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Concentration property of the uniform distribution on the cube is considered for the class
of permutation invariant sets. Bibliography: 10 titles.

1. Introduction

Denote by P the uniform probability distribution (i.e., the restricted Lebesgue measure) on the
n-dimensional cube [0,1]". A well-known dimension free concentration property of this measure
indicates that, for any measurable set A C R™ with P(4) > 1/2,

PA+rBy)>1—e", r>0. (1.1)

Here, By stands for the Euclidean ball in R™ with unit radius and center at the origin, so that the
Minkowski sum A + rBs represents an open r-neighborhood of A with respect to the Euclidean
distance, and ¢ > 0 is a numerical constant. For example, the following argument, proposed in
[1], may be used to reach the inequality (1.1). Consider the map

T(x1,...,2n) = (P(x1),...,P(zy))

from R™ onto (0, 1)", where ® is the standard normal distribution function on the line. It pushes
forward the canonical Gaussian measure v, on R" into P, i.e., P(A) = 7,(T!(4)), and has a

Lipschitz constant
1

V2or
Therefore, starting with the Gaussian isoperimetric inequality
V(A +71B2) =@ (27 (7 (A)) +7),
which holds for all measurable sets A C R™ and, in the case 7,(A) > 1/2, implies

1T ||lLip = 1@ |Lip =

m(A+7rBy) >1—e /2

we arrive at (1.1) with ¢ = w. Many other approaches to this concentration result are also
available; see [2] for the modern exposition of the concentration of measure phenomenon.

On a functional language, (1.1) is equivalent to saying that, for any f : R" — R with

[ fllLip <1
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and P-mean

[0,1]"

we have

P{f—Ef|>r}<2¢ ", h>0 (1.2)
(for a certain constant ¢ > 0). The right-hand side of (1.2) is asymptotically sharp in the class
of all Lipschitz functions. However, in many interesting cases, the estimate (1.2) appears to
be rather rough. For example, the values of the Lipschitz function f(z) = max{zi,...,z,}
are concentrated around the point 1 and, moreover, the concentration is getting stronger for
growing n. More generally, when one might want to improve (1.2), one considers the problem
of the deviations of U-statistics

F@)=> Ul ... x,),
where U is a “nice” function of k& < n variables and where summation is performed over all
collections of integers 1 < i1 < -+ < i < n.

These examples inspire to consider the concentration property of the uniform distribution,
as well as of other product measures, in the class of permutation invariant subsets of the space.
Let us say that a set A C R"™ is symmetric under permutations of coordinates (or just per-
mutation invariant) if with every point * = (x1,...,x,) it contains all points of the form
T = (Tx(1),--->Tr(n)), Where 7 is an arbitrary permutation of {1,...,n}. For such sets (1.1)
may considerably be sharpened.

Theorem 1.1. For any measurable set A C R, symmetric under permutations of coordi-
nates and with P(A) > 1/2,
2

P(A+7By)>1—e " >0, (1.3)

where ¢ > 0 is an absolute constant.

In the sequel, B, denotes the unit ¢P-ball for the norm
Izllp = (|21l + - + [2alP) P

(where z = (z1,...,2,) € R", 1 < p < 00). In particular, B, = (—1,1)" is the open n-
dimensional cube in R™ with side (—1,1).
A functional formulation of Theorem 1.1 is as follows:

Theorem 1.2. Let f be a function on [0,1]", symmetric under permutations of coordinates
and such that, for all z,y € [0,1]™,

[f(@) = FWl <z = yllo- (1.4)
Then, for all r > 0 with some absolute constant ¢ > 0,
P{|f —Ef| >r} <2e " (1.5)

Thus, in the class of permutation invariant subsets of [0, 1]™ there is a stronger concentration
of Gaussian type. To compare (1.1) and (1.3), let us rewrite the latter as

T 2
P(lA+ —=By | >21—¢e“
< vz ) ¢
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and note that
r
% BOO - A + 'I”BQ.

Similarly, on functions the condition (1.4) is telling us that f is differentiable almost everywhere
(a.e.), and its gradient satisfies

A+

n

IVfl=>"

i=1

0f (x)
O:CZ-

<1 a.e.

Since
IVl < vV £,
(1.5) implies the Gaussian deviation inequality (1.2).
Theorems 1.1-1.2 can be reduced to an appropriate concentration problem about the uniform
distribution w, on the simplex
Ap={yeR} :y1+-+y, <1}
with respect to the £'-norm. What is needed for (1.3) to hold is the following assertion.

Theorem 1.3. For any measurable set A C A, with p,(A) > 1/2, with some absolute

constant ¢ > 0,
2

pn(A+rB)=1—e " r>0. (1.6)

This concentration inequality is known, although it was stated for the ¢'-ball B; in place
of A, (which is, in fact, equivalent to the case of the simplex). More precisely, if v, is the
normalized Lebesgue measure on By and a set A C Bj has v,-measure at least 1/2, it was first
shown by Arias-de-Reyna and Villa [3] that

Un(A4+rBy) > 1— ne "’

(Actually, they established this inequality for all £,-balls with 1 < p < 2.) Afterwards, Schecht-
man [4] removed the unnecessary factor n. In both cases, the proof is essentially based on
Talagrand’s isoperimetric theorem for the product exponential measure [5]. Although this deep
theorem is now standard and there are several different approaches to it (cf. [6, 7]), we present
a direct inductive proof of the concentration inequality (1.6).

2. Reduction to the Simplex

Given a permutation 7 of {1,...,n}, introduce
Q(’/T) = {.I'E [0,1]” : ngﬂ'(l) < ... g.l'ﬂ.(n) < 1}

Let €, correspond to the identity permutation (i) = i. We thus obtain a modulo 0 partition
of the cube into n! subsets. In particular, for any measurable set A in [0, 1]™

P(4) = S Pa(4) (2.1)

™

and

n

1
P(A—"_TBOO) = ZPW(A—FTBOO)?
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where P, denotes the uniform distribution on €. If A is symmetric under permutations of
coordinates, the terms in each sum coincide, so

P(A) =P,(A), P(A+rBy) =P,(A+1rBy),

where P,, temporarily stands for the uniform distribution on €2,,.
Similarly to (2.1), given a (measurable, bounded) function f on [0, 1]", we have

/fdP:%zW:/fdPﬁ.

If f is invariant under permutations of coordinates, the P-distribution of f coincides with its
P, -distribution, and the same can be said about ||V f|| with respect to any permutation invariant
norm on R"™.

Now, let us consider the measure P,. Its supporting set €2, may be identified with the
simplex

Ap={yeR}:y1+ - +y, <1}
via the map
T:x—y= (21,1 —X2y...,Tp — Tp_1)-

This map pushes forward P,, into the uniform measure u, on A,. Hence for any measurable
set A C R™ we have

Py (A) = pa(T(A))
and, in view of the linearity of T,
Po.(A+7Bx) = pin(T(A) + 7T (Bx))-

Note that T'(Bs) contains the ¢'-ball By: starting with a point ¥y = (yi1,...,yn) such that
ly1|+- -+ |yn| < 1, the point T~1(y) has coordinates (y1,y1 +¥2,--.,y1+- - +yn), so it belongs
to Bo. Consequently,

Pn(A + TBOO) > :un(T(A) + TBI)'

By the same reasons, starting with a locally Lipschitz function f on €2,, the function y —
fF(T YY) = fy1, 91 +y2,...,y1 + -+ yp) is defined on A, and satisfies

IV AT ) loo < NVHT 1

This can be summarized in the following.

Lemma 2.1. Given numbers p € (0,1), r > 0 and a function R on [p,1], any concentration
property on the simplex of the form
pin(A+7B1) = R(pn(A)),
holding for all measurable sets A C A, with p,(A) > p, implies a similar property on the cube
P(A+1rBx) > R(P(4))
in the class of all measurable sets A C [0,1]", symmetric under permutations of coordinates and

such that P(A) > p.

Let us also state a functional form of Lemma 2.1.
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Lemma 2.2. Let o = «a(r) be defined on (0,+00). Assume that for every function f on A,
such that |f(x) — f(y) < ||z — yl|1, whenever z,y € A, we have

un{ £ [ £,

Then, for every function f on [0,1]", invariant under permutations of coordinates and such that

[f (@) = f(y) < 1z = Yllos

27“} <a(r), r>0.

whenever z,y € [0,1]", we have

P{‘f—/fdP‘}r}ga(r), h>0.

Remark 2.3. As the above discussion shows, instead of the permutation symmetry in the
conclusions in Lemma 2.2 and therefore in Theorem 1.2, it suffices to require that P -means of
f on Q are equal to each other. Similarly, in Lemma 2.1 and Theorem 1.1 one may only require
that intersections A N, have equal volumes.

3. Distribution of the Last Coordinate

Thus, Lemmas 2.1 and 2.2 reduce the study of distributions of permutation invariant func-
tionals on the cube to the study of distributions of general functionals on the probability space
(Ay, pn). As the first step, it is useful to look at the last coordinate

nn(x) = Tn, T = (.Tl,...,fn),
and see how it is concentrated around its pu,-mean. Denote by F,, the distribution function of
M- 1t should be clear that

F(t)=1—(1-t)", 0<t<1,
and, by a direct computation,
1 n

rr V) = ooen Ty

Enn =

1
The variance is of order —. We will need a refinement of this property in terms of the tails of
n

Lipschitz functions of 7,.

Lemma 3.1. For any function g : (0,1) — R with ||g||Lip < 0 and Eg(n,) =0

o
EcM(m) < N7/ g Ao < g (3.1)

Proof. By the homogeneity of (3.1) with respect to g, we may assume that o = 1.

First, it is useful to represent the measure F;, as a Lipschitz transform of the canonical
two-sided exponential measure v on the real line with density

1
p(t) = 3 e teR.
Let
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denote the corresponding distribution function, which has the inverse function F~!: (0,1) — R.
It is easy to check that

I(t) = p(F~(t)) = min{t,1 — t}, 0<t<l.
Similarly, introduce
() = po(E7Y ) =n(1 =)D/ 0<t<1,
where p, = F) is the density of n,. Consider the increasing map 7, : R — (0,1), which pushes
forward v to the measure F,, i.e., T, (t) = F, }(F(t)). Then T/ (F~1(t)) = I(t)/IL,.(t), so T, has

n
a Lipschitz seminorm

Ity I(3) 2Y»
ThllLip = sup = = .
1T e o<t<1 In(t)  In(3) n

ol/n

Hence the superposition h = g(7T,) has a Lipschitz seminorm at most

Now, we use the following property of the measure v (cf. [8]), which is an equivalent
reformulation of the one-dimensional isoperimetric inequality

V(A4 (=r,r)) = F(F Y (v(A) +7), r>0.

Namely, for any function » : R — R with ||A|lLi, < b, there is a nondecreasing function
h : R — R, which has the same distribution under v as h and such that

[7llLip < .

On the other hand (cf. [9, Lemma 2]), given A € R and a random variable n with finite first
moment, the quantity

E exp{A(h(n) — Eh(n))}

is well defined for all nondecreasing h : R — R with ||h||1ip < b and is maximized in this class
at the linear function h(t) = bt. Assume that 7 is distributed according to v, so that we may
put

M = Ta(n)-

Applying this extremal property to the function h, which corresponds to h = ¢g(7T),) and has a
21/n

Lipschitz seminorm at most , we conclude that, whenever |\| < n/2V/",

1
1— (222

n

E M0n) — M) < |2/ M/n —

One can now apply a simple bound

holding in 0 < s < %, which implies
1+2/n 22 /,2
Ee)\g(nn) < 62 +2/n 32/, ’

provided that

2l/mx 2 1
(=) <3
n 2
ie.,

A < n2-Gto),
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If n > 2, this range covers the interval |A\| < n/2, and we obtain (3.1).

Remark 3.2. The statement of Lemma 3.1 can be sharpened for n = 1. In this case, the
random variable n; is uniformly distributed on (0,1), and, by a similar argument, for all A € R

EeMm) < Eero(m—3) — sh(Ao/2) < N0 /8
Ao /2

The next observation, obtained by a direct application of the Fubini theorem, shows how
the measure Fj, is related to the uniform distribution p, on the simplex A,,.

Lemma 3.3. Let &, denote a random vector in R™ distributed according to p,. Then for
all n > 2 the random vectors

((1_7711)611717"711) and &,

are equidistributed provided that &,_1 and n, are independent.

4. Deviations of Lipschitz Functions on the Simplex

Now, we are prepared to study the deviation problem on the simplex and prove a functional
variant of Theorem 1.3. Recall that A, = {z € R} : 1 + -+ +, < 1} is equipped with the
uniform measure .

Theorem 4.1. For every function f on A, such that

[f (@) = fy)l <z =yl

whenever x,y € Ay, we have

un{ f—/fdun 27”} <2 p>0. (4.1)
where ¢ > 0 is a numerical constant.
One may take ¢ = 1/144, for example.
This inequality may equivalently be rewritten in terms of the Orlicz norm || - ||y, generated

by the Young function ¢s(t) = e!” — 1 as

Hf‘/fd’“‘" w SV

with some numerical constant C'. In particular, the u,-variances of such functions are bounded
by C?/n (for some different constant).

Proof of Theorem 4.1. One may assume that f is smooth and is such that

0f (x)
O:UZ-

throughout the interior int (A,,) of the simplex (where o is a positive parameter). Using induc-
tion on n, we verify under (4.2) the hypothesis

E M) < exp{ABF(£,) +cah?0?} for |Ao < A, (4.3)

max
1<i<n

<o (4.2)
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for suitably chosen sequences ¢, and \,, where &, is a random vector in R™ with distribution

-
According to Remark 3.2, one may take ¢; = 1/8, which fits any A; > 0.

Induction step. Let n > 2. We associate with f(z), = (x1,...,2p—1,2n) € A,, the

functions
1

g(ut) = f(1—Dut),  h(u) = / 9(u, 1) dF, (t) = Bg(u, 1),

0

where u = (u1,...,upn—1) € Ap_1, 0 < t < 1, and where a random variable 7,, has the distribu-
tion F},, as in the previous section. Then for each i =1,...,n—1
ag(uvt) _ ¢ af((l _ t)u?t)

—(1—
which, by (4.2), does not exceed o(1 — t) in absolute value. Hence
1

< /(1—t)dF() -

n
n+1

‘ Oh(u)
du;

In addition,

dg(u,t) _ _"i or (A =tut) . 0f((=tut)
8%1 ’ al‘n ’

so again by (4.2),

e ()

Hence, by Lemma 3.1 applied to the function ¢ — g(u,t) with 20 in place of the Lipschitz
seminorm, for all u € A,_1

E M)  exp{AEg(u,1,) + 16A%62 /n?} = MW el6ra*/n* Ao < %

According to (4.4), with respect to the ¢'-distance on A,_; the function h has a Lipschitz
constant, bounded by o . Hence, by the induction hypothesis (4.3) for the dimension n — 1,

n+1

(4.5)

E M) < exp{ABR(En-1) + cpo1(—— 1 “A0%} for |No An—1; (4.6)

where &, _1 has distribution p,,—1 (§,—1 is supposed to be independent of 7,,). Inserting u = &,_1
n (4.5), integrating over pu,_1, and applying (4.6), we arrive at

n 16
B ME 1) < expABA(g, 1)} el ([0 (4.7)
which holds for all A such that
1
Ao mln{z %A“}. (4.8)

But by Lemma 3.3, the random variables f(&,) and ¢(&,—1,m,) are equidistributed. In
addition,
Eh(§n-1) = Eg(&n-1,mm) = Ef (&)
Therefore, (4.7) and (4.8) imply the desired statement (4.3) for dimension n provided that

2
n 16 . [n n4+1
Cn 2 Cp—1 <n+ 1> + ﬁ7 An < mln{ZuT/\nl}-
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For the second inequality we may take A, = a(n + 1) with a constant satisfying
n
an+1) < T
Since n > 2, the optimal choice is o = 1/6.
In terms of d,, = (n + 1) ¢y, the first inequality may be rewritten as

1 1 1
d, > (1_ )dnl_,_m_

n+1 n?

Hence to prove that the optimal value of d,, is bounded by a constant d (which can be performed
16 (n +1)?

by induction on n), it suffices to bound by d the quantity 5 The worst situation
n

corresponds to n = 2, which yields d = 36. Therefore, one may take ¢, = n3—f1.
Restricting ourselves to the case o = 1 and Ef(&,) = 0, we thus proved the following: If
of(x)
<1 4.
22 "o, (49)
in the interior int (A,,), then
EeM(En) 3637/ (nt1) (4.10)
as soon as .
n+
Al <
A<

But this range of A is large enough in order to extend (4.10) to all A on the real line. Indeed, for
some point zg € A, necessarily f(z¢) = 0 (since f has mean zero). Since |f(z)—f(y)| < ||lz—y]|1,
the function f must take values in [—1,1], so one always has

/eAf dpin < oY < 636)\2/(n+1)’

where the second inequality is valid for [A| > "3—?. This allows one to cover the remaining values
of A in (4.10).
Finally, starting with (4.10) and applying the Chebyshev inequality, we get for any r > 0

Prob {f(&,) > r} < e (/14 (4.11)
and, combining it with a similar inequality for the function —f,
Prob {|f(&)| = 7} < 9 g~ (n+1)r?/144

The latter yields the inequality (4.1) with ¢ = 1/144.
At this step, the condition (4.9) may slightly be relaxed to the Lipschitz condition

[f@) = fl < llz =yl (2,5 € An).
Theorem 4.1 is proved. O

5. Gaussian Concentration on the Simplex

The transition from functional inequalities, such as (4.1) in Theorem 4.1, to concentration
inequalities, such as (1.6) in Theorem 1.3, is standard. Let us recall the argument. In fact, it is
better to start with the one-sided estimate (4.11), which we write here as

un{f—/fdunET} Se_ch, r > 0. (5.1)
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It holds with ¢ = 1/144 for any function f on A,, such that |f(x) — f(y)| < || — y||1, whenever
x,y € Ay

First, let us remind one general observation. Given a random variable £ > 0 with a median
at zero, i.e., such that

Prob{{ > 0} <

i

E¢ < /Var(§). (5.2)

Indeed, putting F' = {¢ > 0}, we get, by the Cauchy inequality,

N —

we have

(BE)* = (BE15)? < BE Prob (F) < | BE,

which is the same as (5.2).
Now, as was already mentioned, the inequality (4.1) implies that, up to some numerical

constant C' > 0,
02
Var,, (f) < < (53

where Var,, denotes variance with respect to the measure ji,,. In particular, this may be applied
to the distance functions

fa(x) = dist(A,z) = inf ||z —yl, x e Ay,
yeA

associated with nonempty subsets A of A,,. If, in addition,
1
n A > 57
pn(A) 2 5

we may combine (5.2) and (5.3) to obtain
C
E, fa= /fA(l“) dpin () < Noh

Finally, for any

S 2C
RV
we have
c r —cnr?/4
pnifa =1} < Nn{fA_Euan 2T — _\/ﬁ} < ,un{fA _Euan > 5} < e /4,

where we applied (5.1) at the last step. The obtained inequality continues to hold for

2C
0<r<—

Vvn
with a smaller constant ¢ (if needed) since
1
S 2> i fa = ).

It remains to note that {f4 > r} represents the complement to the set A +rBj in A, i.e., we
arrived at the concentration inequality of the form

1—pn(A+7rB;) < e > 0. (5.4)

Remark 5.1. Let us also mention an isoperimetric result of Sodin [10], which provides us
with a similar concentration inequality with respect to the Euclidean distance:

1—pp(A+7rBy) <e ™, r>N0. (5.5)
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Using By C /n By and making the change of variable, one obtains on the basis of (5.5) an
exponential bound

1—pn(A+7By) < e vV,

which is however weaker than (5.4).

10.
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