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1 Introduction

Complex networks attract increasing attention of researchers in various fields of
science. In the last years, numerous network models have been proposed. With
the uncertainty and the lack of regularity in real-world networks, these models
are usually random graphs. Random graphs were first defined by Paul Erdés and
Alfred Rényi in their 1959 paper “On Random Graphs” (see [10]) and independently
by Gilbert in [12]. The suggested models are closely related: there are n isolated
vertices, and every possible edge occurs independently with probability p : 0 <
p < 1.Itis assumed that there are no self-loops. Later, the models were generalized.
A natural generalization of the Erdos—Rényi random graph is that the equal edge
probabilities are replaced by probabilities depending on the vertex weights. Vertices
with high weights are more likely to have more neighbors than vertices with small
weights. Vertices with extremely high weights could act as the hubs observed in
many real-world networks.

The following generalized random graph (GRG) model was first introduced by
Britton et al.; see [5]. Let V = {1, 2, .., n} be the set of vertices and W; > 0 be the
weight of vertex i, 1 < i < n. The edge probability of the edge between any two
vertices i and j, fori # j, is equal to

WiW;

= 1
L, +W;W; )

Pij
and p;; = O foralli < n. Here, L, = Z?:l W; denotes the total weight of all
vertices. The weights W;, i = 1, 2, ..., n can be taken to be deterministic or random.
If we take all W; — s as the same constant W; = nA/(n — ) for some 0 < A < n,
it is easy to see that p;; = A/n forall 1 <i < j < n. That is, the ErdHos-Rényi
random graph with p = A/n is a special case of the GRG.

There are many versions of the GRG, such as Poissonian random graph
(introduced by Norros and Reittu in [19] and studied by Bhamidi et al. [3]), rank-
1 inhomogeneous random graph (see [4]), random graph with given prescribed
degrees (see [8]), and Chung—Lu model of heterogeneous random graph (see [7]).
The Chung-Lu model is the closest to the model of generalized random graph. Two
vertices i and j are connected with probability p;; = W; W; /L, and independently
of other pairs of vertices, where W = (Wj, W, ..., W,)) is a given sequence. It is
necessary to assume that Wl.2 < L,, for all i. Under some common conditions (see
[15]), all of the abovementioned versions of the GRG are asymptotically equivalent,
meaning that all events have asymptotically equal probabilities. The updated review
on the results about these inhomogeneous random graphs can be seen in Chapter 6
in [21].

One of the problems that arise in real networks of various nature is the spread of
the virus. In [6], the authors proposed an approach called nonlinear dynamic system
(NLDS) for modeling such processes. Consider a network of n vertices represented
by an undirected graph G. Assume an infection rate 8 > 0 for each connected edge



Rate of Convergence to the Poisson Law of the Numbers of Cycles in GRG 111

that is connected to an infected vertex and a recovery rate of § > 0 for each infected
individual. Define the epidemic threshold t as a value such that

B/8 < T = infection dies out over time

B/6 > t = infection survives and becomes an epidemic.

7 is related to the adjacency matrix A of the graph. The matrix A = [a;;] is an

n X n symmetric matrix defined as a;; = 1 if vertices i and j are connected by
an edge and a;; = O otherwise. Define a walk of length k in G from vertex vy to
vk to be an ordered sequence of vertices (vo, vy, ..., k), wWith v; € V, such that v;

and v;4 are connected fori = 0, 1, ..., k — 1. If vp = v, then the walk is closed.
A closed walk with no repeated vertices (with the exception of the first and last
vertices) is called a cycle. For example, triangles, quadrangles, and pentagons are
cycles of length three, four, and five, respectively. In the following, the cycle will be
denoted by the first k vertices, without specifying the vertex v, which is the same
as vg: (vg, U1, ..., Vk—1).

In Theorem 1 in [6], it has been stated that T is equal to 1/A1, where A; is the
largest eigenvalue of the adjacency matrix A. The following lower bound for A1 (A)
was shown in [20]

6A + /3642 +32¢3/n

MM(A) >
1(A) > de

where n, e, and A are the number of vertices, edges, and triangles in G, resp.
Moreover, using information about the cycle numbers of higher orders, one can
get more precise upper bounds for 7.

In [13], the central limit theorems were proved for the total number of edges
in GRG. There are also many results on asymptotic properties of the number of
triangles in homogeneous cases. For example, for the ErdHos—Rényi random graph,
the upper tails for the distribution of the triangle number had been studied in [2, 9,
14, 16]. Recently, in [18], it was shown for GRG model that asymptotic distribution
of the triangle number converges to a Poisson distribution under strong assumption
that the vertex weights are bounded random variables.

A lot of real-world networks such as social or computer networks in the Internet
(see, e.g. [11]) follow a so-called scale-free graph model; see Chapter 1 in [21]. In
Chapter 6, in [21], it was shown that when the vertex weights have approximately a
power-law distribution, the GRG model leads to scale-free random graph.

In the present paper, we prove not only the convergence, but we get the
convergence rate of order O (1/+/n) for the distance in total variation between the
Poisson distribution and the distribution of the number of fixed size cycles in GRG
with random vertex weights. The weights are assumed to be independent identically
distributed random variables which have a power-law distribution. The proof is
based on the Chen—Stein approach and on the derived properties of the ratio of the
sum of squares of random variables and the sum of these variables. These properties
can be applied to other asymptotic problems related to GRG.
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The main results are formulated in Sect. 2. For their proofs, see Sect. 4. Section 3
contains auxiliary lemmas, some of which are of independent interest.

2 Main Results

Let {1, 2, ..., n} be the set of vertices and W; be a weight of vertexi : 1 <i < n.
The probability of the edge between vertices i and j is defined in (1). Let W;,
i = 1,2, ..., n, be independent identically distributed random variables distributed
as a random variable W. For k > 3, denote by I (k) the set of potential cycles of
length k. We have that the number of elements in 7 (k) is equal to (n)x/(2k), where
(n)xy = n(n — 1)...(n — k + 1) is the number of ways to select k distinct vertices
in order, and the factor 1/(2k) appears since, for k > 2, a permutation of k vertices
corresponds to a choice of a cycle in I (k) together with a choice of any of two
orientations and k starting points. For example, all six cycles {1, 3, 4}, {3, 4, 1},
{4, 1,3}, {4,3, 1}, {1,4, 3}, and {3, 1, 4} are, in fact, one cycle of length 3. For
o € I(k), let Yy be the indicator that & occurs as a cycle in GRG. For example,
P(Y(1,3,4y = 1) = p13p3apa1.

For any integer-valued nonnegative random variables Y and Z, denote the total
variation distance between their distributions L.(Y) and L(Z) by

I L(Y) — L(Z) ll= supyn=11EA(Y) — Eh(Z)], 2)

where £ is any real function defined on {0, 1, 2, ...} and || & ||= sup,,,~q |h(m)].

For k > 3, put S, (k) = Zael(k) Yy, that is, S, (k) is the number of cycles of
length k. Let Z; be a random variable having Poisson distribution with parameter
r(k) = (BEW2/EW) /(2k).

Theorem 1 For any k > 3, one has
IL(S2 () = L(Zp) [|= 0~ '7?), 3)
provided that
P(W > x) = o(x %1, as x > +o0. )

Remark 1 Relation (3) holds under condition that W has power-law distribution.
The condition on the tail behavior of the distribution of W can be replaced by
stronger moment condition: the finiteness of expectation EW2+1,

Remark 2 Recently in [18], the convergence in distribution of the number of
triangles S,(3) in a generalized random graphs to the Poisson random variable
Z3 was proved by method of moments under assumption that the vertex weights
W;-s are bounded random variables. In Theorem 1, we have used the Chen—
Stein approach; see, e.g., [1] and [2]. This allows us not only to extend the
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Fig. 1 Histogram of the number of triangles in GRG with 2000 vertices. The distribution of vertex
weights W; ~ Uni (10, 15), forall i < 2000. The number of realizations is 500
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Fig. 2 Q-Q plot for the number of triangles in GRG with 2000 vertices and the Poisson variable
Pois(338.72). W; ~ Uni(10, 15), forall i < 2000. The number of realizations is 500

convergence result to cycles of any fixed length k& but also to get the rate of
convergence. Moreover, we replace the assumption about the boundness of W;-s
with the condition that W; has a power-law distribution. As we noted in Introduction,
this condition better matches real-world networks.

Figures 1 and 2 illustrate the results of Theorem 1, with the example of the
number of triangles distribution.
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The next results are not directly connected with number of cycles in GRG. They
are an important part of the proof of Theorem 1. At the same time, the results are of
independent interest. They describe the asymptotic properties of ratio of a sum of
the squares of n i.i.d. random variables and a sum of these random variables. These
properties can be applied to other asymptotic problems related to GRG.

Given i.i.d. positive random variables X, X1, ..., X, define the statistics
2
_ X? -+ szl
T Xi4 e+ X

Assume that X has a finite second moment, so that, by the law of large numbers,
with probability one

. » EX%\p
lim 7, = ( )
n—00 EX

for any p > 1. Here, we describe the tail-type and moment-type conditions which
ensure that this convergence also holds on average.

Theorem 2 Given an integer p > 2, the convergence
lim ET} = (EX?/EX)? (5)
n—00
is equivalent to the tail condition
P{X > x} =o(x P71 as x > oo. (6)
Moreover, if P{X > x} = O(x ?73/%) as x — oo, then
ET} — (EX?/EX)? = 0(n~'"?) (7

The finiteness of the moment EXP+1 is sufficient for (5) to hold, while the finiteness
of the moments EX? is necessary for any real value 1 < g < p + 1.

Let M,, = maxj<;<, X;.For p > 2, define
RY = TP M2 /(X1 + Xa+ ... + X,). 8)

By the law of large numbers, R,(/’ N 0 asn — oo a.s., under mild moment

assumptions. The next theorem gives the order of convergence of IER,(lp ) to zero
under tail-type and moment-type conditions.

Theorem 3 Given an integer p > 2, if P(X > x) = O(x~?7"/?) as x — 400,
then

ERY = 0m~1/?). ©)
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When p > 8 and EXP** is finite, the rate can be improved to
ERYP = O(n~(P=2/r+4), (10)
Moreover, if E X < oo for some € > 0, then

2
(logn) ) (11

ER =0
n

3 Auxiliary Lemmas

Lemmal Let S, = n1 + --- 4+ 0, be the sum of independent random variables
Nk > 0 with finite second moment, such that ES,, = n and Var(S,) = o2n. Then,
forany 0 < A < 1, one has

P{S, < i} < { (1= 27 } (12)
n} <expy — nt.
"= =P 2 [0? + maxi (Eng)?]
Proof We use here the standard arguments. Fix a parameter t > 0. We have
Ee 5" > ¢ M1 P(S, < An).
Every function u;(tf) = REe'% is positive and convex and admits Taylor’s

expansion near zero up to the quadratic form, which implies that

12 12
ue(t) <1-1Eg+ ) Bel <exp| —1Eg +  BgZ).

Multiplying these inequalities, we get

b2 "
Ee—tSnSexp’—tn—i— ) }, bZZESIg.
k=1

The two bounds yield
P{S, < n} < exp{ — (1=t + bt2/2},

and after optimization over ¢ (in fact, r = 1;* n), we arrive at the exponential bound

-2 o)

P(S, <an) <exp| -



116 S. G. Bobkov et al.

Note that
n
b= Var($,) + 3 (B&)* < (02 + max (Egk)2> n
k=1 k
and (12) follows. O

For further lemmas, we need additional notation.
Denote by F(x) = P{X < x} (x € R) the distribution function of the random
variable X, and put

gg(x) =x9(1-F(x)), x=>0,qg>0.

Raising the sum U,, = X% + -+ X,2l to the power p with n > 2p, we have

- Y x2.x2, (13)

where the summation is performed over all collections of numbers iy, ...,i, €
{1,...,n}. Forr = 1,..., p, we denoted by C(p, r) the collection of all tuples
y = (y1,..., ¥ of positive integers such that y; + --- + 3. = p. Forany y €

C(p,r), there are n(n — 1)...(n — r 4+ 1) sequences X;,, .. X,p with r distinct
terms that are repeated y1, . .., ¥ times, resp. Therefore, by the i.i.d. assumption,
P =1 ... n—r+1)
Z ) > E&O). (14)
r=1 yeC(p,r)
where

1 1
E(y) = X3 ...XEV’/<n St Sun)”
and
S=X1+-+Xr, Sur=Xrp1+- -+ X,

In the following lemmas, without loss of generality, let EX = 1.

Lemma 2 For the boundedness of the sequence BT/}, it is necessary that the
moment EXP be finite. Moreover, for the particular collection y = (p) withr = 1,
we have

E&(y) = 277 nP EX? 1ixzn). 15)
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Proof Since §,(y) = Xfp/(}l X1+ ,11 Sn.1)?, applying Jensen’s inequality, we get
X3P
X1+ Es, ) Su)?
x2p
=E , n—1
(, X+75,)P

]F‘Sn ()/) > EX]

> 27 P pP EXP Lix>n)-

O
In the sequel, we use the events
n—r n—r
Apyr = ’Sn,r =< ] and B,, = {Sn,r > . (16)
2 2
By Lemma 1, whenever n > 2p, for some constant ¢ > 0 independent of 7,
P(An,) <e 7 <72, (17)
Lemma 3 IfEXP? is finite, then E§, — (EXZ)I’ asn — oo, where
& =X1“‘Xp/(n Sp~|—nSn,,,) . (18)
Proof Using X1 ...X, < S,’,), we have &, < Slz,p/(rll S)P < nP Sﬁ. Hence,
E& 1a,, < n” ESS P(A,,) = o(e™) (19)

for some constant ¢ > 0 independent of n. Here, we applied (17) with r = p and
Lemma 2 which ensures that £ Sﬁ < oo. Further, &, 1B,,,p < 21’X% . X%.Hence,
the random variables &, 1p, » have an integrable majorant. Since also &, —
X% ... Xf, (the law of large numbers) and 1p, , — 1 a.s. (implied by (17)), one
may apply the Lebesgue dominated convergence theorem, which gives E§,1p5, —
(EX?)?. Together with (19), we get Eg, — (EX?)?. O

Lemma 4 [f the moment EX? is finite, then for any y = (y1,...,v+) € C(p,r),

2y XZVr

E&(y) = 4PE "} !

1).
(s e 00
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Proof Using an elementary bound X%y' LX< Xy + -+ X))t =
S2” and applying Jensen’s inequality, we see that &, (y) < n? S7 < nP rp=! (X7 +

-+ XF). Hence,

.
E&y () 1a,, <0 rP7 Y EX] 1a,, =nP rPEXP P(Ay,) = o(e™").

k=1
(20)
On the other hand, on the set B, ,, there is a point-wise bound
2y 2y 29 2yr
X XX

E) 1, < ! o< . 1)

T TGS+ (h S+ 1P
O

Our task is reduced to the estimation of the expectation on the right-hand side of
(21). Let us first consider the shortest collection y = (p) of length r = 1.

Lemma 5 Under the condition (6),
X3P

=o(nP™. 22
(}lX1+1)P o(n"") (22)

In addition, if P{X > x} = O(x™1) for some real value q in the interval p < q <
2p, then

X%
E , ! = 0n*r9). (23)
(, X1+ 1P
Proof We have
X%p X3P 2p
= {(Xizn} + Lix,<n)

E, 1 : 1 E, :
(, Xa +1nr (, Xa +1Dr (, Xa + 1P
<nPEX? l{XZn}-i-Esz Lix <n)-

In view of (6), to derive (22), it remains to be bound to the last expectation by
o(n?~1). Integrating by parts and assuming that x = n is the point of continuity of
F(x), we have, using £, 4+1(x) — 0 as x — o0,

n
E X2 lix<n) = —n?P (1 — F(n)) + Zp/ X271 (1 = F(x)) dx
0

IA

2p / ¥ e, (x)dx = o(n?™h), (24)
0
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For the second assertion (23), we similarly have
n
2p / x2P~1=a gq(x)dx = O (n*P~1),
0

o0
EX? l{xsn) = O(nl’*‘f)+p/ xP 1 e, (x)dx = OmPTI).

n

O
Lemma 6 Lety = (y1,...,¥r) € C(p,r), 2 <r < p — 1. Under (6), we have
2y1 2yr
1 " =omP " logn). (25)
(ts. +1r

Proof 1f all y; < p/2, there is nothing to prove, since then

2y 2y,
XX "

Qs iy <EX]"...EX}" < (EXPY.
n r

In the other case, suppose for definiteness that y; is the largest number among
all y;s. Necessarily, y1 > p/2 and y; < p/2 for all i > 2. Since S, < n implies
X1 < n, we similarly have

2 2
XX

lis,<ny < EXP)Y TEX2 1ix ).
(Ls e v

To bound the last expectation, note that r — 1 < y» 4+ --- + ¥ < p/2, so that
p > 2r — 1. Hence, if x = n is the point of continuity of F(x), similarly to (24), we
get

n
E X 1ixon) <2y / XNTP e (x) da. (26)
0
Butsince yy < p—r+1,
n n
/ XN e () dx < / PV e () dx = omP~FHh, (@27
1 1

if p > 2r or p < 2r — 2, which is even stronger than the rate o(np”’l). In the
remaining case p = 2r — 1, the last integral is o(log n). This proves (25) for the part
of the expectation restricted to the set S, < n, that is,

2y 2y,
XX

1 = o711 ) 28
(}l S, + 1)p {8, <n} o(n ogn) (28)
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Note that the logarithmic term cannot be removed in the special situation where
p=3,r =2,y =2,and y» = 1, in which case the last integral in (27) becomes
Ji x 7 ea(x) dx.

Turning to the expectation over the complementary set S, > n, introduce the
events

Q= XiZmaij}, i=1,...,r
J#L

On every such set, X; < S, < rX;. In particular, S, > n implies X; > n/r. Hence,
together with (28), (25) would follow from the stronger assertion

2y 2y,
XX
x?

1

E Lix;snjney = o(n™"™h (29)

with an arbitrary index 1 <i <r.

Case 1 i > 2.1If we fix any values X; = x; and X; = x;, then the expectation with
respect to X j, j # i, in (29) will yield a bounded quantity (since the p-moment is
finite). Hence, (29) is simplified to

2 2y — —r—
EX X7 Lxzmnixizx) = o™ 7. (30)

Here, the expectation over X; may be carried out and estimated similarly to (26),
by replacing n with x;. Namely,

Xi
E X7 (x,<q) < 2)/1/ X2, (x)dx = S(x) X TP
0

with some 6(x;) — 0 as x; — oo (this assertion may be strengthened when 2y, —
p = 1). Hence, the expectation in (30) is bounded by

EX 2P (X)) Vxyzny < S0 EXT 2P 1 iyio

o0
= 8, n2VitM=2P (1 — F(n)) ~|—c,-8,,/ XTI =201 () _ F(x)) dx

n

o
e Ny / KIRWTI2 dx
n

= o(n¥itn=3p-1y

where §,, = sup,., §(x) — 0. To obtain (30), it remains to check that 2y; 4+ 2y; —
3p—1 < —r — 1. And indeed, since p = J/i+)/1+2j¢,~,1 Vi Zvityi+ @ —2),
the desired relation would follow from2 (p — (r —2)) —3p — 1 < —r — 1, that is,
p +r > 4 (which is true).
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Case 2 i = 1. If we fix any value X1 = xi, the expectation with respect to X,
j # 1, will yield a bounded quantity (since the p-moment is finite). Hence, (29) is
simplified to

E X217 Iixsp = o(n™" ).

Here, the expectation may be estimated similarly. Namely,
o
EX?"17P I{xsn) = / 7P dF(x)
n

o
=0(n2ﬂ—21’—1)+/ XTI 2 () dx = oA,
n

It remains to be seen that 2y; —2p — 1 < —r — 1. Again, since y; < p — (r — 1),
the latter would follow from 2(p —r 4+ 1) —2p — 1 < —r — 1, which is the same
asr > 2. m]

We now consider the lemmas which enable us to get a bound for ER,(,p ); see (8).
Without loss of generality, let EX = 1 and n > 2p.

Introduce additional notation: M, , = max, <<, X;and (1 <r < p).

Recall that there is the representation (13) but instead of (14) we write now

p

nmn—1...(n—r+1)
ERY = ) - Y Eny)My, 31)
r=1 y€C(p,r)
where
X xr
m(y) = !

() Sr+ ) Sprtt

In order to bound the expectations on the right-hand side of (31), we use again
the events A, , and B, ,; see (16). From elementary inequalities M,, < S, and

X7 LXT S (X X < P
it follows that 7, (y) M2 < nPH1SPH < 2ppr+1 (5P 4 §PHY) implying
Ena(y) M214,, <27nPt! (E ST P(A, ) + ESPT ESET 1AM). (32)

Here, by Lemma 1 with A = 1/2 and usingn —r > ; n, we have

1
P(An,r) =< eXP{ - 16 b2 n}, b2 = EXZ. (33)
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Also, assuming that the moment EX?*2 is finite and applying the Hlder inequality
with exponents (p + 2)/(p + 1) and p + 2, one may bound the last expectation in
(32) as

ES) 14, < (B SP“)M (P(App)) 742

By Jensen inequality, E S} 12 < pp+UEXPH2. Applying this in (32), the inequality
(33) yields an exponential bound

Enu(y) M3 1,,, <e " (34)

with some constant ¢ > 0 which does not depend on #.
As for the set B, -, we use on it a point-wise upper bound

m(y) < 2Pt x 2V1 XZ)/r/( S, 4+ 1)?*1. One may alsouse M,, < M, +M,,, <
S,—}—Mn,,,implylng,byJensensmequahty, M,% < (r+1 (X2~|— ~|—X%—|—M’%J).
It gives

5 | 2)’1 Xz)/r 5
E M?>1p  <2Ptl 41 § ' X
na(y)M;1pg,, < ( )k 1 ( S 4+ ypt p
| 271 X}%Vr 5
p+
+2P G+ 1;1 ( S +1)p+1 M, (35)

Without an essential loss, the last expectation IEM,%J may be replaced with EM,%.
The second last expectation was considered in Lemmas 5-6 under the condition (6),
which holds as long as the moment EX?*! is finite. The third last expectation in
(35), due to an additional factor X2, dominates the second last and needs further
consideration under stronger moment assumptions. Recalling (34) and returning to
(31), let us summarize in the following statement.

Lemma 7 If the moment EXP? is finite, then

271 ZVr
1 ). G, ¢
¢ERY) < e 4+ max max JEC! "oX?
I<k<r yeC(p,r) nP— r+ (n S, + 1)[’+1
1 X x
+  max E ! EM? (36)

yeClp.ry nP=r+l = (lg 4 pyp+l

with some constant ¢ > 0 which does not depend onn > 2p.

In order to obtain polynomial bounds for the expectations in (36) under suitable
moment or tail assumptions, we need to develop corresponding analogs of Lem-
mas 5—6. We will consider separately the cases r = 1,r = p,and2 <r < p — 1
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under the tail condition
P{X > x} = O(1/x"™¥) asx — oo, 37)

where o > 0 is a parameter. It implies that the moments EX? are finite for all ¢ <
p + a and is fulfilled as long as the moment EXP 1 is finite. Put e(x) = x?*% (1 —
F(x)), where F denotes the distribution function of the random variable X.

Lemma 8 Under 37)with1 <a < p + 2,

X3P
E, ! = O(nP~ot?). (38)
(, X1+ Dpt!
Moreover, for any index 1 < k <,
X%
! X2 = 0(nP~** logn). (39)

E
(, X1+ Dpt!

Proof The expectation in (38) is equal to and satisfies

2p 2p
Xl Xl
Lix =n) +

S x o ppn
n

() X1+ Dpt!
< nPTVEXP 1 ixon + EX? 1ix<p)

Similarly to (24), we get
n
BXY Ly <29 [ 607 ey dx = 0P,
0

provided that @ < p. In the case &« = p, the last integral is bounded by O (logn). In
addition,

o
EX? lixsn) = O(nl’—“)+p/ P e, (x)dx = OmP™®).
n

This proves (38) for v < p. If p < o < p + 2, then (38) holds automatically, since
then 2p < p + « and therefore the expectation in (38) does not exceed the finite
moment EX fp , while the right-hand side is bounded away from zero.

For the second assertion, one may assume that k = 1, in which case the
expectation in (39) is equal to and satisfies

2p+2 2p+2 2p+2
X B X; b's
=E Lixy=n) +

Iix
X1+ D2 (X ! e

E 1
(x4t

< nPtTExPH! Lix>ny + E x2r+2 Lix<n)-
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Here, similarly to the previous step, if « < p + 2,
n
0
In the case o = p + 2, the last integral is bounded by O (logn). In addition,

o0
E X7 1 xzm = O(n—“+1>+pf xe@)ydx = O(m~H).
n

Lemma 9 If the moment EX* is finite, then

xX?...x?
E ! P — o).
() Sp+ Dt

Moreover, for any index 1 < k < p,

X?...x?
E ! Pox? = o).
(), + Dptt

This statement is clear. The last expectation does not exceed EX* (Ex%)r—1
which is finite and does not depend on #.

Lemma 10 Lety = (y1,...,¥) € C(p,r), 2 <r < p. Under the condition (37)
with2 < o <4, foranyindex1 <k <,

2 2y

D CLEND ¢l

2 _ p—r—a+4
(’11 5, 4 1yrt X; =00 ). (40)

Proof One may reformulate (40) as the statement

2 2
XX

_ —r—a+4
(s e = 00 ) @

inwhichy = (y1,..., ) € C(p+2,r). Ifall y; < pjz, there is nothing to prove,
since then

2 2y,

XX

ol i = EXT' .. EX;" < (EXPH2Y.
n r
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In the other case, we repeat the arguments used in the proof of Lemma 6. Suppose

. . . 2
for definiteness that y; is the largest number among all y;s. Necessarily, y; > ;r s

and therefore, y; < * ;“2 forall i > 2. Since S, < n = X < n, we similarly have
2 29,
XX

(s, ot Mo < EXPETIEXT L. (42)
n°r

To bound the last expectation, note that, if x = n is the point of continuity of
F(x),

n
E X' 1ix<p) = —n*"' (1 = F()) + 21 / (1 = F(x)) dx
0

n
< 2;/1/ x2==P= e (x) dx.
0

But since y; < p —r + 3 (which follows from y; + 2+ ---+y, = p+ 2 and
y; > 1), we have

n n
/ x2—pme=l Epta(X)dx < / xP72 0 o (x) dx.
1 1

The last integral grows at the desired rate O (n”~"~%*4) as the worst case, if and
onlyif p —2r —a+5 < p—r — o+ 3, thatis, » > 2 (which is true). Thus,

Ex2y1 1{X<n} — O(npfr*a+4)

In view of (42), this proves (41) for the part of the expectation restricted to the set
Sy < n, thatis,

2y 2y,
XX

l(s,<n) = 0P~ 70T, (43)
(48 + et
Here, the worst situation is attained inthe case r =2, y1 = p+ 1, » = 1.

Turning to the expectation over the complementary set S, > n, introduce the
events

@ ={Xizmaxx;} i=1.n
j#i

On every such set, X; < S, < rX;. In particular, S, > n implies X; > n/r. Hence,

together with (43), (41) would follow from the inequality

29 2y,
X1 X

—r—a+3
gptt lxezane = 0@ ) (44)
1
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with an arbitrary index 1 <i <r.

Case 1 i > 2. If we fix any values X; = x; and X; = x;, then the expectation
with respect to X, j # i, in (44) will yield a bounded quantity (since the (p + 2)
moment is finite). Hence, (44) is simplified to

2 2yi—p—1 —r—
EX7 X7 Lxzmnixizx) = 007~ (45)

Here, the expectation over X1 may be estimated similarly to the previous step, by
replacing n with x;. Recall that y; > * ;2 and hence 2y, > p + 3.

Case 1.1 2y1 > p + «. Then, we have
2 N 2
E X" 1(x,<x) < 2)/1/ XTI ey dx < CxTPTE
0

with some constant C > 0. Hence, up to a constant, the expectation in (44) is
bounded by

o
L / N2 g (x)
n
= p2itn=2p—e=l(1 _ F(p))
(o)
+ci f X2Vt =2r=e=2 (1 _ F(x))dx
n
— 0(n2y,~+2y173p72a71)

o
+Ci / x2yl-+2y1—3p—205—28(x) d.x
n

— 0(n2)/i+2)/1 73[7720(71).

To obtain (45), it remains to check that 2y; +2y; —3p — 20 — 1 < —r —a + 3.
And indeed, since

p=vitn+ Y viZvity+-2),
j#i

the desired relation would follow from2 (p — (r —2)) -3p—20—1 < —r—a+3,
thatis, p +r > « (which is true since @ < 4 while p, r > 2).
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Case 1.2 2y; < p + a. Then, I[-EX%)/1 lix,<x} < E XP™® which is bounded in x;,
and the expectation in (44) does not exceed up to a constant

o0
EXZrl :/ X =p=1 g p ()
n
= pit=r=l (1 — Fn))
o
+c,~/ x2Vit2=P=2 (1 — F(x))dx
n
— O(nz)/i+2y172p70[71)

(.¢]
+Ci/ x2)ﬁ'+2)/172p70(728(x) d.x
n

= O(n¥ritin—2p—a=ly
To obtain (45), it remains to check that
2 +2y —2p—a—1<—r—a+3.

And indeed, by (45), the desired relation would follow from 2 (p — (r —2)) —2p —
o¢—1<-—r—a+3,thatis, r > 0.

Case 2 i = 1. If we fix any value X1 = x; in (44), the expectation with respect to
Xj, j # 1, yields a bounded quantity. Hence, (44) is simplified to

Ex2y17p71 1{X2n} — O(nfr*d+3).

We have

o0
EXP " Lxzn = / X2 PLAF (x)

n

= n P71~ F(n))

+2en—-p-1) fooxzﬂ—"—z (1 — F(x))dx

— 0(n2y1—2p—a—1) n /ooxzyl_Zp—a—ZS(x) dx

n

— O(nz)/[72p70t71)‘

It remains to be seen that 2y; —2p —a — 1 < —r —a + 3, thatis, 2y +r < 2p+4.
But this follows from p +2 =y1+---+ ¥ 2y + (= 1) >y + 5.
O
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4 Proofs of Main Results

Proof of Theorem 1 Fix k > 3. In the following, we omit k in notation when it is
not necessary. So we write S, = S, (k), A = A(k), Z = Z, and I = I (k). We say
that a random variable V has a mixed Poisson distribution with mixing distribution
F when, for every integer m > 0,

Am
P(V = m) =E<eA )
m!
where A is a random variable with distribution F.

We have for any real function s : {0, 1,2, ...} - R

[EA(Sn) — ER(2D)| < ElEw, ... .w, n(Sn) — Ew, ..w,h(V)| + [ER(V) — ER(Z)].
(46)

For each @ € I, define B, = {f € I : @ and $ have at least one edge in common}.
Put

bi=Y_ " pabp

ael BeBy

where py = Ew,,. w, Yo :

by=Y Y P

ael a#BEBy

where pog = Ew, .. w, Yo Yp.

Note that, for any « € I and 8 € I \ B, the cycles o and § may have joint
vertices but they do not have any edge in common. Therefore, for such o and
B, the random variables Y, and Yg are conditionally independent given weights
Wi, ..., W,. Thus, by Theorem 1 in [2], proved with the Chen—Stein method and
relations (2) and (46), we get

LSy (k) = L(Z) || S E(br + b2) + [EA — A(K)], (47)

where we write here and in the following that A, < B, or A, 2 B, when there
exists a positive constant ¢ not depending on n such that A, < c¢B, or A, > cBy.

For random variables b and by, we get, cf. (14), by the i.i.d. assumption and
simple inequality for positive ¢ and d : 2cd < ¢ + d*

2k -1

—D...(n— 1

Ebi+by 5 3 2T T S mpg), e
p=k+2 r=k n y€C(p,r)
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where
2y1 2y 1 1 P
%(7/)=W1 ---Wr /(l’l Lr+nLn,r)
and

Ly=Wi+--+ W, Ln,r: 1+ o+ W

For example, we have minimal values p = k 4+ 2 and r = k + 1 for the cycles
a=(1,2,....,k)and B =(1,2,...,k— 1,k + 1). Then,

Epog SEWIWS . Wi WEWE, /Ly
We have maximal values p = 2k and r = k for the cycle = (1, 2, ..., k). Then,
EpZ <EW}...w//LX*.

Lemmas 4 and 6 and inequality (48) under condition (4) imply

logn
E(b1+b2)=o( ¢ ) 49)

Now, we construct an upper bound for the last summand in (47).
It is clear that

1
EA < E

= o (50)

Lk

n

((W12+-~-+W,$)k)

On the other hand, note that for a positive a and positive sequence {x;},i =
1,2, ...k, we have (see, e.g., Lemma 8 in [17])

k
I1 Lo Y
.1a+xi_ak ak+1
1=
Therefore, by the i.i.d. assumption, we get

2, ... 2\k
EA > 1IE Wi+ + W)
~ 2k Lk

n

k—1
nmn—1...(n—r+1)
-1y i > Eyu»)
r=1 y€C(k,r)
271 ZVr
WL W,
_ c2 Z E ( 1L k-’_r1 ) ’ (51)
" yeC(k+1,k) (Ln/n)

where ¢; and ¢, do not depend on 7.
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Combining Lemmas 4 and 6 and relations (7), (47), (49), (50), and (51), we finish
the proof of Theorem 1. O

Proof of Theorem 2 We split the proof of the theorem into several steps. Without
loss of generality, let EX = 1.

Necessity By Lemma 3, for the convergence E7,Y — (EX?)?, it is necessary that
all summands in (14) with r < p should be vanishing at infinity. In particular,
for the shortest tuple y with r = 1 as in Lemma 2, it should be required that
n'"PEE,(y) — 0asn — oo. Hence, from the inequality (15), it follows that

EX? Lix>ny = o(1/n).

This relation may be simplified in terms of the tails of the distribution of X.
Indeed, E X? 1(x>,y > n?P{X > n}, so that the property (6) is necessary for
the convergence ET? — (EX?)P.

Sufficiency and Rate of Convergence First, note that the condition (6) ensures
that the moment EX? is finite. For the convergence part of Theorem 2, we apply
Lemmas 4-6, which imply that E&,(y) = o®m?™") for any collection y =
(v1, ..., vr) withr < p. It remains to take into account Lemma 3 about the longest
tuple y = (1, ..., 1) of length r = p and to recall the representation (14).

Turning to the rate of convergence, first, note that by Lemmas 4 and 6, for any
y € C(p,r)ywith2 <r <p—1,

nm—1...(n—r+1) Eé, () = 0(10511) (52)

nbP

For the shortest tuple y = (p) with r = 1, we apply Lemma 5 withg = p + % and
thus assume that P{X > x} = O(x ™7 ’3). Together with Lemma 4, this gives

n 1
L E&() = 0 (53)

o)
Note that with this tail hypothesis, necessarily, EX# < oo forany g < p + ; Since

p > 2, we have that the third moment EX? is finite. Applying both (52) and (53) in
the representation (14) and using (20), we thus obtain that

ET = E&ls,, + O(1/vn), (54)

with &, defined in (18).

An asymptotic behavior of the last expectation in (54) remains to be studied.
Note that ,11 Sp > ,11 Sn,p = é on the set B, , as long as n > 2p. Applying the
Taylor formula, we use an elementary inequality [x ™7 — 1| < p2PT!|x — 1| for

x> é In particular, on the set B, p, one has ‘(’11 Sp) P — 1‘ < pZerl ‘}l Sy — 1‘.
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This gives
1 1
& — X2... X2 13,1,,,gpzpﬂxf...xf,‘l—ns,,—nSn,,,‘
1 2p+1
5p2p+1x%...xf,‘1—nsn,,,‘+pn X3... X35,

so, taking the expected values,

1
|E&,15,, —EX]...X215,,| < p2"* (EX>PE ‘1 - Sn,,,‘

2p+1
+ P77 mx)rEX3,
n

In view of (17),
EX% .. X% 1Bn.p = EX% L. X?] +e " = (EX2)p + 0(@7”1).

for some constant ¢ > 0. Recalling (20), we thus get that

1
[, — EX2?| < p2r @XHPE|1 = S|
n

2p+1
+ P77 BxHPEX + oM.
n
Finally,
1 1 1
E| Sip—1|= ElSi,—nl = EIS,—@-pl+’
n n n n
1 1
< s+’ < VEX 4D
n n Jn n
It remains to refer to (54). |

Proof of Theorem 3 Let us apply Lemmas 8-10 in the inequality (36). Using the
bounds for the cases r = 1,7 = p,and 2 < r < p — 1 and assuming that (37) is
fulfilled for an integer p > 2 and a real number 2 < o < 4, they imply that

(» e 1 1 1 logn 1 logn
ER;” = e + (na—z T na—3) (na—z a2

) EM2,

where the constant ¢ > 0 does not depend on n. To simplify, we have to assume that
a > 3 leading to

+ EM?. (55)
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The last expectation in (55) may also be estimated in a polynomial way. Namely,
since, for any ¢ > 2, one has M,% < (X% + -+ XZ)2/‘1, we get, by Jensen’s
inequality,

2 q q 2 2 2
EM? < (BX? 4. +EX{)s = na (EX?)4.

Therefore, choosing 2 < ¢ < p + « to be sufficiently close to p + « and using
o =7/2, from (55), we obtain (9).

When EX P14 is finite, we get (10).

At last, to prove (11), note that the finiteness of the exponential moment of X is
actually equivalent to the family of moment bounds (EX9)!/4 < cq, forq > 1,
which for g > 2 give

EM? <EX] +--+ XD < EX] +--- +EX))?? < (cq)*n*/1.

Choosing here g to be of order log n, we arrive at EM,% < C (logn)? with a constant
C independent of n. Applying this bound in (55) with « = 4, we then obtain the
much better rate as in (11). |
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