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1. Introduction

Let p be a spherically invariant probability measure on the Euclidean space R™ (n > 2) with
density
dp(x)
dx
where p = p(r) is a nonnegative function on the positive half-axis r > 0.

= p(lz]), = eR",

In particular, all linear functionals x — (z,6) have distributions under p that only depend
on the Euclidean norm |#|. For the sake of normalization, we assume that

/ac% du(z) =1, (1.1)
which may also be written as
/ |z|? dp(z) = n.
We introduce the concentration function
au(h) = sup [1 - M(Ah)} . h>0,
where the supremum is taken over all measurable sets A in R™ with ©(A) > 1/2, and denote by
At ={zcR":3yc A, |z —y| <h}

an open h-neighborhood of A with respect to the Euclidean distance.
It is known that, if p is log-concave, i.e., for all z,y > 0 and ¢ € (0,1)

plte + (1 —t)y) = p(z)'p(y)' ™,
then the concentration function associated to p admits an exponentially decaying bound

au(h) < e, (1.2)
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where ¢ > 0 is an absolute constant. Moreover [1], in the class of all smooth functions f on R"
with py-mean zero, we have

n [ Pans [19sfan (13)
with an optimal constant (spectral gap) \y = A1(u) satisfying
C < Al < 1.

The fact that the concentration function of p has at worst an exponential decay and may
be controlled in terms of A; is an observation due to Gromov and Milman [2] and Borovkov
and Utev [3]. More precisely (cf. [4]), in the presence of the Poincaré type inequality (1.3), one
always has

1—p(A") < Cem VM (A) > 1/2,

with some absolute constant C' (for example, C' = 18). So, if \; is separated from zero by an
absolute constant, we arrive at the concentration inequality (1.2) with some absolute constant
c>0.

In general, the bound (1.2) cannot be improved on the basis of (1.3). However, in many
interesting examples, especially when the dimension n is large, the concentration function «,,
decays on a large interval like in the Gaussian case. The goal of this paper is the following
refinement of (1.2).

Theorem 1.1. If a log-concave function p defines a probability measure p on R™ satisfying
the normalization condition (1.1), then

a,(h) <e= ™ 0<h<Vn, (1.4)
where ¢ > 0 18 an absolute constant.

In the functional language, the inequality (1.4) is equivalent to the property that for any
Lipschitz f : R® — R with

[ fllLip < 1

/fduzo

p{z € R™: |f(z)| = h} <2, 0<h<Vn,

up to some absolute constant ¢ > 0.

and the mean

we have

Recall that a measure p on R is log-concave if for all ¢ € (0,1) it satisfies the Brunn—
Minkowski type inequality

p(tA+ (1= 1)B) > u(A)' w(B)' ™

in the class of all nonempty Borel sets A and B in R”. If u is absolutely continuous, the log-
concavity of u is equivalent to the log-concavity of its density (Prékopa’s theorem, cf. [5, 6]).
Using this characterization, it is readily seen that a spherically invariant measure p on R" is
log-concave if and only if the function p is log-concave and nonincreasing. Thus, Theorem 1.1
involves the class of all spherically invariant, log-concave probability measures on R" that are
absolutely continuous with respect to the Lebesgue measure.
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On the other hand, since we do not require that p be nonincreasing, the inequality (1.4) is
consistent with and may be viewed as an extension of the concentration phenomenon on the
unit sphere

STl ={z e R": |z| =1}
Indeed, replacing (1.1) with the condition

[ 1of? dua) = 1.

(1.4) should be changed to
au(h) <e ™, 0<h<1.

In particular, this may be applied to the uniform distribution u = 0,1 on S"~! (since this
measure is a ”limit point” for the class of all absolutely continuous, spherically invariant prob-
ability measures p with log-concave p). Moreover, in this case, the assumption 0 < A < 1 may
be removed by noting that «,(h) = 0, as long as h > 1. Therefore, for any set A C S"~! with
on—1(A) > 1/2 we have

1—op1(AM) < e h>o0.

This is one of the forms of the concentration property of the sphere, which is usually obtained
as a consequence of the isoperimetric theorem of P. Lévy (cf. [7, 8]).

The concentration inequality of Theorem 1.1 will be obtained by involving logarithmic
Sobolev inequalities, which we consider for the restriction of p to the ball of radius of order
vn (cf. Sections 4 and 5). We discuss a concentration property of the distribution of the
Fuclidean norm under u separately in Sections 2 and 3.

2. Log-Concave Measures of Order p

Using spherical coordinates, we can regard any spherically invariant probability measure pu
on R"™\ {0} as the image of the product measure v ® o,,_1 on (0,+00) x S®~! under the map
(r,0) — rf. The probability measure v is characterized as the distribution of the Euclidean
norm |X|, where X is a random vector in R™ distributed according to pu. Moreover, if p is
absolutely continuous and has density

du(z)
2 — plal),
the measure v is absolutely continuous on (0, +o00) and has density
d
IZlS"T) = nw, " p(r), >0,

where w,, denotes the volume of the unit ball in R"™. If a function p is log-concave, we obtain a
special class of one-dimensional log-concave probability distributions on (0, 4+00) with a number
of remarkable properties.

Definition 2.1. We say that a random variable £ > 0 has log-concave distribution of order
p > 1 if it has a density of the form

q(r) =r"""p(r)

for some log-concave function p on (0, 400).
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For example, the standard Gamma-distribution with p degrees of freedom, which has the
density

1 1
ar) = "t
I'(p)
is log-concave of order p, as long as p > 1.

In many relations about general log-concave distributions of order p, the Gamma-distribution
plays an extremal role. In particular, the following assertion holds.

Proposition 2.2. If £ > 0 has log-concave distribution of order p > 1, then

1 2

Var (£) < » (ES) (2.1)

Here, Var (¢) = E¢2? — (E€)? denotes the variance of £. Equality in (2.1) is attained for the
standard Gamma-distribution with p degrees of freedom.

Thus, the meaning of the parameter p is that it allows one to control the concentration of
distribution of £ around its mean.

When p is integer, the inequality (2.1) is easily derived from the reverse Lyapunov inequality
due to Barlow, Marshall, and Proshan [9], while the general case may be obtained from a result
of Borell [10]. For more details we refer to [1], where the concentration aspect of log-concave
distributions of a large order is emphasized and applied to study the K-L-S conjecture for the
class of log-concave spherically symmetric measures.

3. Gaussian Concentration in Terms of Order p

For log-concave distributions on the real line the bounds on the variance, such as (2.1), can
automatically be sharpened in the form of exponential bounds for large deviations. As a variant,
under the assumption that £ has a log-concave distribution, (2.1) yields, for example,

P{|¢ — E¢| > hE¢} <3¢ 1MVP, h>0. (3.1)

However, the order of log-concavity provides an additional information. In particular, in the
interval 0 < h < 1, the expression h,/p on the right-hand side of (3.1) may be replaced with
h%p. An observation of this kind was first made by Klartag [11] in his study of the central limit
theorem for isotropic convex bodies (see Remark 3.4 below for more details).

Using an alternative approach, let us explain how one can derive Gaussian deviations of &
from its mean E£ on the basis of the same bound on the variance (2.1). Thus, let £ have a
log-concave distribution of order p with density

q(r) =1"""p(r),

where p(r) is a log-concave function in r > 0. Necessarily, p is Lebesgue integrable. We
temporarily assume that

—+00

/ e p(r)dr < +oo
0
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for all ¢ € R and consider positive random variables & with densities of the form
Tp—letrp r
Qt(T)=+Oo (r) , >0,

[ rp=letrp(r)dr
0

where t € R is a parameter. Since all & also have log-concave distributions of order p, we have,
by Proposition 2.2,

1
Var (&) < » (E&)?.
In terms of &, this is the same as
1
ECH B — (Bte)’ < = (Beet)? (3.2)
p

Introduce the convex function
u(t) = logEe't,

and set €
E&e

o) —

v(t) =u'(t) = E o

This function is strictly positive and increasing on the whole real line. Moreover, (3.2) can be
recognized as a differential inequality

_ EQME — (B&S)? 1

v (t) = < ()2
0 o ol
It follows that
() <3
0<|—) <-
v(t) p
for all t € R, so
1 1 |t]
— | < = 3.3
5w < 33
Now, for the sake of definiteness, we set E§ = 1, so that v(0) = 1. We put
uo(t) = log E exp {#(¢ — E€)} = u(t) — t
and
vo(t) = up(t) = v(t) — 1.
Then
up(t) 20, wup(0) =vo(0) =0, wvo(t) > -1
for all t € R, and (3.3) gives
vl _ w1 -

L+ lvo(t)] ~ 1+wo(t) = p

Let »
it < <.
<’
Then, necessarily
[vo(t)] < 1,
and, by (3.4) once more,
t 21t
()] <2 72001 < 2y B
vo(t) D 2
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Integrating from 0 to ¢, we get

12
< —.
p

juolt)] < \ / lo0(s) | ds
0

Thus, if E§ =1 and || < §, we have

E exp {t(¢ — E&)} < /7. (3.5)
At this step, the assumption that Ee’¢ is finite for all real ¢ can be weakened to the requirement
that it is finite for ¢ < £. In fact, a similar argument shows that Ee'¢ is finite, as long as t < p.

To remove the assumption E{ = 1, we just apply (3.5) to §/E. As a result, we obtain the
following assertion.

Proposition 3.1. If £ > 0 has log-concave distribution of order p > 1, then the exponential

moment E e is finite, whenever tEE < p. Moreover, for |t| < ;ﬁ

2
E exp {#(¢ — EE)} < exp {% (me)?}. (3.6)

The example of Gamma-distributions with p degrees of freedom shows that the region tE¢ <
p cannot be enlarged in terms of E£ and p.
Applying the Chebyshev inequality, from (3.6) we find that for all h > 0 and 0 < ¢t < p/2

2

P{¢ — B¢ > hE¢} < exp {t

J— 2 J—
 (BO)? — thEE |,

which for t = ph/(2E¢) yields

2

P{¢ —E > hEE) < e T
provided that h < 1. A similar bound holds also for left deviations. One can summarize.
Corollary 3.2. If £ > 0 has log-concave distribution of order p > 1, then for all0 < h <1

P{¢ - B> hBE} < 4

ph

P{|¢ — B€| > hEE) <2¢ "7

3.7)

SR

(
(3.8)
Taking, for example, h = 1, we obtain in (3.7)
P{¢ > 2E¢} <e 1P,
By the log-concavity of the function
h — P{{ > hE},

the above inequality immediately implies that

P{¢>hEE) <e 5, h>2. (3.9)

In order to involve the values A > 1 in (3.8), in which case the bound should be exponential
(and not Gaussian — like in (3.9)), one can use a general dilation type inequality of Lovész—
Simonovits [12] (cf. also [13])

1—v(hB) < (1—v(B)~" D2 ph>1, (3.10)
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where v may be an arbitrary log-concave measure on R" and B is a Euclidean ball with center
at the origin. Given h > 0, we apply (3.10) in dimension one to the distribution v of the random
variable £ — E¢, by taking h/a in place of the parameter h, where a = min(1, h). Then, by (3.8)
and (3.10),

h
P{¢ — B¢l > hEe} — P{|§ Be| > —aEé}
<P{l¢ —E¢ > aBe) 2 G FY

<25 BHp ¢ 9~
Therefore, we obtain the following assertion.
Corollary 3.3. If £ > 0 has log-concave distribution of order p > 1, then for all h >
P{l¢ — E¢| > hEE) < 2¢7 5 minlh®),

Remark 3.4. Klartag considered deviations of £ from the mode t, = t,(§), i.e, from the
point of maximum of the density ¢(r) = 7P~!p(r) of £&. This point is well defined, whenever p is
C?-smooth on (0, +0c) and p > 1, and satisfies the equation

pPr) _ p—1
log p)'(r) = =— .
(o ) (r) = 2470 = =2
As is shown in [11, Lemma 4.4], if p > 2 is integer, then for 0 < h < 1
P{IE — ()] = htp(§)} < Cem P (3.11)

with some absolute constants C > 1 and 0 < ¢ < 1.
From (3.8) and (3.11) it readily follows that with some absolute ¢ > 0

(- )meenocoe e

So, the deviation inequalities (3.8) and (3.11) are in essence equivalent (and we believe that the
assumption that p is integer may be removed).

4. Logarithmic Sobolev Inequalities

According to Corollary 3.2, if a random variable ¢ has log-concave distribution of a large
order p, then its distribution is nearly supported on the interval 0 < r < 2E£ and has Gaussian
rate of concentration around the mean EE. It is, therefore, not surprising that, on long intervals,
such distributions satisfy analytic inequalities, such as logarithmic Sobolev inequalities.

Introduce the entropy functional

Ent,(g) = /gloggdu—/gdu log/gdu-

It is well defined for any measurable g > 0 on an abstract probability space (M, u) and, in
general,

0 < Ent,(g) < +o0.
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Like in case of the variance,
Ent,(g) =0
if and only if g is a constant p-almost everywhere. It should also be clear that Ent,(g) is finite
if and only if
/glog(l + g)dp < +o0.

It is well known [14] that a log-concave probability measure p on R™ satisfies the logarithmic
Sobolev inequality

o But (%) <2 [ |94 du (4.1)

with some positive constant a > 0, where f is an arbitrary smooth function on R", if and only
if for some t > 0

/6“”2 du(x) < 4o0.

The optimal value « = a(u) in (4.1) is called the logarithmic Sobolev constant of p. It may
be related to the Orlicz norm, generated by the Young function

Po(r) = e’ — 1.

In general, given a random variable n on (M, ) such that E ¢! is finite for some ¢ > 0, the
norm ¢ = ||n]|y, is defined as the minimal nonnegative number, such that

Ea(lnf/e) < 1.

As a basic tool, we use a lower bound on the logarithmic Sobolev constant for one-dimensional
log-concave distributions, obtained in [14, Proposition 4.4].

Lemma 4.1. Given a random variable & with log-concave distribution u,

1 <a(p) < 8
e e X )X o7 ==~ -
2411¢ - E¢|7, 3¢ - EE|3,

The inequality on the right-hand side is optimal and is attained for Gaussian measures, while
the constant 1/24 on the left-hand side is apparently far from being optimal.

Our next task is to estimate from above the norm |§ — E£||y, under the assumptions that
& > 0 has compactly supported log-concave distribution of a given order p > 1. So, given rg > 1,
suppose additionally that with probability one

€ < (1 + 7o) EE. (4.2)

To simplify formulas (without loss of generality), assume that E€ = 1. By Proposition 3.1,
the random variable n = £ — E£ satisfies

1,2
Ee! <en! , ] <

[NJ s

By (4.2), we also have |n| < rg, so

2rqg t2

Eetm < et < e lt| >

9

[V las

The two estimates give

2rg 42
t —t
Ee" <er
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without any constraint on ¢. Integrating this inequality over ¢ with respect to the Gaussian
measure on R with mean zero and variance

2 p
>,
o 47“0
we get
E 60.2,,72 /2 < 1 )
_ 4ro ;2
1 po o
Here, the right-hand side is equal to 2 for
2P
16 To
which means that 5 2
2 7o
S 5=
Il < o5 = 3 o
Moreover, if we drop the condition E{ = 1, this estimate should be changed to
32 r
2 2270 gey2,
Il < 5 22 ()

Hence, by Lemma 4.1, we arrive at the following assertion.

Lemma 4.2. If£ > 0 has log-concave distribution v of order p > 1 and satisfies the condition

(4.2), then
c b
alv) =2 —
V) >3 ®ep
with some absolute constant ¢ > 0.
One may take, for example,
3 1 1

©= 32" W6

We use Lemma 4.2 to derive a logarithmic Sobolev inequality for compactly supported
spherically symmetric probability measures 1 on R", n > 2, with density

W) _ (e,

such that p = p(r) is log-concave. This is assumed in the next statement.

Proposition 4.3. Let X be a random vector in R™ with distribution w, and let ro > 1. If
with probability one

|X] < (1+70)E|X], (4.3)
then . n
a(p) > 5 =3, (44)
rg (E1X])?

where ¢ > 0 18 an absolute constant.

Proof. We need to derive the logarithmic Sobolev inequality (4.1) for the measure p with
a constant, given on the right-hand side of (4.4). So, take a bounded, positive, smooth function
fon R".

The distribution v of the random variable £ = | X| is log-concave of order p = n and, by the
hypothesis (4.3), it has the supporting interval

0<r<(1+m)EE. (4.5)
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So, one may apply Lemma 4.2: For any smooth function g on (0, +00)
C
But (%) < 4 [P v, A= (BIX|P,

where C' is an absolute constant. In particular, for g(r) = f(rf) with a fixed § € S, and
using |¢'(r)| < [Vf(r0)], we get

/fr@ log f(r0)? dv(r /fr@ )V2du(r log/fré? dv(r +A/|Vf (r0) % dv(r),

i.e., in terms of the function on the unit sphere

-(/ f(T9)2dV(T)>1/2,

/ Fr0)log f(r0)2 dv(r) < u(6)log u(0)? + A / IV Fr0) R dv ().

Integrating this inequality with respect to 0,—1 and recalling that the map (r,0) — r6 pushes
forward v ® 0,1 into u, we get

/f210gf2 dp < /u2 log u? doy,—1 +A/\Vf\2du. (4.6)

we have

Now, it is known that the logarithmic Sobolev constant for the uniform measure on S™~! is
given by a(o,—1) =n — 1 (cf. [15]), i.e., there is a logarithmic Sobolev inequality

/u logu? do,_1 < /u danllog/u d0n1+—/|Vu| don,_1.
/UQdO'n—l Z/f2dlh
together with (4.6) it gives

2
But (1) € =2 [ 1Vl dons+4 [ 1957 d (4.7)

Since

In order to estimate the first integral, note that, by the very definition of u, for all 6, g e sn1

(Vu(0).7) = % /rf(r@) (V5r0).7) dv(r).

Applying the Cauchy—Bunyakovski inequality together with the assumption (4.5), we get

(u0).3)? < u(‘é)Q /r2f(r0)2dy(r)/<Vf(r0),§>2 dv(r)

<41 +70)? (B|X|)? / IV F(r0)2 du(r).

Taking the supremum over all 0 e S™~1 we find
[Vu()]? < 4(1+70)* (E[X])? / [V f(r0)* dv(r).

It remains to integrate this inequality with respect to ¢,,_1, which gives
[ 1Vl do-s < 41+ ®I1X17 [ (957 d
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and, by (4.7),
Bu (%) < | (L (8112 + 4] [ 195 dw

Here, the factor in front of the integral does not exceed

S+ S @i

/,.2

0 (B|x))?

n —
with some absolute constant C”.

Finally, the assumption f > 0 in (4.1) may easily be weakened to f > 0 and then removed
at all by virtue of the general bound |V|f|| < |V f|. Proposition 4.3 is proved. O

Remark 4.4. In dimension n = 1, Proposition 4.3 is no longer true since the support of u
may have two (connected) components. For example, the uniform distribution px on [—2,—1] U
[1,2] is “spherically” symmetric and corresponds to the log-concave function

1

p(r) = B 1[1,2} (7).

But, in this case,

5. Proof of Theorem 1.1

First, we isolate one important particular case or consequence from Proposition 4.3.
As before, let p be a spherically symmetric probability measure on R”, n > 2, with density

dp(z)
o = Plzl),

where p is a log-concave function on (0,+o00). For normalization, we assume like in Theorem

1.1 that
[ laf? duz) (5.1)

We do not pose the condition that u is compactly supported. Instead, we consider the restrictions
of u to the balls of an appropriate radius.

Proposition 5.1. Given a > 2, the normalized restriction p, of p to the ball |x| < ay/n
satisfies the logarithmic Sobolev inequality

Bat,, (%) < Ca? [ 94 d (5.2)

with some absolute constant C.

As we know from Corollary 3.2 (cf. (3.9)), the measure pu is essentially supported on the
balls B, = B(0,a+/n) in the sense that

w(By) =1 — e /8, (5.3)

Proof of Proposition 5.1. Let X be a random vector in R" distributed according to pi,.
By construction, |X| < ay/n. Hence the condition (4.3) of Proposition 4.3 is satisfied, as long as
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The random variable £(x) = |z| on the probability space (R", ) has log-concave distribution
(of order n) with the second moment

E¢=n

according to the assumption (5.1). Since

1
EIX| = [¢dn,
1(Ba)
B,
it suffices to choose 79 > 1 such that

a\/n

dp =
/§ a 147

B,

By the Chebyshev inequality, for the complement EQ =R"\ B, we have

1

w(Ba) < pflz| > 2vn } < &=7

Hence, by the Cauchy-Bunyakovski inequality,

[ean < VEE\fE1; <5 VEE,
B

Since & is positive and has log-concave distribution, there is a Khinchin type bound

E& <2(E¢)?

which is an inequality due to Karlin, Proshan, and Barlow [16]. Hence

/fdu < V2B - %E@

It follows that

a

Therefore, (5.4) is valid, as long as 79 > 2a (1 + v/2) — 1. One may take, for example, rq = 5a.
Thus, Proposition 5.1 is implied by the bound (4.4) of Proposition 4.3. O
Now, let us turn to the application of the logarithmic Sobolev inequality (5.2) about the

measures [, to the concentration property of u. There is a standard Herbst argument leading

to the Gaussian concentration, but we prefer to follow an infimum-convolution approach of [17].
Namely, it is shown there (cf. Theorem 2.1) that (5.2) implies the inequality

/thf dua/e_f dpg <1, (5.5)

where t = Ca?, f is an arbitrary bounded measurable function on R", and

2
Q:+f(x) = inf [f(y)—l—%} rz e R",

where the infimum is taken over all y € R", is the classical infimum-convolution operator. One
may also involve in (5.5) unbounded f, possibly taking the values +oo.
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Given a nonempty measurable set A in R", we apply (5.5) to the function f taking the value
zero on A and +o00 on R™\ A. Since for all x € R"

1 1
Quf() = opd(4,2)" = o inf |o—y["

we get

1 1
A, x)? b dpg(r) < :
[ oo daa? b o) < —
Hence, by the Chebyshev inequality, for all h > 0

1 2 2
1 — g (AM) < —— ¢=h?/(20a?)
a(A%) ta(A)

In terms of u, this is the same as

B,)? 2 /(9002
B,) — Ah B,) < #(Bag —h2/(2Ca?)
plBa) —p(A" N Ba) < Sotp e ,

which, by the concentration bound (5.3), implies

1 —p(AM) < m e~h?/(20a%) 4 o—an/8, (5.6)
To further simplify, we take, for example, a = 16 and assume that
p(A) = e
Since
((Bg) 21—,
we have
W(ANBL) > 5 p(A),
and (5.6) yields
1—p(Ah) < p (QA) e P f e (5.7)

with some absolute constant ¢ > 0. Here, choosing a smaller ¢ (for example, replacing it with
¢/2), one can replace the factor 2 with 1. In addition, (5.7) is fulfilled automatically in the case

w(A) <e ™
Therefore,

1 2
1— (AN < —— e=h* Lo,
p(A™) A

In particular, if h < \/n, the last term e~ may be ignored, and we get the following assertion.

Proposition 5.2. Under the normalization condition (5.1), for any nonempty measurable
set A in R"

1 2
1—p(AM) < e~" 0< h < Vn,
1(A)
with some absolute constant ¢ > 0.

If additionally u(A) > 1/2, we obtain the statement of Theorem 1.1 (by choosing a smaller
¢ > 0, if necessary).
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