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Abstract Concentration properties of the general empirical distribution functions
and the rate of convergence of spectral empirical distributions to the semi-circle
law in the case of symmetric high-dimensional random matrices are studied under
Poincaré-type inequalities.
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1 Introduction

Let {ξjk}1≤j≤k≤n be a family of independent random variables on some proba-
bility space with mean Eξjk = 0 and variance Var(ξjk) = 1. Put ξjk = ξkj for
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1 ≤ k < j ≤ n. Then we have a symmetric n × n random matrix

W = 1√
n

⎛
⎜⎜⎜⎝

ξ11 ξ12 · · · ξ1n

ξ21 ξ22 · · · ξ2n

...
...

. . .
...

ξn1 ξn2 · · · ξnn

⎞
⎟⎟⎟⎠ .

Introduce its (real random) eigenvalues X1 ≤ . . . ≤ Xn and define an empirical (spec-
tral) distribution function Fn(x) = 1

n
card{i ≤ n : Xi ≤ x} together with the average

marginal distribution function of the spectrum

F(x) = EFn(x) = 1

n

n∑
i=1

P{Xi ≤ x}, x ∈ R.

Under mild moment assumptions on the entries ξjk , and when the dimension n is
large, F is known to be close to the distribution function of the standard semi-circle
law G (Wigner’s law, cf. e.g. [29, 30]). Here G has density g(x) = 1

2π

√
4 − x2, −2 <

x < 2. When quantifying asymptotic approximation, one often uses the Kolmogorov
distance

�n = ‖F − G‖ = sup
x

|F(x) − G(x)|.

More information about the rate of fluctuations is encoded in the distance

�∗
n = E‖Fn − G‖ = E sup

x
|Fn(x) − G(x)|.

A difficult open problem concerning the Wigner theorem is to determine the rates
at which �n and �∗

n tend to zero for growing dimension. The only case where the
asymptotic of �n is known (to be of order 1/n) is when the entries have a normal
distribution [20]. This case is special, since here the joint distribution of the spectrum
is known explicitly, and one may apply the technique of orthogonal polynomials. The
general picture is however unclear, and we do not know, for example, whether the be-
havior of �n has a universal character (as in the classical central limit theorem), or
it essentially reflects the underlying distributions of the entries. Nevertheless, under
various moment hypotheses, upper bounds for �n and �∗

n are known; see for example
[2, 3, 18]. The best known general result in this direction is the estimate �n ≤ C/

√
n

in case of bounded 4-th moments of the entries, and similarly for �∗
n, however, un-

der a slightly stronger moment assumption, cf. [3, 19]. There are also other results,
quantifying in particular the closeness of Fn to G on very small intervals of length of
order (logn)α/n using logarithmic Sobolev inequalities, cf. [16, 17].

Another interesting related problem is the concentration property of spectral em-
pirical distributions and, as part of it, the problem of the rates of the Kolmogorov
distance ‖Fn − F‖. It represents a special case of a more general scheme, where
one deals with independent or dependent observations X1, . . . ,Xn, taken from a law
on Rn. The joint distribution of eigenvalues is a natural example, and it motivates
us to study deviations of Fn from the mean F under analytical hypotheses, such as
Poincaré or logarithmic Sobolev inequalities.



794 J Theor Probab (2010) 23: 792–823

Let us recall that a probability measure μ on Rd is said to satisfy a Poincaré-
type or spectral gap inequality with constant σ 2 (σ ≥ 0) if for any bounded smooth
function g on Rd with gradient ∇g,

Var(g) ≤ σ 2
∫

|∇g|2 dμ, (1.1)

where Var(g) = ∫
g2 dμ − (

∫
g dμ)2 stands for the variance of g under the mea-

sure μ. In this case we write PI(σ 2) for short. This and related hypotheses have proved
to be rather useful in the study of various forms of concentration of spectral empirical
distributions, as shown, for example, in the papers by A. Guionnet and O. Zeitouni
[23], S. Chatterjee and A. Bose [14], and K.R. Davidson and S.J. Szarek [15]; cf.
also [8, 25, 26]. A remarkable feature of this approach in the spectral analysis is that
no specific knowledge about the non-explicit mapping from a random matrix to its
spectrum is required, and instead, it suffices to use only general Lipschitz properties,
which are satisfied by this mapping.

In this paper we show that in the matrix model described above, the amount of
concentration of the spectral empirical distribution Fn around its mean F (a property
which may be expressed, for example, in terms of Stieltjes transforms of Fn) is in
a certain sense responsible for the rates of �n and �∗

n. Using this observation, we
prove the following.

Theorem 1.1 If the distributions of ξjk’s satisfy the Poincaré-type inequality PI(σ 2)

on the real line, then

�n ≤ C n−2/3, (1.2)

where the constant C depends on σ only. Moreover,

�∗
n ≤ C n−2/3 log2(n + 1). (1.3)

A bound similar to (1.2) is known to hold in the case where ξjk have a common
distribution with a non-trivial Gaussian component [21]. In the purely Gaussian case,
the right-hand side of (1.3) may be replaced with C log(n + 1) n−2/3 [31]. In fact, it
follows from results of [8] that this mild improvement may be obtained when the ξjk’s
satisfy a logarithmic Sobolev inequality (a hypothesis which is stronger than PI). See
also Remark 7.4 below for comments on the class of probability distributions on the
line satisfying Poincaré-type inequalities.

Although the quantity �n may be related to the concentration property of spec-
tral empirical distributions, we first study deviations of Fn from F in terms of the
Levý distance L(Fn,F ) and then consider the deviations from G in terms of the
Kolmogorov distance ‖Fn − G‖ via �n. This may be done for a general model of
observations X = (X1, . . . ,Xn) whose joint distribution satisfies a Poincaré-type in-
equality. At some step we then arrive at the following.
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Theorem 1.2 Assume the random vector X has a distribution satisfying PI(σ 2
n )

on Rn. For any distribution function G with finite Lipschitz semi-norm M = ‖G‖Lip,

E‖Fn − G‖ ≤ C

[
‖F − G‖ +

(
σ 2

n

n

)1/3
]

log2
(

2 + (1 + An)n

σ 2
n

)
, (1.4)

where An = 1
σn

maxj,k |EXj − EXk|, and where the constant C depends on M only.

The Lipschitz semi-norm is defined in the usual way as ‖G‖Lip =
supx<y

G(y)−G(x)
y−x

, and its finiteness is equivalent to the property that G is absolutely
continuous and has a bounded density g, and then necessarily ess supx g(x) =
‖G‖Lip. Theorem 1.2 will be used by taking for G the standard semi-circle law.

In the matrix situation of Theorem 1.1, we have σ 2
n = 2σ 2/n, while An is of or-

der at most
√

n. Hence, Theorem 1.2 allows us to reduce (1.3) to the inequality (1.2).
Moreover, as we will see, the proof of (1.2) itself is essentially based on the concentra-
tion of Stieltjes transforms of Fn, and such a property appeals to using Poincaré-type
inequalities, as well as the bound (1.4) of Theorem 1.2.

In this connection, let us mention a result of S. Chatterjee and A. Bose [14], who
used Fourier transforms to derive from PI(σ 2

n ) a bound of a similar nature for the

Wigner matrix model E‖Fn − G‖ ≤ 2‖F − G‖ + C(
σ 2

n

n
)1/4.

The paper is organized as follows. In Sects. 2, 3 we consider general bounds on
the Lévy and Kolmogorov distances between distribution functions in terms of their
Stieltjes transforms. In Sects. 4, 5 we discuss applications of the Poincaré-type in-
equalities to linear functionals of the empirical measures and specialize them to the
case of Stieltjes transforms. The results thus obtained are applied in Sect. 6 to explore
the concentration property of the empirical measures in terms of the Lévy and Kol-
mogorov distances. In particular, Theorem 1.2 is proved. In Sect. 7 general results
are specialized to the matrix case; in particular, we clarify the relationship between
Theorems 1.2 and 1.1. Inequality (1.2) of Theorem 1.1 is proved under concentration
assumptions in Sect. 8. The proof of a combinatorial Proposition 5.1 for the moments
of Stieltjes transforms is postponed to the Appendix.

2 Bounds on Lévy Distance in Terms of Stieltjes Transform

Given a distribution function F(x), x ∈ R, its Stieltjes transform is defined as the
analytic function in the upper complex half-plane

SF (z) =
∫ +∞

−∞
1

x − z
dF (x),

where z = u + iv, u ∈ R, v = Im(z) > 0.
In this section we derive bounds on the Lévy distance in terms of the Stieltjes

transform. Given distribution functions F and G on the real line, the Lévy distance
L(F,G) between F and G is defined as

L(F,G) = inf{δ ≥ 0 : F(x − δ) − δ ≤ G(x) ≤ F(x + δ) + δ, ∀x ∈ R}.
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Proposition 2.1 Let F and G be distribution functions. Given v > 0, let an interval
[α,β] ⊂ R be chosen to satisfy G(α) ≤ v and 1 − G(β) ≤ v. Then

L(F,G) ≤ sup
x∈[α−2v,β+2v]

∣∣∣∣
∫ x

−∞
Im(SF (z) − SG(z)) du

∣∣∣∣
+ 4v + 50v sup

x∈R
Im(SG(x + iv)).

Let H denote the distribution function of the standard Cauchy law, and let Hv

denote the distribution function of the Cauchy law with parameter v > 0, that is, with
density

hv(x) = dHv(x)

dx
= v

π(x2 + v2)
, x ∈ R.

When F has density f , the function u → 1
π

Im(SF (u + iv)) represents the convolu-
tion f ∗ hv in the classical sense. In general, for any x ∈ R, with previous notation
z = u + iv we have the relation

1

π

∫ x

−∞
Im(SF (z)) du =

∫ +∞

−∞
F(x − y)dHv(y),

which in the case of two distribution functions yields the identity
∫ x

−∞
Im(SF (u + iv) − SG(u + iv)) du = v

∫ +∞

−∞
F(x − y) − G(x − y)

y2 + v2
dy. (2.1)

As for the Lévy distance, it may be related to more accessible quantities. For δ ≥ 0
introduce

L+
δ (F,G) = sup

x
[F(x) − G(x + δ)], L−

δ (F,G) = sup
x

[G(x) − F(x + δ)],

and define

Lδ(F,G) = max{L+
δ (F,G),L−

δ (F,G)}.
As a result, we obtain a family of metric-like functionals Lδ for the space of all

distribution functions on the real line, and one of them L0(F,G) = supx |F(x) −
G(x)| represents the (uniform) Kolmogorov distance. The relationship with the Lévy
distance is given by L(F,G) ≤ δ ⇔ Lδ(F,G) ≤ δ. In addition, for all δ, δ′ ≥ 0,

Lδ(F,G) ≤ δ′ �⇒ L(F,G) ≤ max{δ, δ′}. (2.2)

With these preparations, we are ready to turn to the proof of Proposition 2.1.

Proof of Proposition 2.1. Our task is to show a lower bound of the integral on the
right-hand side of (2.1). Let’s call it I (x). Given a parameter a > 0, which will be
chosen later on, we split I (x) into the two regions |y| < av and |y| > av,

I0 = v

∫
|y|<av

F (x − y) − G(x − y)

y2 + v2
dy, I1 = v

∫
|y|>av

F (x − y) − G(x − y)

y2 + v2
dy.
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Changing the variable y = vt and using monotonicity of the distribution functions,
for the first region we get

I0 =
∫

|t |<a

F(x − vt) − G(x − vt)

t2 + 1
dt

≥
∫

|t |<a

F(x − av) − G(x + av)

t2 + 1
dt = (F (x − av) − G(x + av)) · πγ,

(2.3)

where

γ = H(−a, a) = 1

π

∫
|t |<a

1

t2 + 1
dt

is the Cauchy measure of the interval (−a, a). Similarly, for the second region we
may write

I1 =
∫

|t |>a

F(x − vt) − G(x − vt)

t2 + 1
dt

=
∫

|t |>a

F(x − vt) − G(x − vt + 2av)

t2 + 1
dt

+
∫

|t |>a

G(x − vt + 2av) − G(x − vt)

t2 + 1
dt (2.4)

≤ L2av(F,G) · π(1 − γ ) + J, (2.5)

where J denotes the second integral in (2.4). In order to estimate this integral, assume
temporarily that G has a density g. Then extending this integral to the whole real line,
we have

J ≤
∫ ∫

x−vt<s<x−vt+2av

g(s)

t2 + 1
dt ds

= πv

∫ +∞

−∞
g(x + vt) (H(t) − H(t − 2a)) dt. (2.6)

Now, simple calculus arguments show that

H(t) − H(t − 2a) ≤ C
1

π(t2 + 1)
, for all t real,

with constant C = 2a (a + √
1 + a2 )2. Indeed, by the mean value theorem, we have

H(t) − H(t − 2a) = 2a

π(s2+1)
, for some point s ∈ (t − 2a, t). Hence, one may take

C = 2a sup
t≥0

sup
t−2a<s<t

t2 + 1

s2 + 1
= 2a sup

t≥2a

t2 + 1

(t − 2a)2 + 1
.

By direct differentiation, the last supremum is attained for t = a + √
1 + a2.
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Using this in (2.6), we obtain

J ≤ Cv

∫ +∞

−∞
g(x + vt)

t2 + 1
dt

= Cv2
∫ +∞

−∞
g(x − y)

y2 + v2
dy = Cv

∫ +∞

−∞
v

(x − y)2 + v2
dG(y).

In other words,

J ≤ Cv Im(SG(x + iv)). (2.7)

Clearly (by Fatou’s lemma, for example, applied to the functional J ), the inequality
(2.7) is stable under weak limits of probability measures on the line. Therefore, it may
be extended to all distribution functions G, regardless of whether they are absolutely
continuous or not.

Now, applying (2.7) in (2.5), we get

I1 ≤ L2av(F,G) · 2π(1 − γ ) + Cv Im(SG(x + iv)). (2.8)

In a similar manner,

−I1 =
∫

|t |>a

G(x − vt) − G(x − vt − 2av)

t2 + 1
dt

+
∫

|t |>a

G(x − vt − 2av) − F(x − vt)

t2 + 1
dt

≤ L2av(F,G) · π(1 − γ ) + J ′

with J ′ satisfying (2.7), as well. Hence, (2.8) may be replaced with

|I1| ≤ L2av(F,G) · π(1 − γ ) + Cv Im(SG(x + iv)).

Now, combining this with (2.3) and using I (x) = I0 + I1 ≥ I0 − |I1|, we get

I (x) ≥ (F (x − av) − G(x + av)) · πγ

− L2av(F,G) · π(1 − γ ) − Cv Im(SG(x + iv)). (2.9)

The next step is to interchange the role of F and G, still keeping the quantity
Im(SG(x + iv)) on the right. Indeed, the analogue of (2.3) would be

−I0 ≥ (G(x − av) − F(x + av)) · πγ.

Using −I (x) = −I0 − I1 ≥ −I0 − |I1|, we get another variant of (2.9),

−I (x) ≥ (G(x − av) − F(x + av)) · πγ

− L2av(F,G) · π(1 − γ ) − Cv Im(SG(x + iv)).
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Combining both inequalities, we obtain

γ max{F(x − av) − G(x + av),G(x − av) − F(x + av)}
≤ (1 − γ )L2av(F,G) + 1

π
|I (x)| + Cv

π
Im(SG(x + iv)). (2.10)

By the very definition, the sup of the max in (2.10) over all x equals Lδ(F,G)

with δ = 2av. However, we do not lose much by restricting that sup to the interval
� = [α − av,β + av]. Indeed, if x < α − av, by the assumption G(α) ≤ v,

F(x − av) − G(x + av) ≤ F(α − 2av) = G(α) + [F(α − 2av) − G(α)]
≤ v + sup

x∈�

[F(x − av) − G(x + av)].

In the case x > β + av, using G(β) ≥ 1 − v, we have F(x − av) − G(x + av) ≤
1 − G(β) ≤ v. Hence,

L+
δ (F,G) ≤ v + sup

x∈�

[F(x − av) − G(x + av)].

By a similar argument, L−
δ (F,G) ≤ v + supx∈�[G(x − av) − F(x + av)]. These

two inequalities yield

Lδ(F,G) ≤ v + sup
x∈�

max{F(x − av) − G(x + av),G(x − av) − F(x + av)}.

Using this bound in (2.10), we arrive at

γ (L2av(F,G)−v) ≤ (1−γ )L2av(F,G)+ 1

π
sup
x∈�

|I (x)|+ Cv

π
sup
x

Im(SG(x+iv)).

Therefore, if γ > 1/2 (equivalently, when a > 1),

L2av(F,G) ≤ 1

π(2γ − 1)
sup
x∈�

|I (x)|

+ γ v

2γ − 1
+ Cv

π(2γ − 1)
sup
x

Im(SG(x + iv)).

Recalling property (2.2), we conclude that

L(F,G) ≤ max

{
2av,

1

π(2γ − 1)
sup

x∈[α−av,β+av]
|I (x)|

+ γ v

2γ − 1
+ Cv

π(2γ − 1)
sup
x

Im(SG(x + iv))

}
. (2.11)

It remains to choose a value for the parameter a or γ . Note a = tan(
πγ
2 ). Taking,

for example, γ = 2
3 , or equivalently, a = √

3, we notice that the term γ v
2γ−1 = 2v is
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majorized by 2av < 4v, while 1
π(2γ−1)

= 3
π

< 1. In addition,

C = 2a
(
a +

√
1 + a2

)2 = 22
√

3 + 12 = 48.25 . . .

Thus, (2.11) gives

L(F,G) ≤ sup
x∈[α−2v,β+2v]

|I (x)| + 4v + 50v sup
x

Im(SG(x + iv)),

which is the desired statement. �

Contour integration To estimate the Lévy distance L(F,G) with the help of Propo-
sition 2.1, it might be useful, as was noted in [19] for similar aims, to change in the
integral

∫ x

−∞
Im(SF (z) − SG(z)) du

the contour of integration. Recall that z = u + iv with u ∈ R, v = Im(z) > 0.
Note that the function u → Im(SF (z)) is positive and integrable on the real line,

with
∫ +∞
−∞ Im(SF (u + iv)) du = π . Hence, for all x real,

∫ x

−∞
Im(SF (u + iv)) du = Im

{
lim

A→+∞

∫ x

−A

SF (u + iv) du

}
.

Thus, we take a large positive A > −x, and for v1 > v0 > 0, introduce the rectangle
with sides C1 = [−A,x]+ iv0, C2 = A+ i[v0, v1], C3 = [x,−A]+ iv1, C4 = −A+
i[v1, v0]. By Cauchy’s theorem, we have by contour integration

∫ x

−A

(SF (u + iv0) − SG(u + iv0)) du = −
4∑

i=2

∫
Ci

(SF (z) − SG(z)) dz, (2.12)

and the same holds for the imaginary parts of the integrals. It is easy to see that the
integral over C4 in (2.12) is vanishing in the limit as A → +∞. The integral over
C3 may be bounded uniformly over all x by

∫ +∞
−∞ |SF (u + iv1) − SG(u + iv1)|du.

Hence, whenever v1 > v0 > 0, for all x ∈ R,

∣∣∣∣
∫ x

−∞
Im(SF (u + iv0) − SG(u + iv0)) du

∣∣∣∣

≤
∫ +∞

−∞
|SF (u + iv1) − SG(u + iv1)|du

+
∣∣∣∣
∫ v1

v0

(SF (x + iv) − SG(x + iv)) dv

∣∣∣∣. (2.13)

Combined with the bound of Proposition 2.1, (2.13) yields the following.
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Corollary 2.2 Let F and G be arbitrary distribution functions. With some universal
constant c > 0, for all v1 > v0 > 0,

cL(F,G) ≤ v0 + v0 sup
x∈R

Im(SG(x + iv0))

+
∫ +∞

−∞
|SF (u + iv1) − SG(u + iv1)|du

+ sup
x∈[α−2v0, β+2v0]

∣∣∣∣
∫ v1

v0

(SF (x + iv) − SG(x + iv)) dv

∣∣∣∣, (2.14)

where α < β are chosen to satisfy G(α) ≤ v0 and 1 − G(β) ≤ v0.

3 Remarks on Kolmogorov Distance

In general, the behavior of the function v → Im(SG(x + iv)) near zero reflects local
smoothness properties of the distribution function G at a given point x. In particular,
it may be related to its concentration function QG(h) = supx(G(x + h) − G(x)), or
to, what is more convenient for our purposes,

δG(v0) = sup
|x−y|≥v0

|G(x) − G(y)|
|x − y| , v0 > 0.

To see this, let us represent the Stieltjes transform of G (or its imaginary part) as

Im(SG(x + iv)) − πG(x) = 1

v

∫ +∞

−∞
2t

(1 + t2)2
(G(x + vt) − G(x)) dt,

which implies

Im(SG(x + iv)) ≤ π + 2

v

∫ +∞

0

2t

(1 + t2)2
QG(vt) dt.

If ξ denotes a positive random variable with density p(t) = 2t

(1+t2)2 , we obtain from
the definition that

UG(v0) ≡ sup
x

sup
v≥v0

Im(SG(x + iv)) ≤ π + 2 E ξ δG(v0ξ). (3.1)

For example, if G has a finite Lipschitz semi-norm M = ‖G‖Lip (equivalently,
when G has a density g bounded by the constant M), then both δG and UG are
bounded functions in v0. More precisely,

Im(SG(x + iv)) = v

∫ +∞

−∞
g(u)

|(x − u) + iv)|2 du ≤ Mπ.
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Note that in this case the Lévy and Kolmogorov distances are equivalent in the sense
that L(F,G) ≤ ‖F − G‖ ≤ (1 + M)L(F,G). Hence, inequality (2.14) of Corol-
lary 2.2 will now take the form

c ‖F − G‖ ≤ v0 +
∫ +∞

−∞
|SF (u + iv1) − SG(u + iv1)|du

+ sup
x∈[α−2v0, β+2v0]

∣∣∣∣
∫ v1

v0

(SF (x + iv) − SG(x + iv)) dv

∣∣∣∣ (3.2)

with constant c, depending on M only.
We will use this bound in the case where G is the distribution function of the

semi-circle law with density g(x) = G′(x) = 1
2π

√
4 − x2 I{|x|≤2}.

Corollary 3.1 If G is the distribution function of the standard semi-circular law, and
F is any distribution function, we have for all v1 > v0 > 0, up to some universal
constant c > 0,

c ‖F − G‖ ≤ v0 + sup
x∈[−2,2]

∣∣∣∣
∫ v1

v0

(SF (x + iv) − SG(x + iv)) dv

∣∣∣∣

+
∫ +∞

−∞
|SF (u + iv1) − SG(u + iv1)|du.

4 Empirical Poincaré Inequalities

Assume that the random variables X1, . . . ,Xn have a joint distribution μ on Rn, sat-
isfying the Poincaré-type inequality (1.1). Given a bounded smooth complex-valued
function f on the real line, one may apply (1.1) to

g(x1, . . . , xn) = f (x1) + · · · + f (xn)

n
=

∫
f dFn, (4.1)

where Fn is the empirical measure, defined for “observations” X1 = x1, . . . ,Xn = xn.
Since

|∇g(x1, . . . , xn)|2 = |f ′(x1)|2 + · · · + |f ′(xn)|2
n2

= 1

n

∫
|f ′|2 dFn, (4.2)

we obtain an integro-differential inequality, which may be viewed as an empirical
Poincaré-type inequality for the measure μ:

Proposition 4.1 Under PI(σ 2), for any smooth F -integrable function f : R → C,
such that f ′ belongs to L2(R, dF ),

E

∣∣∣∣
∫

f dFn −
∫

f dF

∣∣∣∣
2

≤ σ 2

n

∫
|f ′|2 dF. (4.3)
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Recall that F = EFn denotes the mean of the empirical distribution functions un-
der the measure μ. The inequality holds for all locally Lipschitz functions with the
generalized modulus of the derivative |f ′(x)| = lim supy→x

|f (x)−f (y)|
|x−y| . As long as∫ |f ′|2 dF is finite,

∫ |f |dF is finite, and (4.3) holds.
Proposition 4.1 may be extended to all Lp-spaces by applying the following gen-

eral property of Poincaré-type inequalities.

Lemma 4.2 Under PI(σ 2), any Lipschitz function g on Rn has a finite exponential
moment. More precisely, if

∫
g dμ = 0 and ‖g‖Lip ≤ 1, then

μ{g > t} ≤ 3e−t/σ , t > 0. (4.4)

Moreover, for any locally Lipschitz g on Rn with μ-mean zero,

‖g‖p ≤ σp ‖∇g‖p, p ≥ 2. (4.5)

Here ‖g‖Lip = supy �=x
|g(x)−g(y)|

|x−y| with respect to the Euclidean distance in Rn, and
the generalized modulus of the gradient is defined by |∇g(x)| =
lim supy→x

|g(x)−g(y)|
|x−y| .

For a proof of (4.4), which is known as a variant of the well-known Gromov–
Milman concentration inequality [13, 22], we refer to [11], see also [1] or [25]. As
for (4.5), in a more general scheme of Poincaré-type inequalities with weights, it may
be found in [12]. Applying (4.5) to g = ∫

f dFn as in (4.1), we obtain the following.

Proposition 4.3 Under PI(σ 2), for any smooth F -integrable function f : R → C,
for all p ≥ 2,

E

∣∣∣∣
∫

f dFn −
∫

f dF

∣∣∣∣
p

≤ (σp)p

np/2
E

(∫
|f ′|2 dFn

)p/2

. (4.6)

In particular,

E

∣∣∣∣
∫

f dFn −
∫

f dF

∣∣∣∣
p

≤ (σp)p

np/2

∫
|f ′|p dF. (4.7)

5 Moments of Stieltjes Transforms

The inequality (4.6) may be much sharper than (4.7), especially for f ’s, which behave
like a delta function. This may be seen by looking at the function f (x) = 1

x−z
with

complex parameter z = u + iv, where u ∈ R is arbitrary and v > 0 is small. In that
case we deal with the Stieltjes transforms

sn(z) =
∫ +∞

−∞
1

x − z
dFn(x) = 1

n

n∑
j=1

1

xj − z
, s(z) =

∫ +∞

−∞
1

x − z
dF (x)
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of the empirical measures Fn and their mean F = EFn with respect to the measure μ

on Rn. As discussed above, the closeness of sn to s for small v bears important infor-
mation on the closeness of Fn to F in the sense of the Lévy distance, for example.

Note that the empirical Poincaré-type inequality (4.3) gives

E |sn(z) − s(z)|2 ≤ σ 2

n

∫
1

|x − z|4 dF(x) ≤ σ 2

nv3
Im(s(z)), (5.1)

where we combined the identity

Im(s(z)) = v

∫
1

|x − z|2 dF(x)

with the bound |x − z| ≥ v. Therefore, if Im(s(z)) happens to be bounded for small
v (which is the case, e.g., when F has a bounded density), then the variance of sn(z)

can be estimated by a quantity of order σ 2

nv3 .
In order to get more information on the fluctuations sn(z) − s(z), a natural step

could be to try to extend (5.1) to Lp-norms

‖sn(z) − s(z)‖p = (
E |sn(z) − s(z)|p )1/p

by proving similar bounds of order σ

(nv3)1/2 as in the case p = 2. Let, for example,
p = 4. Appealing to (4.7) would then give

E |sn(z) − s(z)|4 ≤ (4σ)4

n2

∫
1

|x − z|8 dF(x) ≤ (4σ)4

n2v7
Im(s(z)).

That is, ‖sn(z) − s(z)‖4 is bounded by a quantity of order σ√
nv7/4 , which is worse

than what we have in the case p = 2. On the other hand, (4.6) gives

E |sn(z) − s(z)|4 ≤ (4σ)4

n2
E

(∫
1

|x − z|4 dFn(x)

)2

. (5.2)

The expectation on the right-hand side may be further estimated by the empirical
Poincaré inequality (4.3) with f (x) = 1

|x−z|4 . Using |f ′(x)| ≤ 4
|x−z|5 , we get

E
(∫

1

|x − z|4 dFn(x)

)2

≤
(∫

1

|x − z|4 dF(x)

)2

+ (4σ)2

n

∫
1

|x − z|10
dF(x)

≤
(

1

v3
Im(s(z))

)2

+ (4σ)2

nv9
Im(s(z)).

Applying this bound in (5.2), we obtain that, up to some numerical constant c > 0,

c E |sn(z) − s(z)|4 ≤ σ 4

n2v6
Im2(s(z)) + σ 6

n3v9
Im(s(z)). (5.3)

Therefore, ‖sn(z) − s(z)‖4 is bounded by a similar quantity of order σ√
nv3/2 as in the

case p = 2, provided that σ√
nv3/2 is of order at most 1.
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By a routine combinatorial argument, the inequality (5.3) may be extended to
higher powers of 2 by means of the following statement.

Proposition 5.1 Under PI(σ 2), for any integer p = 2k (k ≥ 1) and any z = u + iv,
v > 0,

p−2p

(12)p
E |sn(z) − s(z)|p ≤

k∑
j=1

(
σ 2

nv3

)(1− 1
2j )p

[Im(s(z))]
p

2j . (5.4)

Details of the proof of Proposition 5.1 are given in the Appendix.
On the basis of (5.4), we derive a bound for the moments ‖sn(z) − s(z)‖p with

arbitrary real p ≥ 2. Put S = Im(s(z)) and c = σ√
nv3

. If c ≤ 1, it follows from (5.4)
that

p−2p

(12)p
E |sn(z) − s(z)|p ≤ cp

k∑
j=1

S
p

2j ≤ cp(1 + S)p/2.

Hence, ‖sn(z) − s(z)‖p ≤ 12 cp2
√

1 + S. For the range 2k < p < 2k+1, the previous
bound, applied to 2k+1, immediately yields

‖sn(z) − s(z)‖p ≤ 48 cp2
√

1 + S, c = σ√
nv3

, S = Im(s(z)), (5.5)

which is thus valid for all p ≥ 1 (the case 1 ≤ p < 2 may be settled just via (5.1)).
Using Chebyshev’s inequality and optimizing over p, one derives from (5.5) bounds
on large deviations, such as

P
{|sn(z) − s(z)| > 96 c

√
1 + S t

} ≤ 3 e−√
t , t > 0.

For further applications, however, it will be more convenient to work with the
“vertical” integrals, appearing in Corollary 2.2, that is, integrals of the form

J (x) =
∫ v1

v0

(sn(x + iv) − s(x + iv)) dv,

where x ∈ R and v1 > v0 > 0 are fixed parameters. Note that the value S in (5.5) may
be bounded by the quantity

UF (v0) = sup
x∈R

sup
v≥v0

Im(s(x + iv)).

Hence, if σ√
nv3

0

≤ 1, we get from (5.5) that the Lp-norms ‖J (x)‖p = (E |J (x)|p)1/p ,

p ≥ 1, satisfy

‖J (x)‖p ≤
∫ v1

v0

‖sn(x + iv) − s(x + iv)‖p dv ≤ C p2 (5.6)
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with C = 96 σ√
nv0

√
1 + UF (v0). This bound on the growth of moments allows us to

control the maxima

JN = max{|J (x1)|, . . . , |J (xN)|}
over a large number of points x1, . . . , xN on the line. Indeed, for any p ≥ 1, we can
write J

p
N ≤ |J (x1)|p + . . . + |J (xN)|p , so that by (5.6),

EJN ≤ (
E |J (x1)|p + · · · + E |J (xN)|p)1/p ≤ CN1/p p2.

Optimizing over all p (which should be of order logN ) and choosing v0 = ( σ 2

n
)1/3,

so that σ√
nv3

0

= 1, we arrive at the following.

Corollary 5.2 Under PI(σ 2), we have for all x1, . . . , xN ∈ R and v1 > v0 = ( σ 2

n
)1/3,

up to some numerical constant C,

E max
1≤k≤N

∣∣∣∣
∫ v1

v0

(sn(xk + iv) − s(xk + iv)) dv

∣∣∣∣ ≤ Cv0

√
1 + UF (v0) log2(1 + N).

6 Concentration of Empirical Distribution Functions in Lévy and Kolmogorov
Metrics

We shall now proceed to the final steps in the study of rates of approximation of
empirical distribution functions Fn by the mean measure F = EFn in terms of the
Lévy and Kolmogorov metrics. To this aim, we apply Proposition 2.1 to the pair
(Fn,F ) in place of (F,G) and then combine it with Corollary 5.2.

Thus, again, let X = (X1, . . . ,Xn) be a random vector in Rn with joint distribution
μ, satisfying the Poincaré-type inequality with constant σ 2. Note that the measure μ

is restricted by a parameter A, defined by

|EXj − EXk| ≤ Aσ, 1 ≤ j, k ≤ n.

Under these hypotheses, we prove the following theorem.

Theorem 6.1 Let v0 = ( σ 2

n
)1/3. With some absolute constant C we have

EL(Fn,F ) ≤ C v0(1 + UF (v0)) log2
(

2 + 1 + A

v0

)
, (6.1)

where UF (v0) = supx∈R supv≥v0
Im(s(x + iv)).

The quantity UF (v0) was discussed in Sect. 3, where it was related to uniform
smoothness properties of F , cf. (3.1). Also, recall that, for z = u + iv (u ∈ R, v > 0),

s(z) = E sn(z) =
∫

1

x − z
dF (x)
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stands for the Stieltjes transform of F , and we use sn(z) = ∫ 1
x−z

dFn(x) to denote
the Stieltjes transform of empirical distribution functions Fn.

If F has a finite Lipschitz semi-norm M = ‖F‖Lip, then ‖Fn − F‖ ≤ (1 +
M)L(Fn,F ) and UF (v) ≤ Mπ , for all v > 0, so the bound (6.1) may be simplified.

Corollary 6.2 If M = ‖F‖Lip is finite,

E‖Fn − F‖ ≤ C (1 + M)

(
σ 2

n

)1/3

log2
(

2 + (1 + A)n

σ 2

)
, (6.2)

where C is an absolute constant.

Thus, if σ 2 is of order 1 and A = O(nk) with some finite k, then

E‖Fn − F‖ ≤ C (1 + M)
log2 n

n1/3
.

In fact, in the matrix model (cf. next section), σ 2 will be of order 1/n, while A will be
of order at most

√
n. Hence, in that case the bound (6.2) would give E ‖Fn − F‖ ≤

C
log2 n

n2/3 .
If we do not know whether F is Lipschitz, it might be reasonable to replace F in

(6.2) by a different distribution G at the expense of an additional error term ‖F −G‖.
Indeed, one may apply a general bound

UF (v0) ≤ π‖F − G‖
v0

+ Mπ,

where now M = ‖G‖Lip. Using this in (6.1) we arrive at

E‖Fn − G‖ ≤ C

[
‖F − G‖ +

(
σ 2

n

)1/3
]

log2
(

2 + (1 + A)n

σ 2

)

with a constant C, depending on M only. This is exactly the inequality of Theo-
rem 1.2, stated in the Introduction.

Let us turn to the proofs. In order to bound the vertical integral in (2.14), we need
the following.

Lemma 6.3 Under PI(σ 2), for all v > 0,

E
∫ +∞

−∞
|sn(u + iv) − s(u + iv)|du ≤ σπ√

n

(
v−1 + Dv−2),

where D is the variance of a random variable with distribution F .

Proof A similar argument was used in [9], and we include it for completeness. Put
ϕ(u) = E |sn(u + iv) − s(u + iv)|. By the empirical Poincaré-type inequality (2.3),
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applied to the function f (z) = 1
x−z

, cf. (3.1), we have

ϕ(u) ≤ σ√
n

(∫
1

((x − u)2 + v2)2
dF(x)

)1/2

.

Hence, for any a real, we obtain by Cauchy’s inequality that

(∫
ϕ(u)du

)2

≤
∫

ϕ(u)2((a − u)2 + v2)du

∫
1

(a − u)2 + v2
du

≤ σ 2π

nv

∫ ∫
(a − u)2 + v2

((x − u)2 + v2)2
dudF(x)

= σ 2π

nv

∫ ∫
(u2 + v2) + (x − a)2

(u2 + v2)2
dudF(x)

= σ 2π

nv

(
π

v
+ c

v3

∫
(x − a)2 dF(x)

)
,

where c = ∫ 1
(1+t2)2 dt < π . It remains to choose a = ∫

x dF(x). �

Proof of Theorem 6.1. Since L(Fn,F ) ≤ 1, we may assume that v0 does not exceed
a small numerical constant.

Given β > 0 to be specified later, put α = −β , α0 = −β0, where β0 = β + 2v0.
By Proposition 2.1, with some universal constant c > 0 we have

cL(Fn,F ) ≤ v0 + v0 UF (v0)

+ sup
x∈[α0, β0]

∣∣∣∣
∫ x

−∞
Im(sn(u + iv0) − s(u + iv1)) du

∣∣∣∣, (6.3)

provided that F(α) ≤ v0 and 1 − F(β) ≤ v0. Divide the symmetric interval [α0, β0]
into 2N subintervals [xk, xk+1] with endpoints xk = k

2N
(β0 − α0), k = −N, . . . ,N .

Since in general |SF (z)| ≤ 1
Im(z)

, we get

∣∣∣∣
∫ xk+1

xk

Im(sn(u + iv0) − s(u + iv0)) du

∣∣∣∣ ≤ 2

v0
(xk+1 − xk) = β0 − α0

Nv0
.

Hence, up to the summand β0−α0
Nv0

, the supremum in (6.3) may be restricted to the
points xk , k = −N, . . . ,N − 1. Applying the inequality (2.13) to each such point
with arbitrary v1 > v0, we get

cL(Fn,F ) ≤ v0 + v0 UF (v0) +
∫ +∞

−∞
|sn(u + iv1) − s(u + iv1)|du

+ β0 − α0

Nv0
+ max

−N≤k≤N−1

∣∣∣∣
∫ v1

v0

(sn(xk + iv) − s(xk + iv)) dv

∣∣∣∣.

Here, by Lemma 6.3 with v = v1, the mean of this horizontal integral is vanishing
as v1 → +∞. The mean of the maximum may be bounded by virtue of Corollary 5.2,
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which should be used with 2N points xk (k = −N, . . . ,N − 1). We thus obtain for
the expectation (with some other numerical constant)

c EL(Fn,F ) ≤ v0 + v0UF (v0) + β0 − α0

Nv0
+ v0

√
1 + UF (v0) log2(2N + 1),

which can be simplified as

c EL(Fn,F ) ≤ v0(1 + UF (v0))

(
1 + β0 − α0

Nv2
0

+ log2(N)

)
.

To optimize over N , we do not lose much by taking N = 1 + [B] with B = (β0 −
α0)/v

3
0 . Using, say, v0 ≤ 1, we then get

c EL(Fn,F ) ≤ v0(1 + UF (v0))

[
2 + log2

(
1 + β0 − α0

v3
0

)]
. (6.4)

It remains to choose β to satisfy the requirements F(α) ≤ v0 and 1 − F(β) ≤ v0.
Without loss of generality we may assume −Aσ ≤ EXj ≤ Aσ , for all j ≤ n. By

Lemma 4.2 with g(x) = xi , cf. (4.4), for all h > 0,

P{Xi − EXi ≥ σh} ≤ 3e−h, P{Xi − EXi ≤ −σh} ≤ 3e−h.

Therefore, P{Xi ≥ h} ≤ 3e−(h−A) and P{Xi ≤ −h} ≤ 3e−(h−A), whenever h ≥ A.
Averaging over all i’s, we obtain similar bounds for the mean distribution function
F = EFn, that is,

1 − F(h) ≤ 3e−(h−A), F (−h) ≤ 3e−(h−A) (h > A).

Hence, one may take α = −β with β = A + log 3
v0

, and then β0 = A + 2v0 + log 3
v0

.
Since v0 does not exceed a small numerical constant, the expression under the log
sign may be bounded, up to a (universal) factor, by 1+ 1+A

v4
0

. Therefore, the expression

in the square brackets in (6.4) does not exceed, up to a factor, log2(2 + 1+A
v0

).
Thus, Theorem 6.1 is proved. �

7 High-Dimensional Random Matrices

We can now apply the bound, obtained in Theorem 1.2, to spectral empirical dis-
tributions. Let {ξjk}1≤j≤k≤n be a family of independent random variables on some
probability space with mean Eξjk = 0 and variance Var(ξjk) = 1. Put ξjk = ξkj , for
k < j . Then we have a symmetric n × n random matrix W with entries

Wjk = 1√
n

ξj,k, 1 ≤ j, k ≤ n.

Arrange its (real random) eigenvalues in the increasing order: X1 ≤ · · · ≤ Xn. With
particular values X1 = x1, . . . ,Xn = xn one associates an empirical (spectral) distri-
bution function Fn with mean (expected) measure F = EFn.
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The joint distribution P of the collection {ξjk}1≤j≤k≤n represents a product prob-
ability measure on the Euclidean space RN of dimension N = n(n + 1)/2, while the
joint distribution μ of the spectral values Xj is a probability measure on Rn, obtained
from P as the image under the map T from symmetric matrices to their eigenvalues.
We will apply the following elementary lemma.

Lemma 7.1 Let μ1, . . . ,μN be probability measures on R, satisfying PI(σ 2). The
image μ of the product measure P = μ1 ⊗ · · · ⊗ μN under any Lipschitz map T :
RN → Rn satisfies PI(σ 2‖T ‖2

Lip).

In our specific matrix situation, the map T : Rn(n+1)/2 → Rn has Lipschitz semi-

norm ‖T ‖Lip =
√

2√
n

. To be more precise, by Hoffman-Wielandt’s theorem (cf., e.g.,
[4], p. 165), the Hilbert–Schmidt norm satisfies

n∑
i=1

|Xi − X′
i |2 ≤ ‖W − W′‖2

HS = 1

n

n∑
j,k=1

|ξjk − ξ ′
jk|2 ≤ 2

n

∑
1≤j≤k≤n

|ξjk − ξ ′
jk|2,

for any collections {ξjk}j≤k and {ξjk}′j≤k with eigenvalues (X1, . . . ,Xn),
(X′

1, . . . ,X
′
n), respectively. This is a well-known fact, used in concentration prob-

lems, cf., e.g., [8, 15, 23, 26].
Therefore, if the distributions of ξjk’s satisfy a one-dimensional Poincaré-type in-

equality with common constant σ 2, then μ satisfies a Poincaré-type inequality on Rn

with constant σ 2
n = 2σ 2

n
(which is asymptotically much better). Note that necessarily

σ 2 ≥ Eξ2
j,k = 1. In addition, since maxj |EXj | is of order σ , the other involved para-

meter of the measure An = 1
σn

maxj,k |EXj − EXk| is of order at most
√

n. Hence,
Theorem 1.2 yields the following for our matrix model.

Corollary 7.2 If the distributions of ξjk satisfy PI(σ 2) on the real line, then for any
distribution function G with finite Lipschitz semi-norm M = ‖G‖Lip,

E‖Fn − G‖ ≤ C

[
‖F − G‖ +

(
σ

n

)2/3
]

log2(n + 1), (7.1)

where the constant C depends on M , only.

The statement may be applied to G = F itself, but it is more natural to consider
for G the standard semi-circle law. The problem is then to estimate ‖F − G‖.

Introduce the resolvent function of the matrix W,

R(z) = (W − zI)−1, z = u + iv, u ∈ R, v > 0,

where I denotes the identity matrix (of size n × n), and the Stieltjes transforms

sn(z) = 1

n
Tr R(z) =

∫
1

x − z
dFn(x),
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s(z) = E sn(z) =
∫

1

x − z
dF (x).

Since under the PI(σ 2)-hypothesis, imposed on the distributions of the random
variables ξjk , the joint distribution of the eigenvalues of W satisfies PI(σ 2

n ) on Rn

with σ 2
n = 2σ 2

n
, we may apply the moment estimates for ‖sn − s‖p developed in

Sect. 5. In particular, inequalities (5.1) and (5.3) for the even moments p = 2 and
p = 4 take the form

E |sn(z) − s(z)|2 ≤ C1

n2v3
Im(s(z)), (7.2)

E |sn(z) − s(z)|4 ≤ C2

n4v6
Im2(s(z)) + C3

n6v9
Im(s(z)) (7.3)

with constants Ci ’s depending on σ , only. As it turns out, these are the concentration
inequalities, which control the distance from F to the semi-circle law G.

Theorem 7.3 Assume that the random variables ξjk are independent with E ξjk = 0,
E |ξjk|2 = 1, E |ξjk|4 ≤ M4 < +∞, and that they satisfy the conditions (7.2)–(7.3).
Then

�n = ‖F − G‖ ≤ Cn−2/3,

where G denotes the distribution function of the standard semi-circle law, and where
the constant C depends on Ci ’s and M4, only.

Combined with Corollary 7.2, this assertion implies the main Theorem 1.1. The
proof of Theorem 7.3 requires some preparations and is given in the next section.

Remark 7.4 It is well known that Poincaré-type inequalities on the real line may be
reduced to Hardy-type inequalities with weights. Necessary and sufficient conditions
for a measure on the positive half-axis to satisfy a Hardy-type inequality with general
weights were found by M.G. Kac and I.S. Krein [24]. We refer the interested reader
to [28] and [27] for a full characterization, and here just recall a principal result (see
also [7] for a different approach).

Let μ be a probability measure on the line with median m, that is, μ(−∞,m) ≤ 1
2

and μ(m,+∞) ≤ 1
2 . Define

A0(μ) = sup
x<m

[
μ(−∞, x)

∫ x

−∞
dt

pμ(t)

]
,

A1(μ) = sup
x>m

[
μ(x,+∞)

∫ +∞

x

dt

pμ(t)

]
,

where pμ denotes the density of the absolutely continuous component of μ with
respect to the Lebesgue measure, and where we set A0 = 0, respectively A1 = 0, if
μ(−∞,m) = 0 or μ(m,+∞) = 0. Then μ satisfies PI(σ 2) with some finite constant
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if and only if both A0(μ) and A1(μ) are finite. Moreover, the optimal value of σ 2

satisfies

c0(A0(μ) + A1(μ)) ≤ σ 2 ≤ c1(A0(μ) + A1(μ)),

where c0 and c1 are positive universal constants.
Necessarily, μ must have a non-trivial absolutely continuous part with a density

which is positive almost everywhere on the supporting interval. To roughly describe
the whole picture in the case where μ is absolutely continuous and has a positive,
continuous well-behaving density, one may note that the Poincaré constant is finite,
as long as the measure has a finite exponential moment. In particular, any probability
measure with a logarithmically concave density satisfies PI(σ 2) with a finite σ , cf. [5].

Let us also note that the measure μ may have a non-trivial discrete component in
order to satisfy PI(σ 2). However, purely discrete measures do not satisfy PI(σ 2). For
example, Theorem 1.1 may not be applied to the Bernoulli measure (with two atoms).

Remark 7.5 It should be clear that an attempt to obtain a good estimate for �∗
n

includes in particular a certain concentration result on empirical measures. One
can argue whether the PI(σ 2)-hypothesis is artificial or close to being necessary in
statements on the rates of �∗

n such as in Theorem 1.1. In this context let us men-
tion the concentration result concerning the functionals Mn = max{ξ1, . . . , ξn} and
mn = min{ξ1, . . . , ξn}, generated by a sequence of i.i.d. random variables with given
distribution μ on the line. It turns out (cf. [6, 10]) that the variances Var(Mn) and
Var(mn) are bounded for the growing dimension n if and only if the measure μ sat-
isfies a Poincaré-type inequality in the class of convex functions. Already this simple
example suggests that some kinds of Poincaré-type inequalities may appear naturally
also in the context of spectral empirical measures.

8 Proof of Theorem 7.3

Keeping the previous notation, we start with some auxiliary lemmas. Denote by
t (z) = ∫ 1

x−z
dG(x) the Stieltjes transform of the standard semi-circle law.

Lemma 8.1 Write for z = u + iv, v > 0,

s(z)2 + zs(z) + 1 = δn(z) (8.1)

with some function δn(z). Then, with some absolute constant C, for all |u| ≤ 2,

|s(z) − t (z)| ≤ C |δn(z)|
max{ Im(s(z)), v1/4 Im

1
2 (s(z)),

√
v }

.

Proof Applying the well-known identity t (z)2 + zt (z) + 1 = 0, we may write

|t (z) − s(z)| |t (z) + s(z) + z| = |δn(z)|.
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Note that |t (z) + s(z) + z| ≥ Im(s(z)) and, on the other hand,

|t (z) + s(z) + z| ≥ Im{z + t (z)} ≥ Im{√z2 − 4}
2

.

Since Re{z2 − 4} < 0 in |u| ≤ 2, we have Im{√z2 − 4} ≥ 1√
2
|√z2 − 4 |. But

∣∣√z2 − 4
∣∣ = max

{√|z − 2|,√|z + 2|} min
{√|z − 2|,√|z + 2|},

so |√z2 − 4 | ≥ max{√2 − u,
√

2 + u,
√

v}. This completes the proof of the lemma.
�

The next step is to obtain a representation like (8.1) and derive a bound on δn(z).
Given an n × n matrix A, we denote by A(j) the principal submatrix of order n − 1,
i.e., A(j) is obtained from A by deleting the j -th row and the j -th column. Let

∑(j)

denote the sum over all indices from {1, . . . , n} \ {j}. Let

R(j)(z) = (
W(j) − zI

)−1
,

where I denotes (with subindex or without) the identity matrix of a corresponding
size.

In the next statements we assume the conditions of Theorem 7.3 are satisfied and
that all constants may depend on the values of Ck (k = 1,2,3) and M4.

Lemma 8.2 There exists a constant C such that

s(z) = − 1

z + s(z)
+ δn(z)

z + s(z)
, (8.2)

where

|δn(z)| ≤ C Im
1
2 (s(z))

nv
3
2

+ C Im(s(z))

n2v3
+ C Im

1
2 (s(z))

n
3
2 v

3
2 |z + s(z)|

+ C Im(s(z))

n
3
2 v2 |z + s(z)|

. (8.3)

Proof We use a well-known representation (cf. (4.6) in [19], p. 236)

Rjj (z) = − 1

z + s(z)
+ 1

z + s(z)
(εj1 + · · · + εj4)Rjj (z), (8.4)

where

εj1 = 1√
n

ξjj , εj2 = −1

n

(
TrR − TrR(j)

)
,

εj3 = 1

n

∑(j)

l,k
(ξjkξjl − δkl)R

(j)
kl ,

εj4 ≡ �(R) = 1

n
(Tr R − E Tr R).
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Put δn(z) = δn1 + · · · + δn4(z), where

δnν(z) = 1

n

n∑
j=1

E εjνRjj (z).

By (8.4), δn1(z) = δ
(1)
n1 (z) + · · · + δ

(4)
n1 (z) with

δ
(ν)
n1 (z) = 1

n

n∑
j=1

E εj1εjνRjj (z).

Applying Cauchy’s inequality and a simple bound 1
n

∑n
j=1 |Rjj (z)|2 ≤ 1

v
Im(sn(z)),

we get

∣∣δ(1)
n1 (z)

∣∣ ≤
(

1

n3

n∑
j=1

E |ξjj |4
)1

2
(

1

n

n∑
j=1

E |Rjj (z)|2
)1

2

≤ C Im
1
2 (s(z))

n
√

v
. (8.5)

Using
∣∣Tr R − Tr R(j)

∣∣ ≤ v−1, (8.6)

we also have |δ(2)
n1 (z)| ≤ C Im

1
2 (s(z))

n
3
2 v

3
2

. Similarly,

∣∣δ(3)
n1 (z)

∣∣ ≤
(

1

n

n∑
j=1

E |εj1|2|εj3|2
)1

2
(

1

n

n∑
j=1

E |Rjj (z)|2
)1

2

≤ C Im(s(z))

nv
. (8.7)

Simple calculations show that |δ(4)
n1 (z)| ≤ C Im(s(z))

n
3
2 v2

. By (8.6), |δn2(z)| ≤ 1

nv
3
2

Im
1
2 (s(z)).

Furthermore, using the representation

Rjj = 1

−z + 1√
n

ξjj − Tr R(j)

(
1 + εj3Rjj (z)

)
,

we get

|δn3(z)| ≤ 1

n

n∑
j=1

∣∣∣∣∣E
ε2
j3

−z + 1√
n

ξjj − Tr R(j)
Rjj (z)

∣∣∣∣∣.

Once more, applying Hölder’s inequality, we obtain

|δn3(z)| ≤
(

1

n

n∑
j=1

E
1
n4 (Tr |R(j)|2)2

| − z + 1√
n

ξjj − 1
n

Tr R(j)|2
)1

2
(

1

n

n∑
j=1

E |Rjj (z)|2
) 1

2

≤ C Im
1
2 (s(z))

nv
3
2

. (8.8)
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By the assumptions (7.2)–(7.3), we have |δn4(z)| ≤ C Im(s(z))

n2v3 . This completes the
proof. �

Put v0 = max{Cn− 2
3 , γ�n} for sufficiently small γ > 0.

Corollary 8.3 There exist positive constants C1 and C2 such that for any v ≥ v0, we
have |s(z)| ≤ C1 and

|z + s(z)| ≥ C2. (8.9)

Proof As before, let F(x) = EFn(x). Since s(z) − t (z) = ∫ ∞
−∞

F(x)−G(x)

(x−z)2 dx, we

have |s(z) − t (z)| ≤ π�n

v
≤ π�n

v0
≤ π

γ
, so

|s(z)| ≤ 1 + π

γ
. (8.10)

Relations (8.2), (8.3), and inequality (8.10) together imply (8.9). �

Now, define the quantity �(R) = 1
n

|Tr R − E Tr R| and introduce the event A =
{�(R) ≤ η |z + s(z)|}, where η is a sufficiently small positive absolute constant. We
use I{A} to denote the corresponding indicator random variable.

Lemma 8.4 There exists a constant C, such that for any v ≥ v0,

1

n

n∑
j=1

E |Rjj (z)|2 I{A} ≤ C.

Proof Let B = 1
n

∑n
j=1 E |Rjj (z)|2 I{A}. The representation (8.4) yields

B ≤ C

|z + s(z)|2
(

1 + 1

n

n∑
j=1

E |εj1|2 |Rjj (z)|2 I{A}

+ 1

n

n∑
j=1

E |εj2|2 |Rjj (z)|2 I{A} + 1

n

n∑
j=1

E |εj3|2|Rjj (z)|2 I{A}

)

+ C

|z + s(z)|2 E |�(R)|2
(

1

n

n∑
j=1

|Rjj (z)|2
)

I{A}.

From this,

B ≤ C1

|z + s(z)|2
(

1 + 1

n

n∑
j=1

E |εj1|2 |Rjj (z)|2 I{A}

+ 1

n

n∑
j=1

E |εj2|2 |Rjj (z)|2 I{A} + 1

n

n∑
j=1

E |εj3|2 |Rjj (z)|2 I{A}

)
. (8.11)
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Applying Cauchy’s inequality, we get

1

n

n∑
j=1

E |εj1|2 |Rjj (z)|2 I{A} ≤ C1 maxj E
1
2 |ξjj |4

nv

(
1

n

n∑
j=1

E |Rjj (z)|2 I{A}

)1
2

= C1 maxj E
1
2 |ξjj |4

nv
B

1
2 . (8.12)

By the inequality (8.6) and Corollary 8.3, we get

1

n

n∑
j=1

E |εj2|2 |Rjj (z)|2 I{A} ≤ C1

n2v3
B.

Furthermore, using an analogue of Rosenthal’s inequality for quadratic forms (con-
sidered in [19], p. 274), for all p ≥ 1, we have with some constants C = C(p), de-
pending on p,

E |εj3|2p ≤ C

np
E

(
1

n
Tr

∣∣R(j)
∣∣2

)p

≤ C

npvp
E

(
Im

{
1

n
TrR(j)

})p

≤ C

npvp

(
Im

{
E

1

n
TrR(j)

})p

+ C

npvp

(
E |�(R)|p + 1

npvp

)
. (8.13)

This inequality and the conditions (7.2)–(7.3) together imply that, for p = 1, . . . ,4,

E |εj3|2p ≤ Cp |s(z)|p
np vp

+ C

n2p v5p/2
.

Define ξ2 = 1
n

∑n
j=1 |εj3|2 |Rjj (z)|2 I{A}. The representation (8.4) implies that

Eξ2 ≤ C

|z + s(z)|2
(

E |εj3|2 + 1

n

n∑
j=1

E |εj3|2|εj1|2 |Rjj (z)|2 I{A}

+ 1

n

n∑
j=1

E |εj3|2|εj2|2 |Rjj (z)|2I{A} + 1

n

n∑
j=1

E |εj3|4 |Rjj (z)|2 I{A}

)

+ C

|z + s(z)|2 E |�(R)|2 ξ2.

This inequality implies

E ξ2 ≤ C

|z + s(z)|2
(

E |εj3|2 + 1

n

n∑
j=1

E |εj1|4 |Rjj (z)|2 I{A}

+ 1

n

n∑
j=1

E |εj2|4 |Rjj (z)|2 I{A} + 1

n

n∑
j=1

E |εj3|4 |Rjj (z)|2 I{A}

)
.
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Using (8.13) with p = 4 and Hölder’s inequality, after simple calculations we get

Eξ2 ≤ C

|z + s(z)|2
(

Im(s(z))

nv
+ 1

n2v
+ 1

n4v6
+ (Im(s(z)))2

n2v3

)
B

1
2 . (8.14)

Inequalities (8.11), (8.12), and (8.14) together imply that there exists a constant

c > 0, such that for v ≥ v0 = max{cn− 2
3 , γ�n},

B ≤ α

|z + s(z)| B
1
2 + C

|z + s(z)|2
for sufficiently small absolute α > 0. This inequality completes the proof of
Lemma 8.4. �

Now we may obtain an improved bound for δn(z).

Lemma 8.5 There exist positive constants C1 and C2, such that for any v ≥ v0,

|δn(z)| ≤ C1 Im(s(z))

n2v3
+ C2

nv
.

Proof Introduce a new quantity

δ̃nν(z) = 1

n

n∑
j=1

EεjνRjj (z)I{A}.

It is straightforward to check that
∣∣∣∣∣s(z) − 1

n

n∑
j=1

ERjj (z)I{A}

∣∣∣∣∣ ≤ 1 + |s(z)|
γ |s(z) + z| E

∣∣∣∣
1

n
(Tr R(z) − E Tr R(z))

∣∣∣∣
2

≤ C Im(s(z))

n2v3
.

This inequality and equality (8.4) imply that

s(z) = − 1

z + s(z)
+ Cθ Im(s(z))

n2v3
+ δ̃n(z),

where δ̃n(z) = δ̃n1(z) + · · · + δ̃n4(z). Define

δ̃
(ν)
n1 (z) = 1

n(z + s(z))

n∑
j=1

E εj1εjν Rjj (z)I{A}.

Note that, by inequality (8.5) and Lemma 8.5,

∣∣̃δ(1)
n1 (z)

∣∣ ≤ C

n
. (8.15)
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Applying Lemma 8.4 and Cauchy’s inequality, we obtain

∣∣̃δ(2)
n1 (z)

∣∣ ≤ C

nv
. (8.16)

From inequality (8.7) and Lemma 8.4 it follows that

∣∣̃δ(3)
n1 (z)

∣∣ ≤ C Im
1
2 (s(z))

n
√

v
and |̃δ(4)

n1 (z)| ≤ C Im
1
2 (s(z))

n
3
2 v

3
2

. (8.17)

Furthermore,

∣∣̃δn2(z)
∣∣ ≤ 1

n2v

n∑
j=1

E |Rjj (z)| I{A} ≤ 1

nv

(
n∑

j=1

E |Rjj (z)|2 I{A}

)1
2

≤ C

nv
. (8.18)

Inequality (8.8) and Lemma 8.4 imply |̃δn3(z)| ≤ C
nv

, while by the conditions (7.2)–
(7.3), we have

∣∣̃δn4
∣∣ ≤ |δn4(z)| ≤ C Im(s(z))

n2v3
. (8.19)

It remains to combine the inequalities (8.15)–(8.19). The proof of the lemma is com-
plete. �

Proof of Theorem 7.3 We put v1 = 1 and apply Corollary 3.1. As shown in [19] (cf.
the inequality (4.30) therein), there exists a constant C > 0 such that

∫ ∞

−∞
|s(u + iv1) − t (u + iv1)|du ≤ C

n
.

Hence, we need to bound the “vertical” integral in Corollary 3.1 only. According to
Lemma 8.1,

|s(z) − t (z)| ≤ |δn(z)| min

{
1

Im(s(z))
, v

1
2

}
.

By Lemma 8.5,

|δn(z)| ≤ C Im(s(z))

n2v3
+ ∣∣̃δn(z)

∣∣ ≤ C Im(s(z))

n2v3
+ C

nv
.

These inequalities together imply that, for all v ≥ v0, we have |s(z) − t (z)| ≤ C

nv3/2 .
After integration we get

∫ v1

v0

|s(z) − t (z)|dv ≤ C

n
√

v0
≤ Cn− 2

3 .

This completes the proof of Theorem 7.3 and thus of Theorem 1.1. �
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Appendix: Proof of Proposition 5.1

By Proposition 4.3, for any smooth F -integrable function f : R → C, for all p ≥ 2,

E

∣∣∣∣
∫

f dFn

∣∣∣∣
p

≤ 2p

∣∣∣∣
∫

f dF

∣∣∣∣
p

+ 2p (cp)p E
(∫

|f ′|2 dFn

)p/2

. (9.1)

Here and below we set c = σ/
√

n. The same inequality may be applied to the function
|f ′|2 with power p/2 (when p ≥ 4), and the argument can be repeated.

More generally, consider the case p = 2k (k ≥ 1 integer) and, starting with f0 = f ,
assume we have a collection of non-negative smooth functions fj , 1 ≤ j ≤ k, such
that

f1 ≥ |f ′
0|2, f2 ≥ |f ′

1|2, . . . , fk ≥ |f ′
k−1|2. (9.2)

Then by the repeated use of (9.1),

E

∣∣∣∣
∫

f dFn

∣∣∣∣
p

≤ 2p

∣∣∣∣
∫

f0 dF

∣∣∣∣
p

+ 2p (cp)p E
(∫

f1 dFn

)p
2

≤ 2p

∣∣∣∣
∫

f0 dF

∣∣∣∣
p

+ 2p+ p
2 (cp)p

(∫
f1 dF

) p
2

+ 2p+ p
2 (cp)p

(
cp

2

) p
2

E
(∫

f2 dFn

)p
4

.

At the end of this iteration we will arrive at the bound

E

∣∣∣∣
∫

f dFn

∣∣∣∣
p

≤ 2p

∣∣∣∣
∫

f dF

∣∣∣∣
p

+
k−1∑
j=1

2
p+ p

2 +···+ p

2j (cp)p
(

cp

2

)p
2

. . .

(
cp

2j−1

) p

2j−1
(∫

fj dF

) p

2j

+ 2
p+ p

2 +···+ p

2k−1 (cp)p
(

cp

2

)p
2

. . .

(
cp

2k−1

) p

2k−1
∫

fk dF.

To simplify, first note that p + p
2 + · · · + p

2j ≤ 2p, which may be used for the powers
of 2, while it is important to maintain the correct power of c:

p + p

2
+ · · · + p

2j−1
=

(
2 − 1

2j−1

)
p.

As for the products of the powers of p

2j , all of them are bounded by the last product
(when j = k − 1), which is equal to

pp

(
p

2

)p
2
(

p

4

)p
4 · · ·22 =

k∏
j=1

(2j )2j = 2
∑k

j=1 j 2j = 2(k−1)2k+1+2.
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Since (k − 1)2k+1 + 2 ≤ 2k · 2k , one may bound the above product by 22k·2k = p2p .
Using these remarks and bounds, we obtain that

E

∣∣∣∣
∫

f dFn

∣∣∣∣
p

≤ 2p

∣∣∣∣
∫

f dF

∣∣∣∣
p

+ (2p)2p
k−1∑
j=1

c
(2− 1

2j−1 )p
(∫

fj dF

) p

2j

+ (2p)2p c
(2− 1

2k−1 )p
∫

fk dF.

Replacing 2p with (2p)2p here, we can summarize the result in a separate statement.
Thus, assume as before that a probability measure μ on Rn satisfies a Poincaré-

type inequality with constant σ 2. Let Fn denote the empirical measures with mean
F = EFn with respect to μ.

Lemma 9.1 Given a smooth F -integrable function f : R → C, for any collection of
non-negative smooth functions (fj )1≤j≤k , satisfying (9.2) we have

(2p)−2p E

∣∣∣∣
∫

f dFn

∣∣∣∣
p

≤
∣∣∣∣
∫

f dF

∣∣∣∣
p

+
k∑

j=1

c
(2− 1

2j−1 )p
(∫

fj dF

) p

2j

,

where p = 2k and c = σ/
√

n.

Let us now apply this observation to the functions of the form f (x) = |x − z|−q

with parameters z = u + iv (u ∈ R, v > 0) and q > 0. Since

|f ′(x)| = q |x − u|
|x − z|q+2

≤ q |x − z|−q−1,

one may take f1(x) = q2 |x − z|−(2q+2), which is of the same form (up to a factor).
Hence, by the same argument, one may take

f2(x) = q4 (2q + 2)2 |x − z|−(2(2q+2)+2) = q4 (2q + 2)2 |x − z|−(4q+6).

Similarly, in the next step,

f3(x) = q8 (2q + 2)4 (4q + 6)2 |x − z|−(2(4q+6)+2)

= q8 (2q + 2)4 (4q + 6)2 |x − z|−(8q+14).

More generally, on the j -th step,

fj (x) = a2j

0 a2j−1

1 . . . a21

j−1 |x − z|−aj ,

where the sequence aj is defined recursively by the relation aj+1 = 2aj + 2 with
initial value a0 = q . The solution to this recursive problem is

aj = (2 + q)2j − 2.
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Consequently, using aj ≤ (2 + q)2j ,

Cj ≡ a2j

0 a2j−1

1 . . . a21

j−1 ≤ (2 + q)2j +2j−1+···+21
20·2j +1·2j−1+2·2j−2+···+(j−1)21

.

We have 2j + 2j−1 + · · · + 21 = 2j+1 − 2 < 2j+1. Furthermore,

1 · 2j−1 + 2 · 2j−2 + · · · + (j − 1) · 21 =
j−1∑
�=1

� · 2j−� = 2j

j−1∑
�=1

� · 2−� < 2j+1.

With these two bounds, we get Cj ≤ (2 (2 + q))2j+1
. Therefore,

fj (x) ≤ (2(2 + q))2j+1 |x − z|−((2+q)2j −2),

and using |x − z| ≥ v,

∫
fj dF ≤ (2 (2 + q))2j+1

∫
|x − z|−((2+q)2j −2) dF (x)

≤ (2 (2 + q))2j+1 1

v(2+q)2j −3

∫
v

|x − z|2 dF(x).

Therefore, recalling that
∫

v

|x−z|2 dF(x) = Im(SF (z)),

(∫
fj dF

) p

2j ≤ (2 (2 + q))2p 1

v((2+q)−3·2−j )p
(Im(SF (z)))p/2j

.

Similarly, when j = 0,

∫
f dF =

∫
1

|x − z|q dF ≤ 1

vq−1

∫
v

|x − z|2 dF(x) = 1

vq−1
Im(SF (z)).

As a result, we obtain the following from Lemma 9.1.

Corollary 9.2 For any integer k ≥ 1 and q > 0, for all z = u + iv, u ∈ R, v > 0,

(2p)−2p E
(∫

1

|x − z|q dFn(x)

)p

≤ 1

v(q−1)p
(Im(SF (z)))p

+ (2 (2 + q))2p
k∑

j=1

c
(2− 1

2j−1 )p 1

v((2+q)−3·2−j )p
[Im(SF (z))]p/2j

,

where p = 2k and c = σ/
√

n.
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Now, let us return to Proposition 4.3 and apply (4.6) to the particular function
f (x) = 1

x−z
. Writing sn(z) = SFn(z), s(z) = SF (z), the inequality (4.6) yields, for all

p ≥ 2,

E |sn(z) − s(z)|p ≤ (cp)p E
(∫

1

|x − z|4 dFn(x)

)p/2

. (9.3)

But by Corollary 9.2 with q = 4 and p/2 in place of p (where p = 2k , k ≥ 2),

p−p E
(∫

1

|x − z|4 dFn(x)

)p/2

≤ 1

v3p/2
[Im(s(z))]p/2

+ (12)p
k−1∑
j=1

c
(1− 1

2j )p 1

v3 (1−2−(j+1) )p
[Im(s(z))]p/2j+1

.

Hence, with (9.3),

p−2p E |sn(z) − s(z)|p

≤ cp

v3p/2
(Im(s(z)))p/2

+ (12)p
k−1∑
j=1

c
(2− 1

2j )p 1

v3 (1−2−(j+1) )p
[Im(s(z))]p/2j+1

.

This may be simplified by replacing j + 1 with j , which yields the desired inequality

p−2p

(12)p
E |sn(z) − s(z)|p ≤

k∑
j=1

(
c2

v3

)(1− 1
2j )p

[Im(s(z))]p/2j

.

Proposition 5.1 is proved.
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