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Let F}, denote the distribution function of the normalized sum of # i.i.d.
random variables. In this paper, polynomial rates of approximation of Fj, by
the corrected normal laws are considered in the model where the underlying
distribution has a convolution structure. As a basic tool, the convergence part
of Khinchine’s theorem in metric theory of Diophantine approximations is
extended to the class of product characteristic functions.

1. Introduction. Let X, X, X5,... be independent, identically distributed
random variables (r.v.’s) with mean zero and variance o2 (o > 0), and let F,,(x) =
P{Z,, < x} denote the distribution functions of the normalized sums

X+ + X,
o/n )

The Edgeworth expansions are used to sharpen the standard ﬁ—rate of ap-

Zn=

proximation for F}, in the Berry—Esseen theorem, which is possible under certain
assumptions on the distribution of X. To describe the simplest situation, first con-
sider the Edgeworth correction of the third order

D3(x) = P(x) — (x2 = 1) p(x), a3 =EX? (x eR),

a3
603 /n
where @ stands for the standard normal distribution function with density ¢(x) =
\/% ¢=**/2_ Note that ®3 also depends on n, except for the case o3 = 0, when
®3 = ®. It is known that, if the fourth moment EX 4 is finite, and the characteristic
function (c.f.) f(t) = Ee'’X satisfies the Cramér condition lim SUp; o0 | f ()] <1,
then the uniform deviations

A = sup|F, (x) — @3(x)|
X

are at most of order 1/n (cf. [7, 8]). To reach this rate, the Cramér condition may
not be removed in general, even under higher order moment assumptions. Never-
theless (alternatively), suppose that X = &y + «&; for some independent r.v.’s &
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with nondegenerate distributions, and write AS)((X) so that to use « as parame-
ter. This model appears naturally in the situation where it is known that several
independent observations of X contain a certain univariate “noise” «&j. If so, how
accurate is an application of the central limit theorem to the observed data? As
it turns out, chances for an improved (corrected) normal approximation are rather
high, although there is no confident criterion. Indeed, if say both &y and &; have a
Bernoulli distribution, the order of magnitude of A,(f) (o) may vary between 1//n
and 1/n, depending on the arithmetic properties of the number «. However, in a
typical situation, that is, for almost all & € R with respect to the Lebesgue measure,
the order is actually 1/n modulo a logarithmic factor. This observation has been
made in [5], and here we extend it to the case of arbitrary distributions participating
in the convolution.

THEOREM 1.1. Ifthe rv.s & and & have mean zero with finite moments Eé-,?,
then, for any given § > 0, we have Ag) () = 0(%(log n)%J”S)for almost all a.

The statement admits a generalization with refinement of approximation in the
model of the multivariate “noise,” that is, for the class of r.v.’s represented as the
weighted sum

(1.1) X=6+a1q51+ - +opéy m=1,2,...)

of independent r.v.’s & having fixed nondegenerate distributions. Namely, for al-

most all coefficients «y, the rate may be improved to n~"%" modulo a logarithmic
factor, if we replace ®3 with an Edgeworth correction of a suitable order. To this
aim, assuming that E|& |12 < oo for all kK < m (so that E| X |12 < 00), introduce
the function of bounded variation

(1.2) Bpia(0) = D) —p(x) Y n"20;(x),  xeR,
j=1

which may also be viewed as a polynomial in 1/,/n of degree at most m. Here,
the polynomials in the sum are defined to be

1 y k1 )/m km _
Qj(x)zzkl!...km!(f!) m((m—:;)!) o Hi1 (),

where vy =i~ "(log f )@ (0) are the cumulants of X, and the summation is running
over all integers k1, ..., k, > O suchthat k; +2ko +- - - +mk,, = j, with k =3k +
-+ (m + 2)k,,. As usual, Hi_1(x) denotes the Chebyshev—Hermite polynomial
with leading term x*—1.

Following Esseen [7], (1.2) defines the Edgeworth expansion for F,, of order
m + 2. It is constructed in such a way that the first m + 2 moments of ®,,;»
treated as a signed measure coincide with the first m + 2 moments of F,. In the
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case y3 = -+ = Yu4+1 = 0, that is, when the first m + 1 moments of X coincide
with those of a standard normal r.v. Z, (1.2) is simplified to

Ym4-2

m Hm+1(x)(p(x)n_%

Dpi2(x) = O(x) —
with Y40 = EX™+2 — EZ™+2_ For a detail exposition of Edgeworth expansions,
we refer to [2, 8] and a recent survey [4].

Note that the Edgeworth expansion is well defined under the moment assump-
tions regardless of the convolution structure of the distribution of X. Collecting
the coefficients in (1.1) in a vector « = («y, ..., &), put

A (@) = sup |Fy(x) — D2 (x)].
X

THEOREM 1.2. Suppose that the rv.s & in (1.1) have mean zero and finite

moments E|& |13 for some integer m > 1. Then, for any given § > 0, for almost
all o e R™,

(1.3) AMD () = o(n™"F (logn) 2 +11Y).

As easy to check, if & have a symmetric Bernoulli distribution, and the
numbers 1, «y, ..., o, are linearly independent over the field of rationals, then

Aflmﬂ) () > en="5" with some constant ¢ > 0 not depending on n. Hence, the
power of n in the o-term of (1.3) may not be improved. On the other hand, the
power of the logarithmic term may be sharpened on average.

THEOREM 1.3.  Under the same assumptions as in Theorem 1.2,

(1.4) / A" (@) da = O (n~"F logn).
(_1’ 1)"’[

When n is large, A,({"H) (o) is thus of order n=" logn for all @ from a large
part of the cube (—1, 1)™. The proofs of (1.3)—(1.4) use the Berry—Esseen bound,
while (1.3) also involves a rather interesting property that the c.f. f for the r.v. X
in (1.1) is properly bounded away from 1 at infinity.

THEOREM 1.4. Suppose that the r.v.s & have mean zero and finite moments
E|& 3. Given a nonincreasing function (t) > 0 in t > 0, such that

o0

(1.5) > el@)? < oo,

q=1

for almost all @ € R™, we have | f (t)| <1 — &(t) for all t large enough.
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In particular, m = o(t%(logt)%“”s) as t — oo, for any fixed § > 0; cf.
Corollary 5.1. This relation is what is needed for the proof of (1.3).

Being specialized to the case of Bernoulli summands &, this assertion is equiv-
alent to the “convergence” part of the following Khinchine’s theorem: Under the
condition (1.5), for almost all « € R™, the system of m Diophantine inequalities

(1.6) ‘ak— ﬁ‘ L@ a=k=m
q q

has only finitely many rational solutions px/q. In this sense, Theorem 1.4 may be
viewed as a natural extension of this result from integer numbers to the class of
probability distributions with product c.f.’s.

The derivation of Theorem 1.4 occupies Sections 3—4, with a preliminary re-
minder of one general bound on c.f.’s. Its relationship with Diophantine inequali-
ties is explained in Section 5. In Section 6, we state the Berry—Esseen inequality,
when it is specialized to the Edgeworth corrections, and in Sections 7-8, there have
been done final steps of the proof of Theorems 1.2—1.3 (under the more general as-
sumption E|& [ST! with 3 <s <m + 2).

2. Esseen’s upper bound on characteristic functions. Let & be a r.v. with
distribution function F(x) =P{£ <x}, x € R, and c.f.

o0

v(t)=Eei’§=f " dF(x), treR.
—00

Put By = E |£]® and, until Proposition 3.4 below, let Var(¢) = 1. Assuming that

B3 is finite, we are going to see that |v(¢)| is well bounded away from 1 on a

“significant part” of the real line. We will use the following observation due to

Esseen [7] (page 94, Lemma 1).

LEMMA 2.1. Putting g = |v|?, for all points to, t € R with |t —to| =r,

4
@2.1) @) < !v(l0)|2+g/(lo)(l—lo)—r2<1 —6(1—|v(t0) ) /* B3 — grﬂz).

PROOF. For completeness, let us remind the argument. First, let v be real-
valued, that is, let F' be symmetric about the origin (as measure), in which case
v(t) = ffooo cos(tx) d F (x). For a moment, we do not require that Var(¢) = 1. Ex-
panding the function ¢+ — cos(#x) near #y according to Taylor’s formula, we have
the representation

2
t—1o
( )xz

cos(tx) = cos(tgx) — (t — tg)x sin(fgx) —

RS
x%(1 = cos(tox)) +9%

(t —19)?

> x3sin(rx), 6] < 1.
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Hence, after integration over d F'(x), we get

(t —19)? (t —19)? It — 1o
B2+ 6 7 J+6; B3

with some 6y € [0, 1] and 6; € [—1, 1], where J = ffooo x2(1 — cos(fox)) dF (x).
Splitting the integration into the regions |x| < A and |x| > A leads to

v(t) = v(to) + (t — to)v'(19) —

J < xz/ (1 — cos(tox)) dF (x) +2 x2dF(x)
NEA

|x|>A

< )\2/00 (] — cos(tox))dF(X) + % /{xw& |x|3 dF(x)

< A2 (1 — v(t())) + %,33

If v(#p) < 1, the last expression is minimized when A= B3/(1 — v(tp)) in which
case it equals 3(1 — v(to))1/3ﬁ§/3. If v(tg) =1, then J = 0. Hence

, (t —1)?
v(t) = v(to) + (1 — o) V' (10) — 7 B2
— )2 _ 3
+9(,)(l fo) 3(1 = vii) 22 + 6, |t 6tol 8.

SO,

2
2/3

(2.2) v(t)Sv(to)—i-v/(to)(t—to)—%(ﬂ2—3(1—v(to))1/3ﬂ3 gﬁa).

Finally, one may apply (2.2) to the c.f. g(¢) = |v(¢) |2 =E ¢, where n=£§&—-§&
with &’ being an independent copy of &. In that case, B>(n) = 2, while by Jensen’s
inequality, B3(n) <8B3. U

COROLLARY 2.2.  If |v|? has a local minimum at the point to, then

2.3) ()P <1~

21663
Indeed, the derivative of g = |v|2 is vanishing at #g so that, by (2.1),

4r
Q4 o)) <)) - r2(1 —6(1 - vo)|H) 3" - §ﬂ3>,
where |t — 19| = r. Hence

4r
1—6(1 - |vo)|?) 83" - =<0

for all » > 0 small enough. Letting r — 0, we arrive at (2.3).



AN EXTENDED KHINCHINE’S THEOREM 1621

Below we will be more interested in local maxima. If ¢y is a point of local
maximum of g = |v|?, then g’(f9) = 0, so that again we obtain (2.4). If |v(fp)|> >
1 —¢, € € (0, 1), this inequality implies

4
|Mﬂf§hmwf_r( 1mﬂy3 ;ﬂg.

23 < 1 and 4rpy < 1

under which the expression in brackets > é. Then we arrive at the followmg.

To further simplify, one may impose the conditions 6¢!/ 3/3

COROLLARY 2.3. Given 0 < ¢ < suppose that |v|? has at the point to

123,32’
a local maximum with |v(to)|2 >1—e¢.Then

(2.5) )] < [v(o)]* - %It —1*  for |t —to] < 4%3

In particular, if [v(t)|? > 1 — € on some finite interval [a, b] containing to, then for
all t € [a, b],

1
(2.6) |z—z0|<E = |t —19] < V6s.

The last conclusion follows from (2.5), by using |v(t0)|2 < 1. Note that, by
Corollary 2.2, no point in [a, b] may be a point of local minimum of |v|>.

Corollary 2.3 has the following consequence. If the distance from to to one of
the endpoints, say «a, is greater than or equal to 4/3 , then t =1ty — 14 € [a, b],

and we conclude that m < 4/6¢, that is, & > W' But this contradlcts to the
3

assumption on ¢. Therefore, the distance from fy to the endpoints must be smaller
than ﬁ. Choosing ¢t = a and t = b in (2.6), we thus obtain the following.

COROLLARY 2.4. Suppose that lv(@)|?> > 1 — & on some interval [a, b] con-
taining a point ty of local maximum of |v(t)|, where 0 < ¢ < Then |a —tg| <

A 6g and |b — ty| < ~/6¢. In particular, |a — b| < 2+/6¢.

1
5.
12343

3. Behavior above fixed levels and curves. The statement of Corollary 2.4
may be refined in terms of the open sets

Us=Us(w)={t eR: [u(0)]* > 1 —¢}.

PROPOSITION 3.1. [fO0<e < 1/(123ﬂ32), the set U, may be decomposed into
finitely or countably many intervals (a,, b,) which do not touch each other and

satisfy |a, — b, | <2+/6¢.
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One of these intervals must contain the origin, and in addition |v(a,,)|2 =
|v(bn)|?> = 1 — ¢ for all n. The property that these intervals do not touch each
other follows from Corollary 2.2. Indeed, in case a, = b,, necessarily a,, must be
a point of local minimum of |v |2. But then we would have

|v(an)|2§1— <1—eg,

216 83

which contradicts to the assumption on €. Also, by Corollary 2.2, for any finite
[a, b] C (an, b,), we have |a — b| < 2«/6—8, so the interval (a,, b,,) must be finite,
and |a, — b,| < 24/6¢ as well.

In the sequel, we denote by diam(A) the diameter of a set A C R, assigning the
value zero in case A is empty.

PROPOSITION 3.2. LetQ<e < 1/(123,832). For any interval I C R of length
11 < 55
3.1 diam(U, N 1) <2+/6e¢.

PROOF. Using the intervals from Proposition 3.1 and assuming that U, N [ is
nonempty, one may pick ¢’ in this set and choose n such that ¢’ € (a,, b,). Since
lv(an)|? = |v(bp)|?> = 1 — ¢, there is a point t, € (a,, b,) of local maximum of
|v|2. By Corollary 2.4, |a, — t,| < +/6¢ and |b, — t,| < v/6¢, s0 |t' — 1| < +/6¢ as
well. Moreover, by Corollary 2.3, [v(f)|> < 1 — & on the set

1
Voe < |t —t,| < —.
e <| n|_4l33

But the interval |z — f,| < ﬁ contains I. Indeed sincet’ € I and |t' —1,,| < /6¢
we only need to check that Vb6e + || < 75 By the assumption on |/|, the latter

follows from +/6¢ < 12 By that is, from ¢ < This holds by the assumption

— 6 122,32
on €. Thus, U, N I is contained in the interval |t — ¢,| < +/6¢e. [

COROLLARY 3.3. Given0<e<1,forall T > 6—}33
1
(3.2) 57 meslr e [=T.T1: w@)* > 1—¢} < 24 B3v/6e.

then 24ﬂ3\/68 > /2, and (3.2) is immediate. So, we
Put T} = T,.=nTy n=1,2,...). By Proposi-

_1
PROOFE. If ¢ > ]23/32,

may assume that & <

12*;32 6/3 ’

tion 3.2, for any integer k,

mest € [Ty, Tiy1] : [v(0)]* > 1 — ¢} <26e.
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Given T > Tj, choose n such that T, < T < T,41. Summing these inequalities
overk=0,1,...,n, we then get

mes{z € [0, T |v(t)| >1—g} <2(n+1)V6s.

On the other hand, since n < 7+, we have T1(n + 1) < T1(T +1)=T+T) <2T.
Hence

mes{r €[0,T]: [u()|*>1—¢} < 4T—T«/§ = 24p3+/6¢.

1
Since |v(—1t)| = |v(¢)], the conclusion follows. [

Corollary 3.3 (with different numerical constants) is due to Esseen who actually
considered multidimensional c.f.’s for isotropic, mean zero probability measures;
cf. Theorem 2 in [7], page 94. Information about the diameter as in Proposition 3.2
is more precise and is needed in the proof of Theorem 1.4. Let us state Proposi-
tion 3.2 and Corollary 3.3 in a more flexible setting without the constraint on the
variance.

PROPOSITION 3.4. Let the rv. € have variance o> = Var(¢) (o > 0) and finite
moment B3 = E &3, with ¢.f. v(t). Given 0 < & < 06/(123,332),f0r any interval
I C R of length |I| < o?/(6B3), we have

2
3.3) diam(U, N 1) < —+/6¢g,
o
where U, = Ug (v). Moreover, if 0 <e <land T > 6;3 , then
1 4
(3.4) 5 mes{r e [=T.71: ] =1-¢} < 0—/383«/68.

PROOF. Indeed, the r.v. & = &/0 has variance 1, while its c.f. is given by
V(1) =v(t/o). Hence, U.(vs) ={t € R: v ()] > 1 — e} =0 U,, and by (3.1),

diam(o U, N 1) = o diam(U, N [ /o) < 2+/6¢, 0<e<1/(12°83(&,)),
for any interval / C R of length |/]| < %. Here, B3(&5) = EIEUP = 13 B3, and
replacing I /o with I, we get (3.3) under the constraint /| < Z5-. Also,

%mes{t e[-T,T]: |v(t/<7)|2 >1—¢}

—mes{t el-T/o,T/ol: [v@)| =1 —¢}

for any T > 0. Substituting 7' = T /o, we get, by (3.2),

S meslr € [<T". 1) () = 1 — e} < 24B3(5,)V/6e,

under the assumption 7 > 1/(683(Xy)), that is, 7' > 02/(6,33). Ul
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Let us now turn to more general sets of the form
U={teR: @) >1-e@)},

assuming that the function e(¢) is even, positive, nonincreasing in ¢ > 0, with

e(0) <gy= In particular, 0 < £(¢) < gg for all # € R. Put

o’
12382
Ti=0%/(6B3)., Ty=nTi, ILi=[T,.Tq1]  (ninteger).

By Proposition 3.4 with ¢ = &g, we have diam(U, N I) < %«/ 6¢ for any interval
I of length |I| = Tj. Since U C U,, a similar conclusion is true about U as well.
Moreover, by the monotonicity of &(¢), choosing #, = inf{U N I,,} in case U N I,
is nonempty, we have U C Uy, on I, for any n > 0. As a result, diam(U N [,) <

% 6¢(t,), and we get the following.

COROLLARY 3.5. If the set U is unbounded, there exists an increasing se-
quence t, > T, (n > 1) with the following properties:

@ |v()|* =1 —e(tn).
(b) Foreacht > T, with |v(z‘)|2 >1—¢e(t),wehavet, <t <t,+ %«/68(1‘,,)]‘01’
some n.

4. Products of characteristic functions. For the proof of Theorem 1.4, we
need a general triangle-type inequality for c.f.’s.

LEMMA 4.1. Let u be the c.f. of a r.v. & with variance b*>. Forall t, s € R,

1= |u@)|* = %(1 — |u()[) = bt — 5.

PROOF. Since sinz(y) < 2sin2(x) + 25in2(y —x) for all x, y € R, there is a
general bound
2sin’(x) > sin®(y) — 2Jx — y|°.
Let n = & — &/, where &’ is an independent copy of £, so that 1 — |u(r)|> =
2E sin®(¢1/2). Hence, the above inequality yields
|t —s|?

2
3 En~. 0

1
L= lu]* = S (1 = u())
PROOF OF THEOREM 1.4. We restrict ourselves to the values o € (0, 1). The
r.v. X in (1.1) has the product c.f.
S (@) =v(t)uq (1), ug(t) = vi(ait) - v (@mt), teR,

where v is the c.f. of & and vi’s denote the c.f.’s of &. Note that the property
B3 = IE|X|3 < 00 is equivalent to B3 x = IElékl3 <ooforeachk=0,1,...,m.
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Without loss of generality, one may assume that the set U = {r > 0 |v()|* >

1 —2&(¢)} is unbounded, and

op

e(0) <gy= mm —_—
0<k<m 2 - 123,33 X

where ak Var(&;). Indeed, since () — 0 as t — oo, there exists #y > 0 such
that &(f9) < &9. One may then extend e(¢) from [#g, 00) as a constant &(¢) = &(g)
on [0, f9], and apply the assertion to the new function.

Put T} = og /(683.0) and take a sequence t, > nT; as in Corollary 3.5 for the
function 2¢(¢), so that:

@ [v(E)* =1 - 2e(t).

(b) For each ¢ > T with the property lv(t)|? > 1 — 2e(t), there exists n such
thatt, <7 <t, + (%0«/128(51).
Since the values t, grow linearly (at worst), using the monotonicity of e(¢), the
hypothesis (1.5) implies that

o0

(4.1) > e(tn)? < 0.
n=1
Now, fix a parameter A > 2. For ¢ large enough, we have Ae(¢) < 1, in which
case the property lug () > 1 — Ae(r) implies luk (@t)|?> > 1 — Ae(r) for each
k < m. Let us apply the second part of Proposition 3.4 with e = Ae(t,) and T =1,
where n is large enough so that #, > max<;, 0,3/(653,k) and Ae(t,) < 1. The
inequality (3.4) then gives that the measure

P, =mes{a € (0, )" : |ug(ty)|* > 1 — Ac(ty))
is bounded by
mes{a € (0, 1) : ]vk(aktn)\z > 1 — Ae(t,) for each k < m}

= [ mesf{ox € 0, 1) : Jog(at) | = 1 — Ae(ty)}
k=1

moq ) "
]_[2— mes{t € [—ty, ty]: vk ()|” > 1 — Ae(t,)} < B"(Ae(ty))?,

where B = maxy, 24\/6,83,;( /ak . Hence, according to (4.1), >0° | P, < 0o. Apply-
ing the Borel-Cantelli lemma, it follows that, for almost all o € (0, 1), for all
n>ngy, we have

(4.2) lug (12)|* < 1 — Ae(ty)
and then also

|F )] = [0(t) Plua )] < 1= As(ty) < 1 —2e(t).



1626 S. G. BOBKOV

Our next step is to extend this inequality to all ¢ large enough, by replacing ¢,
with ¢ on both sides. Given ¢ > T, consider the two cases.

Case 1. If [u(1)|> < 1 — 2&(t), then also | £ (1)|? < 1 — 2¢(z).

Case 2. If [v(1)|> > 1 — 2¢(r), we apply property b) and choose n such that

2
h<t, |t—t| <CVe(ty), C=—V12.

00
At this point, we apply Lemma 4.1 to the c.f. u = u,, which gives
1

1= |ug (1)) = :

(1= Jua @) = Bt — 1% B2= of.
k=1

By (4.2), 1 — |ug(ty)|? > Ae(t,), while |t — 1,,| < C/e(1,). Hence
1
1= |ug(@)|* = S (A =22 C)e(tn).

Choosing A to be sufficiently large, the coefficient in front of (#,) can be made
as large, as we wish. Since also &(t,) > e(¢), we obtain that lug()]? < 1 —2¢(1)
for all # sufficiently large, and then again | f > < 1—=2¢e(). Finally, 1 — | f(t)| =

111|i)}((tt))||2 > &(t), which is the required inequality. [

5. Relationship with Diophantine inequalities. One may apply Theo-
rem 1.4 with

1
2 245’
1+t (log(e + £))m

e(r) =
and then we get the following.

COROLLARY 5.1.  Given § > 0, for almost all @ € R™ and t > t,,

(5.1) (O] <1 -t (logr) .

Let us now describe the relationship between Diophantine inequalities and
Theorem 1.4 specialized to the summands &; with a symmetric Bernoulli dis-
tribution on {—1, 1} [this will help us see, in particular, that the parameter §
may not be removed from (5.1)]. In this case, the c.f. of X is given by f(¢) =
cos(t) cos(at)...cos(oy,t).

The property that the system (1.6) has only finitely many rational solutions py /g
may be written as

32 >/ forall ¢ > qo (ie. 1 b,
(5:2) I,glsagllqakll_ e(q) orall g > gqo (i.e., large enough)
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where ||x || denotes the closest distance from a real number x to integers. Assuming
for simplicity that o € (0, 1), the above may be extended to all real ¢ > g¢ as the
the relation

e(q@)),

B —

(5.3) 02 + Nt I + - - + lltam 1> >

where g (t) denotes the closest integer to ¢ [for definiteness, let g(#) = g in case
t =q + 1/2]. Indeed, write t =g + y, |y| = |lz]|, with g = q(¢). If ||#]| > ce(q),
¢ > 0, then

M (1) =max{llt]l, Iz, ..., ltemll} > ce(q).

Let now ||¢]| < ce(g). By the assumption, ||gak|| > €(g) for some k < m. Using
the elementary inequalities ||x| < |x| and [||x|| — ||¥]l] < [lx — y|| (x,y € R), we
conclude that tay = gay + y oy satisfies

ltoll = llgoucll — lly ol
> llgarll — lyaxl = llgarll — lItllax = (1 — cax)e(q).
Here, 1 — cay = c for ¢ = ﬁ, and then |[zag|| > ce(q) in both cases. Hence
M(t) >
®z I+ ag

thus proving (5.3). Note that this inequality with integer values ¢ = g returns us to
(5.2) with an additional factor % on the right-hand side.

Using | cos(x)| < exp{—mn2||x||?/2}, from (5.3), we then obtain that

|frn)] < exp{—me(q(1))/8} < 1 —ce(q ),

which is a slightly modified conclusion of Theorem 1.4. The argument may easily
be reversed. Starting from | f (¢)| < 1 — &(¢), for the values t = wq with integer ¢
we then have

I_S(WQ)Z|f(7Tq){=(l—81)---(1—8n1)21—(51+...+5m),

where 6 = 1 — |cos(wrgay)|. That is, e(rg) < 81 + - - - + 8. Using another in-

e(q) > %8(61),

. 2 2
equality 1 — |cos(x)| < %HXHZ, we have §; < %llqakllz, and thus

2 m 2
T 5, _mm 2
< < — .
s(rq) < 3 /; lgo|” < =5~ max o]
So, we return to (5.2) with the function (;rg) up to an m-dependent factor.
This shows that the Bernoulli case in Theorem 1.4 may be rephrased as the
statement that, under the condition (1.5), the property (5.2) holds true for almost
all € (0, )™,
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In the other case, Z;o:1 s(q)% = 00, the “divergence” (more difficult) part of
Khinchine’s theorem asserts that (5.2) holds true for almost no « (cf. [6, 10, 11]).
In particular, given ¢ > 0, for almost all «, the inequality

_1
max ||qag || < c(qlogg) ™
k<m

has infinitely many integer solutions ¢ > 1. Equivalently, the inequality | f (¢)| >

l—tn (log t)f% is fulfilled for infinitely many integer multiples of 2. Therefore,
the parameter § may not be removed from (5.1).

Let us mention that, in connection with Diophantine inequalities, the proper-
ties of the c.f.’s such as m = O(t") (under the name “weak Cramér”) were
recently considered in [1]; see also [3].

6. Berry—Esseen inequality for Edgeworth corrections. Let us now con-
sider the i.i.d. r.v.’s X, X, X», ... with mean zero, standard deviation ¢ > 0 and
c.f. f(t). The closeness of the distribution functions F,, of the normalized sums
Z, to the Edgeworth correction ®; of a given integer order s > 3 in terms of the
Kolmogorov distance

A = sup | F, (x) — @, (x)
X

, n=1,2,...,

essentially depends on the behavior of f(¢) on large intervals of the real line. This
may be seen from the following statement.

LEMMA 6.1. Assume that Bs+1 = E|X|*t! is finite. Then, for all T > ty =

1
(02/Bs+1)5T, with some constant cs > 0 depending on s only, we have

Ps+1 _s1 1 Tifor
6.1 AW < 2,5
©-1) "= st * Toyn Jy,

dt.

The derivation of similar inequalities can be found in [8, 9], with final formu-
lations which often assume the Cramér condition. For completeness, we include a
standard argument based on the general Berry—Esseen bound.

PROOF. Let F be a distribution function, and G be a differentiable function
of bounded variation such that G(—o0) =0, G(co) = 1, sup, |G'(x)| < D. The
Berry—Esseen bound asserts that, for all 7 > 0,

T\f@)—g(t D
(6.2) csup|F(x) —Gx)| < f |f()ig()'a’t—i——
X 0 1 T

with some absolute constant ¢ > 0, where

fo=["émarw,  gw=[" i

are corresponding Fourier—Stieltjes transforms (cf. [3, 7-9]).
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One may apply (6.2) with F, in place of F and G = ®;. The Fourier-Stieltjes
transform of F;, is the c.f. of Z, given by f,,(¢¥) = f (UIW)”, while, according to

(6.1), the Fourier-Stieltjes transform of &y is

k ko_
2 1 73\ Vs N2 ik ek
gs(t) =" Zkll...ks_zl (?) <F> et in.

Here, the summation is running over all nonnegative integers ki, ..., ks_» such
that k1 +2ko + -+ (s — 2)ky_p <s — 2, with k =3k| +--- + sks_p and j =
ki +2ky + --- 4 (s — 2)ky—». Note that @ has density (i.e., derivative) described
by a similar expression

1 V3
0s(x) = @(x) ) k. kel <§>

Thus, by (6.2), for any 77 > 0,

s!

k ks
l .. <&> Zn—j/26—ka(x).

T
(63) CAEIS) < / |fn(t)t—g°(t)|dt+ —sup|<ps(x)|
0

Some general properties of g and its closeness to f,, can be stated in terms

of the Lyapunov coefficients L, = i opn pT where B, =E |X|P. We refer to the
following (cf., e.g., [4]):

. s _2
64) | fu(t) — gs(0)]| < CsLgyymin(l, 1T e/ for |t| <1/L3

with some constant Cy depending on s only. Moreover, if Ly <1, then

(6.5) 85| < CsLgiie™/  for |;|L‘<S D >1/8,

and sup, |¢;(x)| < Cs. In addition, without any condition on Ly,

1

/_oo|(ﬂs(x) —@(x)|dx < s/(3(s —2))! max{L}, L

“
]

i}

+\_\

The latter implies a rough upper bound
(6.6) A < Cymax{l, Ly},

which may be used in the (noninteresting) case where L is large.
Put

s—1
T0=Ls_:1 —o 1ﬂs+1 n=tyo/n.

. . =2 . . . 1
Since the function p — L, is nondecreasing in p > 2, we have L3 < L.

Therefore, the bound (6.4) holds true on the smaller interval |¢| < Tp. Thus, in case
Lsyy <1, thatis, if Ty > 1, (6.3) yields
h |fn(t) - gs(t)|

6.7) CA()<Ls+1+—+ S 2t dt, T > Ty,
T To t
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with some constant ¢; > 0 depending on s only. Moreover, (6.5) gives

T |g. o0 ;
/ |g5 (t)l dt < C, 6712/8 dt < C, /27.[e*T02/8 < &
To t To Tg

As aresult, (6.7) is simplified to

nfa/o)l" dr

CvA(s) <Lsy1+ i +
R n = R T] TO t

9’

which continues to hold in case Ls41 > 1 as well, due to (6.6). Finally, putting
Ty = To +/n and changing the variable, we arrive at (6.1). [

7. Theorem 1.2 and its extension. Keeping the assumptions of the previous
section, Lemma 6.1 may be used to obtain a variety of bounds on Ai,s) depending
on the asymptotic behavior of f(¢) at infinity. First, let us describe one general
situation, still assuming that X has a finite absolute moment ;1 = E |X|**! of
an integer order with s > 3.

PROPOSITION 7.1. Suppose that, for some p > 0 and q € R,

1
(7.1 ———— = 0(tP(logt)? as t— 0o.
1 —|f@)] ( )
Then
_1_ 1 g+l s—1
(7.2) A = 0n2"r(logn) ? +n7).

PROOF. Suppose that g # 0. By the assumption, |f(¢)| < 1 for all ¢ large
enough and hence for all ¢ > 0 (since otherwise X| would have a lattice distribu-

. 2 1
tion). Moreover, for all T > 19 = ( /30+1 )5=1, we have
S

a

MT) = max |f O <1 = oo

u

with some constant a > 0 which does not depend on 7. Using 1 —u <e™%, we

then get

. n e
fO|" <= M(T) SGXP{ TplogQ(2+T)}’

so that

T n
/t EAOI dt < ex log(T/tp).

{ }

(7.3) CSA;({Y) < @n_% n

1
O-S+1 TUﬁ

log(T /o).

n { na }
€X _——
PlTTriogt0 + 1)
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Let us take T = T, = (bn)'/?(logn) ™" with r = ‘Ipil and b > 0. Then

q

na _ap?

T, log? Q+T,) — b

where the last inequality holds true with b = ap? /s for all n large enough. In this

case, the last term in (7.3) is estimated from above by O(n==2). In case qg=0

with choice r = 1/p, we clearly arrive at the same conclusion. Therefore, (7.3)
yields

logn 4+ O(loglogn) > (m 4 1) logn,

1
T,/n

Combining Proposition 7.1 with Corollary 5.1, we arrive at the following more
general variant of Theorem 1.2. Suppose that X admits the representation (1.1)
for independent r.v.’s & having nondegenerate distributions with mean zero. To
emphasize the dependence on the coefficients, we write

AP () = sup [P{Z, (@) < x} — D (x)]

. . 11
AW = O(n_Zl + ) —0(n™"7 +n" 7 2(logn)). 0

where o« = (a1, ..., o) € R™ and
Xi+---+X %
Zn(o) = 7” 0% = Var(X) = Var(&y) +;a,§\/ar(gk).

THEOREM 7.2. IfE|&"T! < 00 (0 <k <m) for somes =3, ...,m+1, then
for almost all « € R™, as n — 0o we have
sl
(7.4) AD(@)=0@m"7).

Moreover, in case s = m + 2, the relation (1.3) holds true with any § > 0.

Indeed, the hypothesis (7.1) is fulfilled with p = n% andg = % + 8 with arbitrary
8 > 0 (Corollary 5.1). In this case, relation (7.2) reduces to

1

m i] S—
AW = O(n_TH(logn)qﬂ +n" 7).
If s < m + 2, the latter leads to (7.4), and we get (1.3) in case s = m + 2, where o
may replace O by choosing a smaller value of §.

8. Theorem 1.3 and its extension. Similarly to Theorem 7.2, let us now de-
rive a more general variant of Theorem 1.3.

THEOREM 8.1. IfE|&°T! < 00 (0 <k <m) for somes =3,...,m+1, then
asn — 0o
8.1 f A (@)da = 0(n~"7).
(=1,1)m

Moreover, in case s = m + 2, the relation (1.4) holds true.
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PROOF. The c.f. of X in (1.1) is given by f(t) = vo(t)vi(c1?) - - - Uy (1),
where vy denotes the c.f. of &§. One may appeal to Lemma 6.1 once more in order
to estimate the quantity A ,(f) () integrally over the cube (—1, 1)"”. To simplify the
Berry—Esseen inequality (6.1), note that 02 = Var(X) > 002 = Var(&y) while, by
Jensen’s inequality,

m
Bt =EIXI"t < B=(m+ 1T DY Elg
k=0

Therefore, (6.1) yields, for any 7 > t; = (02/,3)1/(“’1),

s—1 T n
(8.2) C/(O . A,(f)(oz) da < n" 7 4+ T\/_ /0 l)m‘/t‘ |f(t)| o,

where c is a positive constant which does not depend on 7. Changmg the order of
integration, the last double integral may be written as

T n 1 t
I = [ o) Hwn(r)dt Va® =+ [ Juo)]"ds.

o t

Here, v, are connected with concentration functions for the distributions of
sums of independent copies of &;. Recall that, for the c.f. u of any r.v. &, for any
t > 0, we have, up to an absolute constant ¢ > 0,

;_/t |u(s)|2ds < cQ(,1/t) where Q(&,h) =sup P{x <& <x +h}
—1 X

(cf. [9], page 60, Lemma 7). Therefore, for any integer N > 1,
1 t
- [ luPds < cotsw.1/n

for the sum Sy = (n1 —n}) +---+(y —nl), where n;, 17 are independent copies
of £. On the other hand, if the distribution of £ is nondegenerate then

h+1
Sy, h) <c , h >0,
Q(Sn, h) N

where the constant does not depend on & and n ([9], page 76, Theorem 11). These
results ensure that ¥ ,(f) < f for all r > t; with n > 2. Therefore,

Ju(T) < dt.

¢ /T lvo (D"

nm/2 1 t

Now, putting I,,(¢) = fé |v(s)|" ds and using again the bound v ,(t) = %In (1) <
ﬁ, we have, integrating by parts,

T Ao n(t) dr <+ 10g(T/10).

/T '”(”'"dr—/ L a0 < o)+ ‘
1 fo ) t —Jn o Jn

0 t
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As aresult, J,(T) < cn~(mtD/2 log(Te/ty), and (8.2) leads to

m+1 1 m

1
c A (@)da <n~ 2 + +n- > 1o T,
/(—1,1>m w (@) do < TJn g

where ¢ > 0 does not depend on n. Choosing T = T,, ~ n""/?, the latter bound
yields (8.1)inthe case s <m + 1 and (1.4) fors =m +2. [
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