue of
the correlation operator of X.

Although in further applications to randomized sums the measures p will be
taken to be discrete uniform on M, it should be emphasized that the bound on the
rate of concentration can be chosen regardless of the product measure p.

In the orthonormal case, A = o = 1, s0 D(¢, s) = /2 |t| + 2t2 + 2|s], and the
right hand side of (3.1) has an exponential decay with respect to the “dimension”
N. As for the general case, the given bound will be small provided that A = o(N)
and 02 = o(/N).

Inequality (3.1) is immediately obtained from the deviation inequality (2.4) and
the following bound on the Lipschitz semi-norm in the sense discussed in section 2:

Lemma 3.2. Forallt,s € R, the function T — f;(t, s) has modulus of gradient
satisfying, for all T in M,

V21|t + 2022 + |s))

IV fe(t, s)l < N (3.2)
Proof. To simplify notations, put ux(n) = ur({n}) and
wn) = (ny,...,0k—1, 0, Ak+1, ..., AN), N E Ag,
for afixed collectiont = (ny, ..., ny)in M. Then, for the function g(7) = f; (¢, s)

the definition (2.1) with (Mg, ux) = (Ag, ug) turns into
1 N
VeI = 5 37 D 18(@) — g (@) (),
k=1 neAy

or equivalently,

1 N
V@l = —5 max| 37 3~ axn) Vixn) (¢(0) = gmm))| . (3

k=1 nelAg

where summation is taken along all collections a = {ax(n)} of complex numbers
such that

N
DO P =1. (3.4)

k=1 nelAy
. Xnk_Xn 2 2 X%/{_X%
Now, since S(t) — S(tx(n)) = — 7 and R*(t) — R* (% (n)) = ——, we can

split
ol US@FsRX (D) _ i (1S(m(m)+sR* () _ ,i (1S(0)+sR* (1) (l_e—n(xnk—xn)/ﬁ)

Lo <tS(rk(n>)+sR2(r)><1 _ e—ix(X%k—Xb/N)
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Hence, the quantity after the max sign in (3.3) may be bounded from above by

N
E ¢ (S@+sRA(1) Z Z ar () e () (1 _ e—ir(xnk—Xn)/\/ﬁ)

k=1 neAy
N 2 . 2 2
B DD S artn) iy of (SO (| o7 GOV

k=1 nelAy

which in turn, using |1 — el | < ||, € R, inside the last sum, may be bounded by

N
E| Y 3 autn Vi (1— e Cnm X0V ) (3.5)

k=1 nelAy
nk —Xal
+Is|E Z > k)] ) - (3.6)
k=1 nelAx

By the assumption, E|X?, — X3| < 20%. Applying Cauchy’s inequality, we also

have ZneAk lar(n)| «/,uk(n (ZneAk lax (n)|*)/%. Applying once more Cau-
chy’s inequality and using (3. 4) we get

N
Y lam)| Vi) < VN, (3.7)

k=1 nelAx

Hence, (3.6) is bounded by m\/ﬁ(,z Similarly, we use Y =1+4+ia+06 ﬁ, o € R,
|6] < 1, to bound (3.5) by

'” B[S Y et Vi (o, — X,

k=1 nelA
+—EZ D lak )| Vik () (Xn, — Xa)*. (3.8)
k=1 nelAy

Again, E (X,, — X,)?> < 402, so by (3.7), the second expectation in (3.8) is
bounded by 402v/N. To estimate the first expectation, we shall use the maximal
spectral eigenvalue (or the spectral radius) of the correlation operator of X, which
may be described as the optimal constant A satisfying

2
m

EZaj i 2’::

j=l1

forall o; € C. Hence, by the Cauchy inequality, the square of the first expectation
in (3.8) is bounded by
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N 2 N
WL YD eV | 1) Y lam) pr(n),

k=1 |neAy,n#ny k=1 neAy,n#ny

which does not exceed 2, by (3.4) and another application of the Cauchy inequality.
Hence, (3.8) and thus (3.5) are bounded by

V2 |t] 4 20212

VN
Collecting the two estimates obtained for (3.5)-(3.6) and recalling (3.3), we arrive
at the desired inequality (3.2). The proof is now complete. O

4. Concentration of distributions

Starting from Lemma 3.2 or Theorem 3.1, one may explore the rate of concentration
of G, around G for various metrics metrizing weak convergence in the space of
probability distributions on the plane. As a simple example, which can already be
used in randomized limit theorems, consider the metric

400 +o0
dist(H;, H») =/ f |hi(t,s) — ha(t, s)| e 2172150 gt ds,
—0o0 —0Q

where i1 and h; are the characteristic functions of the probability measures H; and
H,, respectively, on the plane. Thus, with the same notations as in Theorem 3.1,
we have:

Theorem 4.1. Forall § > 0,

wiz : dist(Gy, G) > 8) < 2~ N&/BB%), 4.1)
where B = /A2 + 202
Proof. At any fixed point T in M, the modulus of the gradient g — |Vg(7)| rep-

resents a convex, homogeneous, and translation invariant functional. Hence, by
Lemma 3.2,

+00 p+o0
IV dist(Ge, G)| < / / IV (ot s) — £t )] e~ 201281 dr ds

[*"O +0 D(t s) o—201=2Isl g g — ./)»/ + 202 _p
oo 2N /2N '

where D(t,s) = +/2x |t] + 20212 + 202|s|, as before. In addition, by the Poin-
caré-type inequality (2.5), forall ¢, s € R,

D(t,s)
V2N

12
/Ifr(t,S)—f(t,S)ldu(T) < (/IVfr(t,S)lsz> <
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Thus, for the distance-function g(t) = dist(G;, G), we also have

+ +
fgdu < / T[T RS anea g5 = p
—00 2N

Therefore, applying to g the one-sided deviation inequality (2.7), we obtain that,
forallh > 0,

u{t: g(xr) — D > Dh} < e /4,
If i > 1, this implies {g(t) > 2Dh} < e~"*/*. Substituting § = 2Dh, we get
u{g(t) = 8} < e¥/160° 5> 0op.

Since D = B/ /2N, we have arrived at the desired inequality (4.1) without factor
2. As for the range § < 2D, it remains to note that u{g > 8§} <1 < 26752/16D2.

Theorem 4.1 follows.

More efforts are needed, if we want to control closeness of G; to G in terms of
canonical metrics responsible for the weak convergence such as the Levy metric
on the line. Here we consider the fiollowing most interesting particular case of this
problem, restricting ourselves to randomized partial sums

Sy =m T T .

VN

Denote by F; the distribution function of S(7), and let F'(x) = f Fr(x)du(r) be
the average distribution function with respect to w, which is still supposed to be
an arbitrary product measure on M. The Levy distance L(F;, F) is defined as the
infimum over all # > O such that F(x — h) — h < F;(x) < F(x + h) + h, for all
x eR. O

Theorem 4.2. For any § > 0,

1+ 2372 ¢N §8
M{TfL(Fr,F)ZS}SCTeXP{— }

ot @2

where C, ¢ are positive universal constants.
Theorem 1.3 follows from (4.2) by using 6> < A.

Proof. Without loss of generality, assume A > 0. For the characteristic functions
fe () = [ dF(x), f(t) = [€"* dF(x), Theorem 3.1 with s = 0 gives, for
any h > 0,

M {r : | fz (@) t— S@®)| > h} < 4o~ NIP/AD@) t>0, (4.3)

where D(7) = V21 + 202t If t < %, we may use D(t) < D(%) to derive from
4.3)

. {r o0 - fol h} < 4NV )
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with V = /21 h 4 402. In the range ¢ > %, the above inequality is fulfilled auto-
matically, since | fz (#) — f(t)| < 2, so that the left hand side is vanishing in that
case. Ast | 0, (4.4) becomes in the limit

w{t : [ES(t) — ES| > h) < 4 N0 4V, 4.5)

where S denotes a random variable with distribution function F. Thus, (4.5) may
be viewed as a particular case of (4.4) when ¢t = 0.

Now, in order to make (4.4) uniform with respect to 7, we shall apply this
inequality to points of the form ¢ =t =r - ch®,r=0,...,0—1,witha positive
integer £ and a real ¢ > 0 to be specified later on. Then, for the set

|fr(tr) - f(tr)|

M(h):{reM: ;

< h, forallr:O,...,Z—l}

we obtain from (4.4) that

-1

L= (M) < Zu{

r=0

|fr(lr)t_ f(tr)| Zh} §4Ee_Nh4/4Vz. (4.6)
r
Take an arbitrary ¢t € (0, %]. By the definition of the spectral radius, for each
T € M, we have ES(7)? < A, 50 | /()| < ~/A, | f/(¢)| < A, and similarly for f.
Caset < % By Taylor’s expansion in the integral form,

— 1
M =i (ES; — ES) —i—tf (1= v)(f/(tv) — £ (tv)) dv.
0

Hence, if T € M (h) and, in particular, |ES; —ES| < h, we obtain that |M| <
h+ At < 2h.

Case% <t < %.Pickr =0,...,£—1suchthatt, <t <t.41.Thisis possible
as long as ¢, > %, i.e., we may take for £ the smallest integer which is greater than

or equal to c}]l—3 Recalling that t, 1 — ¢, = ch? and using the bound for the first
derivative of f; and f, we may write, for any T € M (h),

[fr@) — fOI = 1fe(@) = fr @)+ 1 fe @) — fE+1f @) — fFO)l
< VAt =t +toh+ VNt — 1]
<2Vach® +t.h < 22 3%c + D) th.

The assumption 2 < At was used on the last step. Hence, taking ¢ = QJT/% we may

conclude as in the first case that |M| < 2h.
Thus, the latter inequality holds in both cases, whenever T € M (h) and 0 <
t < L. 1t will also be fulfilled for ¢ > 7, just because | f;(t) — f(t)| < 2. Hence,

by (4.6),

. {Sup |ff<r)t—f<t>| Zzh} < 4ge- NIV @
t>0
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Now, by Bohman’s inequality [Bo], there is a general relationship % L*(F;, F) <
sup;..q w Hence, after the substitution § = Zﬁ, (4.7) implies

UAL(Fy, F) > 8} < 40 N3"/16V?, (4.8)

Since L(F;, F) < 1 alwaysholds, only values é € [0, 1] or, equivalently, 4 € [0, %]
are relevant in (4.8). In this case,

2
V2 < (,/x/2+4az) <4320

so the right hand side of (4.8) is bounded by 4¢ exp{—cN&3/(A + o*)} with a
2.43)3/2
+1.
56

universal constant ¢ > 0. Finally, note that in both cases £ < % +1=
This finishes the proof. O

Remark 4.3. Similar concentration inequalities for the family F; around F remain
to hold in a more general situation when X1, ..., X, represent random vectors,

say, in R%. An appropriate definition of the involved parameters would be
1) maxj<p<m E |Xn|2 = (722

2) B[ anXu|® < 2 X |nl?, forall @, € R.

Here, | - | denotes the usual Euclidean norm in R¢. Then, applying inequality (3.2)
of Lemma 3.2 to the characteristic functions

Fo(t) =Eei 5, f(t)=/fr(t)du(f), ‘e R,

we obtain

V21|t + 20212
V2N ’
Moreover, by a similar analysis as that used in the proof of Theorem 4.1, inequality

(4.1) for the distance dist(Fy, F) = [pa |fc(t) — f(@)| e ClilT-F2lal gt ¢ =
(t1,...,1t7), may be replaced by

V(O] = e R%.

it : dist(Fy, F) > 8} < 2~ No*/@B%) (4.9)

where now B = v/dA + do? depends upon d as well.

For example, any orthonormal system X1y, ..., X;, of complex-valued ran-
dom variables in the complex space L%($2, F, P) may be viewed as a system of
two-dimensional random vectors, such that the conditions 1)-2) are fulfilled with
o = A = 1. In this case, (4.9) turns into

it : dist(Fy, F) > 8} < 2¢~<N®

with an absolute positive constant c.
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5. Average distributions

From now on, we will be dealing with an infinite system (X},),>1 of random vari-
ables in L2(2, F, P).

We assume that the set of all natural numbers is partitioned into non-empty
consecutive intervals A, k > 1, of finite cardinalities | Ag|, each equipped with a
uniform discrete probability measure pi. As before, given a sequence of indices

T=(ny,...,ny)oflength Nin M = A| x --- x Ay, we consider the sums
2 2
sum = Xt B gy It Ay

VN ’ N
and the two-dimensional random vectors Wy (t) = (Sy(7), R12v (7)). Recall that
G ; denotes the distribution of Wy (7). Now, let

1
G =/Gd = —7—"7-—-—— G
Y e |A1|...|AN|§4 ‘

denote the corresponding average distribution with respect to the uniform discrete
measure 4 = U1 Q --- @ uy on M.

By Theorem 4.1, when N is a large number, under appropriate spectral and
variance assumptions on X,, most of G, are close to Gy in the sense of weak
convergence of probability measures on the plane. Thus, it is natural to study the
asymptotic behaviour of the average distributions Gy for growing N.

Note that G can be characterized as the joint distribution of the random vari-
ables

X 4+ X, 5
SN - #, R =
VN N
where ny, ..., ny are now regarded as independent random indices, independent
of all X,,, such that every ny takes values in Ay with equal probabilities.
First we consider the sums Sy. Their asymptotic behaviour is mainly deter-
mined by the behaviour of the random variables

X%l+...+X’%N
N

’

1 1 2
_|Ak| n» k = n’

Uy A
[ Akl ey

nelAg

provided that

a) maxj<g<y MaxXpea, |X,| = o(/N)in probability, as N — oo,
b) o2 = sup, EX? < 400,
c) A =supy iy < +o0,

where we use Ay to denote the spectral radius of the correlation operator of the
random vector (X, ..., X)), m =n;+---+ny.
This may already be seen from:
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Proposition 5.1. Let Z denote a standard normal random variable independent of
the sequence X,,. Under the conditions a) — b), the distributions of Sy and

1/2
< Ui+-4Uy (Vi+-4+V Ul+---+Uy
Sy = \/N + N — N Z

are weakly convergent to each other in the sense that E SN —E SV 5 0, as
N — oo, uniformly on every bounded interval of the real line.

This statement about weak convergence may also be rewritten as the property
that

dist(Fy, Fy) = 0, as N — oo, (5.1

where Fy and Fy, respectively, are the distributions of Sy and S, and where dist
is a metric in the space of all probability measures on the line metrizing the weak
convergence. For example, one may take dist(F, H) = fjoooo | f(@&)—h()] e 2t gy,
where f, h are characteristic functions of probability measures F', H.

However, if we assume the hypothesis c), which is stronger than ), the property
(5.1) will become independent of the choice of the metric. Indeed, by Prokhorov’s
compactness criterion, it is sufficient to make sure that the distributions involved
have, say, uniformly bounded absolute moments. In our particular case, ESIZ\, <A
For the other sequence, introduce

Ui+ +Uy

Uy =
VN

By the spectral assumption, El_/]%, < % Z,]{V:] ﬁ <A Byb),EVy <2 <A, s0

we obtain that E |.§N |2 <E |0N |2 +E w < 2A. This shows that no matter
what metric is used in the assertion (5.1).

For the proof of Proposition 5.1, we need the following elementary statement
of calculus:

Lemma 5.2. Let & be a complex-valued random variable on some probability space
(M, ) such that |£] < % Then, for some complex 0, |0] < 1,

1
E,.e" = exp {Eﬂs + 5 [Eus? - €8]+ 0 g1 B, |$|2} :

where C is a universal positive constant, and ||§ ||co = €ss SuUp,. s 1§ (x)|.

Recall that we have introduced the notation

Vit + Vy

2 _
PN = N
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Proof of Proposition 5.1. By the very definition, the characteristic function
oN(t) = Ee''SN, ¢ € R, has the representation

N
on() =ETIy(r),  where  Ty(r) = ]_[ Z el Xn/N

k=1 neAk

Fix ¢ # 0. The assumption a) may formally be strengthened as the property that,
for some sequence ey | 0, the events

SZN_{a)eQ max max|X | <envN }
1<k<N neA

have probabilities P(Q2y) — 1,as N — oo. Moreover, we may assume gy < ﬁ,

forall N > 1.

By Lemma 5.2, applied to M = Ay with uniform measure x and to the random
itX,(w)

variable £(n) = N on A, with a fixed w € Qp, we can write
1 itX, VN { it r? 2 3. Vi
— e’ =expy —=Ur — — (Vx = U{) + Ctit” eny —
Akl S5 VN 2N ¢ N

with some complex 6y = 6 (w) such that |6x| < 1. Therefore, putting ny =
Ui+-+U}
T we arrive at

2
L= t
Iy () =exp {ltUN -5 (p;zv —nn) + Ct391/V8Np12\,}

for another random complex 6, on Q such that |6, | < 1.

Moreover, since EX ,% < o2, wehave E plzv < o2, and by Chebyshev’s inequal-
ity, P{p3%, < J‘ﬁ} — L.Let Ay = Qy N{p} < \/er}, so that P(Ay) — 1. On
this set

2
- l‘ ,
Iy(t) =exp {it Uy — 7 (:012\/ _ UN)} SCPONVEN

Together with Cauchy’s inequalities Vy > U kz , ,012\, > nn, the above representation
implies that

on(@®) =Ee"V £ o(1), asN — oo,
where o(1) is uniform with respect to ¢ on bounded intervals of the real line.
As a corollary, we obtain:

Proposition 5.3. Let |Ax| — oo, and assume conditions a) — c) are fulfilled. If
,012\, = p? weakly in distribution for some random variable p > 0, then Sy =
N (0, ,02), as N — oo.



Concentration inequalities and limit theorems for randomized sums 65

The conclusion follows from Proposition 5.1 and the spectral assumption
implying

Ny
Z— 0, as N — oo. (5.2)
— | Ay

2I>’

If C = sup, EX} < 400 and EX2X2. < EX? EXZ. whenever k < j (this

holds, for example, for the cosme trigonometric system), then Var(M) < —,

so the assumption about 03 + is fulfilled with p = 1. That is, we arrive at a version
of the central limit theorem, Sy = N (0, 1), for sums with random indices.

Remark 5.4. In order to study applications to complex systems, let us state a multi-
dimensional generalization of Proposition 5.3. Let X,, = (X,,j)1<;<a be asequence
of R¥-valued random vectors on a probability space (2, F, P) satisfying the prop-
erties @) and c¢) in the vector sense. The spectral norm A is now defined by

r=sup Ela X; 4+ a, X, %

where the sup is running over all n > 1 and over all collections (ay, .. ., a,) of real
numbers such that |a;|? + - - - + |a,|*> = 1. Introduce the averages

1
Vi(j, ) = — XniXn, 1<j,1<d,
k(] ) |Ak|n§ njAnl =J
k

and the associated sequence of (non-negatively definite) d x d random matrices
,012\, with entries

V; '7l V. "l
P21 = AU )+N+ vOD oy i<a

With a similar argument, we have:

Proposition 5.5. Assume |Ay| — oo and that, for some non-negatively definite
d x d random matrix p, we have ,012\, = p? in the sense of the weak convergence
of distributions on RY*4_ Then, SN = pZ weakly in distribution, where Z is a
standard normal random vector in R? independent of p.

Let us return to the real-valued case. Now we consider the asymptotic behaviour
of the joint distribution of Sy and Rjzv.

Proposition 5.6. Let |Ar| — oo, and assume conditions a) — c) are fulfilled. Then,
the distributions of

Wy = (Sy, RY) and Wy = (onZ, p3),

where Z is a standard normal random variable independent of p,, are weakly
convergent to each other, as N — oo.
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Proof. is similar to that of Proposition 5.1. The statement about the weak conver-
gence may be understood as

dist(Gy,Gy) — 0, as N — oo, (5.3)

where G is the distribution of the random vector Wy, and where dist is a metric
in the space of all probability measures on the plane responsible for the weak con-
vergence. Since the components of both Wy and Wy have bounded first absolute
moments, this property does not depend on the choice of the metric, so it is suffi-
cient to verify that the corresponding characteristic functions approach each other
at every point.

Werite the characteristic function of Wy

oN(t,s) = E ei!SNFisRY — Elly(t,s), t,seR,

in terms of

N

1 : .
Ny(t,s) = 1_[ A Z o Xn/VN+is X3 /N
k=1 k neAg

Fix t, s not both zero. Choose a sequence ¢y | 0, such that the events

Qy =jw e 2: max max |X,| < eyvN
1<k<N neAy

have probabilities P(Q2y) — 1, as N — co. Moreover, we may assume that all

1 1
ey < Qe 5° that [E(n)| < 5 0n Qy, where

itX,(w) N ian(w)z.

N N

By Lemma 5.2, applied to M = Ay with uniform measure p; and to the random
variable & with a fixed w € Qp, there is a representation

E(n) =

1
_— e
[ Akl

itXn/VN+isX3, /N _ otk
9

neAy

where

Zk=/5duk+%[/szduk—(/wuk)z]wek 1£lloe /|§|2duk

with some complex 6; = 6 (w) such that |6;| < 1. Now, [|£]lcc < (If] + |s]) en
and

it is
Eduy = —=Ur + = V.
Jeam=rrog
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2
Squaring £(n)* = ﬁ ( )2 2ts N3/2 and using ey < 1, we get
2

X2 X

2 2 Xn 2 n
n)"+t°—| < + 2t —.
é( ) N <(s | ||S|)8N N

Summing over all n € Ay gives

Vi
2 2

duy +1t= —
'/E Hi N

Vi
/|s|2duk < (It| + |s|>2ﬁ.

< (4 2)tlls]) en
= N N

Similarly,

All bounds together yield, for all ® € Qp,

is 12 1
Uk+ = Vi— = Vi + =

it
JN N 2N 2 (m

with a bounded random 6 (¢, s). Now, since Vi < max,ea, | X, |2 < 812vN , we get

2

Vi

— U Vi o (2, —
2k k+N k> + Ok ( S)8NN

2 t2
U, + V — U} + — Vi ex
‘ — Yk N k N keN-
. . Uf+-+U%
Therefore, after summation over all k < N and putting ny = ——x—2, we obtain

that

2
z 2 ST 2 2 / 2
<[t/ |Un|+t 77N+ﬁpN8N+9N(t’S)5NPN

2
t
(Zl+"'+ZN)_<iS_E> P

with another bounded random 6y, (z, s). Here the right hand side is getting small
on sets of large probability. Indeed, since EX% < A, we have E 1012\/ < A, and
by Chebyshev’s inequality, P{ plz\, < \/%Tv} — 1. Also recall that, by the spectral

assumption c), both Uy and ny tend to zero in L' (2, P), cf. (5.2). So, P{|Uy| <
&y, nv < gly} — 1, for some &), | 0. Let

1 _
1‘\N=91vﬁ{,02 < —., |Un| <&y, nn < € }
N «/ﬁ N N
so that P(Ay) — 1. On this set

< Oy(t,9) ey

2
t
(z1+-+zn) — <s—3>p12\,

with some random bounded 91’(, (t, 5) and non-random ¢}, — 0. Hence, [Ty (¢, 5) =
exp{(is — 7) 0 N} + o(1) and, by the Lebesgue dominated convergence theorem,
2

t
on(t,s) = Eexp{( is — E) ,012\,} +o0(1) = Eexplit pnZ + is,o12v} + o(1).

Thus, the proof is complete. O
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6. Proof of Theorem 1.1

As before, we assume the set of all natural numbers is partitioned into non-empty
consecutive intervals Ay, k > 1, of finite cardinalities |Ag|, each equipped with a
uniform discrete probability measure . Let i denote the infinite product mea-
sure (1] @ o ® ... on My, = A X Ay x ---. With every sequence of indices
T = (n)k>1 In Moo, We associate the sums

an+"'+XnN

i :

and the two-dimensional random vectors Wy (t) = (Sy(7), R%V(t)). Let Fr(v)
and G (y) denote the distributions of Sy (7) and Wy (1), respectively, and let

X%l+...+X’%N

R%V(r) = N )

Sn(t) =

Fy = / Fron ditoo(), Gy = / Gy ditoo (7).

By Theorem 4.1, when N is a fixed and sufficiently large, most of the G(y)
are close to the average distribution Gy in the sense of the weak convergence of
probability measures on the plane. This statement can be made precise, for exam-
ple, by virtue of the finite dimensional concentration inequality (4.1), which now
reads as

oo T € Moo : dist(Go(ny, Gy) = 8} < 26 N3 /BBY),

It holds true for any integer N > 1 and real § > O with By = /An/2 + 201%,,

where 01%, = maXy<y MaX;eA, EX,%, and where Ay is the spectral radius of the
correlation operator of the random vector (X1, ..., X,,),m =n; +---+ny. If

A = supy Ay is finite, we get

oo {T € Mo - dist(Fe(), Fy) > 8} < 27N,
Joo {T € Moy : dist(Grny, G) = 8} < 27N

with a constant ¢ depending on A, only. In particular, the series

o0
Z Moo {T © dist(Fr(y), Fn) > 8}
N=1

is convergent. Therefore, by the Borel-Cantelli lemma, for any § > 0, for
Moo-almost all T, we have dist(Fr(y), Fn) < 6, forall N large enough. If/o12V = ,02
weakly in distribution, then according to Proposition 5.3, dist(Fy, N (O, pz)) — 0,
so that

lim sup dist(Fr(x), N (0, p?)) < 8

N—o00

with wso-probability one. This proves the second part of Theorem 1.1.
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The first part is a little more delicate. Again applying the Borel-Cantelli lemma
with § = §p of order, say, N ~1/4 we obtain that

lim dist(G;(y), Gn) =0
N—o0

with peo-probability one. Combining this with Proposition 5.6, we also get that
with [too-probability one

lim dist(Ge(v), L(onZ, p3)) = O, 6.1)
N—o00

where L(pnZ, ,012\,) is the joint distribution of pyZ and pjzv, and where Z is a
standard normal random variable independent of py.

Now, by the spectral assumption A < 400, both families (G, () : N > 1,7 €
My} and {Gy : N > 1} are pre-compact in the space of all probability measures
on the plane with respect to the dist-metric. Hence, (6.1) may be formulated as
the property that, for any bounded, continuous function # = u(x, y) in the upper
half-plane y > 0, with poo-probability one

Jim [Eu(Seqn). Ry — EulonZ, p3)| = 0. 6.2)

By the assumption b) of Theorem 1.1, for large N the distributions of ,012\, stay away
from zero, so this also holds with pt.-probability one for the distributions of Rz( N
(since, they approach each other, by (6.1)). That is,

a(h) =limsup P{R}\, <h} -0, ash 0.

N—o00

As aresult, we can extend (6.2) to the class of all functions u (x, y) that are bounded
in the upper half-plane y > 0 and continuous at every point (x, y) with y > 0.
Indeed, let C = sup, , lu(x, y)l. Given h > 0, there exists a continuous func-
tion up(x, y) in y > 0 that coincides with u(x, y) whenever y > h and satisfies
sup, , lup(x, y)| < C. Applying (6.2) to uj, we then easily derive

limsup [E u(Sz(v). R2yy) — EulpnZ, p3)| < 2C (@(h) + B(h)),

N—o0

where B(h) = limsupy_, o, P{p3, < h}.Itremains toleth | 0.

Finally, starting from a bounded, continuous function v on the real line, apply
(6.2) to u(x,y) = v(x/\/y), y > 0, defining u to be zero in case y = 0. As a
result, we obatin that limy_, oo Ev(Ty) = Ev(Z).

This proves Theorem 1.1.

Remark 6.1. The condition a) of Theorem 1.1 is fulfilled automatically for uni-
formly bounded systems X,,, and more generally, for those satisfying

sup | X,| < 400 a.s.
n
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If these random variables are unbounded, but have uniformly bounded moments,
the condition a) will be fulfilled under an appropriate assumption on the growth of
| Ak |. Namely, assume

Cy =sup EV(|X,|%) < +oo,
n

for some non-negative increasing function ¥ on [0, 4-00) such that & — +00,

ast — +oo. Then, by Chebyshev’s inequality,

P{ max max |X,| > c«/ﬁ} =P {\I/ < max max |X,1|2) > \If(czN)}
1<k<N nelAj 1<k<N nelAj

E U (max; <x<y maxuea, |Xql?)

- W(cZN)
< Elecv=1 ZneAk \I/(|Xn|2)
- W(c2N)

c ALl + -+ |AN]
==Y W(c2N)

Therefore, the condition a) will hold as long as, for any ¢ > 0,
[A1] 4+ -+ |AN| = 0(¥(cN)), asN — oo, 6.3)

Remark 6.2. With a similar argument and taking into account Remark 4.3 (in par-
ticular, inequality (4.9)) and Remark 5.4 (cf. Proposition 5.5), the second part of
Theorem 1.1 may naturally be extended to R?-valued random vectors:

Theorem 6.3. Under the assumptions of Proposition 5.5, for almost all indices
(nk)k>1, selected independently and uniformly from Ay, weakly in distribution

Sy = pZ, as N - oo,
where Z is a standard normal random vector in R¢ independent of p.

As a first illustratation of Theorem 6.3, we give a complex variant of Berkes’
theorem about the cosine trigonometric system:

Corollary 6.4. If |Ar| — oo, then for almost all indices (ny)r>1, selected inde-
pendently and uniformly from Ay,

A SRR S
JN/2

weakly in distribution with respect to the normalized Lebesgue measure on the unit
circle S' ={z e C:|z| =1}

= N(0,Ip)

Here N (0, I,) denotes the standard normal distribution on the plane R>.



Concentration inequalities and limit theorems for randomized sums 71

Proof. Consider
Xn(w) = (cosmnw), sinrnw)), 0<w<l,

as a sequence of R?-valued random vectors on the probability space 2 = (0, 1)
equipped with Borel o-algebra F and a uniform probability measure P. Then, in
probability (and actually with probability 1)

N

1 1 1
2, . 2 .
SNEEDY MZX’“‘ — 5 i=L2
k=1 neAy

which is due to the property that cov(X 3 i X,%l) = 0, whenever j < [. In addition,

N

1 1
LD == | == ) XX | — 0,
N k=1 | Akl neA
= k

since the random variables X,,1 X,» = % Xo,,1 are orthogonal in LZ(Q, F,P) and
have equal norms. Thus, the limit matrix

1/2 0

2 _

p= ( 0 1/2)

is non-random, and the conclusion follows. m]

7. Bounded gaps

Here we continue the discussion of trigonometric systems, focusing on the case
where the gaps ny41 — ng remain bounded. To start with, let us first describe a
general situation where a weak limit of partial sums Sy, if it exists, will not be
standard normal.

Proposition 7.1. Let {X,,}.° | be an orthonormal system in L%(Q, F, P) such that
in probability
X1+ +Xn

NG

Given an increasing sequence of indices T = {ny};2,, assume that Sy = & weakly
in distribution, for some random variable &. Then,

— 0, asn— oo. (7.1)

E£? < 1—den(1). (7.2)

Here, we use notation

. N
den(t) = limsup —
N—oo BN
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for the upper density of the sequence t in the row of all natural numbers. In partic-
ular, if sup; [nk+ 1— nk] < 400, this quantity is positive, so £ cannot be standard
normal: part of the second moment is lost, while ESIQV = 1, by orthonormality.
Note that the condition (7.1) is fulfilled for the (normalized) cosine trigonomet-
ric systems. Actually, in this case it does not matter whether we consider the sums

Sy or self-normalized statistics Ty, since there holds true a strong law of large
2 2
Koyt Xay — 1.

numbers N

N

Proof of Proposition 7.1. Without loss of generality, assume T

as N — oo. Introduce the sums

— p = den(7),

1 1
YN:\/T_N > Xu Zn= = > X

1<k<N I<j=ny, j#ni
so that
D Yy +2Zy = = X1+ Xo+ -+ Xuy),
DEY =K pEZy=1-E > 1-p

n

3) EYnZy = 0.

By the assumption Sy = £,

| N
Yy =,—Sy=pé. (7.3)
ny

Note that ey = Yy + Zy — 0 in probability, by (7.1). Hence, given a positive
parameter b, by (7.3),

En=Yy—bZy =1 +Db)Yy —bey = (1+Db)/pE.
Therefore, by Fatou’s lemma, and using the properties 2)-3),
E[(1+b)/p&] <liminf E&}
N—o00
= liminf [E Y2 + b°E Z%v] — p+ b2 - p).
N—o0
This yields

2
p(+b)?

If p < 1, the right hand side is minimized for b = % and is equal to 1 — p at this
value. In the case p = 1, let b — +o0.

Proposition 7.1 follows.

Now let us turn to the problem on the typical distributions in the randomized
model of bounded gaps for the cosine trigonometric system

X, (w) = cosmnw)
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on 2 = (0, 1) with uniform measure P. For a fixed natural number d, we consider
the canonical partition

Ar={n:dk—-1)+1=<n<dk}, k>1
Thus, |Ag| = d, for all k. To study an asymptotic behaviour of sums

Xy 4+ Xuy
Sy = ——F77—,

VN

when the indices n; are selected independently and uniformly from Ay, one may
apply Proposition 5.1 together with the concentration argument used in the proof
of Theorem 1.1. The latter reduces our task to the study of the average distribu-
tions, i.e., we may assume that (n;) is a sequence of independent random indices,
independent of the sequence X, and with values in Ay according to the uniform
distribution. In this case, the situation is considerably simplified by noting that

U+---+Uy X1+ + Xan
= —)0,

VN dv'N

for all w € (0, 1), since the sums X;| + --- + X4y remain bounded, while N is
increasing. In addition,

Vi+---+Vn 1
—_—_—m ﬁ —_—
N 2
in probability, as was explained before. Therefore, by Proposition 5.1, the distribu-
tions of Sy and of the random variables

1/2
1 Ui+ +Uy /Z
2 N

approach each other in the sense of the weak convergence. Now, for eachk < N,

1 Xn+m + Xin—m
2 n [n—m|
Uy = — E —

n,meN,

where by convention, Xy = 1. By direct evaluation, it should be clear that the sums
2112121 > n.mea, Xn+m remain bounded when N is increasing. On the other hand,
> n.mea, Xin—m| does not depend on k. Hence, Sy have in the limit the distribution
of

1/2

1 1< 11 2& v
S(d):ﬁ l_ﬁ Z X\n—ml Z:E(l_g—ﬁ;(d—n)x,) Z.

n,m=1

We may summarize:



74 S. G. Bobkov, F. Gotze

Theorem 7.2. For almost all indices ny selected independently and uniformly
from Ay,

Xy oo+ Xy 2
——F—— = N(O,
N2 0, p7)
weakly in distribution with respect to the Lebesgue measure on (0, 1), where
_ 1/2
=11 ! 2 g d—-n)X (7.4)
p= iy 2. n) X, . .

Note that, although E (ﬁ S N)2 = 1, for the limit distribution the second
moment is E (v2S(d)? = 1 — é. This is consistent with Proposition 7.1 and

actually shows optimality of (7.2), since den(tr) = dl with [too-probability one.
If d = 2, formula (7.4) is simplified, and we get vV25(2) = /155 7z =

N(0, p?), where p has the arcsine distribution. Thus, we arrive at the conclusion
made in Theorem 1.2. In this particular case, there is an alternative argument leading
to Theorem 7.2, which we describe below.

The process of choosing indices ny from Ay = {2k — 1, 2k} may be connected
with the Bernoullian scheme by noting that

1 —¢ 1+ ¢
Xn, = ) Xok—1+ Xok,
where ¢; = %1 are independent random variables taking the two values with prob-
ability % (independently of the sequence X,,). Thus, the value ey = —1 corresponds

to the choice ny = 2k — 1, while gy = 1 corresponds to n; = 2k. Hence,

N
X1+ + Xon 1 Xok — Xok—1
\/ESN =+ — g ——————. (7.5)
V2N «/W; V2

As N isincreasing to infinity, the first summand on the right of (7.5) will not contrib-
ute in the limit, by property (7.1). As for the second summand, one may apply the
following theorem: Given an orthogonal sequence Y, in L?(2, F, P) such that

1) EY] =0
1) max{|Y1|,...,|Ys|} = o(4/n) in probability;
24 ... 2
2) Yidtby — ,o2 weakly in distribution for some random p > 0,

n

we have that, for almost all choices of &’s, weakly in distribution

1 & )
7 k;gkyk = N(0, p?). (7.6)

This result has been proved in [B1] when p = 1, but the proof easily extends to
the general case. Related results about convergence in probability with respect to
&x’s were obtained by H. von Weiszicker [W] (see also the original work by V. N.
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Sudakov [S]).The particular case Y, (w) = cos(2rnw) in (7.6) corresponds to a
result of R. Salem and A. Zygmund [S-Z2], who considered a more general scheme
allowing weights. In our case

Xok(w) — Xog—1(w)
V2
cos(2m 2k w) — cosRm 2k — 1) w)
V2
= —+/2 sin(rw) sin((4k — 1) tw),

Yi(w) =

so these random variables are orthogonal, satisfy 1) with o2 = %, satisfy 2) since
they are bounded, and also a.s.

2 . .
Y7+ 2 TN ) gin2 (e ST +1S$n2((4N ~Drw)

Hence, 3) is fulfilled with p(w) = | sin(;r w)|. This random variable takes values in
[0,1] with respective distribution function and density

2 . 21
F(x) = - arcsin(x), p(x) ==

T 1 —x2

— sin? (Tw).

O<x<1).
That is, p has the arcsin distribution.
8. Pairwise independent random variables

In this section we restrict ourselves to an important family of systems of random
variables that are pairwise independent. It is well known, that the usual central
limit theorem fails to hold in this situation. See, e. g., S. Janson [Ja], R. C. Bradley
[Br], A. R. Pruss [P]; another counter-example is discussed below. It is therefore
interesting to know whether weaker forms of the CLT are fulfilled. Theorem 1.1
immediately yields:

Theorem 8.1. Let (X,)52 | be pairwise independent random variables such that
EX, =0, EX,2Z =1, and sup,, esssup | X, | < +oo. If |Ax| = oo, then for almost
all indices ny selected independently and uniformly from Ay,

Xu, 4+ Xny

VN

Indeed, here we are dealing with an orthonormal system in LZ(Q, F,P), sat-
isfying the condition a) of Theorem 1.1. By pairwise independence and uniform
boundedness of X,,, the random variables

1 e
ION—N;MZ n

nelAy

= N(0, 1). (8.1)

have variances of order at most 0(%), ) p12V — 1 in probability. Thus, Theorem
1.1 applies, and we arrive at the desired conclusion (8.1).
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For illustration, let us start with a real-valued, 1-periodic measurable function
f on the real line such that

1 1
/ fx)dx =0, /‘fufdle, (8.2)
0 0
and consider a special system
Xu(t,s) = f(nt+s), O0<t,s<l, (8.3)

defined on the square 2 = (0, 1) x (0, 1), which we equip with Borel o -algebra F
and Lebesgue measure P. This system is related to the well studied case { f (nt)},
but the additional “mixing” argument s adds a number of remarkable properties.
This will allow us to get rid of heavy restrictions such as “smoothness” usually
required for the function f. In particular, we have:

Corollary 8.2. If |Ax| — oo and f is essentially bounded, then the CLT (8.1)
holds true for the system (8.3) with respect to Lebesgue measure P.

The crucial observation is contained in the following elementary statement.

Lemma 8.3. Let ¢ and z be independent, complex-valued random variables uni-
formly distributed on the unit circle S' of the complex plane. Then

En=¢7", n=12...,
represents a strictly stationary sequence of pairwise independent random variables.

At the same time, it is almost a deterministic sequence in the sense that &, =
gn(&1, &), for certain measurable functions g, on S x §!. Moreover, there is
relation &, = g; jn(&. &), i # j,as long as "% is an integer. Systems of pair-
wise independent random variables with similar d]eterministic properties were first
constructed by A. Joffe, cf. [Jo].

Let us also note that the sums S, = & + - - - 4+ &, remain bounded for growing
n, so the normalized sums S, /+/n, as well as their real parts Re S,,/+/n, fail to
satisfy the central limit theorem. One may obtain other counter-examples in the

form f(&,).

Proof of Lemma 8.3. By independence of ¢ and z, we have for all integers my, .. .,
myandh >0, N > 1,

Eglm-i-lh o ‘51’33’_}1 —E é.m|+-~+mNEZ(l+h)m1+-~+(N+h)mN. (8.4)
Since
1, ifm=0,
E¢(" = ] m forallm € Z,
0, ifm#Q0,

the right hand side of (8.4) is either equal to O or 1, and is equal to 1 if and only if
mi+---+my=0and (14+h)ym; +---+ (N + h)my = 0, that is, if and only if
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mi+---+my=0and1-m;+---+ N -my = 0. The latter description does
not depend on %, which proves strict stationarity by applying Weierstrass’ density
theorem. Similarly, given n > m > 0 integers, and a, b € Z, one easily verifies
that E€%£> = E£9 E &L, which is an equivalent form of independence.

One may equivalently formulate Lemma 8.3 as the property that

Nu(t,s) =nt +s (mod 1)

is a strictly stationary sequence of pairwise independent random variables on 2.
So is the sequence of the form X,, = f(#,). Since all n,, are uniformly distributed
in the interval (0,1), the assumptions of Theorem 8.1 are fulfilled by (8.2).

The uniform boundedness assumption in Theorem 8.1 may be weakened to the
uniform integrability at the expense of a certain condition posed on the growth of
| Ak |, with a rate depending upon integrability properties of X,.

Theorem 8.4. Let (X,)° | be pairwise independent random variables satisfying
EX, =0, EX% =1, and sup, E VY (|X,|?) < 400 for some Young function V.
Then the CLT (8.1) holds provided that |Ay| — oo and, for any ¢ > 0,

Al +---+]An| =0 (cN)), as N — oo, (8.5)

Recall that a Young function represents a non-negative, increasing and con-
vex function defined on the positive half-axis # > 0 such that ¥(0) = 0 and
Yo 400, as t — +o0o. When X, are equidistributed, the existence of W
follows from the finiteness of the second moment.

According to Remark 6.1, the condition a) of Theorem 1.1 is fulfilled, provided
that (6.3) holds which is exactly the assumption (8.5). The condition b) is fulfilled
in a stronger form, as a weak law of large numbers may be applied to the sequence
Yo=X2—1.

Proposition 8.5. Let Y1, ..., Y, be pairwise independent random variables satis-
fHing EY; =0and EV(Y;]) < 1, foralli < n. Then

Yit-+ Y,
n

E ‘ < ey(n) (8.6)

with ey (n) — 0, as n — 00, depending on the Young function ¥, only.

In particular, if we start with an infinite sequence Y, under the same hypotheses,
then in probability

Yi4-+Y,
n

— 0, asn — 00.

This weak law of large numbers is due to D. Landers and L. Rogge [L-R]. Here
the requirement that & — 400 cannot be omitted even for totally independent
random variables. For example, if P{Y, = +n} = ﬁ, P{Y,=0}=1- %, we
have EY,, = 0, E|Y, | = 1, but the weak law does not hold. It may also be verified

Y4ty

> ¢ for some absolute constant ¢ > 0.
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The refining inequality (8.6) is needed in Theorem 8.4 in view of the struc-
ture of the random variables ,012\,. Letting C = sup,, E\IJ(Xﬁ), Co=1+
X2—1

Co

1
w-1(C)’

Wo(t) = é\l’(l), we get EWy( ) < 1 and thus may apply Proposition 8.5 to

2_
the finite collection Y,, = X"C—Ol, n € Ag, withfixedk =1,..., N. By (8.6), every

Vi = IA_lk\ Y nen, Xa satisfies
E|Vi —1] < Coeyy(|AkD).

Therefore, by the triangle inequality,

N
Co
E|:012v—1| < N E ew,(|Ak]) — 0, as N — oo,
k=1

since |Ag| — oo. Hence ,012\, — 1 in probability, and thus the proof of Theorem
8.4 would be completed. To prove Proposition 8.5, we need:

Lemma 8.6. Let Y be a random variable on the probability space (2, F, P) sat-
isfying EW(|Y|) < 1, where V¥V is a Young function such that V(1) = 1. Then

a) E|Y|14 < p¥~'(3), forany A € F with P(A) < p;
b) E|Y|1ljy|=q < ﬁ forany ¢ > 1.

As usual, U—! denotes the inverse function and 14 the indicator function of a
set A. Note that p W1 (%) is increasing in p.

Proof. The inequality in b) is obtained from a) by using Chebyshev’s inequal-
ity P(A) < ﬁ, where A = {|Y| > c}. For the first assertion, we may assume
0 < p < 1, that Q is finite and that W has a continuous increasing derivative in
t > 0.So, R = W~! has a continuous decreasing derivative R’ on the positive
half-axis.

Fix A € F.Making the substitutionu = W(|Y|), we are reduced to maximizing
the functional L(#) = E R(u) 14 under the constraints u > 0, Eu = 1. Clearly, a
maximizer ug exists and is vanishing outside A. Let B = {ug > 0}, sothat B C A,
and put u, = ug + ev with a real ¢ and an arbitrary function v on 2 vanishing
outside B and such that Ev = 0. Then Eu, = 1 and u, > 0 on B, for all &£ small
enough. In addition, by Taylor’s expansion,

L(ug) = L(ug) + eE R (ug)v +o0(e), ase — 0,

implying that E R’ (uo)v = 0 for all v as above. Therefore, R’ (u¢) and thus ug itself
must be constant on B. But when iy = b1 with bP(B) = Eug = 1, we have that
L(uog) = R(b)P(B) = P(B)R(1/P(B)). Since the latter quantity is increasing in
P(B) and P(B) < p. it does not exceed p R(1/p).

Proof of Proposition 8.5. We follow a standard argument as in [L-R], where a suit-
able double truncation procedure is applied. Consider ¥/ = Y; 1{y;|<n) and put

5 = YikedVn o Yi+-+Y,
n="""7 %% = "7 -
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For arandom variable &, we use the notation ||§ ]|y = inf {A > 0 : W (|&|/A) <1}
for the Orlicz norm of £ generated by the Young function V. First assume W (1) = 1.
Since, by the assumption, ||¥;|l¢ < I, we also have ||Y/|lg < 1, s0 [ls,]lg < 1and
s, llw < 1. Splitting s, = (s, —s,,) + (s, — Es},) + Es;,, we get

Els,| <Els, —s,| + E|s, — Es)| + |Es/|. (8.7)

Note Es), = —% ?:1 Y; 1{1y;|=n} s0 by Lemma 8.4 b) applied to each Y;,

Es'| < .
sl = G

(8.8)

Now, by Chebyshev’s inequality, for the set A = Ul'.’=1 {lYi| = n}, we have P(A) <

n

TG Note that s, = s,, on the complement of A. Hence, by Lemma 8.4 a) applied

toY = % with p = q,’(’n), we get

—s 2 v
Els, —s| = 2E'S”TS”|1A < W’;)\Iﬂ(%) (8.9)

To bound the middle term on the right of (8.7), use pairwise independence of ¥/ to
write

1 < 1 &
Els, — Es)|? = Y Var(Y)) < = > EY? yj<n)
i=1 i=1

1 " 2 1 - 2
EZEY" 1{|Yi\<c}+n_zZEYi Le<vil<ny»

i=1 i=1

where 1 < ¢ < n.Next, E Yi2 Ljvi1<e} < cElY;] < ¢, since, by Jensen’s inequality,
E|Y;| < W' EY(|Y;]) < ¥'(1) = 1. Similarly,

EY? Le<iv;j<ny < nEYi| 1jy2e) <n

C
U(c)’

by Lemma 8.6 b). Hence, E|s;, — Es,, |2 < S+ q,fc) . Together with (8.7)—(8.9), and
using W (n) > n, this yields

Bl < wl(‘l’(n)>+ - \/T (8.10)
" W) n 1zezn\n - W(e) .

The quantity on the right of (8.10) may be taken as ey (n), since the infimum is
convergent to zero, as n — oo (for ¢ = /n, for example).
Finally, if W (1) # 1, introduce a new Young function Wy (¢) = ﬁlll (t). Then,

with C = max{l, ﬁ}, we have EWO(%) < 1 and, by the previous step applied

to the sequence %, we obtain that Els, | < Cey,(n). Proposition 8.5 is proved.
Returning to the systems associated with periodic functions, we obtain from
Theorem 8.4 the following analogue of Corollary 8.2.
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Corollary 8.7. For any 1-periodic measurable function f, normalized in accor-
dance with (8.2), the CLT (8.1) holds for X,, = f(nt + s) with respect to the
Lebesgue measure on the square 0 < t,s < 1, as long as |A1| + -+ |An| grow
to infinity sufficiently slowly.

For example, as we know from (8.5), if

1
/O |f(x)* log | £ (x)|dx < +o0,

the condition on the growth rate is given by |[A| + --- 4+ |Ay| = o(Nlog N). It
is, however, not clear whether this condition is necessary.
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