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1 Introduction

Let {X,},>1 be independent identically distributed (i.i.d. ) random variables with mean
EX = 0 and variance IEXI2 = 1. Put
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Throughout, we denote by Z a standard normal random variable with its density

L —xIp
@(x) = 7= ¢ us
The classical central limit theorem states that

and use the symbol = to denote convergence in distribution.

Sp//n=2Z asn— oo. (1.1

In 1986, Barron [4] established an entropic version of this result, the so-called entropic
central limit theorem. To formulate it, first let us introduce some notation. Let Y be a
random variable with density v, and let X be a random variable whose distribution is
absolutely continuous with respect to that of Y. The relative entropy of X with respect
to Y is defined by

DX |Y) := / L(f;(();)))t/f(x)dx, (1.2)
W @)=0)

where p is the density of X, L(x) := xlogx for x > 0 and L(x) := 0 for x = 0.
In case the distribution of X is not absolutely continuous with respect to that of Y, put
D(X | Y) := oo. Then, the entropic central limit theorem by Barron states that

D(S,//n|Z) -0 asn — 00 (1.3)

if and only if D(S,,|Z) < oo for some nog € N. This result is motivated, inter alia,
by the distinguished property of the standard normal distribution that it maximizes
(Shannon) entropy.

Barron’s result has sparked much further research on entropic limit theorems. For
instance, there are several publications devoted to the rate of convergence, see Artstein
et al. [3], Johnson and Barron [17], Johnson [16], and Bobkov et al. [8]. Entropic limit
theorems have also been derived for certain non-normal limit distributions within the
class of stable laws, cf. [9,16,19].

All these limit distributions arise in connection with sums of i.i.d. random variables
and are therefore infinitely divisible. Our aim is to investigate a different situation,
namely for the maxima of sums of i.i.d. summands, with a limit distribution that is not
infinitely divisible. Here, the analog of the classical central limit theorem is given by
the ErdGs-Kac limit theorem [12], which states that

Sp//n=1Z| asn — oo. (1.4)

The distribution of | Z|, which has density ¢4 (x) := \/ge’xz/z 1(0,00)(x), is com-
monly called the one-sided (or reflected) standard normal law. As explained below,
this distribution plays a similar role to the normal distribution in that it maximizes
entropy among all positive random variables with fixed second moment. It is therefore
quite natural to ask whether the Erd&s-Kac limit theorem [12] also admits an entropic
formulation.

To state a corresponding assertion, we introduce more notation. Given a random
variable X such that P(X > 0) > 0, let X have the same distribution as X conditioned
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to be positive, i.e. P(i € A) = P(X € A|X > 0) for Borel sets A on the real line.
Then, the relative entropy of X conditioned to be positive with respect to a positive
random variable Y with density ¢ is defined by

D (X|Y):=D(X|Y). (1.5)

In the sequel, Y will always be given by |Z| or some scalar multiple of it. Our main
result is as follows:

Theorem 1.1 Suppose that X1, X2, ... are i.i.d. random variables with a density,
mean zero and variance one. Then,

Dy(S,//nl1Z)) >0 asn— oo (1.6)
if and only if
Dy (X1 11Z]) < o0. (.7

In fact, the assumption that X has a density is only for convenience and could
be omitted. Note, however, that (1.7) implies that X| has a density on the positive
half-line.

Let us recall that the relative entropy represents a rather strong measure of deviation
of distributions. Indeed, by the Pinsker-Csiszar-Kullback inequality,

D(X|2) = (div(X, 2))*, (1.8)
where dtv (X, Z) denotes the total variation distance between the distributions of X
and Z (cf. [10,13,20,27]). Thus, (1.3) implies drv(Sp//n, Z) — 0asn — oo, and
hence (1.1). Similarly, (1.6) implies drv(S,/+/n,|Z|) — 0, and hence (1.4). This

follows from (1.8) in combination with the well-known fact that, under our moment
assumptions,

P(S, <0) = 0m~'?) (1.9)

(cf. e.g. [14, pp.414f]). In fact, for convergence in total variation distance, condition
(1.7) is not needed, and we prove the following:

Theorem 1.2 Suppose that X1, X», ... are i.i.d. random variables with a density,
mean zero and variance one. Then,

drv(Sy//n,|Z)) - 0  asn — oo.

As already mentioned, both the centered and the one-sided normal distribution play
a special role from the viewpoint of information theory. Let us recall that for a random
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variable X with density p, the entropy (also called Shannon entropy or differential
entropy) is defined by

oo

h(X) = — / L(p(x)) dx,

—00
where L is as in (1.2). If EX? = & is finite, then the entropy is well defined, and
hoZ) —h(X) = D(X[6Z) >0 (Z~N(@,1)).

with equality if and only if X and o Z have the same distribution. Thus, the centered
normal distribution with second moment o> maximizes entropy among all probability
measures with the same second moment. Moreover, in

D(X|t2) = —h(X) + L log2nt?) + Lo?/2? (1> 0)

the right-hand side is minimized for T = o, so D(X | 0 Z) may be interpreted as a
measure of deviation of the distribution of X from the class of all centered normal
distributions. Similarly, for a positive random variable X with finite second moment
EX? =02,

h(o|Z]) = h(X) = Dy(X |o|Z]) = 0,

with equality if and only if X and o' |Z| have the same distribution. Hence, the one-sided
normal distribution with second moment o> maximizes entropy among all probability
measures on the positive half-line with the same second moment. Also, in

Dy(X|7|Z)) = —h(X) + S log(3nt?) + J0?/7* (x> 0)

the right-hand side is minimized for T = o. Therefore, as above, D (X | o|Z|) may
be interpreted as a measure of deviation of the distribution of X from the class of all
one-sided normal distributions.

In this respect, note that

E(max{S,,0}/v/n)° =1+o0(1) asn— oo. (1.10)

(For instance, this follows from Proposition 6.1 and Eq. (5.8) below.) Combining
(1.9) and (1.10), it is easy to see that for large 1, S, /+/n conditioned to be positive
has second moment approximately equal to 1, so that the comparison to |Z] in (1.6)
is natural.

Finally, let us emphasize the following curious difference between the entropic
central limit theorem and our Theorem 1.1. Even if X itself has density, Barron’s
characterization uses the finiteness of D(S,, | Z) for some np € N (which may be
any natural number); see [4] for an example requiring no > 1. In contrast to that, our
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characterization uses nop = 1 at once. More precisely, it follows from our proof that
D+(§n0 |1Z]) < oo for some ny € N if and only if this is true for ng = 1.

In the proof of (1.3) given in Barron [4], entropy convolution inequalities for sums
of independent random variables play a major role. In our analysis for the maxima
of sums, these inequalities still play a role in the proof of Theorem 1.1, but they
have less far-reaching consequences. To control the density of the maximum, we use
more classical methods and results based on Fourier analysis, see Nagaev [21,22] and
Aleshkyavichene [2]. This approach does not only lead to proofs of entropic limit
theorems (cf. [9]), but in principle, similarly as in Bobkov et al. [8], it should also lead
to results on the (exact) rate of convergence. Apparently, such refined results cannot
be obtained by using known information-theoretic tools.

A major ingredient in our proof will be the local limit theorem for maxima of sums
of i.i.d. random variables from [2], see also [1,24,29] for related results. To obtain
(1.6) under minimal conditions, we need to extend the result from [2] from bounded
to unbounded densities (see Proposition 4.2).

Let us introduce some conventions for the rest of the paper. We assume that the
random variables X ; are i.i.d. and have a density, mean O and variance 1. Unless
otherwise indicated, we write p for their density, F for their distribution function and
f for their characteristic function. Moreover, p,, F,, f, and p,, F, ?n denote the
corresponding functions for the random variables S, and S,,. (Let us emphasize that
F,, always stands for the distribution function of S, in our paper, and never for the
function 1 — F,.) We write p and p; for the densities of the rescaled random variables
S,//nand S, //n.

For areal number x, set x T := max{x, 0} and x~ := max{—x, 0}. Unless otherwise
indicated, O-bounds and o-bounds refer to the case where n — oo and hold uniformly
in x (in the region under consideration). Finally, C1, C», ... denote positive constants,
which may depend on the distribution of the X ; and which may change from step to
step.

The paper is organized as follows. Section 2 contains some preliminary remarks
on relative entropy. Sections 3—7 are devoted to the proof of the sufficiency part of
Theorem 1.1, while the necessity part of Theorem 1.1 is proved in Sect. 8. Section 9
contains the proof of Theorem 1.2.

2 Some Remarks on Relative Entropy

Throughout this section, let ¥ be a positive probability density on the positive half-line.
Given a non-negative measurable function p on the real line, set

I pe
D(p|y) == /L(p )vf(x)dx, Q.1
/ ¥ (x)

where L (x) is the function defined in the introduction. By abuse of terminology, we will
call D(p | ) relative entropy even when p is not a probability density on the positive
half-line. Note that in the case that p is a probability density, we have D(p |¢¥) > 0
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by Jensen’s inequality. If p is an arbitrary non-negative measurable function, this need
not be true anymore, but we have at least D(p | /) > min{L(x) : x > 0} = —e~ L.

Let us collect some basic properties of relative entropy which will be used later.
(Some of the proofs are straightforward, which is why we omit them.)

Lemma 2.1 Suppose that « is a positive real number and p is a non-negative mea-
surable function with fooo p(x)dx < oo. Then,

D(ap |¥) =aD(p|1ﬁ)+L(a)/p(X)dX-
0

Lemma 2.2 Suppose that oy, ..., o, are positive real numbers and py, ..., p, are
non-negative measurable functions with fooo pr(x)dx < oo, k=1,...,n. Then,

n
D(Zakpk
k=1

o
n n n
w) < D DY) + (log Zak) > / pr(x) dx.
k=1 k=1 k=1
Lemma 2.3 Suppose that \ is decreasing on the positive half-line and that p and g

are probability densities on (0, +00) and (—o0, 0), respectively. Then,

D(pxq|¥) <D(p|y)+e!

Proof of Lemma 3 Since L is a convex function and ¢ is a probability density on
(—o00, 0), it follows from Jensen’s inequality that

0 0
L /h(y)q<y)dy s/L(h(y))q(y)dy

for any non-negative measurable function 4. We therefore obtain

0 0
gt = [L| [ Fo 2 amar) v
0 0

IA

L d d
( ) )q(y) y ¥ (x)dx

p(x y)log(”(x _”) dx g (y) dy.

¥ (x)

/]
L]
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Since ¥ (x) is decreasing in x, we have, for any y < 0,

i px —y) i px —y)
0/p(x—y)log(—w(x) )dst/p(x—ynog(w( y)) dx

[ee) —)
B p(u) B p(u) ~1
_O/L(‘”(”)) ¥ () du O/L(‘”(”)) V) du < D(p|¥) +e .

Combining these estimates, we get

D(psq|y) <D(p|y)+e !,

and the lemma is proved. O

Lemma 2.4 Suppose that p and q are non-negative measurable functions with o :=
fooo p(x)dx < ocand B = fooo q(x)dx < oo. Then,

D(p|¥)+D(q|¥) <D(p+aqly)
<D(p|¥)+D@g|V¥)+ La+p) — L(a) — L(B).

Proof Suppose w.l.o.g. that o, 8 > 0. On the one hand, by Lemmas 2.1 and 2.2,
we have

< @+p) [aﬂ9 (219)+ 55D (§19)] + L@ +p)
=aD(§|1//)+ﬂD(%|1ﬁ)+L(a+,3)
= D(p1¥)+ Dig1¥) — L@ — L(B) + L + B).

On the other hand, it is straightforward to check that L(x + y) > L(x) + L(y) for any
x,y = 0,whence D(p +q|¥) = D(p|y)+ D(g | V). m

In particular, it follows from Lemmas 2.1 and 2.4 that for any non-negative mea-
surable functions p, ¢ with fooo p(x)dx < oo, fooo g(x)dx < oo and any a, 8 > 0,
we have

D(ap + Bqg|¥) <oo ifandonlyif D(p|y) <ooand D(g|y¥) < oo. (2.2)
Lemma 2.5 Suppose that (p,) and (g,) are sequences of non-negative measurable

functions such that [;° pn(x)dx = 1+ o(1) and [;° g,(x)dx = o(1) as n — oc.
Then,

D(pn+aqn V) = D(pn [¥) + D(gn | ¥) +0(1)  asn — 0.
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Proof This is an immediate consequence of Lemma 2.4. O

In the following sections, ¥ will always be given by the probability density

or(x) = \/ge_)‘z/2 (x > 0) or its rescaled version @, 4(x) = \/%e_xz/z”
(x > 0), where n € {1, 2,3, ...}. Note that ¢, 4 is the density of the one-sided nor-
mal distribution with second moment n. It is easy to check that for any non-negative
measurable function p, we have

D(/np(Wn-)¢s) = D(p|@n+). 2.3)

3 Binomial Decomposition

In this section, we start with the proof of sufficiency in Theorem 1.1. In the sequel, by a
signed density, we mean any measurable function £ (x) defined on the real line or on the
positive half-line such that ffooo |h(x)]dx < oo. Since it is more convenient to work
with bounded densities, we use a binomial decomposition of the density p to write the
density p; (restricted to the positive half-line) as the sum of two signed densities, a
bounded term g and a remainder term 7. This representation will play an important
role in the proof of the sufficiency part of Theorem 1.1. Let us remark that binomial
decompositions are a well-known tool in the investigation of the classical central limit
theorem, see e.g. [15,28]. In connection with entropic central limit theorems, they
have recently been used in Bobkov et al. [8,9].
Recall that p is the density of X . Write

p=0-0)q1+ 092, 3.1

where ¢ is a bounded probability density with fooo q1(x)dx > 0, g2 is a potentially
unbounded probability density, and 0 < g < % It follows that for any n > 1,

pa(x) = p'(x) = (Z( )= )ke"™ (g x5 Y) (x))+.Q 3" (x)
k=1
=: (1 = 0")qn1(x) + 0" qn2(x), (3.2)

where g,.1(x) and g, 2(x) are again probability densities.
We now need the following formula due to Nagaev [23, Equation (0.8)]: Recall that
f denotes the characteristic function of X and F,, denotes the distribution function

of§n := max{Sy, ..., Sy}. Then, forn € Nand r € R, we have
Ee''Sr = Z KOG (), (33)
k=1
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where
0
o) =1 and @ (1) = /(1 — e”") dFr(x) (k > 0). 3.4

By (3.3) and the uniquenes_s theorem for Fourier transforms (of signed measures), it
follows that the density of S, is given by

Do) =D (P % Gui)(0),
k=1

where
Go(dx) := 6p(dx), Gr(dx) := Fr(0)80(dx) — Pr(x) 1(—00,0)(x)dx fork >0

and (p™  Gu_)(x) == [ p™(x — y) Guoi(dy).
Using (3.2), we may write

Pn(X) =, (X) + T (x), (3.5)
where
7o) =D (1= ") (qr1 * Gu) (), Fu(x) := D 0" (g2 * Gui)(x). (3.6)
k=1 k=1

Note that each g,, is bounded, since the g 1 are bounded and the G, are finite signed
measures. The main idea is to use g, as a bounded approximation to p,,. Of course,
g, and 7, are only signed densities in general. However, they may be represented as
differences of non-negative densities by writing

7,(x) =g, (x) =g, (x) and F,(x) =TFp1(x) — Fpo(x),

where g, and g, denote the positive and negative part of g, and 7, and 7y 2
are defined by

n
() =D 0" (qra* G, y) (x)
k=1
(j=1,2),where £ = +for j =1, &+ = — for j = 2, and G:—k and G,_, denote
the positive and negative part of the signed measure G,_x. Note that7, | and 7, » are

not the positive and negative part of 7, in general.
Thus, we obtain

Pn =@ —q) + a1 —Tn2) (3.7)
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or (equivalently)

ﬁn +§; +Fn,2 =ﬁ:{ +7n,1~ (38)
Write pi(x) := /np,(V/nx), Ci(x) = /nq,(Vnx), 7i(x) := /nr,(/nx), etc.
for the rescaled versions of the above densities. We then have the following result.

Lemma 3.1 (a) fooo 175 (x) — g (x)| dx = On=112).
(b) f()oo x2|ﬁ;lk(x) - ﬁj;(x)| d,x = O(n_l/z)'
(c) If (1.7) holds then D(P,, | p+) = D((@;)* [ ¢+) +o(1) as n — oo

Proof Throughout this proof, for any measurable function p, we write

Pl :Z/IP(X)Idx
0

for the total variation norm (of the associated signed measure) and

[Plloo := sup |p(x)]

x€(0,00)

for the supremum norm. Furthermore, if p is non-negative, we write D(p | ¢4.) for the
relative entropy as in (2.1). Recall the probability densities ¢, 4 introduced at the end
of Section 2.

Analysis of 7 ;(x) By (1.9), Fn(0)=Om /2y as n — o0o. Thus,

n n k
_ _ = Cio _
Feodh = Fa gl <Y Faek (00 <Y ——==0n""%, (39
175 =1 n,,||1_k§:] kOt < D s =0, 69

j =1,2. Also, since G,ik is concentrated on (—oo, 0],

oo

n X o0
C
2k 1 10 2
/x Fyj()dr <5 E /x gk,2(x) dx,
o vYn—k+ 1_oo

0
j=1,2.LetYy,..., Y beii.d. random variables with density ¢». Then,

o0

/ Xqra(x)dx = ||V + -+ Y3 < k2713,

—00

and we come to the conclusion that

oo o0

n k
_ Cio _
2—x 1 2 _ 3/2
/x Py i) dx <+ E X qra(x)dx = O(n™7%), (3.10)
" =1 «/n—k—}—l_oo
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Jj = 1,2. Clearly, (3.9) and (3.10) imply (a) and (b).
We will now show that if (1.7) holds, then

n
(i 1ex) = o Zetaa i

k=1

<ﬂn,+) = o(D), (3.11)

J =1,2. We provide the details for 7,  only, the argument for 7: | being similar.

Note that G, = 0. Fork =1, .. — 1, write G, _,(dx) = Fj,_£(0) s, ¢ (x) dx,
where s, (x) := D, _x (x)/fn,k(O) (x < 0) is a probability density on (—oo, 0).
Also, write g2 = Ayq2 + +A_qg2,—, where A, A_ > 0,21 +A_ =1,and g2 + and
q2.— are probability densities on (0, +-00) and (—o0, 0), respectively. Then

>~

qk2 = Z (l;-)?»j '612 4k 61*(5 D,

and it follows by a twofold application of Lemma 2.2 that

D (Z oF (2% G, )

k=1

n—1
90n,+) =D (z 0" Frr(0) (g2 % $n—t)
k=1
n—1
L (Z ekfn_km))‘
k=1

0" Fu- k(O)Z M D( g3 w g3 Sn—k‘ 0.1 )+ Ologn/ /).

(pn,+)

ST (O D (q12 %50k | 9.1 ) +
k=1

n—1

For the last step, note that D(q2 " % Sp—k | ¢n.+) = 0 and that Zk ] Qan x(0) =
On~?) by (3.9). Using Lemma 2.3 with f := q2 yandg = q*( *sn,k, we get

. oy
D (q;"+ * q;(_ D Sn—k

(/)n,+) <D (q;j_;_ Qon,—&-) +e!

Let u and 0% denote the mean and variance of the probability density ¢ +, and let
@52 denote the density of the Gaussian distribution with mean p and variance o2
As a consequence of the entropy power inequality (see e.g. Theorem 4 in Dembo et

al. [11]), we have

D(q;jq_'(pjp,,jaz) = D(Q2,+|(PM,02), Jj= 1.
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We therefore obtain

' [ qikj Qi ig?
D(4§f+l<ﬂn,+)=/q§f+1og D Binjol ) 40
0 Pju.jo? Pn+
o0

. P2
= DY 10 100) + / g og (%) dx
/ |

= D(g2.+1¢y,52) + Oogn + j + 1)

qurlog(q2+ s )dx +O(ogn+j+1)

P02

[e¢]

%
= D(Q2,+|§0+)+/Q2,+10g( <

2
Ned
0 123

=0O(ogn+j+1),

)dx+(9(logn+j+1)

the implicit constants depending only on g» . Here, the last step follows from (1.7),
see the remark below Lemma 2.4.
Combining the preceding estimates, it follows that

n
D (ZQk k2 * G;_k @n,+)

k=1
< Z Fu—4(0) O(logn + k + 1) + O(logn/«/n) = O(logn//n),

and the proof of (3.11) is complete.

Analysis of (g})*(x) To complete the proof of part (c), we will show that the
relative entropy of the main terms ﬁ: and (g})™ in (3.8) is only slightly changed by
the addition of the error terms 7 w1 noand (@)~ . To begin with, it follows from (3.8)
that

@) <Py+7r, and (@)~ <7y,

and therefore, since || p*|l; = 1 — F,(0) = 1 + O(1/4/n) and 7 i1l = O(1//n)
(G =12),

I@H 1 =14 01/n) and @)~ [ = O1//n). (3.12)
Next we will show that

D((q,)” l¢+) = D(q, | ¢n.+) = o(D). (3.13)
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Since ¢ is bounded by construction, (1 — 0¥)gy 1 is bounded uniformly in k > 1, and
we obtain

n
1Zallco = 1 D (1 = )1 * Guklloo = O

- 1
k=1 (;V”_k"'l):O(ﬁ).

Since [|g,, l1 = O(1/4/n), it follows that

oo oo

D(q, lgn+) = /?E log(q,, /@n+) dx < /7; log(C1v/n/¢n,+) dx

0 0
0

= O(l(j/gﬁn) + 0(/ %xzﬁg(x) dx).

0

Now, using (3.8) and (3.10), we have

o0 o0 o0
/ 1x%g, (x)dx < / Ix%F, () dx = / Y () dy = 0m™?).
0 0 0

This completes the proof of (3.13).
Using (3.8), (3.11), (3.13) as well as Lemma 2.5, we now obtain

D(Pilps) = DB + (@)~ +7islos) +o(1)
= D(@)" +75 1lo4) +o(1)
= D(@) o) + o)

as n — 0o, and Lemma 3.1 is proved. O

4 Proof of Sufficiency in Theorem 1.1

This section contains the main part of the proof of sufficiency in Theorem 1.1. It relies
on two auxiliary results which do not depend on condition (1.7) and whose proof is
postponed to the following sections.

Proposition 4.1 For any ¢ > 0, there exists a constant C > 0 such that

o0

/xzﬁfl(x) dx <¢

C

for all sufficiently large n € N.
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Proposition 4.2 Under the assumptions of Theorem 1.1, there exist signed densities
rn(x) such that ||rp|l1 = O//n), |11 llee = O(1) and the following holds:

(a) Uniformly in x € (0, 00),
Ti(xX) = o+ (x) +r(x) +o(1/x)  asn — oo.
(b) Uniformly in x € (0,e™"),
75 (x) = @4 (x) + ra(x) + O((logn) A ﬁ) +O(llogx]) asn— oc.

Here, the norms || - ||; and || - ||oo are defined as in the proof of Lemma 3.1.
Moreover, by the statement that the O-bounds and o-bounds hold uniformly in x, we
mean that for sufficiently large n € N, the error term is bounded by ¢, /x in part (a),
where (&,),eN 1S a sequence of positive real numbers not depending on x € (0, co)
such that lim, o &, = 0, and by C; ((logn) A ﬁ) + C>(|log x|) in part (b), where

C1 and C; are positive constants not depending on x € (0, e~!). Similar conventions
apply to the error terms in the proof of Proposition 4.2.

Note that Proposition 4.2 may be regarded as a local version of the Erdds-Kac
theorem (1.4). Moreover, part (b) is a refinement of part (a) which yields a better
estimate for the error term for x ~ 0. Although this estimate is still unbounded, it is
square integrable near the origin. This is the crucial point for our purposes.

It should be mentioned that the proof of Proposition 4.2 closely follows that in
Aleshkyavichene [2], which is based on earlier work by Nagaev [21-23]. Indeed, in
the special case where the X ; have a bounded density p(x), we could take

3y(x) = Pp(x) and ry(x) = Fu1(0) Vi p(v/nx) (x> 0),
and part (a) specializes to the following result from the literature:

Theorem 4.3 (Aleshkyavichene [2]) If X1, X2, . .. have a bounded density p(x), we
have Pi(x) = @4(x) + Fn_1(0) /np(/nx) + o(1/x) as n — oo, uniformly in
x € (0, 00).

Remark In Aleshkyavichene [2] Theorem 4.3 is stated somewhat differently (for any
xp > 0, the last term is of order o(1) uniformly in x > x¢), but a careful analysis of
the proof shows that after some minor modifications (similar to those in the proof of
part (a) of Proposition 4.2 below), it also yields the result stated above.

In the general case, the definition of the signed densities r,, (x) is more complicated,
see Eq. (7.5) below.

Proof of Sufficiency in Theorem 1.1 Suppose that (1.7) holds. Recall that p; (x) is the
density of S,,//n (i.e. with the proper rescaling), and ¢, (x) = /2/7 e /2 (x > 0).
Using (1.9), it is easy to see that

D4 (S,/v/n||Z)) — 0 ifandonlyif D(p¥|eL) — 0. A.1)
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Indeed, since S,/ J/n conditioned to be positive has the density p(x)/(1 — Fn(0))
(x > 0), it follows from our definitions and Lemma 2.1 that

D@y 1 ¢+) = (1 = Fu(0) D(Su//n | 1Z]) + L(1 = Fu(0)),

so that (4.1) fgllows from (1.9).
Since D1(S,/+/n||1Z]) > 0, it also follows from the preceding argument that

liminf D(P) |¢4) > 0.
n—oo
Thus, it remains to show that

limsup D(p,, [ ¢+) < 0.

n—o0

Recall that g (x) := /nq,(/n x), where g, is defined in (3.6). By Lemma 3.1 (c),
it is sufficient to show that

lim sup D((g5) " | ¢4) < 0.

n—oo

Fix g9 > 0, and let C and ¢ be positive real numbers with 0 < ¢ < 1 < C < o0. (The
precise choices will be specified below.) Then,

e’} et
D(@HT lg4) = /L (M) ¢4 (x)dx = E| + E; + E3,
) @4 (x)

where E1, E», E3 denote the integrals over the intervals (0, ¢), (¢, C), (C, 00), respec-
tively. (Note that E1, E», E3 implicitly depend on n.) To complete the proof, we will
show that if C € (1, 0o) is sufficiently large and ¢ € (0, 1) is sufficiently small, then,
for each j € {1, 2, 3}, E; < ¢ for all sufficiently large n € N.

Estimating E3. By Proposition 4.2 (a), there exists a constant M > 1 (not depend-
ing on n) such that for n > ng and x > 1, |5 (x)| < M. It follows that

o0

o
E3 < / 7)) (logM+ TlogZ + %xz) dx < Cl/leﬁjﬁ(X)ldx,
C C

where C| is a constant depending only on M. By Proposition 4.1, there exists a constant
C > 1 such that

o0

/ PPl dx < 80/ Cy
C
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for all sufficiently large n € N. By Lemma 3.1 (b), this implies

o0

/ PITE)] dx < 80/C

c

for all sufficiently large n € N. Thus, for C sufficiently large, we have E3 < g¢ for all
sufficiently large n € N.
Estimating E;. Suppose that ¢ € (0, e~ !). Setting

_ @HTx) —pr(x)

on ()2 01 (1)

(x >0)

and using that L(y) < Ofory € [0,1]and L(1 +y) < y + %yz for y € (0, 00),
we get

c c

Ei= [ La+u)eds = [ (mawl+ 3u0oP) e war.

0 0

Using Proposition 4.2 (b), it follows that

E < / 75 — 04 (O] + ATE) — 04 (01 s (1) dx
0

5Cz(/|r,,(x)|dx+/((logn)/\ﬁ) dx+/|10gx|dx)
0 0 0
+ s [P de + ((10 n) A L)z dx + [ |log x| dx
3 n g Jnx g .
0 0 0

By Cauchy-Schwarz inequality, it remains to estimate the integrals in the last line.
Now, for any fixed ¢ € (0, e ! ), we have

c
/|r,,(x)|2dx < lIralitliralloo = o(1),
0

c

2 logn 1
; = — —(— -1 =
/((logn)/\ﬁx) dr= "=+ (e + Jnlogn) = o(1),
0
C o0
/|10gx|2dx = / y2e™ dy < oo.
0 log(1/c)
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Thus, for ¢ sufficiently small, we have E| < g¢ for all sufficiently large n € N.
Estimating E,. Let C € (1, 00) and ¢ € (0, 1) be the constants fixed above. The
same argument as for £ yields

C C

E2=/L(1+vn(x))<p+(x)dx 5/ (Ivn(x)|+%|vn(x)|2) @+ (x)dx.

c c

Using Proposition 4.2 (a), it follows that

c
Ey = / 1G5 () — 01| + 3175 (X) — 94+ () /o (x) dx

C C
< C4(/|r,,(x)|dx +o(1)/x—1dx)

C C
+ Cs exp(C2/2)(/ | ()] dx +0(1)/x_2 dx)

< C4(||rn 1 +o(1)(og C — log C))

+ Cs eXP(CZ/Z)(IlrnIh ANrnlloo +o0(1 (e = C_l)).

Thus, E;‘ =o0(l)asn — oo.
This completes the proof of sufficiency in Theorem 1.1. O

5 Some Auxiliary Results

Let us collect some results from the literature, which will be needed for the proofs of
Propositions 4.1 and 4.2.

Let ag := fi)oo xdFy(x) and by := f?oo x2dF(x), k > 1.1t is known that under
our standing moment assumptions, the functions @, (¢) introduced in (3.4) satisfy the
following estimates:

[or (1) < 2F(0), 5.1)
()] < [allt], (5.2)
@10 < laxl, (5.3)
@ (1) — (—itap)| < §1billt]%, (5.4)
[0, (1) — (—ia)| < [brlltl, (5.5)
o} (O] < bkl (5.6)
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(see e.g. [2, Equations (26) and (46)]), where
Fi(0) = Ok (5.7)
(see e.g. [2, Equation (39)]),
ar=—Qrk) 2+ ok~ "?) and by = o(1) (5.8)

(see e.g. [2, Equation (1)]). Let us note that the implicit constants may depend on the
distribution of X.

Furthermore, we need the following classical approximations for characteristic
functions of sums of i.i.d. random variables and their derivatives:

Giveni.i.d. random variables X1, X5, X3, ... withmean 0, variance 1, density p and
characteristic function f, there exist positive real numbers y, 1, 82, 83, . . . (depending
on the distribution of X1) with lim,_, o, 8, = 0 such that forn € N, |f| < ynl/2 and
j=0,1,2,

—12/4

d/
‘d <ée

M e /%

See e.g. [5, Theorem 9.12]. Replacing n with k and ¢ with ¢4/k/n in this estimate,
we obtain, for 1 <k <n,|t| <yn'/?and j =0,1,2,

B Fr )y — e )| < o (kjmyil2e ke n, (5.9)

dr/

Furthermore, let n € (0, 1) be a constant such that
ltl=zy = |fOl=n. (5.10)
Such a constant 7 exists because X has a density, which implies that | £ (¢)| < 1 forall

t #0as well as lim|;|_, o | f(t)| = O (by the Riemann-Lebesgue lemma).
Besides that, we will repeatedly use the fact that forany @ > Oandn > k > 1,

sup (kr2/m)®/% e~k /4 — O, (1) (5.11)
teR
and
+00
/ (ke /)2 R g, — 0, (\/%) , (5.12)
—00

with implicit constants depending only on «.
In addition to that, we will use the following (well-known) Gaussian tail bounds:
For any @ > O and ¢ > 0, we have
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/ —ax?2 g < \/‘ ( —arz/z), (5.13)

t

o
/J&xe"“z/2 dx = %ae_“tz/z, (5.14)

/ax e~ 12 4y <% (é(ott2 + 1)e—at2/2) . (5.15)

t

Moreover, we will repeatedly use the fact that

n—1 1

1 1
>w=w-0\w Z.7) 0 F 2 A=

1 1<k<n/2 n/2<k<n-—1

= O(1).
(5.16)

A similar decomposition shows that if (z,),cn is a sequence of real numbers with
lim,,— o t;, = 0, we have

n—1

17 .

Finally, we need the observation that the Fourier transform ¢, (¢) of the density
0+ (x) = «/Z/ne_xz/z (x > 0) satisfies

2 it 2 du
Pr() ="+ /e—"’ o — (5.18)
V2nn

for all n € N (see [2, page 452]). It follows from this that for any x > 0,

+R
(p+(x) — L lim e—itx e—t2/2 e—M12/2l’l dl/l

2w R—o0 V2rn / Jn—u
0

—R

dr  (5.19)

(see [2, page 452]).

6 Proof of Proposition 4.1

Recall the constant y > 0 and the function ¢ (r) introduced in the last section.
Proposition 4.1 will be deduced from the following result:
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Proposition 6.1 Fork =0, 1,2, we have

s R
S [EE@ YD =g 0)] = o)
as n — oo, uniformly in |t| < yn'/2.

Remarks 6.2 (a) The Erd6s-Kac theorem is equivalent to the statement that E (¢! Sn/v/n )
— @4(t) for any fixed ¢ € R. Thus, this theorem follows from Proposition 6.1.
Let us emphasize that we do not need the existence of densities in this section.

(b) For our “application” (namely the proof of Proposition 4.1), the result for the
second derivative is relevant. Indeed, for this application, it would be be sufficient
to prove Proposition 6.1 for t = O(1).

Proof of Proposition 6.1 Similarly as in Aleshkyavichene [2], Naudziuniene [25],
using (3.3) and (5.18), we have the following decomposition:

E(e"51/VT) = g4 (1) =[f"(t/ﬁ) — efz/z}
n—1

n
it k2o / —u2jon du )}
+ e —— | e —_—
_\/27m(§ Jn—k / Jn—u

~n—1

+ | 2 (Farvm - e‘“z/z")@_ku/ﬁ)}

- k=3
~n—I1 5
| Do e (G it/ ) (~T) ir/ﬁ)]
= k=3
ot 2 1
—kt /2n( = . ) . }
+ e an— — ) it//n
k; (i) = o=z ) it/V/1
+| /NG, (1)) + f(r/ﬁm_l(r/ﬁ)]
Denote the expressions in the square brackets by D1 (), ..., Dg(¢). (Note that all these
expressions implicitly depend on n.) We will show that for j = 1, ..., 6, uniformly

in|t| <yn'/2, D; @), D'(t), D(t) = 0 asn — oo.

Convention: We always assume thatn > 4 and |f]| < ynl/ 2. - and o-bounds hold
uniformly in this region (unless otherwise mentioned), and they may depend on the
constants y, 81, 82, 83, . .. introduced in Sect. 5.

On the Difference D For the difference D (¢) and its first two derivatives, the claim
is immediate from (5.9) (with k = n).

On the Difference D, For fixedn e N, e Rand g € {0, 1, 2, ...}, put

hg(u) = (u/n)? o ur*/2n % (0 <u <n).
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Then, for1 <v <w <n — 1, we have

w w
|hp(w) — hp()| = /h};(u)du = /(g—%—i—m)hﬁ(u)du
v v
= (w_v)( + &+ w))(w/”)ﬂ e =Tt

Hence, for the difference D> (t), we get (using the above estimate with 8 = 0)

. du
—kt? —ut?
2 kt</2n ut”/2n )

ik / Jn—u

) k+1
Z/ 7kt2/2n T I W ) PV
=y

—kt2)2 1 2 —ki?)2 —1/2
= Z((n =132 ¢ 2+ —k—D)172 ¢ /n)+0(” )
=3

n—2

(Z (k‘/z(n 72t G = 1)1/2)) +0m ) =0m ).

k=

Here, we have used the fact that (k/n)'/? |t| e~k /2 and (k/n)3/% |t)3 ek /2 gre
uniformly bounded. In particular, this fact is also used in the first step to absorb the
summand for k = n — 1 and the integral over u € [n — 1, n] into the On=1?)-term.

Furthermore, similar estimates hold for the first two derivatives of D;(¢). Indeed,
these derivatives are finite linear combinations of expressions of the form

n—1
i B,—kitjn__ L / B —ui?/on_ AU )
W(Z(k/n) (u/n)fe N

(withe, B €{0,1,2,3,...} and @ < 8 + 1), and, by similar arguments as above,

i (nil(k/ et __L / (ufmyfeur2n 1 )
n)fe —— — [ (u/n)fe _
V2mn = vn—k / Jn—u

k+1
/(k/n)ﬂ —kl /an (u/n)ﬁ —ut /Zn\/’%du +Oﬂ(n_l/2)
k

IA

o= 5l
EML IML

n

:
(3]

(AD/n)P —ki?/2n | (kA )/m)P 2 —ki®/2n + (kA1)/n)P B —ki®/2n
(n—k— 1)3/2 (n—k—1)1/2 2n (n—k—1)172 k
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+ Op(n~17?)
n—2

1 1 1 —172
= Oﬁ(z (kl/Z(n—k—1)3/2 T o T k3/2(n—k—1)1/2)) +Op(n™'?)
k=3

= Op(n~'7?).

On the Difference D3 For the difference D3(t), the claim follows from (5.9) (with
k < n), (5.2), (5.8) and (5.17), since

—_

N

(rha/m = e P0G, /)

k=3

n—1 2 n—1
Sk (k/m)/2|t] e=kr"/4n Sk
-0 2: =0 2 ) =0().
(k_3 ACE0) k=0 o)

Similar estimates hold for the first two derivatives. Indeed, using (5.9) (with k < n),
(5.2)—(5.3), (5.6), (5.8) and (5.17), we get

n—1

> [(fka/ﬁ) — NG, (t/ﬁ)}
k=3

n—1

—Z[ (FFa/vm = e PG, /v

+ (FEasmy = g, k(t/ﬁ)/ﬁ}
o S [3k k/m)\ /21| o—ki?/4n . 5 ekﬂ/zm}
= Jnn —k) Jn(n —k)

n—1
Sk Ok
(g L/n(n =B | Jawn —k)D o

as well as

Z dz [(fk(t/ﬁ) — e—kt2/2n)¢n_k(t/\/ﬁ)i|
k=3
n—1

Z[ s (4@ = PG,

k=3

£ 25 (7 — NG o
+ (Fravm — e g k(r/ﬁ)/n}
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o (Z_i [ak (k/m) ele 0oy (hfm)! V2 ek [ ekz2/4n])
o Jnn —k) Vnn —k) n

n—1 -
- SVETT ST Sl T\
_O(Z[¢n<n—k> MV ]) = ot

k=3

On the Difference D4 Let (m,),cn be a sequence of natural numbers such that
lim,,_, 5o M, = 00 and lim,,_, oo (m,, /) — 0. Then, by (5.4), (5.2) and (5.8), we have

n—1 )
ze—kt /2n

Buctk 0/ = (=) it/ V|

k=3
n—my 5 n—1 )
< D @@/ b+ D 2t/ Vme P a, |
k=3 k=n—m,
(n_mn )
=0 Z (12 /n)e /2”) +0 Z
k=3 —my v k(n -
—kx

Since Z,fi3 xe is uniformly bounded in x > 0, it follows that D4(t) = o(1).
Similar estimates hold for the first two derivatives. Indeed, to this end, we have to
bound, among other terms,

n—1
) (AN NDYNEC NN
k=3
and
n—1
>R G/ ).
k=3

(For the other terms, we get similar bounds as for lower-order derivatives but with

extra factors kt/n, which are easily controlled due to the exponential factor ekl .
But using (5.5), (5.3), (5.6), and (5.8), we get

n—1
D e AN OYNCE C AN
k=3
< Z"(|t|/n>e—k’ by | + Z 27K Mg, 4|/

k=3 k=n—m,

:O(HZW!" [2+1 kz2/2n) ( Z ) 0(1)
= " . V”(”_
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as well as

n—1

Ze—kt /2n

k=3

ONOYI = Z(l/n) G, | < —Z|bn d = o(D).

On the Difference Ds Similarly as above, let (m,),cN be a sequence of natural
numbers such that lim,_, o m, = oo and lim,_, o (m,/n) — 0. Then, using (5.8),
we have

n—1

k2|, =
;e k| gy~ mH

it//n|

n—mpy 1
_o(gm)ﬂo Z W =o(1).

k=n—m,

Again, for the derivatives, we have similar estimates involving lower powers of ¢
and/or additional factors kt/n.
On the Difference D¢ For fixed k, we have

d
(5 0] = O(D), IE(fk)(t)l = Ok(1), | (f Y| = Ok(1)
(as follows from our assumption EX % < 00),and as n — o0,

e =0(l), @) =0(), @) =o(l)

(as follows from (5.1), (5.3) and (5.6) — (5.8)). The claim for the difference Dg(t) and
its first two derivatives follows immediately from these relations.
The proof of Proposition 6.1 is complete now. O

Proof of Proposition 4.1 To deduce Proposition 4.1 from Proposition 6.1, we use that
if X is a real random variable with E(X 2ky < o0, induced distribution Py and char-
acteristic function fy, then, for any 7 > 0,

2T
/ xz"IPX(dx)sg / (—DF(FE0) — £30 1) dr.
[—T 4T 5T

(See e.g. Lemma 5.1 in Kallenberg [18] for the special case k = 0; the general case is
similar.) Applying this inequality with X = S,,/</n and T = C, we get
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00 +2/C
c fz/c

<2 sup |fg, ~(0)— )
|t\§2€c’ Sy /f S /f ‘

Using Proposition 6.1, it follows that for any fixed C > 0, we have

/x r()dx <2 sup [@1(0) — @ 1)]+o(D).
v [t|]<2/C

as n — o00. Since (p ! (1) is continuous at zero, we may conclude that for C = C(¢)
sufficiently large, we have

9]

/x Dr(x)dx <e¢

C

for all sufficiently large n € N, and the proof of Proposition 4.1 is complete. O

7 Proof of Proposition 4.2

Write p = (1 —0)q1 + 0g2 asin (3.1), and let g1 and g» be the Fourier transforms of
¢1 and g7, respectively. Then,

k
o= )0 -oldTeng o,

j=0

For k > 3, put

=~

pr(x) 1= Z (’;)(1 _ Q)Aigk—j (q *q;(k ])) (x)

and

k

fe):=2" ()1 =0 el gy ().

Jj=3

Note that fn () is the Fourier transform of p,(x) and that p,(x) can be recovered
from f,, (1) by means of Fourier inversion. This follows from the fact that g; € L>
(being the Fourier transform of a bounded probability density) and g» € L™ (being
the Fourier transform of a probability measure).
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Using our moment assumptions and the fact that o < %, it is easy to see for k > 3
andr € R,

d/

57 =0m?27%, j=01,2.

(fR /) — ft//m)

It therefore follows from (5.9) that for 3 < k < n, |t| < yn]/2 and j =0,1,2,

A oty = e M| < 8y epmy 2 e L 0i2 2Ry, (1.1

de/

Furthermore, there exist a constant Cp > 0 and a constant € (0, 1) such that for
k>3and|t| =y,

k
e = X 6 —0e" el gy 0] < con' g, (7.2)
j=3
~ k . .l d . .
A=Y (a-o/e |2 el 07 0] = o amr. @3

j=3

This follows from the fact that g; and g» also satisfy (5.10) (possibly with some
modified constant 1) and that g and g} are bounded and ¢; and ¢> being probability
measures with finite moments.

Recalling (3.2) and (3.6) and using the non-negative densities py introduced above,
we may write

T =n D (i Gu) (W x) + ra(x), (74)

k=3

where the remainder term r, (x) is given by

ra(x) i=vn > ()1 —0) " (q1 x gD« Gn—k) (v/nx)

k=1

+v/n ()1 —0)0"? (qi*2 £y % Gn—k) Wnx). (15
k=2

The functions r, are the signed densities occurring in Proposition 4.2. It is easy to see
that ||, |1 = O(1/4/n) and |7, |lcc = O(1). Indeed, because g; and ¢ are probability
densities, g; is bounded and the total variation norm of G, is of order O(1/4/n),
we have

s |
gy % g% % Gy < (=1,2)

Cy
vn—k+1
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and

xj . xk—j) Ci :
* *Gpillo = === (U =12),

so that the asserted properties of the densities r,, follow from the estimate

k P k—j .
(=00 . 1 kloki

(
L — =0 i =1,2).
]; vn—k+1 _k:j«/n—k~|-1 = ) U )

Observe that all the terms in the big sum in (7.4) contain the “factor” g} #2(/n x) and
therefore have Fourier transforms in L'. Hence, similarly as in Aleshkyavichene [2],
using Fourier inversion and (5.19), we obtain the representation, for x > 0,

7500 — 22 )
= zi/e—”x (ﬂ(r/ﬁ) - e—’2/2) dr
T
R

+R ) 1

n
1 : it < 2 1 2 du
+ — lim /e—ttx ( e—kt /2n _/e—ut /2n )dt
27w R—>00 2mn l; Jn—k Jn—u
- 0
+_/ —ztx(

1 —itx <
+ 2 ¢
R

|
—

n

(ee/vim — e—kfz/z")an_k<r/ﬁ)) dr

o~
Il
- W

e (G 1/ = (i) ir/ﬁ)) dt

=~
W

;_a

| ity : —ke2)2n ( — _ 1 . )
+5 v (de (( an—i) /—Zﬂ(n—k))lt/ﬁ dr.

Denote the integrals on the right-hand side by I, ..., I5. Note that all the integrals
implicitly depend on n and x. We will consider each of them separately.

Convention: We always assume that n > 4 and x € (0, 00) (part (a)) or x €
0, e (part (b)). O- and o-bounds hold uniformly in these regions (unless otherwise
mentioned), and they may depend on the constants y, 81, 82, 63, ... introduced in
Sect. 5, on the constants Co and 1 in (7.2) and (7.3), and on the L?-norm of the
function g;.

7.1 The proof of part (a)

Throughout this subsection, we assume that n > 4 and x € (0, co). The proof is very
similar to that of Theorem 1 in Aleshkyavichene [2].
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On the Integral 71 Using integration by parts, we get

_ 1 i A7 2 —12/2
|11|_)_c /e E[fn(f/\/ﬁ)—e ]dl

R
! darz _
= / ‘ Clhavm - @
(—=y/ny/n)
1 d ~ _ 7!2/2
+]—C / ’E[fn(t/x/ﬁ) e ]dz.
(—=y/n,y/n)¢

By (7.1), the first integral on the right is of the order O(§,, +27") = o(1). Furthermore,
by (7.3), (5.14) and the fact that g; € L2, the second integral on the right is of the
order

O( / (" 31g1 /P /) + Ir1e™ ) dt)
(=y/ny/n)
= O(u" ™+ ) = o(1).
Thus, I} = o(1/x).

On the Integral I, By [2, Equation (24)], we have I, = O(1/(/nx)).
On the Integral Iz Fork =3,...,n— 1, let

Iy = / A (AN R TR AT

R

Then, it follows via integration by parts that

Bl = g [[ e [(fka/f e L ANONA )}
R

—1 —1
Sx L +x 1 k2],

where I3 and I3 denote the integrals over the sets (—y+/n,y+/n) and
(—y+/n, y/n)¢, respectively. It follows from (7.1), (5.1) — (5.3), (5.7) and (5.8) that

31| < / ’fk(l/«/_) — ek

ZAONONOIR

(=y/n,y/n)
L oM ] [ ANONC
(=y/n,y/n)
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St e—kt2/4n 9—k
=0 dr
/ [\/n(n =0 | JnGn —kJ
—y/ny/n)

P 1/2 —kt? /4n —k
Lo / [ k(k/n)"/"t|e n 2 ]dz
Jnn —k) Jnn —k)
—y/ny/n)

o )
N Vkn=k)  Jn—-k)’

Also, using (5.1), (5.3), (5.7), (5.8), (7.2) and (7.3), the Gaussian tail estimates (5.13)—
(5.15) and the fact that g1 € L% we get

Bl < / et /By (1)) di

(=y/n,y/n)¢
+ / LY [Bi//)
(—y/n,y/n)¢
+ / e~k 2 1! (¢//m) (1) /)| dt
(—y/n,y/n)¢
+ / 12 et ) @it/ di
(—y/n,y/n)¢
- nk—2+knk—3+ﬁe—ky2/2+e—ky2/2
N n—k
Therefore,
I _0(1 ‘3"”'{) (7.6)
R CVITE OV |

where 77 1= %(1 + max{%, n, e‘y2/2}) € (0, 1). Hence, using (5.17), we get Iz =
o(1/x).

On the Integral 14 It follows from [2, Equation (47)] that 14 = o(1/x).

For the convenience of the reader, let us briefly sketch the argument from
Aleshkyavichene [2]. Fork =3,...,n — 1, let

Iy = / et /20 (wnfka/\/ﬁ) ) it/ﬁ) dt.

R
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Using integration by parts, we get

1 )
skl < —/e k /zn(fﬁl
X

R

@ /A n) — (=G k>z/f\)d¢

an—k(t/\/ﬁ) - (_anfk) lt/\/ﬁ

We now split the integral at =A (A > 2) and use the bounds (5.4) and (5.5) in the region
(—A, +A) and the bounds (5.2) and (5.3) in the region (—A, +A)°. In combination
with the Gaussian tail estimates (5.13) and (5.15), we obtain

—kt?>/2n (k
[t (b

R

Bui(t//0) — (=Gn_r)it//n )

+ (@ /) /) = (—Gni)i /0 \) dr
< / B ile ™2 (Kje 22 /n + 1el/m) e

(=A,4A)

e CULIN RN T

(—=A,A)¢

|bn k|
=0
( ik )
lan—kl| [nm 1 a2 ng n (ko o—kA2/2n
— A — — —A%+1
+O(ﬁ[ % kA Va taaGt T ’

with implicit constants not depending on n or A. Note that the term in the square

brackets is bounded by /27n/k for k < n/A and by (A + 2)e~4/2 for k > n/A.
Thus, using (5.8), it follows that

n—1
A |bn—k|
L|=0(=
|14 (xéﬁﬁ)
(A +2)e 42 z 1

1

- —— |+ 0

X k<Zn/:A Vk(n —k) X i /n(n __
=ox'A)+O0TAT2) L O (A +2)e7 4.

Letting A = A,, — oo sufficiently slowly asn — oo, we conclude that | 14| = o(1/x).
On the Integral I5 It is shown in [2, Equation (48)] that I5 = o(1/x).
Clearly, combining the estimates for I, ..., I5, we get part (a) of Proposition 4.2.
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7.2 The proof of part (b)

Throughout this subsection, we assume that n > 4 and x € (0, e_l). For these values
of x, we can obtain somewhat better estimates by avoiding the integration by parts
step.

On the Integral I; We have

| = / e/ — )

R
< / Fute /) — P ar
(—y/n,y/n)

+ / Folt)/n) — e*’2/2‘ dr |
(—y/n,y/n)¢

By (7.1), the first integral on the right is of the order O(8, + /n27") = o(l).
Furthermore, by (7.2), (5.13) and the fact that g; € L2, the second integral on the right
is of the order

@) / (n”‘2 lg1(t//m)> + e—’2/2) dr
—y/ny/n¢
= OWn" 2 + J=e™"/%) = o(1),

Thus, I} = o(1).
On the Integral I, We have already mentioned that I, = O(1/(y/nx)). Now, using
(5.12) and (5.19), we also have

R . n—1 1 n d
; it 2 5 u
| = | lim el —( efkt /2n ___ ~ _/efut /2n )dt
[12] R—o0 2nn ]; Jn —k / n —u
_R =
n—1 +o00
- / 1 kzon L
- k=37 2n vn—k

+ n
. i it 2 du
+ | lim /6 itx /e ut“/2n dr
R— o0 2n1n VN —u
R 0
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1 1
=0 -1+0 — )+ O(1) = O .
<1<kz<;n/2k) <n/2<§<:n—1 vnin _k)) . foen

Thus, I, = O((logn) A ﬁ)
On the Integral I3 For k = 3,...,n — 1, we can estimate the integral

Iy = / A (AN R TR AT

R

in two different ways.
On the one hand, using integration by parts, we obtain

1 1
b= (i Jmn) o

see (7.6).
On the other hand, similar estimates (without integration by parts) yield

INEN A ONO R

R

S —kt?/4n 9—k
=0 / [ ke + } dr
Jnn —k) Jn—k
—y/ny/n)

AONDIE

vol [ |Rerm)
—y/nyJn)

) / ’ o—ki2/2n

—y/n,y /)¢

Boilt//m)| di

Op i (t//n)|dt

=0|-———=+2
(k«/n(n—k)—i_ n—k

+0 (n“%) +0 (ée—’wz/z%) ,

whence

n 1
ve=9 (i ) Y
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Using (7.7) for k < nx? and (7.8) for k > nx? and recalling that x € (0, e,
it follows that

1 1 1 1
D I S S
ﬁx 1<k<nx? \/z nx2<k<n/2 k n/2<k<n-—1 n(n —k)
=O0() + O(|logx]) + O(1) = O(| log x|).
Thus, I3 = O(|log x|).
On the Integral I4 For k = 3, ..., n — 1, we can estimate the integral
Iig = / eI (G, 4/ — (<) it/ di

R

in two different ways. On the one hand, using integration by parts and (5.2), (5.3) and
(5.8), we have

1 _ —ke2/2n (k _ B
okl = ¢ [ 2@0mide 0 (S 1/ + 1/ V)t = O =)
R

On the other hand, also using (5.2) and (5.8) (but without integration by parts), we have

— —kt2/2n _ n 1
al < /2|an7k|e (1r1/ ) dr = O(k—m)
R

Thus, the same argument as for I3 leads to the conclusion that Iy = O(|log x|).

On the Integral Is For k = 3, ..., n — 1, we can estimate the integral
) 1
Is; = [ e e_ktz/z"( —dp_k) — —) it/s/ndt
5.k / (—=a@n—k) L) /N/n
R

in two different ways. On the one hand, using integration by parts and (5.8), we get

_of L[ rn(_altlll ! _ (1 1 )
mﬂ—ox£} (mm—m+wm—mﬁt_ox7ﬁfﬁ'

On the other hand, using (5.8) (but without integration by parts), we get

_ |7] n 1
R (R oy ey S
1554 Jnn =) k Jnn— k)
Thus, the same argument as for /3 leads to the conclusion that /5 = O(] log x|).
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The proof of part (b) of Proposition 4.2 is completed by combining the previous
estimates. O

8 Proof of Necessity in Theorem 1.1

Let us quote some well-known results from the literature: Suppose that |s| < 1. Recall
that E: = max{gn, 0}. By Spitzer’s formula (see e.g. [14, p. 618]), we have

o0
ot
1+ s"E(e™n) =

n=1

1 o sk T
it
T exp kgl ?/(e’ Y — 1) dFi(x) 8.1)
= 0

for any t € R. Also (see e.g. [14, p.416 and p.428]), we have

00 00k 00k
14> s"P(S, < 0)=exp (Z %P(Sk < 0))= 1 is exp (—Z %P(Sk 30)).

n=1 k=1 k=1

Thus, Spitzer’s formula (8.1) can be rewritten as

> s > _ >, sk :
1+Z s"E(eSh) = (1+Z s"P(S, < O))exp Z n / " dFy(x)
n=l1 n=l1 k=1 [0.00)
(8.2)
for any € R.

Let us note that the preceding results hold without any assumptions on moments
or on densities. However, if the moment assumptions stated at the beginning of the
introduction are satisfied, then there exist positive constants ¢y < Co such that

con 1?2 < P(S, < 0) < Con1/? (8.3)

for all n > 1 (see e.g. [14, pp.414f]). Indeed, more precise information is available.
Expanding the right-hand side of Spitzer’s formula (8.2) into a power series in s
and comparing coefficients, we find that for any n > 1,

o0
E(eitg'j) — fn(o) +fn—l(0)/ei'xp1,+(x) dx
0

o0

n oo
— 11 :
+2 Fam @D > i /e”"<pk.,+*...*pkl,n(x)dx,
m=2 =1 kyekyz1: LS
ky4--+kj=m
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where Fo(0) := 1 and, for any k > 1, Pk, +(x) 1= pr(x) forx > 0and pg +(x) :=0
for x < 0. Hence, by the uniqueness theorem for Fourier transforms, we have

Pn(x) = Fp—1(0) p1(x) + pa(x) (8.4

for almost all x > 0, where p, is a certain subprobability density on the positive
half-line.

Now suppose that (1.6) holds. Then, using Lemma 2.1, we have D(p}; | ¢4) < 00
for all sufficiently large n € N. It is easy to see that this implies D(p,, | ¢+) < oo for
all sufficiently large n € N. Therefore, using (8.4), (8.3) and the remark (2.2) below
Lemma 2.4, we may conclude that D(p | ¢4) < oo, which entails (1.7) by Lemma 2.1.

O
9 Proof of Theorem 1.2
Fixe € (0,1),and let c € (0, 1) and C € (1, 00) be such that
c
/¢+(x) dx > 1—e. ©.1)

c

Then, using Lemma 3.1 (a) and Proposition 4.2 (a), we have

C C C
/Iﬁ;‘;—so+| dxs/|ﬁ:—c7:| dx+/|6:—so+| dx=o(l) (9.2
C C C

as n — oo, which implies that

C

/ﬁ,’;(x) dx >1—¢ 9.3)

C
for all sufficiently large n € N. It follows from (9.1)—(9.3) that
drv /N, 1Z) 5/ 7 — gy ldr < / B — peldx + / B+ ) dx <2
R (c,C) (c,C)¢
for all sufficiently large n € N. Since ¢ € (0, 1) is arbitrary, Theorem 1.2 is proved. O
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