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Abstract

For regularized distributions we establish stability of the characterization of the normal law in Cramer’s
theorem with respect to the total variation norm and the entropic distance. As part of the argument, Sapogov-
type theorems are refined for random variables with finite second moment.
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1. Introduction

Let X and Y be independent random variables. A theorem of Cramer [8] indicates that, if
the sum X + Y has a normal distribution, then both X and Y are normal. P. Lévy established
stability of this characterization property with respect to the Lévy distance, which is formulated
as follows. Given ¢ > 0 and distribution functions F, G,

L(FxG,®) <e= L(F, $4,0)) <8, L(G, $4,,,) < ¢,
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for some ay, a; € Rand o1, oo > 0, where §, only depends on ¢, and in such a way that §; — 0
as ¢ — 0. Here ¢, , stands for the distribution function of the normal law N (a, 02) with mean
a and standard deviation o, i.e., with density

2 2
e—(x—a) /20

x) = ,
(pa,a( ) U\/E

and we omit indices in the standard case a = 0, 0 = 1. As usual, F * G denotes the convolution
of the corresponding distributions.

The problem of quantitative versions of this stability property of the normal law has been
intensively studied in many papers, starting with results by Sapogov [18,19] and ending with
results by Chistyakov and Golinskii [7], who found the correct asymptotic of the best possible
error function ¢ — §, for the Lévy distance. See also [13-16,6,21-24].

As for stronger metrics, not much is known up to now. According to McKean ([17], cf. also [5]
for some related aspects of the problem), it was Kac who raised the question about the stability
in Cramer’s theorem with respect to the entropic distance to normality. Let us recall that, if a
random variable X with finite second moment has a density p(x), its entropy

x € R,

(.¢]
hx) = — / p(o) log p(x) dx

—00
is well-defined and is bounded from above by the entropy of the normal random variable Z,
having the same variance 02 = Var(Z) = Var(X). The entropic distance to the normal is given
by the formula

oo

px)log P&

@a,o(x)

D(X) = h(Z) — h(X) =/ dx,

where in the last formula it is assumed that a = EZ = EX. It represents the Kullback—Leibler
distance from the distribution F of X to the family of all normal laws on the line.

In general, 0 < D(X) < oo, and an infinite value is possible. This quantity is affine invariant,
and so it does not depend on the mean and variance of X. It is stronger than the total variation
distance || FF — @, 4 |ITV, as may be seen from the Pinsker inequality

1
DX) 2 S IF = Pality.
Thus, Kac’s question is whether one can bound the entropic distance D(X + Y) from below
in terms of D(X) and D(Y) for independent random variables, i.e., to have an inequality
DX +7Y) = a(D(X), D(Y))

with some non-negative function «, such that « (¢, s) > 0 for z, s > 0. If so, Cramer’s theorem
would be an immediate consequence of this. Note that the reverse inequality does exist, and in
case Var(X +Y) = 1 we have

D(X 4 Y) < Var(X)D(X) + Var(Y)D(Y),

which is due to the general entropy power inequality, cf. [9].

It turned out that Kac’s question has a negative solution. More precisely, for any ¢ > 0,
one can construct independent random variables X and Y with absolutely continuous symmetric
distributions F, G, and with Var(X) = Var(Y) = 1, such that
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(@ DX+7Y) <e;
®) |F — Psolltv > cand |G — P4 5llTv > ¢, foralla e Rand o > 0,

where ¢ > 0 is an absolute constant, see [1]. In particular, D(X) and D(Y) are bounded away
from zero. Moreover, refined analytic tools show that the random variables may be chosen to be
identically distributed, i.e., (a)—(b) hold with F = G, see [2].

Nevertheless, Kac’s problem remains to be of interest for subclasses of probability measures
obtained by convolution with a “smooth” distribution. The main purpose of this note is to give an
affirmative solution to the problem in the (rather typical) situation, when independent Gaussian
noise is added to the given random variables. That is, for a small parameter o > 0, we consider
the regularized random variables X, = X + 071, Y, = Y + 0Z;, where Z; and Z, denote
independent standard normal random variables, which are independent of X, Y. Note that the
functionals D(Xy ), D(Yy), D(X,+Y,) are still translation invariant. As a main result, we prove:

Theorem 1.1. Let X, Y be independent random variables with Var(X +Y) = 1. Given 0 < 0 <
1, the regularized random variables X, and Y, satisfy
clog’2+1/D)
D? ]
where ¢ > 0 is an absolute constant, and

D=o¢" (Var(Xo) D(Xo) + Var(Ys) D(Y)).

DX, +Y,) > exp{—

Thus, if D(X, + Y,) is small, the entropic distances D(X,) and D(Y,) have to be small,
as well. In particular, Cramer’s theorem is a consequence of this statement. However, it is not
clear whether the above lower bound is optimal with respect to the couple (D(Xy), D(Ys)),
and perhaps the logarithmic term in the exponent may be removed. As we will see, a certain
improvement of the bound can be achieved, when X and Y have equal variances.

Beyond the realm of results around P. Lévy’s theorem, recently there has been renewed interest
in other related stability problems in different areas of Analysis and Geometry. One can mention,
for example, the problems of sharpness of the Brunn—Minkowski and Sobolev-type inequalities
(cf. [10,11,20,4]).

We start with the description and refinement of Sapogov-type theorems about the normal
approximation in Kolmogorov distance (Sections 2 and 3) and then turn to analogous results for
the Lévy distance (Section 4). A version of Theorem 1.1 for the total variation distance is given
in Section 5. Sections 6 and 7 deal with the problem of bounding the tail function EX? Lyx>1}
in terms of the entropic distances D(X) and D(X + Y), which is an essential part of Kac’s
problem. A first application, namely, to a variant of Chistyakov—Golinskii’s theorem, is discussed
in Section 8. In Section 9, we develop several estimates connecting the entropic distance D(X)
and the uniform deviation of the density p from the corresponding normal density. In Section 10
an improved variant of Theorem 1.1 is derived in the case, where X and Y have equal variances.
The general case is treated in Section 11. Finally, some relations between different distances in
the space of probability distributions on the line are postponed to Appendix (without proofs), and
we refer to the extended version [3] for more details.

2. Sapogov-type theorems for Kolmogorov distance

Throughout the paper we consider the following classical metrics in the space of probability
distributions on the real line:
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(1) The Kolmogorov or L>-distance ||F — G|| = sup, |F(x) — G(x)|;
(2) The Lévy distance

L(F,G)=min{h > 0:G(x —h) —h < F(x) < G(x + h) + h, Yx € R};

(3) The Kantorovich or L'-distance W (F, G) = ffooo |[F(x) — G(x)|dx;
(4) The total variation distance

IF = Gllrv = sup ¥ [(F(x) — GGxx)) — (F(yi) — GO,
where the sup is taken over all finite collections of points y; < x1 < -+ < y, < Xj.

In these relations, F and G are arbitrary distribution functions. Note that the quantity
Wi (F, G) is finite, as long as both F and G have a finite first absolute moment.

In the sequel, &,, or N(a, v2) denote the normal distribution (function) with parameters
(a, v?),a € Rv > 0.If a = 0, we write @,, and write @ in the standard case a = 0, v = 1.

Now, let X and Y be independent random variables with distribution functions F and G. Then
the convolution F' x G represents the distribution of the sum X + Y. If both random variables
have mean zero and unit variances, Sapogov’s main stability result reads as follows:

Theorem 2.1. Let EX = EY = 0and Var(X) = Var(Y) = L If |[F G — &% @|| < ¢ < 1,
then with some absolute constant C

IF— 2| <

and ||G — 9| <

1

log - log %

In the general case (that is, when there are no finite moments), the conclusion is somewhat
weaker. Namely, with ¢ € (0, 1), we associate

N N
ap =/ xdF(x), 012 =/ xzdF(x) —a% (o1 = 0),
_N —N

and similarly (a», 022) for the distribution function G, where N = N(¢) = 1 4+ /2log(1/¢e).
In the sequel, we also use the function m (o, €) = min{\%, loglog “;—e}, o>0,0<e<l.

Theorem 2.2. Assume |F * G — ®| < ¢ < 1. If F has median zero, and o1, 02 > 0, then with
some absolute constant C

C
a],/log%

Originally, Sapogov derived a weaker bound in [ 18] with worse behavior with respect to both

and ¢. In [19] he gave an improvement, || F — &, < —C ___ with a correct asymptotic
o1 [19]he g p L ay,01 I < 03@ ymp

||F - ¢01,0‘1 ” =< m(O'l,S),

and similarly for G.

of the right-hand side with respect to ¢, cf. also [15]. The correctness of the asymptotic with
respect to & was studied in [16], cf. also [6]. In 1976 Senatov [21], using the ridge property of

characteristic functions, improved the factor 013 to 013 /2

C
af/z‘/log%

,i.e.,

|F— @400l < 2.1
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He also emphasized that the presence of o7 in the bound is essential. A further improvement of
the power of o7 is due to Shiganov [22,23]. Moreover, at the expense of an additional e-dependent

factor, one can replace 013 /2 with 1. As shown in [7], see Remark on p. 2861,

Cloglog %

01,/10g%

Therefore, Theorem 2.2 is just the combination of the two results, (2.1) and (2.2).

Let us emphasize that all proofs of these theorems use the methods of the Complex Analysis.
Moreover, up to now there is no “Real Analysis” proof of the Cramér theorem and of its
extensions in the form of Sapogov-type results. This, however, does not concern the case of
identically distributed summands, cf. [2].

We will discuss the bounds in the Lévy distance in the next sections.

The assumption about the median in Theorem 2.2 may be weakened to the condition that the
medians of X and Y, m(X) and m(Y), are bounded in absolute value by a constant. For example,
if EX = EY = 0 and Var(X 4+ Y) = 1, and if, for definiteness, Var(X) < 1/2, then, by
Chebyshev’s inequality, |m(X)| < 1, while |m(Y)| will be bounded by an absolute constant,
when ¢ is small enough, due to the main hypothesis | F « G — @|| < e.

Moreover, if the variances of X and Y are bounded away from zero, the statement of
Theorem 2.2 holds with a; = 0, and the factor o1 can be replaced with the standard deviation of
X. In the next section, we recall some standard arguments in order to justify this conclusion and
give a more general version of Theorem 2.2 involving variances:

|F — @4y 00l < 2.2)

Theorem 2.3. Let EX = EY =0,Var(X + Y) = L. If |F * G — ®| < e < 1, then with some
absolute constant C

C 5 C )
IF— ) < S200 g 16— oy < S22
vz,/logf

v14/log %
where v% = Var(X), v% = Var(Y) (v, v > 0).

Under the stated assumptions, Theorem 2.3 is stronger than Theorem 2.2, since v; > o7.
Another advantage of this formulation is that v; does not depend on ¢, while o1 does.
3. Proof of Theorem 2.3

Let X and Y be independent random variables with distribution functions F and G,
respectively, with EX = EY = 0and Var(X + Y) = 1. We assume that |F x G — @ <¢ < 1,
and keep the same notations as in Section 2. Recall that N = N(¢) = 1 + ,/21og(1/¢).

The proof of Theorem 2.3 is entirely based on Theorem 2.2. We will need:

Lemma 3.1. With some absolute constant C we have 0 < 1 — (012 + 022) <CN 2\/5 .

A similar assertion, |al2 + 022 — 1| < CN Z¢, is known under the assumption that F has a
median at zero (without moment assumptions). For the proof of Lemma 3.1, we use arguments
from [18,21], cf. Lemma 1. It will be convenient to divide the proof into several steps.

Lemma 3.2. Let ¢ < g9 = 3 — &(—1) = 0.0913. .. Then |m(X)| < 2 and [m(Y)| < 2.
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Indeed, let Var(X) < 1/2. Then |m(X)| < 1, by Chebyshev’s inequality. Hence,
1
7 SPX<1LY=m@}<PX+Y <m@)+1} < dm¥)+1) +e¢,

which for ¢ < JT implies that m(Y) + 1 > 45_1(5 — ¢&). In particular, m(Y) > =2, if ¢ < go.
Similarly, m(Y) <2. O

To continue, introduce truncated random variables at level N. Put X* = X in case | X| <
N,X* = 0in case |X| > N, and similarly Y* for Y. Note that EX* = aj, Var(X*) =

olz,EY * = ap, Var(Y*) = 022. By the construction, o1 < v; and 0 < v;. In particular,
012 + 022 < v% + v% = 1. Let F*, G* denote the distribution functions of X*, Y*,
respectively.

Lemma 3.3. With some absolute constant C we have |F* — F|| < C4/¢, ||G* — G|| < C4/s,
|F* %« G* — ®|| < C4/e.

Proof. One may assume that N = N(¢) is a point of continuity of both F and G.
Since the Kolmogorov distance is bounded by 1, one may also assume that ¢ is sufficiently
small, e.g., ¢ < min{eg, €1}, where ¢ = exp{—1/3 — 24/2)}. In this case (N — 2)2 >
(N —1)?/2, s0

B(—(N—2))=1— (N —2) < %e—w—”z/z < %e_(N_1)2/4 = %E

By Lemma 3.2 and the basic assumption on the convolution F x G,

%P{Y <-N} <P{X<2 Y <-N}
SPX+Y <—(N=2)}=(F*G)(~(N-2) < $(~=(N —2)) +e.

So, G(—=N) < 2&(—(N — 2)) + 2¢ < 3./e. Analogously, 1 — G(N) < 3./e. Thus,
f{IXIZN} dG(x) < 6,/ as well as f{\xlzN} dF(x) < 64/e.

In particular, for x < —N, we have |F*(x) — F(x)| = F(x) < 6./¢, and similarly for
x > N.If =N < x < 0, then F*(x) = F(x) — F(=N), and if 0 < x < N, we have
F*(x) = F(x)+(1—F(N)). Inboth cases, | F*(x)— F (x)| < 64/¢. Therefore, | F*—F| < 6./¢.
Similarly, |G* — G| < 6./¢. From this, by the triangle inequality,

IF*«G* — F% G| < |[F*+«G" = F* G|+ |[F*+G — F %G|
< |F* = F|| + IG* = G| < 124/e.
Finally, | F** G* — ®|| < |[F**G* — F G|+ |[F+xG — || <12 /e +e <13./e. O
Proof of Lemma 3.1. Since |X* + Y*| <2N anda; + a = E(X* + Y*) = [ x dF* * G*(x),

we have, integrating by parts,

2N
ai+ay = / xd((F* % G*)(x) — &(x))
2N

x=2N 2N
=x((F**G"(x) — &(x)) - / (F* % G*)(x) — &(x)) dx.
x=—2N

—2N
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Hence, |a| +az| < 8N || F** G* — &||, which, by Lemma 3.3, is bounded by C N /. Similarly,

2N

EX*+Y">—1= / X2 d((F* % G*)(x) — ®(x)) — / x2d d(x)
—2N {Ix|>2N}
x=2N
= x? ((F* % G*)(x) — 9(x))

x=—2N

2N

—2/ x (F* % G*)(x) — ®(x)) dx —f x2d ®(x).
—2N {lx|>2N}

Hence,

o0
}E(x* . 1( <24 N2 |F*%G* — & +2/ 2dd(x).
2N

The last integral asymptotically behaves like 2N@p(2N) < Ne 2N -7 = Nt Therefore,

|E (X* + Y*)2 — 1] is bounded by CN2/e. Finally, writing 02407 = E (X*+Y*)?—(a; +a2),
we get that

ot + 02 =1 < [EX"+ Y2 = 1]+ @ +a)? = CN* Ve
with some absolute constant C. Lemma 3.1 follows. O

Proof of Theorem 2.3. First note that, given a > 0,0 > 0, and x € R, the function ¥ (x) =
Py 5 (x) — Py o (x) = D(%)— P(*2) is vanishing at infinity, has a unique extreme point xo = §,

and ¥ (xg) = ffﬁgg e(y)dy < a\‘/lﬂ' Hence, including the case a < 0, as well, we get

lal

0«/271.

We apply this estimate for @ = a; and 0 = oy1. Since EX = 0 and Var(X + Y) = 1, by
Cauchy’s and Chebyshev’s inequalities,

P06 — Pooll <

1 1
— < )
N [log £

< ¢ =. A similar inequality also holds for (a2, 02).

o1v2n o14/log ¢

Now, define the non-negative numbers u; = v — o1, Uy = vy — 02. By Lemma 3.1,

lai| = [EX lyxi=ny| < P{IX] = N}/

IA

Hence, || 94,01 — P0,0/ | <

CN*Je>1— (ot 4+03) =1-— ((Ul —up)’ + (v — Mz)z)

= uy 2y —uy) +uz 2z — uz) > uvy + uzv;.

Given two parameters & > 8 > 0, consider the function of the form ¥ (x) = ®(ax) — ®(Bx).
In case x > 0, by the mean value theorem, for some xo € (Bx, ax),

V(x) = (@ = B) xp(xo) < (@ — B) xp(Bx).

CN? CN? . .
Hence, u; < T‘/E, Uy < U—Z*/g These relations can be used to estimate A = || 9 ,, — 0,6, ||
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1

V2me
bound also holds for x < 0. Using this bound with « = 1/01 (o1 > 0), 8 = 1/v;, we obtain

2 2
A< 1 vl(i—i>: 1 ﬂSCN“/ESCN‘/E.
V2me o1V V2me 01 o1v] 012
Thus, applying Theorem 2.2, we get with some universal constant C > 1 that

I1F = Poull = 1F = Paj ol + | Payor = Pooy | + 190,00 — Pl

Here, the right-hand side is maximized for x = %, which gives ¥ (x) < # A similar

C C CN? /¢
< ———m(oy,6) + + zf
011/logé 01,/10gé 4
2C CN?
< m(oy, &) + —2‘/5 G.1)

01‘/logé 9]

The obtained estimate remains valid when o7 = 0, as well. On the other hand, oy = v{ —u; >
2

v — %E > % v where the last inequality is fulfilled for the range vi > v(¢) = VC N (48)1/4.

Hence, from (3.1) and using m (o1, €) < 2m(vy, ¢), for this range

8Cm(vy, €) N 4CN? /¢

2
vl,/log% U1

Here, since m(vy, &) > 1, the first term on the right-hand side majorizes the second one, if

I1F — Poull <

v] > 0(g) = N2, /e log é Therefore, when v; > w(g) = max{v(g), v(e)}, with some absolute
constant C’ we have
C'm(vy, €)

v1,/10g‘];

Thus, we arrive at the desired inequality for the range v; > w(e). But the function w
behaves almost polynomially near zero and admits, for example, a bound of the form w(e) <

C"el/6 0 < & < gy, with some universal gy € (0, 1), C” > 1. So, when v; < w(e),0 < & <
&0, we have

1 1 1
> > :
vl,/log% w(e),/log% 81/6,/C”log%

Here, the last expression is greater than 1, as long as ¢ is sufficiently small, say, for all
0 < ¢ < €1, where ¢ is determined by (C”, ). Hence, for all such &, we have a better bound

1F— Pyl < ¢ = It remains to increase the constant C’ in order to involve the remaining
v1,/log H

IF = Poull <

values of . A similar conclusion is true for G. [
4. Stability in Cramer’s theorem for the Lévy distance

Let X and Y be independent random variables with distribution functions F' and G. It turns out
that in the bound of Theorem 2.2, the parameter o can be completely removed, if we consider the
stability problem for the Lévy distance. More precisely, the following theorem was established
in [7].
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Theorem 4.1. Assume that ||FxG — @| < ¢ < 1. If F has median zero, then with some absolute
constant C

(log log 2)2

Recall that a; = fiVN xdF(x),0% = fivN x2dF(x) — a}(oy > 0), and similarly (a2, o}) for
G,where N = 1+,/2log(1/¢). As we have already discussed, the assumption about the median
may be relaxed to the condition that the median is bounded (by a universal constant).

The first quantitative stability result for the Lévy distance, namely,

L(Fv @al,al) S C

L(F, &4,.4,) < C log7'/3(1/¢),

was obtained in 1968 by Zolotarev [24], who applied his famous Berry—Esseen-type bound [25].
The power 1/8 was later improved to 1/4 by Senatov [21] and even more by Shiganov [22,23].
The stated asymptotic in Theorem 4.1 is unimprovable, which was also shown in [7].

Note that in the assumption of Theorem 4.1, the Kolmogorov distance can be replaced
with the Lévy distance L(F, ¢) in view of the general relations L(F, #) < ||F * G —
Pl = A+ ML, P) with M = |P|rLp = \/#27 However, in the conclusion
such replacement cannot be done at the expense of a universal constant, since we only
have

1

“F - dsal,al ” = (1 +M)L(Fv Qal,al)v M = ” éal,al ”Lip = =
o1 2

Now, our aim is to replace in Theorem 4.1 the parameters (a1, o1), which depend on &, with
(0, v1) like in Theorem 2.3. That is, we have the following:

Question. Assume that EX = EY =0, Var(X +Y) = 1,and L(F * G, ) < ¢ < 1.Is it true
that

2
(log log %)
,/log %

with some absolute constant C, where v% = Var(X)?

L(F, ¢y) =C

In a sense, it is the question on the closeness of o to v; in the situation, where o is small.
Indeed, using the triangle inequality, one can write

L(Fv ¢v|) S L(Fa ¢a1,0'1) + L(dsa],alv ¢0,01) + L(¢01s dsl)])'

Here, the first term may be estimated according to Theorem 4.1. For the second one, we have a
trivial bound L( 9y, 4, o,5,) < lai|, which follows from the definition of the Lévy metric. In
turn, the parameter a; admits the bound, which was already used in the proof of Theorem 2.3,
la| < 1 This bound behaves better than the one in Theorem 4.1, so we obtain:
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Lemma4.2. fEX=EY =0,Var(X +Y) =1, and L(F x G, ) <& < 1, then
(log log %)2

Thus, we are reduced to estimating the distance L(®,,, Py,), which in fact should be done in
terms of v% — 012. The proof of the following elementary bound can be found in [3].

L(Fv djvl) 5 C +L(@0'17 dsvl)'

Lemma4.3. If v> 0 > 0,v% — 62 < 1, then L($,, $,)* < (V> — 0%) log 2.

Attempts to derive bounds on the distance L(®,, ®,) by virtue of standard general relations,
such as Zolotarev’s Berry—Esseen-type estimate [25], lead to worse dependences of o> = v>—o 2.
In view of Lemmas 4.2 and 4.3, to proceed, one needs to bound v% — 012 in terms of &.
However, this does not seem to be possible in general without stronger hypotheses. Note that

v% — 012 = f{lx\> N} x2dF(x) + a%. Hence, we need to deal with the quadratic tail function

ox(T) = f{‘x|>T} x2dF (x)(T > 0), whose behavior at infinity will play an important role in the
sequel.
Now, combining Lemmas 4.2 and 4.3, we obtain

<log log %)2

1
1og =
where R(t) = /tlog(2/t). This function is non-negative and concave in the interval 0 < t < 2,

with R(0) = 0. Hence, it is subadditive in the sense that R(§ + 1) < R(&) + R(n), for all
£€,n>0,&+n < 2. Hence,

9 \1)2
R (SX(N) 4 a%) < ROx(N)) + R(@®) = <8X(N) log 6X(N)) + Jalog(2/a?).

1

L(F. d,) < C + R (sx(V) +ai),

As we have noticed, |a1| < A =

(0, 11,

so |aj| < 1. Since t — tlog(e/t) is increasing on

2 e e
2 2 2
a log_<a log_<A log_—
! a2 ! az A2

e
: : (l—i—loglogg).

log £
Taking the square root of the right-hand side, we obtain a function which is majorized and
absorbed by the bound of Theorem 4.1. As a result, we arrive at the following consequence
of this theorem.

Theorem 4.4. Assume independent random variables X and Y have distribution functions F
and G with mean zero and with Var(X + Y) = 1. If L(F % G, &) < ¢ < 1, then with some
absolute constant C

(log log ;—1)2

where vi = y/Var(X), N =1+ /2log(1/e), and 5x(N) = ﬁ|x|>N}x2dF(x).

L(F, &) < C +/8x(N) log(2/8x(N)),
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It seems that in general it is not enough to know that Var(X) < land L(F x G, $) <¢e < 1,
in order to judge the decay of the quadratic tail function 6x(7") as T — oo. So, some additional
properties should be involved. As we will see, the entropic distance perfectly suits this idea, so
that one can start with the entropic assumption D(X 4+ Y) < ¢.

5. Application of Sapogov-type results to Gaussian regularization

In this section we consider the stability problem in Cramer’s theorem for the regularized
distributions with respect to the total variation norm. As a basic tool, we use Theorem 2.3.

Thus, let X and Y be independent random variables with distribution functions F and G,
and with variances Var(X) = v%, Var(Y) = v%(vl, v > 0, v% + v% = 1), so that X + Y has
variance 1. What is not important (and is assumed for simplicity of notations, only), let both X
and Y have mean zero. As we know from Theorem 2.3, the main stability result asserts that if
|FxG— ®|| <e <1, then

Cm(vy, €) Cm(vy, €)

— G — P, |l = —
vi,/log < v2,/log <

for some absolute constant C. Here, as before m (v, €) = min{\%, loglog ee—e}, v>00<e¢e<l.

IF — &y ll =

On the other hand, such a statement — even in the case of equal variances — is no longer
true for the total variation norm. So, it is natural to use the Gaussian regularizations X, =
X+0Z,Yy, =Y +0Z,where Z ~ N(0, 1) is independent of X and Y, and where o is a (small)
positive parameter. For definiteness, we assume that 0 < o < 1. Note that

Var(X,) = v% + 02, Var(Y,) = v% +0? and Var( Xy + Y,) =1+ 202,
Denote by F, and G, the distributions of X, and Y, respectively. Assume X, + Y, is almost
normal in the sense of the total variation norm and hence in the Kolmogorov distance, namely,

1
| Fo % Gy — N0, 14202 < 5 IF%Go = N1 +20%) v <e<1.

Note that X, +Y, = (X+Y)+0+2Z represents the Gaussian regularization of the sum X +Y
with parameter o+/2. One may also write X, + Y, = X + (Y 4+ 0+/2 Z), or equivalently,

X Y, X Y 27
&:X/_’_Y/’ WhereX/:—’ Y/:i
V1+202 V1+202 V1+202
Thus, we are in position to apply Theorem 2.3 to the distributions of the random variables X’
2 2
n _ vy+20

2
" Wi i Yi 2 _
and Y’ with variances v = and vy = 357

257 . Using 1 4202 < 3, it gives

/
Cm(vy, &) - 3Cm(vy, €)

Now, we apply Proposition B.2(b) to the distributions ' and G = &,, with B = vy and get
1/2 4U1 3Cm(v1, 8)
w2 s — X
o 12 1
V) (10g 5)

One may simplify this bound by using vi+/m(vy, €) < ,/v1, and then we may conclude:

IF — &y ll =

4
| Fo = NO, v} + 0y < % IF — &
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Theorem 5.1. Let F and G be distribution functions with mean zero and variances v%, v%,

respectively, such that v% + v% = 1. Let 0 < o < 1. If the regularized distributions satisfy

<e=<l1,

1 2
3 |Fo %Gy — N0, 142671y

then with some absolute constant C

C 1 1/4
R

5 5 C 1 1/4
[Go = NO.v3 + 0™y = — (1ogg) :

6. Control of tails and entropic Chebyshev-type inequality

One of our further aims is to find an entropic version of the Sapogov stability theorem for
regularized distributions. As part of the problem, we need to bound the quadratic tail function
éx(T) = EX 2 14 x|>7) quantitatively in terms of the entropic distance D(X). Thus, assume a
random variable X has mean zero and variance Var(X) = 1, with a finite distance to the standard
normal law

* r&)
D(X) = h(Z) — h(X) =/ p(x) log 25 o) dx,
where p is density of X and ¢ is the density of N (0, 1). One can also write another representation,
D(X) = Enty, (f), where f = w with respect to the standard Gaussian measure y on the real
line. Let us recall that the entropy functional

Ent,(f) =E,flog f —E, flogE, f

is well-defined for any measurable function f > 0 on an abstract probability space ({2, i), where
E,, stands for the expectation (integral) with respect to .

We are going to involve a variational formula for this functional (cf. e.g. [12]): For all
measurable functions f > 0 and g on {2, such that Ent,, (f) and E,, €4 are finite,

E, fg <Ent,(f)+E,flogE, .

Applying it on {2 = Rwith 4 = y and f = <, we notice that E,, f = 1 and get that

/ p(x)gx)dx < D(X)—Hog/ 8™ p(x) dx.

—00 —00

Take g(x) = %xz L{jx|>1) With a parameter & € (0, 1). Then,

fjo #W o(x)dx = y[—T, T] + le__a (1 y (Tﬂ))

Using y[—T, T] < 1 and the inequality log(1 + ¢) < ¢, we obtain that

—o(1VT=0)).

Lsxary = L oo +
2 o

2
Vi (1
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To further estimate the right-hand side, we apply the bound 1 — &(#) < ¢(¢)/¢t, which leads to

1 1 2 1 2
Zov(T) < =D(X)+ — — — o~ U=-)T7/2 6.1
2X()_a ()+mTa(1_a)e (6.1)

Choosing just @ = 1/2, we get

1 8 2 2
—8x(T) <2D(X)+ ——e¢ T /" <2D(X) + 2 T/4,
2% T 27

where the last bounds are fulfilled for 7 > 4/+/2x. For the remaining 7' the obtained inequality
is fulfilled automatically, since then 2 T4 > 26=4/27 < 1, while %SX(T) < %EX2 = %
Thus, we have proved the following:

Proposition 6.1. If X is a random variable with EX = 0 and Var(X) = 1, having density p(x),
then forall T > 0,

/ x2 p(x)dx < 4D(X) +4e T/,
{lx|=T}

In particular, the above integral does not exceed 8D (X) for T = 2+/log™ (1/D(X)).

The choice & = 2/ T2 in (6.1) leads to a better asymptotic in 7', and then we also have:

Proposition 6.2. If X is a random variable with EX = 0 and Var(X) = 1, having density p(x),
then forall T > 2,

/ x2 p(x)dx < T>D(X) + 6T e T°/2.
{lx|>T}

In the Gaussian case X = Z this gives an asymptotically correct bound for 7 — oo (up to a
factor). Note as well that in the non-Gaussian case, from Proposition 6.1 we obtain an entropic
Chebyshev-type inequality

P[|X| > 2 /iog/ DXy} < —2PY  pxy <y
> og ] <— < 1.
log(1/D (X))
Finally, let us give a more flexible variant of Proposition 6.1 with an arbitrary variance
B? = Var(X) (B > 0), but still with mean zero. Applying the obtained statements to the random
variable X /B and replacing the variable 7" with 7/ B, we then get that

1
= f X2 p(x)dx < 4D(X) + e 171487
(Ix|=T)

7. Entropic control of tails for sums of independent summands

We apply Proposition 6.1 in the following situation. Assume we have two independent random
variables X and Y with mean zero, but perhaps with different variances Var(X) and Var(Y).
Assume they have densities. The question is: Can we bound the tail functions §x and dy in
terms of D(X + Y), rather than in terms of D(X) and D(Y)? In case Var(X + Y) = 1, by
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Proposition 6.1, applied to the sum X + Y,

Sxy(T) =E (X + V)2 lxsyor) <4D(X +Y) +4e 7714, (7.1)

Hence, to answer the question, it would be sufficient to bound from below the tail functions x4y
in terms of §x and Jy.

Assume for a while that Var(X 4+ Y) = 1/2. In particular, Var(Y) < 1/2, and according to the
usual Chebyshev’s inequality, P{Y > —1} > % Hence, forall T > 0,

EX + V) lixyys1) = EX +Y)? Iix=T41.v>-1)
1
>EX — 1) lixsr41v>-1) > SE(X - D? 1 x=741)-

If X > T+1 > 4, thenclearly (X—1)? > 1 X2 hence, E(X—1)? Lix>741} = $EX? 1{(x>711).
With a similar bound for the range X < —(T + 1), we get

1
Sx+y(T) = Z(SX(T +1), T=3. (7.2)

Now, change T + 1 with T (assuming that 7 > 4) and apply (7.1) to V2(X+7). Together with
(7.2) it gives %SﬁX(T) <4D(V2(X +7Y)) + 4¢~(T=D*/4 But the entropic distance to the
normal is invariant under rescaling of coordinates, i.e., D(V2(X+Y)) = D(X+Y). Since also

8 ax(T) =2 8x(T/+/2), we obtain that
Sx(T/V2) <8D(X +Y) +8e~T-V/4,

provided that 7 > 4. Simplifying by e~ (T=1?/4 < e T8 (valid for T > 4), and then replacing
T with T«/z, we arrive at

Sx(T) <8D(X +Y)+8e /4, T >4/42.

Finally, to involve the values 0 < T < 4/ \/5, just use e2 < 8, so that the above inequality holds
automatically for this range: §x(T) < Var(X) < 1 < Se’Tz/ 4. Moreover, in order to allow an
arbitrary variance Var(X + Y) = B? (B > 0), the above estimate should be applied to X /B«/E

and Y/B V2 with T replaced by T/ B+/2. Then it takes the form

1 72 /3R2
—~T2/8B
752 Sx(T)<8D(X+Y)+8e .
‘We can summarize.

Proposition 7.1. Let X and Y be independent random variables with mean zero and with
Var(X +Y) = B2 (B > 0). Assume X has a density p. Then, forall T > 0,

1
ﬁ/ 2 p(x)dx <16 D(X +Y) + 16e 138,
(IxI=T)

8. Stability for Lévy distance under entropic hypothesis

Now we can return to the variant of the Chistyakov—Golinskii result, as in Theorem 4.4. Let
the independent random variables X and Y have mean zero, with Var(X + Y) = 1, and denote
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by F and G their distribution functions. Also assume X has a density p. In order to control the
term dx (N) in Theorem 4.4, we are going to impose the stronger condition D(X + Y) < 2e.
Using Pinsker’s inequality, this yields bounds for the total variation and Kolmogorov distances

1 1 ,
IIF*G—‘PIISE ||F*G_¢||TV§§\/2D(X+Y <Je=¢

Hence, the assumption of Theorem 4.4 is fulfilled, whenever ¢ < 1. As for the conclusion, first
apply Proposition 7.1 with B = 1, which gives

8x(T) =/ 2 p(x)dx <16D(X +Y) +16e T8 <166 + 167113,
(lxI=T)

In our situation, N = 1++/21log(1/¢’) = 1++/log(1/¢), 50, 8x (N) < 16e+16e~N*/8 < Cel/8,

Thus, we arrive at:

Proposition 8.1. Let the independent random variables X and Y have mean zero, with Var(X +
Y) = 1, and assume that X has a density with distribution function F. If D(X +Y) < 2¢ < 2,
then

2
(log log g)

,/log é
where vi = /Var(X) and C is an absolute constant.

In general, in the conclusion one cannot replace the Lévy distance L(F, &,,) with D(X).
However, this is indeed possible for regularized distributions, as we will see in the next sections.

L(F7 @vl) S C

9. Entropic distance and uniform deviation of densities

Let X and Y be independent random variables with mean zero, finite variances, and assume X
has a bounded density p. Our next aim is to estimate the entropic distance to the normal, D(X),
in terms of D(X + Y) and the uniform deviation of p above the normal density

A(X) = esssup, (p(x) — ¢y (x)),

where v? = Var(X) and ¢, stands for the density of the normal law N (0, v2).
For a while, assume that Var(X) = 1. Proposition C.2 gives the preliminary estimate

D(X) < AX) [JE+ 2T + 2T log (1 n A(X)@eTz/z)] + %SX(T),

involving the quadratic tail function §x (7). In the general situation one cannot say anything
definite about the decay of this function. However, it can be bounded in terms of D(X + Y) by
virtue of Proposition 7.1: we know that, for all 7 > 0,

1 72 /3R>
R —T7/8B
3 0x(1) <8 DX +Y) +8¢T /5,

where B = Var(X + Y) = 1 + Var(Y). So, combining the two estimates yields
D(X) < 8B2D(X + Y) + 8B% ¢~ T*/85
+ A [VZJT + 2T + 2T log(l + AV2m eTz/z)] ,  where A = A(X).
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First assume A < 1 and apply the above with 72 = 8B log . Then 8 B e~T?/8B> — 82 A,
and putting g = 4B% — 1 > 3, we also have

log(1 + Av27 ") = log (1 + A—ﬂ\/ﬂ) — Blog (1 + A—ﬂm)l/ﬁ

og(14+ @ log( 1+ 2
</30g< +T><,8 og( +Z>

Collecting all the terms and using B > 1, we are led to the estimate of the form
1
D(X) <8B>D(X +Y) + CB* Alog*/? (2 + Z)’

where C > 0 is an absolute constant. It holds also in case A > 1 in view of the logarithmic
bound of Proposition C.1,

D(X) < log (1 +A\/E) + %

Therefore, the obtained bound holds true without any restriction on A.

Now, to relax the variance assumption, assume Var(X) = v]2, Var(Y) = v% (vi, v2 > 0), and
without loss of generality, let Var(X +Y) = v} +v3 = 1. Apply the above to X' = l)f—l, Y = %
Then, B? = 1/v? and A(X') = v A(X), so with some absolute constant ¢ > 0,

cv? D(X) < D(X+7Y) + AX) 10g3/2(2 + - Al(X))
1

As aresult, we arrive at:

Proposition 9.1. Let X, Y be independent random variables with mean zero, Var(X +Y) = 1,
and such that X has a bounded density. Then, with some absolute constant ¢ > 0,

1
3/2 -
¢ Var(X) D(X) < D(X +Y) 4 A(X) log (2 T N A(X))‘

Replacing the role of X and Y, and adding the two inequalities, we also have as corollary:

Proposition 9.2. Let X, Y be independent random variables with mean zero and positive
variances U12 = Var(X), v% = Var(Y), such that v12 + v% = 1, and both with densities. Then, with
some absolute constant ¢ > 0,

1
¢ (0] D(X) +v3 D(Y)) < DX +Y) + A(X) 10%3/2<2 + le(X))

32
+ A(Y)log <2+ va(Y)>'

This inequality may be viewed as the inverse to the general property of the entropic distance,
which we mentioned before, namely, v% D(X)+ v% D(Y) > D(X +Y), under the normalization
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assumption ”12 + v% = 1. Let us also state separately Proposition 9.1 in the particular case of
equal unit variances, keeping the explicit constant 8B> = 16 in front of D(X + Y).

Proposition 9.3. Let X, Y be independent random variables with mean zero and variances
Var(X) = Var(Y) = 1, and such that X has a density. Then, with some absolute
constant C

1
3/2
D(X) <16 D(X +7Y)+ C A(X)log <2+ —( )).

One may simplify the right-hand side for small values of A(X) and get a slightly weaker
inequality D(X) < 16 D(X +Y) + C, A(X)*, 0 < @ < 1, where the constants C,, depend on
«, only. For large values of A(X), the above inequality holds, as well, in view of the logarithmic
bound of Proposition C.1.

10. The case of equal variances

We are prepared to derive an entropic variant of Sapogov-type stability theorem for
regularized distributions. That is, we are going to estimate D(X,) and D(Y,) in terms of
D(Xs + Y,) for two independent random variables X and Y with distribution functions F
and G, by involving a small “smoothing” parameter o > 0. It will not be important whether
or not they have densities. Since it will not be important for the final statements, let X and
Y have mean zero. Recall that, given 0 > 0, the regularized random variables are defined
by Xe = X +0Z,Yy, = Y + oZ, where Z is independent of X and Y, and has a
standard normal density ¢. The distributions of X, Y, are denoted F,, G,, with densities
Pos4o-

In this section, we consider the case of equal variances, say, Var(X) = Var(Y) = 1. Put
o1 = V1402, 05 = v/1+ 202 Since Var(X,) = Var(Y,) = o7, the corresponding entropic
distances are given by

e @]

Do (x) log Po (%)

Do (x)
and similarly for Y,, where, as before, ¢, represents the density of N (0, vz). Assume that

D (X +Yy) is small in the sense that D(X, + Y5) < 2¢ < 2. According to Pinsker’s inequality,
this yields bounds for the total variation and Kolmogorov distances

D(Xy) = h(01Z) — h(Xo) =f dx,

1
”FU*GG_ ¢02|| = E”FO'*GO'_ ¢02”TV§\/E< I.

In the sequel, let 0 < o < 1. This guarantees that the ratio of variances of the
components in the convolution Fy * G, = F % (G * § ﬁ) is bounded away from zero by
an absolute constant, so that we can apply Theorem 2.3. Namely, it gives that |F — @] <
Clog™V 2(%), and similarly for G. (Note that raising € to any positive power does not change
the above estimate.) Applying Proposition B.1(a), when one of the distributions is normal,
we get

1
A(Xo) = sup (po (x) — 9o, (x)) = —IF =2l =

C
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We are in position to apply Proposition 9.3 to the random variables X /o1, Y5 /o7. It gives

D(Xs) < 16 D(X, +Yo) +C AXy) log"? (2 +

10g3/2(2 + o,/log %)
U,/logé

where C’ is an absolute constant. In the last expression the second term dominates the first one,
and at this point, the assumption on the means may be removed. We arrive at:

1
%)

IA

R2e+C

Proposition 10.1. Let X and Y be independent random variables with variance one. Given
0<e<land0 < o <1, the regularized random variables X, and Y, satisfy

10g3/2(2+a,/log%) o)
o,/log% ’ .

Note that all entropic distances in (10.1) do not change when adding constants to X and
Y, which allows us to remove the mean zero assumption. This statement may be formulated
equivalently by solving the above inequality with respect to €. The function u(x) =

D(Xo +Y5) <2 = D(Xq)+ D(Ys) =C

where C is an absolute constant.

X
log/2(2+x)
is increasing in x > 0, and, forany a > 0, u(x) <a = x < 8a 10g3/2(2 + a). Hence, assuming
D(Xs 4+ Y5;) < 1, we obtain from (10.1) that

1 8C o
o/log— < — log*>(2+ C/D) < — log*?(2+1/D)
£ D D
with some absolute constant C’, where D = D(X,) + D(Y,). As a result,

C”?log’2+1/D)
o2D? ]
Note also that this inequality is fulfilled automatically, if D(X, + Y,) > 1. Thus, we get:

DX, +Y,) > exp{—

Proposition 10.2. Let X, Y be independent random variables with Var(X) = Var(Y) = 1. Given
0 < o < 1, the regularized random variables X, and Y, satisfy

C log*2+1/D)
o2D? }
where D = D(Xy,) + D(Yy) and C > 0 is an absolute constant.

DX, +Yy) 2 exp -

11. Proof of Theorem 1.1

Now let us consider the case of arbitrary variances Var(X) = v%, Var(Y) = v%(vl, vy > 0).
For normalization reasons, let v12 + v% = 1. Then

Var(X,) = v? + o2, Var(Y,) = v3 + o7, Var(X, + Y,) = o3,

where 05 = +/1 + 202. As before, we assume that both X and Y have mean zero, although this
will not be important for the final conclusion.
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Again, we start with the hypothesis D(X, + Y,) < 2¢ < 2 and apply Pinsker’s inequality:
1
| Fo * G — Do, || < 5 1 Fo % Go — Doy lITV < \/E< 1.

For 0 < o < 1, write Fp ¥ Go = F % (G % &, ﬁ). Now, the ratio of variances of the

components in the convolution may not be bounded away from zero, since v; is allowed
Cm(vy,¢)

v logé

U1
> 142027

to be small. Hence, the application of Theorem 2.3 will only give ||F — &,,| < and

similarly for G. The appearance of v; on the right is however not desirable. So, it is better to
involve the Lévy distance, which is more appropriate in such a situation. Consider the random
variables

v X . Y +o02Z
V14202 V14202

so that Var(X'+Y’) = 1, and denote by F’, G’ their distribution functions. Since the Kolmogorov
distance does not change after rescaling of the coordinates, we still have

L(F' %G, @) < |F' G = 8| = |Fs % Go — Dol < /& < 1.

In this situation, we may apply Proposition 8.1 to the couple (F’, G'). It gives that

, 452 1\—1/2
L(F', qﬁv?) <C (loglog —) (log )
e

&

with some absolute constant C, where vi = /Var(X’) = < vy <

ﬁ. Since v}
«/§vi, we have a similar conclusion about the original distribution functions, i.e. L(F, &) <
C (loglog é)z (log %)’1/ 2. Now we use Proposition B.3 (applied when one of the distributions
is normal), which for ¢ < 1 gives A(X,) < 23—2 L(F, $,,), and similarly for Y.
Hence,

2 2
(log log é) (log log g)
azw/log% a%/log%

We are now in a position to apply Proposition 9.2 to the random variables X, =
X,/ 1+ 02, Y, =Y, /V1+ o2, which ensures that with some absolute constant ¢ > 0

AXs) =C AlYy) =C (1L.1)

(W10 D(Xy) +12(0 ) Do) = DXy +Y) + A 082 (2 4 o)

1
+ A(Yg)10g3/2(2 + m),
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2,2 2,2

2 /N _ Vjto 2 /N _ Vito

where v (0)” = Var(X;) = o2 and v2(0)° = Var(Y,) = o7
that vy (o) > a/\/i. Applying the bounds in (11.1), we obtain that

¢ (1(0)* D(X,) + v2(0)? D(Yy))

(e oy oL
62\/10?% <log log ;—‘)

with some other absolute constant ¢ > 0. Here, D(X, + Y,) < 2¢, which is dominated by the
last expression, and we arrive at:

(v1(0), v2(0) > 0). Note
< DXy + Y,) +

Proposition 11.1. Let X, Y be independent random variables with Var(X + Y) = 1. Given
0 < o < 1, if the regularized random variables X, Yy satisfy D(Xs 4+ Y5) < 2¢ < 2, then with

some absolute constant C
(log log 5)2 a,/logl
N 8 log®? (2 4+ —°

Var(Xy) D(Xs) + Var(Ys) D(Ys) < C 2). (11.2)

o2, /log % <log log g)

It remains to solve this inequality with respect to &. Denote by D’ the left-hand side of
(11.2) and let D = o%D’. Assuming that D(X, + Y,) < 2 and arguing as in the proof
- o\/log ¢ 8C 1..3/2 / log § _

of Proposition 10.2, we get Toglog 17 < 5 log”“(2 + C/D’), hence Toglog I < A =
g—; log®>(2 + 1/D) with some absolute constant C’. The latter inequality implies with some

absolute constants
"

1 " 4 c 7
log— <C"Alog"2+ A) < o7 log" 2+ 1/D),
e
and we arrive at the inequality of Theorem 1.1 (which holds automatically, if D(X, + Y5) > 1).
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Appendix A. General bounds for distances between distribution functions

Here we collect a few elementary and basically known relations for classical metrics,
introduced at the beginning of Section 2. Let F and G be arbitrary distribution functions of some
random variables X and Y. First of all, the Lévy, Kolmogorov, and the total variation distances
are connected by the chain of the inequalities

1
0<L(F,G)<|F-GJ| = 7 IF—Glrv <L
As for the Kantorovich—Rubinshtein distance, there is the following well-known bound.

Proposition A.1. We have L(F, G) < Wi(F, G)'/2.
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We also have:
Proposition A.2. If [ x*dF(x) < B?> and [*_ x?dG(x) < B? (B > 0), then

(a) Wi (F,G) <2L(F,G)+4BL(F,G)"/?%;
(b) Wi(F,G) <4B|F — G|~

Appendix B. Relations for distances between regularized distributions

Now, let us turn to the regularized random variables X, = X +0Z,Y, = Y + 0Z, where
o > 0 is a fixed parameter and Z ~ N(0, 1) is a standard normal random variable independent
of X and Y. They have distribution functions F,, and G, with densities

o0 l oo
pa(x)zf %(x—y)dF(y)z—a—Z/ Fx —y)yos(y)dy,

—0o0

o0 1 o0
qo(x)=/ %(x—y)dG(y):—p/ Gx —y)yos(y)dy.

—00

These identities easily imply:
Proposition B.1. (a) sup, |ps(x) — ¢o (x)] < 2 [IF = Gl|; (b) | Fy — GollTv < + Wi(F. G).

Thus, if F is close to G in a weak sense, then the regularized distributions will be closed
in a stronger sense, at least when o is not very small. One may replace W in part (b) and the
Kolmogorov distance in part (a) with other metrics:

Proposition B.2. If [* x?dF(x) < B> and [* x*dG(x) < B* (B > 0), then

2 [L(F,G)+2BL(F,G)"?];
FIF =G|

@) I1Fo = GollTv
(®) I1Fs — GollTv

=
=

Proposition B.3. sup, |p, (x) — g, (1)] < 2D (14 L),
Appendix C. Special bounds for entropic distance to the normal

Let X be a random variable with mean zero and variance Var(X) = v? (v > 0) and with a
bounded density p. In this section we formulate bounds for the entropic distance D(X) in terms
of the quadratic tail function §x (T) = f{‘ =T} x2 p(x) dx and another quantity, which is directly
responsible for the closeness to the normal law,

A(X) = esssup, (p(x) — pu(x)).

As before, ¢, stands for the density of a normal random variable Z ~ N (0, v?), and we write
@ in the standard case v = 1. The functional A(X) is homogeneous with respect to X with
power of homogeneity —1 in the sense that A(AX) = A(X)/A(A > 0). Hence, the functional
/Var(X) A(X) is invariant under rescaling of the coordinates. To relate D(X) and A(X), write
px) <py(x)+ A< 1271 + A, so p(x) - v/27 < 1+ Av+/27. This gives:

v
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Proposition C.1. Let X be a random variable with mean zero and variance Var(X) = v

S.G. Bobkov et al. / Stochastic Processes and their Applications 126 (2016) 3865-3887
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(v > 0), having a bounded density. Then

D(X) < 1og(1 FvAX) «/ﬂ) + %

This estimate cannot, however, be used to see that X is almost normal. So, we need to refine
Proposition C.1 for the case, where A(X) is small.

Proposition C.2. Let X be a random variable with mean zero and variance Var(X) = 1, having
a bounded density. For all T > 0,

D(X) < A(X) [@ +27 + 2T log(1 + A(X)«/EeTZ/Z)] + %8X(T).

Hence, if A(X) is small and T is large, but not much, the right-hand side can be made small.
When A(X) < %, one may take 7 = /2 log(1/A(X)) which leads to the estimate

D(X) = C A(X)y/log(1/A(X)) + %Sx(T),

where C is absolute constant. If X satisfies the tail condition P{|X| > 1} < Aet/2 (t > 0), we
have 8x(T) < cA (14 T2)e~T°/2 and then D(X) < Cx A(X) log zﬁ
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