HIGHER ORDER CONCENTRATION OF MEASURE
S.G. BOBKOV, F. GOTZE, AND H. SAMBALE

ABSTRACT. We study sharpened forms of the concentration of measure phenom-
enon typically centered at stochastic expansions of order d — 1 for any d € N.
The bounds are based on d-th order derivatives or difference operators. In par-
ticular, we consider deviations of functions of independent random variables and
differentiable functions over probability measures satisfying a logarithmic Sobolev
inequality, and functions on the unit sphere. Applications include concentration
inequalities for U-statistics as well as for classes of symmetric functions via poly-
nomial approximations on the sphere (Edgeworth-type expansions).

1. INTRODUCTION

In this article, we study higher order versions of the concentration of measure
phenomenon. Referring to the use of derivatives or difference operators of higher
order, say d, the notion of higher order concentration has several aspects. In par-
ticular, instead of the classical problem about deviations of f around the mean Ef,
one may consider potentially smaller fluctuations of f —Ef — f; — ... — f4, where
fi,. .., fqare “lower order terms” of f with respect to a suitable decomposition, such
as a Taylor-type decomposition or the Hoeffding decomposition of f.

Starting with the works of Milman in local theory of Banach spaces, and of Borell,
Sudakov, and Tsirelson within the framework of (Gaussian processes, the concentra-
tion of measure phenomenon has been intensely studied during the past decades.
This study includes important contributions due to Talagrand and other researchers
in the 1990s, cf. Milman and Schechtman [M-S|, Talagrand [T], Ledoux [L1], [L2],
IL3]; a more recent survey is authored by Boucheron, Lugosi and Massart [B-L-M].

As another previous work, let us mention Adamczak and Wolff [A-W]|, who ex-
ploited certain Sobolev-type inequalities or subgaussian tail conditions to derive ex-
ponential tail inequalities for functions with bounded higher-order derivatives (eval-
uated in terms of tensor-product matrix norms). While in [A-W], concentration
around the mean is studied, the idea of sharpening concentration inequalities for
(GGaussian measures by requiring orthogonality to linear functions also appears in
Wolff [W] as well as in Cordero-Erausquin, Fradelizi and Maurey [CE-F-M].

Our research started with second order results for functions on the n-sphere or-
thogonal to linear functions [B-C-G|, with an approach which was continued in
|G-S] in presence of logarithmic Sobolev inequalities. This includes discrete models
as well as differentiable functions on open subsets of R™. Here, we adapt in particular
Sobolev type inequalities introduced by Boucheron, Bousquet, Lugosi and Massart
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[B-B-L-M]|, and thus extend some of the results from |G-S| to arbitrary higher or-
ders. Developing the algebra of higher order difference operators, we moreover came
across a higher order extension of the well-known Efron—Stein inequality.

1.1. Functions of independent random variables. Let X = (X,...,X,,) be
a random vector in R™ with independent components, defined on some probability
space (2, A, P). First, we state higher order exponential inequalities in terms of the
difference operator which is frequently used in the method of bounded differences.

Let (X1,...,X,) be an independent copy of X. Given f(X) € L*(P), define
Ef(X) :ﬂf = f(Xl,...7X7;71’XZ"X7;+1’...7X7-L>7 1= 1,...,’)7,,

(1) S = G I = T (Xer B = (i B,

where ||-||; o denotes the L>-norm with respect to (X;, X;). Depending on the ran-
dom variables X, j # ¢, b; f thus provides a uniform upper bound on the differences
with respect to the i-th coordinate (up to constant). Based on b, it is possible to
define higher order difference operators b;, ;, (d € N) by setting

O, f HH (1d—T,) f(X)

T yeenyld,00

(1.2) , p
o LS IR SIC D DI S (6 ol I
k=1 1<s1<...<s,<d Hoeeitd,00
where T;, 5, = Tj, o ... 0T, and [|-[[s,. i, 00 denotes the L*°-norm with respect to

Xigy ooy X andX“,.. X;,. For instance,

biif = Hf Tif =T;f +Tijfllijoo forij.
Based on ([1.2), we define hypermatrlces of d-th order differences as follows:

(1.3) (b(d)f(X))il...z‘d _ {hil...idf(X), if 41,...,iq are distinct,

0, else.

For short, we freely write h@ f instead of @ f(X). Since Tj; = T;, we necessarily
have b, f = %Iji f. Therefore, removing the d-th order differences in which some in-
dexes appear more than once can be interpreted as removing lower order differences.

Moreover, define |h@ f|ys to be the Euclidean norm of h¥ f regarded as an ele-

ment of R™. For instance, |h® f|ug is the Buclidean norm of hf, and [h® f|ug is
the Hilbert-Schmidt norm of the “Hessian” h® f. Also, put

1/
(1.4) 169 fllus,p = (EIDDFg) ™ p e (0,00].
Using these notations, the following result holds for any fixed integer d =1,...,n
Theorem 1.1. Let f = f(X) be in L>®°(P) with Ef = 0. If the conditions
(1.5) 16® flluse <1 (k=1,...,d—1)

and

(1.6) 15D £ 500 < 1
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are satisfied, then, for some universal constant ¢ > 0,

Eexp (c|f[*4) < 2.

Here, a possible choice is ¢ = 1/(208¢).

In the case d = 1, does not contain any constraint, while (1.6) means the
boundedness of fluctuations of f along every coordinate. Here we arrive at the well-
known assertion on Gaussian deviations of f(X). For growing d, the conclusion
is getting somewhat weaker, however it holds as well under the potentially much
weaker assumptions (L.5)-(1.6). To interpret them in case d > 2, let us recall the
notion of a Hoeffding decomposition, introduced by Hoeffding in 1948 [Hoe|. Given
a function f(X) € L'(P), it is the unique decomposition

(1.7) FX LX) =BAX) + Y h(X)+ Y hi(Xi X))+

1<i<n 1<i<j<n
=fothi+tfot...+/a

such that E; h;, . (X;,,...,X;,) =0 whenever 1 <i4; < ... < i, <mn,s=1,...,k,
where [E; denotes the expectation with respect to X;. The sum f, is called Hoeffding
term of degree d or simply d-th Hoeffding term of f. Provided that f(X) € L*(P),
the system {f;(X)}", forms an orthogonal decomposition of f(X) in L*(PP).

It is not hard to see that b;, . f = bi, 4, ( Yo fi) whenever i; < ... <1y, k <d.
In this sense, controls the lower order Hoeffding terms fi,..., f4s_1, while the
behaviour of >, f; is mainly controlled by (1.6). The relationship between these
two conditions may be illustrated by considering a special class of functions f like
multilinear polynomials, that is

(1.8) FXay o Xa) = ag+ ) alXi+ Y XX, + .
i=1 i<j
=fotfi+tfot...+1n (o € R).

Proposition 1.2. Let Xy,...,X,, be bounded and such that EX; =0, EX? =1 for
i=1,....d. If f(X) is a multilinear polynomial (L.8) of the form f = 3 ",_, fx,
then (1.6 implies (1.5).

Note that under the conditions of Proposition the Hoeffding decomposition of
f can be read off the polynomial structure: h;, ; (X, ..., X;,) = iy 0, Xiy -+ X, -
In particular, let Xy,..., X, be independent Rademacher variables, i.e. X;’s have
distribution %6“ + %5_1, where ¢, denotes the Dirac measure in x. In this case, any

function f(X) can be written as a multilinear polynomial with coefficients

iy gy, = Ef(Xb . 7Xn) Xi - X

This representation is known as Fourier—Walsh expansion of f. Consequently, The-
orem [1.1] yields a d-th order concentration result on the discrete hypercube, and if f
has Fourier-Walsh expansion of type f = Y ,_, fi satisfying (L.6)), the concentration
bound given in Theorem [I.1] holds.

Using Rademacher variables in Theorem gives rise to a concentration inequal-
ity for U-statistics with completely degenerate kernel functions. There are many

results on the distributional properties of U-statistics (cf. de la Pena and Giné
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ID-G]| for an overview). Starting with Hoeffding’s inequalities (e.g. [D-G|, Theo-
rem 4.1.8), we especially refer to the results by Arcones and Giné [A-G| and Major
IM|. By combining elements of the proof of Theorem and a classical result on
randomized U-statistics by de la Pena and Giné, we arrive at the following;:

Corollary 1.3. Let Xy,..., X, be i.i.d. random elements in a measurable space
(S,8), and h be a measurable function on S (1 < d < n) such that |h| < M for
some constant M. If h is completely degenerate, i.e. E;h(Xq,...,Xy) = 0 for all
i=1,...,d, then, for some positive constant ¢ = c(d, M), the U-statistic

n—d)
f(Xy,.. . X)) = % > h(Xi, . X,)
1. Fig

satisfies
Eexp (cn |f|2/d) < 2.
By Chebychev’s inequality, Theorem immediately yields a deviation bound
P{|f(X)| >t} < 27", t>0.

More precisely, we get refined tail estimates similar to Adamczak [A], Theorem 7,
or Adamczak and Wolff [A-W], Theorem 3.3.

Corollary 1.4. Let f = f(X) be in L>(P) with Ef = 0. For all t > 0, putting

t2/d t2/k
ny(t) = min <—2d _nin —2k>
6@ FlIe o E=ted=1 |0 RS,

we have
P{|f| >t} < e exp{—n;(t)/41(de)?}.

Moreover, it is possible to give a version of Theorem for suprema of suitable
classes of functions. To this end, we need some more notation. Let § be a class
of functions f = f(X) in L*°(P), where as before X = (Xj,...,X,) is a vector of
independent random variables. Then, for iy # ... #ig, d=1,...,n, we define

b, (8) = sup by, i, f(X)
feF

as a structural supremum (eventually taken over a countable subset of §), and put

0, else.

N i, (&), ifag, .. 14 are distinct,
(o <d><s>>h...id={ al® it

The notations used in (|1.4]) are similarly adapted. This leads to the following result.

Theorem 1.5. If |h*®)(F)|luse < 1 for allk =1,...,d—1 and |h*D(F)|lus.co < 1,
then

Eexp{c|sup|f| — Esup |f|[**} <2
fe¥ NS

with some universal constant ¢ > 0.
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Finally, to provide another application, recall the example of additive functionals
of partial sums (e. g. random walks)

(1.9) SfZSf(X)ZZn:f(Zi:Xj>-

In [G-S| we proved a second order concentration result for functionals of this type,
which may be reproved and somewhat sharpened by applying Corollary

Proposition 1.6. Given a bounded, Borel measurable function f: R — R, for any
t >0,

2 t
P(|S; —ES;| >t) < e? exp{ — cmin , ,
(15 ~ES7| 2 1) { (e ) )

where ¢ > 0 is some numerical constant.

1.2. Higher order Efron—Stein inequality. Given independent random variables
X1,...,X,, we denote by E; f(X) = E;f and Var; f(X) = E; (f(X) — E; f(X))? the
expected value and variance with respect to X;. By a well-known result of Efron
and Stein [E-S], the variance functional is subadditive in the sense that

(1.10) Varf(X) §Ezn:Varif(X).

It is possible to restate (1.10)) in terms of difference operators which we introduce
below. As before, let X,..., X, be a set of independent copies of X;,..., X, and
Tif = f(X1,..., X1, X5, Xit1, .., X»n). We use E; to denote the expectation with
respect to X;, and put z, = max(z,0) and x_ = max(—z,0) for a number z.

Definition 1.7. Let f(X) = f(Xi,...,X,) be a measurable function. For i =
1,...,n, under proper integrability assumptions, put:

(i)
0, f(X) = (Vari f(X))'", of = (01f, ., 0nf);
(i)
D.f(X) = (X) ~ E:f (X), Df = (Dif,-.. Duf)
(iii)
1 _ 1/2
0f(X) = (GEUGE) -THXP) 7, of = @uf. o)

(iv)

o F(X) = (3RO -TFOOR) " 0 =0 f 0t
(v)

o 1(%) = (RGO -Tr02) " o f = s 0,



6 S.G. BOBKOV, F. GOTZE, AND H. SAMBALE

Various relations between these difference operators are discussed in Section 3. In
particular, it is easy to see that, for f(X) € L*(P),

(1.11) Eloff’ =E[DfP =E[pf = 2E[o* f" = 2E [0~ f*.

where | - | denotes the Euclidean norm in R™. Therefore, we may equivalently state
the Efron-Stein inequality as

Varf <E|of>,  Varf <E|Df*>,  Varf <E[of]?

(1.12) B
Varf <2E[pTf[> or  Varf <2E[|0" f]*

Equality in holds iff the Hoeffding decomposition of f consists of the expected
value and the first order term only, namely for f(X) =Ef(X)+>_", h;(X;). Thus,
the Efron—Stein inequality may be restated as the fact that any product probability
measure satisfies a Poincaré-type inequality with respect to any of the difference
operators v, ® and 0 with constant o = 1 (like below). The same statement
applies as well to the difference operators 9+ and 0~ but with constant o2 = 2.

To introduce higher order versions of the Efron—Stein inequality, we need to define
higher order differences based on the difference operators from Definition [.7] For
9, this is achieved by iteration, i.e. ©;;f = D,;(D,f) or, in general, ©;, ,;,f =
Di (oo (D4, f)) for 1 <y, ...,iq < n. To generalize v, we set similarly to (|1.2)

S=

(1.13) p
i 2\ 1/2
= (B (FO+ XD Y B, f(0) )
k=1 1<s1<...<sp<d
Here, E;, . ;, means taking the expectation with respect to X;,,..., X;,. For instance,

1/2
v f = (Eij(f_Eif_Ejf+]Eijf)2> ; I<i<y<n.

In particular, v,; f # (Varijf)lﬂ. One major difference is that v;; f annihilates first
order Hoeffding terms, but Var;; f does not. Similar remarks hold for any d > 2.
Finally, in case of 0, we define

0, i, f(X) = ( E,,. m(ﬁ [d—T.) f )>2>1/2

(1.14) p
1 - & 24 1/2
= (57 B (DD D0 T FO) )
k=1 1<s1<...<s,<d
Here, E;, ;, means taking the expectation with respect to X, ..., X;,, recalling

that T}, ,, = T; o...oT;,. For 0%, a variant of (1.14)) holds by setting

Djf Zdf(X) = (%En...z‘d (ﬁ(ld_ Tu)f(X))i)l/Q‘

S=
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In the same way as in (1.3]), we may define d-th order hyper-matrices with respect
to any of the difference operators introduced above, e. g.

(U(d)f)il . v, f, if i1, ..., 14 are distinct,
0, else.

The hyper-matrices D@ f, 9@ f and 9*@ f are defined analogously. As in case
of h £, we equip these hyper-matrices with the respective Hilbert-Schmidt type
norms. We are now ready to formulate the following generalization of (|1.12]).

Theorem 1.8 (Higher Order Efron-Stein Inequality). Let X;,..., X, be indepen-
dent random variables, and assume that f(X) € L*(P) admits a Hoeffding decom-
position of type F=Ef+>,_,fc for some 1l <d<mn. Then

Va’rf < ]E |U f’Q Varf < E |© f|2 Varf < ]E ‘D f|2
Moreover,
2 2
Varf < EE‘DHCD]F’Q and Varf < EE’af(d)ﬂQ'

Equality holds if and only if the Hoeffding decomposition of f consists of the expected
value and the d-th order term only, i.e. f=Ef + fq4.

In particular, Theorem yields the following formula for the variance of an
arbitrary function f = f(X) € L*(P) with Hoeffding decomposition f =7 _, fi:

(1.15) Varf =3 SBp® A7 =3 SEDW AP =3 SERO AL
k=1 k=1 k=1

This result is related to the work of Houdré [Hou|, who studied iterations of the
Efron—Stein inequality for symmetric functions in the context of the jackknife esti-
mate of the variance. In particular, he obtained formulas for the variance in terms
of certain higher order difference operators adapted to this situation. Following
the lines of our proofs, it is possible to extend his results to arbitrary functions of
independent random variables. To provide an example we may prove that

(1.16) Varf = Z Ew fI%,

which is an extension of (1.3) from [Hou]. As always, here the difference operator v
can be replaced by @, 0 and (up to a factor 2) d*.

1.3. Differentiable Functions. In the following we shall develop higher order con-
centration in the setting of smooth functions on R”. Here we may derive similar
results in the spirit of Adamczak and Wolff [A-W], when the underlying probabil-
ity measure satisfies a logarithmic Sobolev inequality. Let us recall that a Borel
probability measure p on an open set G C R" is said to satisfy a Poincaré-type
and respectively a logarithmic Sobolev inequality with constant o? > 0, if for any
bounded smooth function f on G with gradient V f, respectively

(1.17) Var,(f) < 02/]Vf]2 dp,
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(1.18) Ent,(f?) §202/|Vf]2du.

Here, Var,(f) = [ f2dp— ([ fdp)? is the variance, and Ent,(f*) = [ f?log f*du—
[ f*du log [ f*du is the entropy functional. Logarithmic Sobolev inequalities are
stronger than Poincaré inequalities, in the sense that implies .

Given a function f € C%(G), we define f@ to be the (hyper-) matrix whose entries

(1.19) fD @)y =0, 0, f(x), d=1,2,...

11...id
represent the d-fold (continuous) partial derivatives of f at x € G. By considering
f9(x) as a symmetric multilinear d-form, we define operator-type norms by

(1.20) |f(d)($)|op = sup {f(d)(x)[vl, ceug)s o] = ug| = 1}.

For instance, | f!(x)|op is the Euclidean norm of the gradient V f (), and | f® (z)|op
is the operator norm of the Hessian f”(z). Furthermore, similarly to (1.4}, we will
use the short-hand notation

1/p
(1.21) 1F N opp = (/Glf(d) gpdu> ., pe(0,00].

We now have the following results, assuming that p is a probability measure on
G satisfying a logarithmic Sobolev inequality with constant o > 0.

Theorem 1.9. Let f: G — R be a C%-smooth function with fodu =0. If

(1.22) 1f®ope < min(1,64%)  Vk=1,...,d—1
and
(1.23) 1F D Nlopee < 1,

then with some universal constant ¢ > 0 we have

C
[ e {S1rP}dn < 2
G g

Here, a possible choice is ¢ = 1/(8¢). If f has centered partial derivatives of order
up to d — 1, it is possible to replace by a possibly simpler condition. To
this end, as in the previous section, we need to involve Hilbert—Schmidt-type norms
| £ (x)|us which are defined by taking the Euclidean norm of f@(z) € R™. As in
(T4, | f9|lus 2 then denotes the L:norm of |f@|gs. In detail:

Theorem 1.10. Let f: G — R be a C%-smooth function such that fodp, =0 and
fGaz-lmikfd,u =0forallk=1,...,d—1 and 1 <iy,...,5 <n. Assume that

1f @ ls2 <1 and 15 @ llopee < 1.

Then, there exists some universal constant ¢ > 0 such that

c
/ exp {—2 |f\2/d}d,u < 2.
G o

Here again, a possible choice is ¢ = 1/(8¢). Note that, by partial integration, if u
is the standard Gaussian measure, the conditions [, fdu =0 and [, 9;, 4 fdp =0
are satisfied if f is orthogonal to all polynomials of (total) degree at most d — 1.
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As in case of functions of independent random variables, it is possible to refine
the tail estimates implied by Theorem [L.9

Corollary 1.11. Let f: G — R be a C%-smooth function such that fG fdu=0. For
any t > 0, putling
£2/d £2/k

o)

_— min
2/d LA _
o2 f@D[5d T =temd=1 g2|| fB)|

np(t) = min(

Op,2

we have
u([f] > 1) < e exp{—n;(t)/(de)?}.

Note that for d = 2 and functions f(X) = Z” a;; X;X;, where Xi,..., X, are
independent with mean zero, this yields Hanson—Wright type inequalities.

Possible applications of Theorem include functionals of the eigenvalues of
random matrices. As in [G-S], we consider two situations. First, let {{;x}1<j<k<n
be a family of independent random variables, and assume that the distributions of
the &;,’s all satisfy a (one-dimensional) logarithmic Sobolev inequality with
common constant o?. Putting & = &; for k < j, consider a symmetric N x N
random matrix = = (/v N)1<jr<ny and denote by u™¥) = y the joint distribution
of its ordered eigenvalues \; < ... < Ay on R¥ (note that \; < ... < Ay a.s.).

Secondly, we consider S-ensembles: for 8 > 0 fixed, let MEBNV) = ™) = i be the
probability distribution on RY with density given by

N

1 1 1
—BNH(A

(124)  p(dN) = —eNHNax - HO) = §k§:1jV(Ak)——N > log(h — M)

N 1<k<I<N

for A\ = (Ai,...,An), At < ... < Ay. Here, V: R — R is a strictly convex C%-smooth
function, and Zx is a normalization constant. For § = 1,2,4, these probability
measures correspond to the distributions of the classical invariant random matrix
ensembles (orthogonal, unitary and symplectic, respectively). For other 3, one can
interpret as particle systems on the real line with Coulomb interactions.

In both cases, the probability measure y satisfies a logarithmic Sobolev inequality
with constant of order 1/N (see [G-S] for details). Throughout the rest of this
section, we consider the probability space (R™,BY, i), where p is one of the two
probability measures introduced above, supported on the set A\; < ... < Ay.

In |G-S|, we studied concentration bounds for linear and quadratic eigenvalue
statistics. Those results may be reproved (up to constants) using Theorem and
by Corollary it is moreover possible to give slightly more accurate estimates for
the tails. In the sequel, we will rather study a related problem, namely multilinear

polynomials in the eigenvalues A, ..., Ay. That is, we consider functionals of type
(125) Z a/il...id)\il e Aid'
17 Flg

. d —

Here, a;,..;, are real numbers such that for any permutation o € S%, as(i))...06,) =

ai,..i,, and a;,._;, = 0 whenever the indexes 1, ..., 7, are not pairwise different. This
. . . d .

gives rise to a hypermatrix A = (a;, ;,) € R™, whose Euclidean norm we denote by

| Allns. Moreover, set ||Allc = max;, < <, |G-
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According to the framework sketched in Theorem [I.10] we shall not only center
around the expected value of but also around some “lower order” terms in
order to arrive at centered derivatives of order up to d — 1. We work out details
for d =1,...,4. To facilitate notation, let us introduce the following conventions:
by u[-], we denote integration with respect to the measure p. Moreover, set \; =
A — p[\i]. For any subset {iy, ... ig} € {1,..., N}, write A, i, = A, -+ Ai,. Now
(similarly to Theorem 1.4 in [G-S-S|) define the functions

N
= E ai)\ia
=1

£ = ai;(Ng — ulhig)),

i#£]

fzs(\) = Z @ik (ijk: — pu[Xije] — BXiM[Xjk])a
i#j#k

f4()\) = Z aijkl()\ijkl - MP\ijkz] - 4)\iﬂ[)\jkl] - 6>\ijﬂ[>\kl] + 6#[)\1'3']#[)\/@1])-
i£jFkA

Applying Theorem and recalling that the Sobolev constant of p is of order 1/N
immediately yields the following result.

Proposition 1.12. Let u be the joint distribution of the ordered eigenvalues of = or
the distribution defined in (1.24). For the functions fq4, d =1,...,4, defined above,
with some constant ¢ > 0, we have

exp ’fd’Q/d <2
/ {HAHM }

ex |fal?} dp < 2.
/ {HAW }

If 1 is the eigenvalue distribution of =, ¢ depends on the logarithmic Sobolev constant
o2, and if p is the B-ensemble distribution (1.24)), ¢ depends on 3 and the potential

function V. In particular,

cNt?/4 ot2/d
ullfal= 1) < 2exp{ — b <oepf - L
Al [EES

and moreover

The bounds may be somewhat sharpened by applying Corollary [1.11], We omit
details. In particular, Proposition implies that if we “recenter”

S, (d=1,...4)

117 Flg

in such a way that all derivatives of order up to d — 1 are centered (cf. the definition
of the functions f; given above), we obtain exponential concentration bounds which
yield fluctuations of order Op(1). For d = 2, we thus get back a result shown in
Proposition 1.12 from [G-S|. These bounds may be extended to higher orders d > 5.
In some sense, this may be seen as an extension of the self-normalizing property of
linear eigenvalue statistics for a special class of higher order polynomials.
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1.4. Functions on the unit sphere. As a particular case, one may consider (real-
valued) functions defined in some open neighbourhood G of the unit sphere

Sl ={z e R": |z| =1}, n>2,

which we equip with the uniform, or normalized Lebesgue measure o,,_;. Since any
C4-smooth function on S"~! can be extended to a C-smooth function on R \ {0},
this means no loss of generality. We then restrict the usual (Euclidean) derivatives
of f to S™1, which allows to use the definitions of the hyper-matrices (1.19)) with

operator norms (L.20), together with the LP-norms | f@|op, in (-21) taken with
respect to ,_1. This yields the following analogue of Theorem [1.9

Theorem 1.13. Let f be a C*-smooth function on some open neighbourhood of S™
with [4,, fdo,_1 = 0. Assume that

1P lope < n~@R/2 Vik=1,...,d—1

and | fD(0)|op, < 1 for all @ € S"~1. Then, for some universal constant ¢ > 0,

/s exp{(n — 1) [f"/*/(8¢)} do s < 2.

Moreover, an analogue of Theorem|[I.10]also holds, which is particularly interesting
for the class of p-homogeneous functions. Recall that a function f on R™\ {0} is
p-homogeneous for some p € R, if f(Az) = AP f(x) for all z # 0 and A > 0.

Theorem 1.14. Suppose that a C%-smooth function f on R™\ {0} is p-homogeneous
for some real number p > d — 3 and is orthogonal in L*(0,_1) to all polynomials of
total degree at most d — 1. Moreover, assume that

(1.26) ||f(d)||HS,2 <1 and ”f(d)HOpm <L

Then, with some universal constant ¢ > 0

c
/exp{—2]f|2/d} dp < 2.
a o

A possible choice is ¢ = 1/(8e). The same holds forp <d—3, ifn>d—p—1.

Recall that the Hilbert space L*(S™!) can be decomposed into a sum of or-
thogonal subspaces Hy,d = 0,1,2,..., consisting of all d-homogeneous harmonic
polynomials (in fact, restrictions of such polynomials to the sphere). This fact is
mirrored in the orthogonality assumptions from Theorem If f is not a homo-
geneous function, the bounds from Theorem remain valid assuming , but
instead of orthogonality to polynomials of lower degree we have to require that f
and all its partial derivatives of order up to d — 1 are centered with respect to o,,_1.

In Theorem we use the usual (Euclidean) derivatives of functions defined in
an open neighbourhood of the unit sphere. In applications, this is usually sufficient.
There is also a notion of intrinsic (spherical) derivatives (cf. Section 5), and it is
possible to obtain an analogue of Theorem for these derivatives as well.

To fix some notation, denote by Vg f the spherical gradient of a differentiable func-
tion f: S"! — R and write D;f = (Vsf,e;), i =1,...,n, for the spherical partial
derivatives of f. Here, e; denotes the i-th standard unit vector in R". Higher order
spherical partial derivatives are defined by iteration, e.g. D;;f = (Vs(Vsf, e;),ei)
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for any 1 <4,j < n. Note that in general, D;;f # D;;f. If f € C*(S"™1), we denote
by D?f(0) the hyper-matrix of the spherical partial derivatives of order d, i.e.

Similarly to (1.20)), let | D@ f(6)|o, be the operator norm of D@ f(6). Finally, write

(a) (@) ¢ e
(1:28)  ID9flops = ([ 1D flp,donn) ", pe (0,00,
Snfl
We have the following “intrinsic” version of Theorem [I.13]

Theorem 1.15. Let f be a C*-smooth function on S™* such that [, f do,—1 = 0.
Assume that

IDW¥ fllope < n @ R2 k=1, ,d-1,
and |[DD f(0)|op < 1 for all € S, Then

/Sn_l exp{(n — 1) | f[*//(8e)} do—y < 2.

1.5. Outline. In Section 2, we give the proofs of the theorems and corollaries from
Section 1.1. We briefly discuss the notion of difference operators. The main tool is
a recursion inequality for the LP-norms of the function f and the Hilbert—Schmidt
norms of [h® f|. In Section 3, Theorem is proven. This includes a number of
relations between the difference operators introduced in Definition In Section
4, we prove Theorems [1.9] and as well as Corollary by adapting the main
steps of the proof of Theorem In Section 5, the proofs of Theorems [I.13]
and are given; in particular, we introduce some facts about spherical calculus
which allow us to proceed in a similar way as in case of functions on R”. Finally,
in Section 6, we illustrate Theorem [I.13] on the example of polynomials and the
problem of Edgeworth approximations for symmetric functions on the sphere. For
additional applications we refer to |G-S].

2. FUNCTIONS OF INDEPENDENT RANDOM VARIABLES: PROOFS

Let X = (Xi,...,X,) be a vector of independent random variables on the prob-
ability space (2, A,P). By a “difference operator” we mean an R™-valued functional
I defined on L*°(PP) such that the following two conditions hold:

Conditions 2.1. (i) I'f(X) = (I f(X),... T f(X)), where f : R — R may be
any Borel measurable function such that f(X) € L>®(P).
(it) |Ti(af(X) +b)| =a |l f(X)| foralla>0,beR andi=1,...,n.

We also call I a gradient operator or simply gradient. We do not suppose I' to
satisfy any sort of “Leibniz rule”. Clearly, the difference operator b from (1.1} and
any of the difference operators introduced in Definition [1.7] satisfy Conditions

For the proof of Theorem we will need several lemmas. As before, let T} f =
f(X1, .., X1, X, Xiv1, ..., X,) with X, ..., X, an independent copy of X. As
a first step, the Hilbert—Schmidt norms of the derivatives of consecutive orders are
related in the following way:
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Lemma 2.2. For any d > 2,
(2.1) B16" (X lns| < 16 F(X)]s.

Proof. First let d = 2. Using T;|hf| = |T~f)f| and the triangle inequality, we have

1 1
(2.2) (hilbf))? = LA T fII o < 5 |||hf T I o = llbf = T f 1[0
Here, hf — T;hf is defined componentwise. Since T;h;f = b, f, we obtain
1
05 =T fP =" 7 (1f = Tfllioe = ITF = T lljec)’

J#i
(23) D I Y

j#i

where the last inequality follows from the reverse triangular inequality again (for
the pseudo-norm ||| 00)- Combining (2.2) and (2.3) yields

(hilbf])* < || SN =Tif = Tf + T2, o
J#Z
< o ST~ T = Tof 4 T fl2 e
J#i
Summing over ¢ = 1,...,n we arrive at the result in the case d = 2.
For d > 3, note that T;b;, ., . f = i, f whenever i € {iy,...,i4-1}. The
claim then follows in the same way as above. 0

Corresponding results in the setting of differentiable functions (see Lemma
suggest to replace the Hilbert—Schmidt norms in Lemma by operator type norms
(1.20). In Boucheron, Bousquet, Lugosi and Massart [B-B-L-M|, Theorem 14, iter-
ations of are sketched to study applications for Rademacher chaos type func-
tions. Unfortunately, working out the arguments in the proof of Theorem 14 we
seemed to need Hilbert—Schmidt instead of operator norms. Already in second or-
der statistics of Rademacher variables like Y " | X; X, (setting X, 41 = Xi), an
analogue of for operator norms cannot be true. Similar remarks hold for any
of the difference operators introduced in Definition [1.7] (cf. Remark [3.1).

Our results will follow from certain moment inequalities for functions of indepen-
dent random variables. In [B-B-L-M]|, cf. Theorem 2, the following moment bounds
are shown

ICF =Bl < V260 IVE(Dlp I =Bl < V260 [V (Dl

in terms of the conditional expectations
VHO =E (- T2x) VI =E (X - T2 X),
i=1 i=1

where kK = Q(T\/in < 1.271. Note that, in our notations according to Definition

VEf) =2p*f*  and  V(f)=2p f"
For iterating these inequalities however, we had to bypass the problem that 0;; = 0,
respectively 9 = 0} (up to constant), which would introduce additional lower
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order differences on the right-hand side of (2.1). This motivated us to introduce
the following related quantities adapted to the framework of L*°-bounds. For ¢ =

1,...,n, introduce
1

(2.4) 0 f(X) = S I = Tf (XD llioer b7 = (07 F,- b2 f),

(25) 0 fX) = SN0 = TFO) s 07 = (07 b ),

which are clearly difference operators in the sense of Conditions Using the
relations VT (f) < 4|pT f|> and V—(f) < 41]b™ f|?, we get from the [B-B-L-M|-result
the following somewhat weaker bounds in terms of the LP-norms as in (|1.4]).

Theorem 2.3. With the same constant kK = T\/il), for any real p > 2,
(2.6) I(f —Ef)+llp < V8rp 6T £ll,,
(2.7) I = Ef)-llp < V/8xp b7 fllp-

For the reader’s convenience, let us give a self-contained proof of Theorem [2.3] It

is sufficient to derive ({2.6), since (2.7) follows from (2.6) by considering —f. The
key step are the following two lemmas.

Lemma 2.4. Assume Ef =0. Then,

(2.8) £l < V21012,
(2.9) [ fll2 < 2167 2.
Proof. By the Efron-Stein inequality (1.10), Ef? < E[0f|*> and Ef? < 2E 0" f]?,
while [0 f|> < 2|6t f|> and [0f]* < 2|hf|? (cf. Remark 3.1] (v)). O

The next lemma provides a moment recursion similarly to [B-B-L-M], Lemma 3.

Lemma 2.5. For any real p > 2,
(2.10) LA UD < W fellpy + 40— D) 6T FIR IR

Proof. First assume n =1, i.e. f = f(X) for a random variable X and T'f = f(X),
where X is an independent copy of X. Using the notation fﬁ_l = (fy)P~L, we have

%E[( V=T =Tl = Il = =12 IFa e = =l

Thus, by symmetry in X and X, and since (f —T'f), < 2b* f,
el < N fellooy +E( —110:1 - Tf£71)+ (f+ = Tf)]
< fellps + (0= DE[(f =T 7]
Using Holder’s inequality, the last expectation may be bounded by
(211)  AE[IBFPAT] < Al Pl 1572 = 416" f 15 14157

This completes the proof in case n = 1.
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For n > 1, we use a tensorization argument: For any g € L%, ¢ € (1, 2],

(2.12) Elgl' — (Elgl)’ <E Y (Eilgl - (E:lg)").

where [E; denotes expectation with respect to X;. Applying this inequality to g =
f27" with ¢ = p/(p — 1), similarly to the case of n = 1 we obtain

Wl = Ufel < BT (Baft — (Eapyye-n)
1=1
< -1 3 ERE (-T2
i=1

<4lp—1) D E[SPAT] = 4 DE[lo*fPA7]

As in (2.11)), the last expectation is bounded by | f|2 || f1|[5~* using Holder’s
inequality, which gives the desired result.

It remains to prove (2.12)). Let us mention that the tensorization of functionals
L(g) = EV(g) — V(Eg) was proposed in the mid 1990’s by Bobkov, as explained
in [L1], Proposition 4.1. This property is actually equivalent to the convexity of L
in g, and can be explicitly expressed in terms of R (convexity of ¥ and —1/¥”; see
also |[L-O]). For completeness of exposition let us include here a direct argument for
the power functions ¥(z) = x9. By induction, it suffices to consider n = 2; we use
the representation

(2.13)  L(lg) = sup {aE [lgl(|p"" = E|r)H)] = (¢ — 1) (E|h]? = (E[R])?) }.

Indeed, by the arithmetic-geometric inequality, %E g9 + ‘%IE |h|7 < E|g| |h|77Y,
which we rewrite as

Elg|* < qElg|[h|"" = (¢ = 1) E|h]".
We may assume E|g| = 1; therefore, subtracting (E|g|)9 = 1 on both sides,

L(lgl) < qE [lg| (|n[*"" = E[A))* )] = (¢ = 1) (E[h]* — (E|R[)*) + R(E|h])
with R(x) = qz?™! — (¢ — 1) 27 — 1 for & > 0. Since R(z) < 0, while equality holds
if h = g, we arrive at (2.13)). By Fubini’s theorem and applying (2.13]), we now get

Es[(Ei|g)? — (Elg))?] = Ea(E1lg])? — (E2Esg])?
= sup  {qEx[(Balg))(|A"" — (Eolh)*)] — (¢ — 1) (Ez|h|* — (Eaf2])?) }

h(X2)eLa
= {E1[g (Ealg))(|n|" — (EafR))T7Y) = (¢ — 1) (Ea|h]? — (E2|h])?)] }
<E [h(;u)I;Lq {aE2[lg(|R]*"" = (E2|h))* )] = (g — 1) (E2|h|” — (Eo|])?) }]

= Eq [Ealg|? — (Ealg])?].
As a consequence, by Fubini’s theorem again,
E|g|* — (E|g])? = E2[E1]g|? — (E1]g])?] + E2[(E:|g])? — (Elg])?]
< By [Eq|g|? — (Balg])?] + Eq [Eo|g|? — (Ealg|)?].
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Following the arguments in [B-B-L-M)], we may now prove Theorem [2.3}

Proof of Theorem [2.3 1t suffices to prove (2.6) assuming Ef = 0. To this end, by
induction on k, we show that for all ¥ € N and all p € (k, k + 1],

1 1\p/2\ -1
(2.14) 1+l < /Brpp 67 fllpvz  with %:5(1—(1__)17 )

p
These constants are strictly increasing in p, k1 = 1/2 and lim, oo K, = Kk = 2(&/51).

For k=1 and p € (1,2], by (2.9) and the fact that x,p > 1/2, we have

£l < I fll2 < 2007 fll2 < /By p 157 fl2.

To make an induction step, fix an integer k£ > 1 and assume that (2.14)) holds for
all real p € [1,k]. Now, consider the values p € (k,k + 1]. Set

zp = || folll 8772k, P 2p P20 £ 0,
so that it suffices to prove that x, < 1. In terms of x,, (2.10) implies that
xp, 872kEp [0 £
-1 2
<a 770 &P (0 — 1P 001
+ 4 (p = 1) 57 I 2>/ 872 D22 [T

B 1
<0 &R = RIS+ Sy 8RR 6

Here we have used the fact that x,_; < k,. Simplifying and using that by induction,
z,—1 < 1, it follows that

_ 1\p/2 1 1\p/2 1
Ty < xg/_(f 1)<1 — —) + _x;—Z/p < (1 - —) + 2—3:1_2/7’.

P 2Ky - P Kp P
Now note that the function
1\r/2 1
up(z) = (1 — —> Rl
p 2K,
is concave on Ry and positive at x = 0. Since u,(1) = 0 and u,(x,) > 0, we may
conclude that z, < 1. OJ

Corollary 2.6. Given f = f(Xy,...,X,) in L=(P), for allp > 2,

(2.15) 11l < W fll2+ /3260 [[0.f]]p-
If additionally Ef =0,

(2.16) 1fllp < v/326p[[0.f]],-
Proof. By Theorem

If = Efllp < I =Ef)ellp + 10 =E)-1p
< V8pllh" fllp + v8rp b7 fllp < 2v/8kp [0,
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which proves (2.16]). Moreover, by the triangle inequality,
1f =Efllp = [fllp = [EST = (£l = [[f]l2;

so that we obtain ([2.15)). O
We shall now prove Theorem Recall that if the relation of the form

(2.17) 1fllk <~k (keN)

holds true with some constant v > 0, then f has sub-exponential tails, i.e. Eecl/l <2
for some constant ¢ = ¢(y) > 0, e.g. ¢ = 5. Indeed, using k! > (%), we have

E ex (c|f|):1+chE’f’ 1—1—20 ice
p X Y (cve)
k=1 k=1

Proof of Theorem[1.1. Put A = \/32rp. Using (2.15) with f replaced by [h*~) f|us
for k=1,...,d, and applying Lemma [2.2] we get

16 Fllusp < 157 Fllns2 + A lIbI6" ) flus|l»
< 5% fllus 2 + A DY fllus p-
Consequently, using (2.16]) and then iterating (2.15)), we arrive at

d—1

(2.18) £l <D AR 6P Flluss + A6 flus,-

k=1
Now, since ||h*) flus2 < 1for k < d—1 and ||h'? f||us.co < 1 by assumption, we get

Ad+1 _ A
rvm<§}v Lo (2a)

for all p > 2, where A/(A —1) < 1.12. We now arrive at 1.124 < /Cp, where
the best constant corresponds to p = 2, and then we find that C' < 52. Hence, we
obtain the bound

(2.19) £l < (52p)*2, p>2.
As for 0 < p < 2, one may find || f|, < [|f]l2 < (104)¥/2, and thus, for all k > 1,
2/d
1P = 1 U50a < vk

as in (2.17)), with constant v = 104. U
Proof of Proposition [1.2. First note that since X;’s are centered, we have oy = 0,
and the Hoeffding decomposition of f is given by the polynomials

hiy..id(Xip e ,de) = ai1.‘.idXi1 .. de (Zl < ... < id, d = 1, . 777,).
It is now easily seen that for any 1 <k < dand 1 <j; # ... # jr < n,

bj1-~~jkf(X> = hle T hXjk Z Qi ..ig H Xy

i1<...<ig ved{it,...,iq}
D150k \{J15-5dk }
+ E iy gy | | Xyt ’
i1<...<tg41 ve{i1, . iay1}

SJ15-5Tk \{J1,Jk }
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Here, hX;, is understood according to (L.1) as the difference hg for the function
g9(X;,) = X, (i.e. in dimension n = 1). Hence, for any k =0,...,d,

bW fFORsa = > ol > (X;)*-(5X;,)

11<...<1q J1F.FEJk
E{il ,,,,, ’Ld}
+ Z agln-itﬂ—l Z (hXﬁ)Q e (hXjk)2 +
11<...<lg41 J1F.FEJk
€{i1,sld41}
As a consequence, since hX; > 1 foralli=1,...,n,
(2.20) I fllse < DY F(X) sz < - < 09D F(X) [us2 < 1169 F(X)] 18 00-

O

Corollary can now be obtained along the lines of the proof of Theorem
when the random variables X,..., X,, are Rademacher variables.

Proof of Corollary[1.5. Without loss of generality we assume h to be symmetric (i. e.
invariant under permutations). Hence f can be rewritten as

f(Xy,.., X ( > (X, Xy).

d/ i1<...<ig
Introduce a set of independent Rademacher variables ¢4, ..., e, which are indepen-
dent of the random variables Xl, ..., X, and consider
f( ( Z 511"'1' 117--'7Xid>-
d) i1<..<ig

Denote by bs, h¥@ and by similar expressions differences of f¢ with respect to the
Rademacher variables ¢; conditionally on X.

Note that conditionally on X, (X, e) has Fourier-Walsh expansion consisting of
the d-th order term only. Hence, we may use with [[§@ f(X)||lus .o replaced

by |6 f(X)||lus,p in (2-18). Arguing as in (2.19), conditionally on X we get

E. |f*(X,e)l” < (52p)" E. [h7 (X, €)[fis
for all p > 2. Hence, taking expectations with respect to X on both sides, we have
(2.21) E|f5(X, o)l < (52p) " E 57D f*(X, e)lfss

It follows from a result by de la Pena and Giné [D-G|, Theorem 3.5.3 (also see
Joly and Lugosi [J-L], Theorem 8) that

(2.22) E[f(XOF <@E[f(X,e)f

with some constant ¢ depending on d only. Moreover, for any i # ... # ig4, it is not
hard to see that

11 deE(X 5) |h(Xilv"'7Xid)|
(cf. the proof of Proposition [I.2] and note that he; = 1). Consequently,

(2.23) 65D (X, e)us < Calf),

where . 12
Ca= 7w (20 In(Xu - Xol)
(d) i#...#iq
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Applying (2.22)) and (2.23)) on (2.21)) and taking p-th roots, we arrive at
1£1lp < &(52p)2 Ca(f).

From here on, the proof is similar to the proof of Theorem if we normalize f
such that Cy(f) < 1. However, it follows from the assumptions on h that Cy(f) <
én~? for some numerical constant ¢ depending on d and M only. Hence we arrive
at the normalization ¢ 'n%?2f which yields Corollary |1 . O

Proof of Corollary[I.4 First note that, by Chebychev’s inequality, for any p > 1

(2.24) B(IfI = el fllp) < 7.
Moreover, if p > 2, it follows from ({2.18)) that
d—1
elflly < e (D (1p)72 6% fllusz + (419)2 15 s o).
k=1

Here we have used that 32k < 41. Assuming 7y(¢) > 2-41, we therefore arrive that

| Fllng oy <e(Zt+t> (de) t.

Hence, applying ([2.24) to p = n;(¢)/41 (if p > 2) yields
p(lfl = (de)t) < wlf1 = ellfllnsyan) < exp{=ny(t)/41}.

Using a trivial estimate in case of p < 2, we also obtain that

(| f| > (de)t) < e® exp{—n;(t)/41}.

The proof is now easily completed by rescaling f and using 7eys(t) > n5(t)/(de)?.
U
Proof of Theorem[1.5 First note that
hisup | f(X)| < supb,f(X)
Jes fes

by the reverse triangular inequality, and therefore (writing b*(F) = h*(F))
[hsup [f(X)]] < [H7(3)]-
fes

In a similar way, we may also prove an analogue of (2.1)), i.e.

15" (@) ls| < 57 ()]s

To see this, note that sup ez ||-||jc is @ pseudo-norm. In view of these elementary
facts, the proof of Theorem [I.5]is now similar to the proof of Theorem O

Proof of Theorem[1.6. The proof is obtained by calculating the differences of first
and second order. To start, note that for any v =1,...,n,

(b, S5(X 41\2( ( j)—f(iTVXj))H; < IfI(n = v+ 1)2,
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and consequently

n

S (X < IfI% Y (n—v+1) = én(n+ D2+ DIIfI5 < Cn®llfI1%

v=1

for some constant C' > 0. Moreover, for any v # p, (h,,S;(X))? is given by

5l 2 ()~ (S 1) 4 (E ) + (L))

i>vVip

By similar arguments as above, this expression does not exceed || f||% (n—(vVu)+1)?,
and therefore
16PS(X)lfis = D (0S5 (X))* < Cn|| F]I2
vEN
Combining these arguments and applying Corollary completes the proof. O

3. HIGHER ORDER EFRON—STEIN INEQUALITY: PROOFS

Let us first collect some elementary facts about the difference operators introduced
in Section 1. As before, assume that X = (X1, ..., X,,) has independent components.

Remark 3.1. Leti=1,...,n.
(i) If € = (e1,...,€n) has independent Rademacher components, then ©,f(e) =
s (f(e) = f(oi€)), where oie = (e1,...,—¢;,...,&,). Moreover,
hif(e) =0:f(e) =0:f(e) = [Dif(e)]-
(ii) If f(X) € LX(P), then
(0, f(X))? =E(Dif (X))?  and (0 f(X))* = Es(0:f(X))*
In particular, we immediately obtain (L.11)), where the identities involving 0= f

follow from symmetry and Fubini’s theorem.
(iii) Let f(X) € L?(P). Then, by independence, we can rewrite 0;f(X) as
/2

0/ (%) = (5 ((F(X) = B SOOP + B (F(X) ~ Bf (X))

1 2 2y ) /2
(3.1) = (5 (@ 0P + B ()?))
(i) By induction over n, f is bounded if and only if |D f| is bounded. Using (3.1)),
the same holds for [0f| and |bhf| instead of |D f|.

(v) We have [0t f] < [0f], o~ f| < [of], 0T F] < V20t f], [0~ f| < V2|5~ f| and
pfl < V2] f].

The difference operator ® is closely related to the Hoeffding decomposition (|1.7]).
Indeed, the representation ([1.7) follows by tensorizing the identity E; +©; = Id, so

(32) s (X Xiy) = ( 1 & II ©l>f(X1, LX),
J¢{i1,. ik} lef{it,...ix }
Many of the relations described in Remark (3.1)) extend to higher order differences.
In particular, for any iy < ... < iq4,

(3.3) (030 S (X))? = Eiy iy (D f (X)) = By iy (04,00 (X))
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Furthermore, similarly to (3.1), we may rewrite (1.14)) as

2 (D SR Y Y B, @)

k=1 1<s1<...<s;p<d

0ivag J(X) = (

(3.3) implies that we always have
E (Qil...idf)Q =E (Dil...idf)z =E (Dil...idf)z'

Moreover, by the symmetry and Fubini’s theorem,

B} [ =E@; . f)=~E@, ./

In particular, i

(34)  EPOYP=EpDfP=Ep@fP=2EpT @[ =2E [0 @[>

Finally, as in Remark (1), we may conclude that even the identity
Bir.iaf(€) = 04y f(€) = 04y in f(E) = [Diy iy f(€)]

holds for independent Rademacher variables (eq,...,¢,) = ¢.

The proof of Theorem is based on L2-identities together with some kind of
“harmonic” analysis arguments on the symmetric group. To this end, we shall need
specific (higher order) operators £; we would call powers of “Laplacians”. Here we
make use of the difference operators ©;. That is, we set

(3.5) L4 = > 9, ...9;, deN
1<iy Fint . Fig<n
In case of d = 1 this just means summing over all 2 = 1,...,n.

To motivate the notation of £4, recall that for the discrete hypercube {41}",
£y =" D, is the usual graph Laplacian. The higher order operators £4 can be
written as polynomials in £; of total degree d. Note that (£,)? can be expressed as a
sum of d-th order differences ©;, ;,. Hence it easily follows that £, can be expressed
in terms of (£;)? by removing all the differences in which some indexes appear more
than once. This is in accordance with our definition of the hyper-matrices ®® f (cf.
the discussion of ) Relating the Hoeffding decomposition to the Laplacian £,
yields the following result.

Theorem 3.2. Let [ = f(Xy,...,X,) be in L'(P) with Hoeffding decomposition
f=>7%_ofc Then,

Lafe = (k)a fr:
where L4 is the d-th order Laplacian (B.5), and (k)q = k(k—1)---(k—d+1). Thus,
the k-th Hoeffding term is an eigenfunction of £4 with eigenvalue (k)q.

Consequently, there is an orthogonal decomposition of L2-functions f(X) on which
the Laplacian £, operates diagonally, and the eigenvalues of the Hoeffding terms of
order up to d — 1 are 0.

P’f’OOf. Write fk(leaXn) = Zj1<...<jk hjl---jk(le""7Xjk> as in " Fix jl <
... < Jg. Then, we get

0, i € {jr,- - Jk )
Eh: (X ..., X;)= ) . .
o ]k( ’ ]k> {hj1~~-jk(le7""Xjk)7 v §é {]1,---,]k}-
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Therefore,
(3.6) Difa(Xe, X)) = D hi (X, XG,)
J1<...<Jk
1’6{]1 7777 ]k}
and consequently, by iteration,
(37) gil...idfk(Xlw--an) - Z hjl..~jd(Xj17"'7Xjk)‘
J1<e<Jk

It remains to check how often each term hj ;,(X;,,...,X,,) appears in £,f; =
Zi#m#d Di,..i,Jr. As we just saw, each d-tuple 4; # ... # i4 such that iy,...,74 €
{j1,...,Jx} replicates the summand hj, ;, (Xj,,...,X,,) precisely once. As there
are k(k—1)---(k—d+ 1) = (k)4 such tuples, we arrive at the result. O

There is a “partial integration” formula involving difference operators. Recall that
by [G-S], Lemma 5.1, the difference operators ®; are self-adjoint in the sense that
E(®D;f)g = Ef(D;9) = E(D;f)(D;g9) whenever f(X) and g(X) are in L*(P). In
particular, for the Laplacians £, from (3.5)), we have

(3.8) E(£af)g = Ef(Sag) = Y, E(Di i,f)(Di i,9)-
i1 Fig
This identity can be used to obtain the following relation:

Proposition 3.3. Let f(X) € L*(P) have the Hoeffding decomposition f = " _, fm.
If k < d <n, then

E ‘@(kfl)ﬂQ < b E ’@(k’)f‘?

—d-—k+1
Equality holds only if f = fq.

Proof. First, let f = f,,. Then, applying (3.8) leads to
i1 i
Moreover, Theorem [3.2] yields £ f,, = (m)g f,. Consequently,
E|D® f|> = (miEfn. (%)
The same argument with k replaced by k — 1 yields
B[Vl = (maBf.  (%%)

Comparing (%) and (xx) completes the proof in the case f = f,.

For functions with arbitrary Hoeffding decomposition we shall use the orthogo-
nality of the terms in the Hoeffding decomposition and obtain
1 1

——  EPWfP< ——E[DW® ]2
m—k+1 D fml T d—-k+1 el

n

E[@EVfP =)

m=d

U

Proof of Theorem[1.8 Due to (3.4)), it suffices to prove Theorem for the differ-
ence operator ©. In this case, iterating Proposition yields the result. O
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Finally, we prove (1.16)). By orthogonality and Proposition

n

EpW S = EP©LP = 5 BV AP
j=k j=k ’

for any kK = 1,...,n, which may be rewritten as

n

1 .
E[o®fi? =E[p® P = > ——=E[oVf[*
G U= k)

Tteratively plugging this into (1.15), we obtain that

n k—1
1
Varf = ZRkE |U(k)f|2, Rk = ZR]W, RO = 1.
j=0

k=1
It follows that for k > 1, R, = (—1)*"!/k! which finishes the proof.

4. DIFFERENTIABLE FUNCTIONS: PROOFS

Given a continuous function on an open subset G C R", the equality

(4.1) V£ ()] = lim sup L) =W

, x € G,
Ty [z — |

may be used as definition of the generalized modulus of the gradient of f. The
function |V f| is Borel measurable, and if f is differentiable at z, |V f(x)| agrees with
the Euclidean norm of the usual gradient. This operator preserves many identities
from calculus in form of inequalities, such as a “chain rule inequality”

(4.2) V() < T (NHIV L,

where |7”| is understood according to (4.1]) again.
Using the generalized modulus of the gradient, there is an analogue of Lemma [2.2]
for the operator norms of the derivatives of consecutive orders:

Lemma 4.1. Given a C%-smooth function f: G — R, d € N, at all points x € G,
V17D (@) opl < [F9 (@) op-

Proof. Indeed, for any h € R", by the triangle inequality,
[P @+ h)lop = [F7V(@)lop| < [f V(@ +h) = F9 D (@)]op
= sup{(f9 V(@ +h) — f9Y@)|vr,...,v44]: v1,. .., 041 € S},
while, by the Taylor expansion,
(f9V(z+h) — f9D@) oy, . .., v41] = fFD@) |1, ..., v41, h] + o(|h])

as h — 0. Here, the o-term can be bounded by a quantity which is independent of
v1,...,05-1 € S"71. As a consequence,

sy L0+ Blop = 174 (@)l
h—0 |h|

< sup{f D (@)[v1, ..., va1,v4]: V1, ... va € S} = |FD(2)]op.
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For higher order concentration we need to establish a recursion for the LP-norms
of the derivatives of f of consecutive orders similarly to (2.15). To this end, we
recall a classical result on the moments of Lipschitz functions in the presence of a
logarithmic Sobolev inequality which goes back to Aida and Stroock [A-S]. Namely,
if a probability measure y on G satisfies a logarithmic Sobolev inequality (L.18)) with
constant o2, then, for any locally Lipschitz function g: G — R, and any p > 2,

(4.3) lglly < Nlgllz +o*(p = 2) [ Vall,.

For the reader’s convenience, let us briefly recall the argument. We may assume g
to be bounded, in which case the squares of the L,(x)-norms of g have derivatives

d o 2
(4.4) ap 19l = 25 llgll;™" Entu(lg ).

We apply this identity to the function u = |g|?/2. By the chain rule inequality (4.2)),
|Vul? < %2 lg|P~2? [V g|>. Hence, by Hélder’s inequality,

2 p=2 2 2
p P P p —
/ Vul?dp < B ( / gl dn) ™ ( / Vgl d)” = Elglls 2Vl

Applying (1.18) to the function u, we therefore obtain

p202

gl IV gll5-

Combining this with (#.4)), we arrive at the differential inequality £ [|g]l> < o*[| V3.

Integrating it from 2 to p yields (4.3).
Combining Lemma [1.1] and ([4.3)), we are now able to prove Theorem

Proof of Theorem[1.9. Using ({.3) with f replaced by |f* Vo, 1 <k < d, we get
LA < ISP Ep2 + 00 = 2) IV Vopll2
<[5 VNEpe + (0 =2 1P 3y,

where Lemma was applied on the last step. Consequently, by iteration,

Ent,(|g") = Ent,(u*) < 20 / IVul? du <

(4.5)

1Al < IF11Z + Z NP Nop2 + (@@ = 2)? 1F IRy,
< VIl + Z N Nop2 + (@@ = 2)? 1 llops
d—1
(4.6) < D @) PNy + (@) IF DNy,
k=1

Here, the second step was based on the Poincaré-type inequality. Since || f*) ||%)p72 <
min (1,024 ) for all k =1,...,d— 1 and || 9| op. < 1 by assumption, we obtain

1

— (o%p)? < 2(0”p)"

d
(4.7) 115 < 02d2p’“ <

and therefore || f, < (20 p)d/2 for all p > 2. Moreover, ||f|l, < || fll2 < (40)%2 for
p < 2. Tt follows that ||| f|¢||x < vk for all k € N, i.e. (2.17) with v = 40™. O
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Proof of Theorem[1.10} Starting as in the proof of Theorem we arrive at
d—1

(4.8) IF15 < D@ 0)* 1fPllfis + (@p)" 1F N5y,
k=1

where we used the property that the operator norms are dominated by the Hilbert—
Schmidt norms. Moreover, since | ¢ Oir...i,.f du = 0, by the Poincaré-type inequality,

L 2 2 3 N Y
/G O o)) dp < 0 Z /G (Ons i) dp

whenever 1 < y,...,1, < n, k <d—1. Summing over all 1 < iy,...,4 < n, we get
(4.9) ||f(k)||12{S,2 = /G|f(k)|%{s dp < o’ /G|f(k+1)|12{s dp = o’ Hf(kH)HQHS,Q-
Using (4.9) in (4.8) and iterating, we thus obtain

d—1

I£15 <> " 1 DNz + (@) [ F DNy -

k=1
Noting that || f@||gse < 1 and ||f @ ope < 1, we arrive at (d.7)), from where we
may proceed as in the proof of Theorem O

Proof of Corollary[I.11l For any p > 2, it follows from (4.6 that

d-1
elflly < e (3@ 1 ops + (0%) 7 £V lop.ee )
k=1
From here we may proceed as in the proof of Corollary [1.4] O

5. F'UNCTIONS ON THE SPHERE: PROOFS

First, let us recall some basic facts about the spherical calculus (cf. [S-W] or e. g.
[B-C-G]). The normalized Lebesgue measure 0,1 on the unit sphere S"! can be
introduced as the distribution of Z/|Z|, assuming that the random vector Z has
a standard normal distribution in R"™. Using independence of |Z| and Z/|Z|, this
description implies that for any p-homogeneous function f: R™\ {0} — R,

(1) [ f@) ) =EIZF [ 1(0)dona(®)

provided that all the integrals involved exist.

A function f on S" ! is called C%smooth if it can be extended to a C%smooth
function on some open subset G of R” containing the unit sphere. If f is C'-smooth
on S™! then at every point # € S"! it admits the Taylor expansion

(5.2) O =FO)+ (0,0 —0) +0o(0 —6]) as® —6, 6 es

with some v € R™. Among all the vectors v fulfilling (5.2)), the one with smallest
Euclidean norm represents the spherical derivative or gradient of f at 6 and is
denoted Vgf(6). Equivalently, in terms of the usual (Euclidean) gradient, we have

Vaf(0) = B V(0) = V() = (V[(0),0)0,
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where P,. denotes the orthogonal projection from R" to the tangent space +. In
particular, |[Vsf(0)] < |V f(0)| for all § € S*~1. If f is a C'-function on S™!, the
norm of the spherical gradient |V f| coincides with the generalized modulus of the
gradient using either the geodesic or the induced Euclidean distance on S™~1.
By a result of Mueller and Weissler [M-W]|, the uniform measure o, ; on S"!
satisfies a logarithmic Sobolev inequality with constant o = ﬁ In other words,

2
(5.3) Entgn,l(f2> < 1 / IVSfIQ do,_1

for any smooth f: S"~! — R. Therefore, considering any open neighbourhood G
of S"!, we may regard o,_; as a Borel probability measure on G satisfying a log-
arithmic Sobolev inequality with constant o2 = ﬁ Hence, Theorem directly
follows from Theorem [I.9] It remains to note that in the notation of Theorem [I.9]

min(1,g47%) > n=k=49/2,

hence arriving at the conditions used in Theorem [I.13]
In a similar way, we now prove Theorem [1.14]

Proof of Theorem [1.14 It follows from Theorem [I.I0] once the partial derivatives
up to order d — 1 are centered under o,,_;. Indeed, we may assume that f is defined
on R™\ {0} (cf. (5.4)). Fix any iy < ... <1y, k <d—1. Noting that z;, - - z;, f()
is (p + k)-homogeneous, by and a k-fold partial integration, we obtain

[ dvas@adn = [ ayap@) )

—E|ZP [ 6 0,0(6)doui(6)
Snfl

On the other hand, since f is p-homogeneous, 0;,._;, f is (p—k)-homogeneous. There-
fore, applying (5.1)) again,

| dwat@dn@ =EI2P [ 810 do,i(6).

S’nfl
Hence, orthogonality to all polynomials of total degree at most d — 1 implies that
the partial derivatives up to order d — 1 are centered (if the involved integrals exist).
Since f is a C%function (hence bounded on S™7!), this holds true if E|Z|P7* < oo
forall k=0,1,...,d — 1, which in turn is satisfied iff p — (d — 1) + n > 0. O

To prove Theorem we need some further details about spherical derivatives.
First note that Vgf is a vector-valued function on S"~!, and hence we may define
spherical partial derivatives of first and higher orders as suggested in Section 1.4.

Any function f on S™! can be extended to a p-homogeneous function F' on R”
(where p € R) by putting

Pf(6
(5.4) F(x):{g 16), iig’ r=lz|, 6=x/|zl

If f is C%-smooth, its p-homogeneous extension F will be C%smooth on R\ {0}.
The spherical derivative Vg f of a C'-smooth function on ™! and the derivatives
of its p-homogeneous extensions I’ are related by the identity

VF(z) =" [pf(0)0 + Vsf(O), @ #0
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(see [B-C-G|, Proposition 12.1). In particular, for the 0-homogeneous extension
FO(z) = f(0), VF© is (—1)-homogeneous and is given by
(5.5) VFO(z) =r7'Vgf(0),

so that VF©) = Vg f on S"~'. In other words, 9;F(®) = D, f on S" !, where 9, and
D; denote the partial and spherical partial derivatives, respectively.

By iteration, we can retrieve spherical partial derivatives of any order from suit-
able homogeneous extensions. To start, note that F()(z) = rVFO(2) is a 0-
homogeneous vector-valued function on R™\ {0}. It follows that for any 1 <i,j <n,

al-Fj(l) is a (—1)-homogeneous function with
@Fj(l)@) = 0;(rg;FO(x)) = r 'Di(Vsf(0),e;) =r~'Dy; f(0),
so that @F;l) = D;;f on S™"1. For general k € N, we may therefore define
(5.6) F®(z) = rVF® (),
which is a 0-homogeneous function on R™ \ {0} taking values in R™. Arguing as
above, for any 1 <iqy,...,i; <n,
(5.7) i, = Diif

on S™ !, where D;, i, | denotes the k-th order spherical partial derivatives of f.
With the help of the 0-homogeneous functions F*), k = 0,1,...,d, it is now
possible to adapt the key steps of the proof of Theorem [1.9

Lemma 5.1. If f: S~ ! = R is C%-smooth, then for all € S 1,
IVIDYVF(6)[| < [DDf(B)].

Proof. Noting that |F@~Y(z)| is the 0-homogeneous extension of |D@=Y f(6)|, we
may perform similar arguments as in the proof of Lemma [4.1] 0

Proof of Theorem[1.15 Since the uniform distribution on the sphere satisfies a log-
arithmic Sobolev inequality (5.3), the moment recursion (4.3) from the proof of
Theorem remains valid for functions on the sphere with intrinsic derivatives.
Hence, using (4.3) with f replaced by |[D*=V f|q, for k = 1,...,d, we obtain
1D [l < DD FlIdps + 00 = 2) VDY flop|l;
<D flEp2 + (0 = 2) [ DD fI[Bp,e

Here the last step relies upon Lemma [5.1] But this is the same inequality as (4.9)).
Therefore, the rest of the proof is analogous to the proof of Theorem O

6. POLYNOMIALS AND EDGEWORTH-TYPE EXPANSIONS ON THE SPHERE

For vectors a = (aq,...,a,) € R™ and an integer d > 3, consider the polynomials

n

Qua(0) =D aibl,  0e5

=1
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extending them to R™ by setting Qqq(z) = >, a;z}. By an easy calculation,

2p — ! .
0" doy1(0) = ( =1,... N.
/Snl i dona (6) nn+2)--(n+2p—2) t=5...n PE

Therefore, differentiating Qg 4(x), it follows that, for any k =1,...,d — 1,

(2(d—k) - ) (d)} -
nn+2)--(n+2(d—k—1)) 2 q

1O |3 =

=1
where we used the notation (d); =d(d —1)---(d — k + 1). Similarly,

n

QWO = (@)D al.
=1

As a consequence, using the normalization n=' """ | a? = 1 and choosing a suitable
constant ¢z, we see that the function n=/2¢y QQa,q satisfies the conditions of Theorem
Summarizing, we arrive at the following result.

a? = 1. There exists some constant

Proposition 6.1. Let d > 3 and let n=' > 1" | a3

cq > 0 depending on d only such that

/ €xXp (Cd n(d_l)/d |Qd,a - Qd,a|2/d> dan—l S 27
Sn—l

where Qg denotes the o, 1-mean of Qqq. In particular, Qua—Qaa = O, _, (n’%)

Note though that if d is odd, Q4. = 0, while for d even,

3

(d— 1) i
n+2)-(ntd—2)"

QI
I

(6.1) Qia =

a;.
i=1
In order to illustrate possible applications of these results, consider smooth func-
tion of the form

ha(6) = EH(ieiXi), 0 s,
i=1

with X; € R* independent and such that Cov(X;) = Id. For simplicity, let us
assume that X; is symmetric, i.e. X; = —X; in distribution. It is known, cf. [G-H],
that h,(0) may be approximated via Edgeworth expansions, in particular — by the
polynomial To+ 37"  T'y; 0}, as long as H € C*(R*) and assuming that the quantity

-1
M = sup (\H(x)] + sup [0°H(2)]) (1 + \xy6)
rERF |a|=4

is finite. The I'-terms are the non-vanishing even Edgeworth expansion terms defined
by I'y = EH(N), where N is a standard normal random vector in R*, and by

1 /0t ot
Lyi = 2% (—

EH(N +¢X;) —3 ——
Oz =0 (V+2X5) 0230¢e3

EH(N + €1XZ' + 82X¢)) s

e1=€e2=0

where X;, X;, N are independent and X; denotes an independent copy of X;.
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If furthermore p,; = E|X;|P < oo for p < 6, then an inspection of the proof of
[G-H], Theorem 3.6, yields an explicit bound for the error

(6.2) R(0) = h,(0) — (Fo + i Ly 9;*>,

i=1
namely

(6.3) [R(0)] < CM(ZPG,ZH? + (ZP3,z‘|9i|3>4> < en Y (psi+ps,) 0
=1 =1 =1

with some constant c); depending on M only.

To study the asymptotic behaviour of h, () as a function of € S"~! as n — oo,
we apply Propositiontogether with . Here we are interested in concentration
inequalities for R(f), i.e. we do not only center around the constant term I'y but
also include the fourth order term Y7 T';;0;. Indeed, write

n

Qop(0) = (poi+ p3,) 07
i=1
so that [R(8)] < cxQs,(6) by (63). Dividing Qa, by p. = (2 X0 (pos + pl)?) 2
we may apply Proposition with d = 6, which yields
c

(6.4 e (557 1Q0s(0) = Qo) dona(0) <2

for some absolute constant ¢ > 0. Furthermore, by (6.1,

n

_ 15 . 1 .
o= imrn”  PTa ;(pﬁ’ﬁp&i)'
In particular,
(6.5) /S - exp (% n?/3 | Qa,p|1/3) do,_1(0) < 2

for some absolute constant ¢y > 0. Applying the Cauchy—Schwarz inequality to-
gether with (6.4)) and (6.5)), we therefore arrive at the concentration inequality

C
| e (s RO doi(6) <2
Snfl p*

for some absolute constant ¢ > 0 depending on M only. One may take ¢ =
cjlvé?’ min(cy, ¢g)/2 with ¢y from (6.3).

This example is related to a general framework of symmetric functions introduced
by Gétze, Naumov and Ulyanov [G-N-UJ. Indeed, we may consider sequences of real
functions h, (6 ....6,), defined on R"™ such that

hn-‘rl(glu s 70j7 07 0j+17 s 7077,) = hn(917 cee 70j7 Qj-‘rl? ce 7071)7
0
. —hn,(01,...,0;,...,0, =0 Vij=1,...,n;
(6.6) 5,00 oo / "
hn(eﬂ(l), R ,HW(H)) = hn(Ql, R ,Hn) Ve Sn,
where S,, denotes the symmetric group. This model may be regarded as a general

scheme which holds true in a lot of situations where asymptotic expansions are
considered. As shown in [G-N-U], Conditions ensure the existence of a “limit”
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function hoo (32,07, A1, ..., As), s € Ny, together with “Edgeworth-type” asymptotic
expansions. These expansions are given in terms of polynomials of Q4(0), d > 3,
where Q4(0) = Quq for a* = (1,...,1), and coefficients given by the derivatives of
the limit function he at A\ = ... = A\, = 0. In particular, if we assume 6 € S" !,
applying Proposition yields higher order concentration results for (hy,)p,.

In a certain sense, this represents a higher order extension of the second order
results by Klartag [K]| for distribution functions of spherical weighted sums for log-
concave measures. See also the results by Klartag and Sodin [K-S| for sums of
independent randoms variables.

REFERENCES

[A] Adamczak, R.: Moment inequalities for U-statistics. The Annals of Probability 34(6) (2006),
2288-2314.

[A-W] Adamczak, R., Wolff, P.:. Concentration inequalities for non-Lipschitz functions with
bounded derivatives of higher order. Probability Theory Related Fields 162(3) (2015), 531-586.

[A-S] Aida, S., Stroock, D.: Moment estimates derived from Poincaré and logarithmic Sobolev
inequalities. Math. Res. Lett. 1(1) (1994), 75-86.

[A-G] Arcones, M. A., Giné, E.: Limit theorems for U-processes. Ann. Prob. 21 (1993), 1494-1542.

[B] Bobkov, S.G.: The growth of LP-norms in presence of logarithmic Sobolev inequalities. Vestnik
Syktyvkar Univ. 11(1) (2010), 92-111

[B-C-G] Bobkov, S.G., Chistyakov, G.P., Gotze, F.: Second Order Concentration on the Sphere.
Commun. Contemp. Math. 19(5) (2017), 1650058, 20 pp.

[B-G1] Bobkov, S.G., Gotze, F.: Ezponential integrability and transportation cost related to loga-
rithmic Sobolev inequalities. J. Func. Anal. 163(1) (1999), 1-28.

[B-G2] Bobkov, S.G., Gotze, F.: Concentration inequalities and limit theorems for randomized
sums. Probability Theory Related Fields 137 (2007), 49-81.

[B-L] Bobkov, S.G., Ledoux, M.: From Brunn-Minkowski to Brascamp-Lieb and to logarithmic
Sobolev inequalities. Geom. Funct. Anal. 10(5) (2000), 1028-1052.

[B-B-L-M] Boucheron, S., Bousquet, O., Lugosi, G., Massart, P.: Moment inequalities for functions
of independent random variables. The Annals of Probability 33(2) (2005), 514-560.

[B-L-M] Boucheron, S., Lugosi, G., Massart, P.: Concentration Inequalities. A Nonasymptotic
Theory of Independence. Oxford University Press, 2013.

[CE-F-M] Cordero-Erausquin, D., Fradelizi, M., Maurey, B.: The (B) conjecture for the Gaussian
measure of dilates of symmetric convex sets and related problems. J. Funct. Anal. 214(2)
(2004), 410-427.

[D-G] de la Pena, V., Giné, E.: Decoupling. From Dependence to Independence. Springer, 1999.
[E-S] Efron, B., Stein, C,.: The jackknife estimate of variance. Ann. Statist. 9 (1981), 586-596.

[G-H] Gotze, F., Hipp, C.: Asymptotic expansions in the central limit theorem under moment
conditions. Z. Wahrscheinlichkeitstheorie verw. Gebiete 42(1) (1978), 67-87.

[G-N-U] Gotze, F., Naumov, A., Ulyanov, V.. Asymptotic analysis of symmetric functions.
Preprint, arXiv:1502.06267.

[G-S] Gotze, F., Sambale, H.: Second order concentration via logarithmic Sobolev inequalities.
Preprint, arXiv:1605.08635.

[G-S-S] Gotze, F., Sambale, H., Sinulis, A.: Higher order concentration for functions of weakly
dependent random variables. Preprint, arXiv:1801.06348.

[Gr] Gross, L.: Logarithmic Sobolev inequalities. Amer. J. Math 97(4) (1975), 1061-1083.

[G-Z] Guionnet, A., Zeitouni, O.: Concentration of the spectral measure for large matrices. Elec-
tron. Commun. Prob. 5 (2000), 119-136.



HIGHER ORDER CONCENTRATION OF MEASURE 31

[Hoe] Hoeffding, W.: A class of statistics with asymptotically normal distribution. Ann. Math.
Statist. 19 (1948), 293-325.

[Hou] Houdré, C.: The iterated jackknife estimate of variance. Stat. Probab. Lett. 32(2) (1997),
197-201.

[J-L] Joly, E., Lugosi, G.: Robust estimation of U-statistics. Stoch. Proc. Appl. 126 (2016), 3760—
3773.

[K] Klartag, B.: A Berry—Esseen type inequality for convexr bodies with an unconditional basis.
Probab. Theory Related Fields 145(1-2) (2009), 1-33.

[K-S] Klartag, B., Sodin, S.: Variations on the Berry—Esseen theorem. Teor. Veroyatn. Primen.
56(3) (2011), 514-533; translation in Theory Probab. Appl. 56(3) (2012), 403-419.

[L-O] Latala, R.; Oleszkiewicz, K.: Between Sobolev and Poincaré. Geometric aspects of func-
tional analysis, 147-168, Lecture Notes in Math., 1745, Springer, Berlin, 2000.

[L1] Ledoux, M.: On Talagrand’s deviation inequalities for product measures. ESAIM Prob. &
Stat. 1 (1996), 63-87.

[L2] Ledoux, M.: Concentration of measure and logarithmic Sobolev inequalities. Séminaire de
Probabilités XXXIII. Lecture Notes in Math. 1709, 120-216. Springer, 1999.

[L3] Ledoux, M.: The Concentration of Measure Phenomenon. American Mathematical Society,
2001.

[M] Major, P.: On the estimation of multiple random integrals and U -statistics. Lecture Notes in
Math. 2079. Springer, 2013.

[M-S] Milman, V. D.; Schechtman, Gideon Asymptotic theory of finite-dimensional normed spaces.
With an appendix by M. Gromov. Lecture Notes in Mathematics, 1200. Springer-Verlag,
Berlin, 1986. viii+156 pp.

[M-O-O] Mossel, E., O’Donnell; R., Oleszkiewicz, K.: Noise stability of functions with low influ-
ences: Invariance and optimality. Ann. Math. 171 (2010), 295-341.

[M-W] Mueller, C.E., Weissler, F. B.: Hypercontractivity for the heat semigroup for ultraspherical
polynomials and on the n-sphere. J. Funct. Anal. 48 (1992), 252-283.

[S-W] Stein, E.M., Weiss, G.: Introduction to Fourier analysis on Euclidean spaces. Princeton
University Press, 1971.

[T] Talagrand, M. Concentration of measure and isoperimetric inequalities in product spaces. Inst.
Hautes Etudes Sci. Publ. Math. No. 81 (1995), 73-205.

[W] Wolff, P.: On some Gaussian concentration inequality for non-Lipschitz functions. High Di-
mensional Probability VI, Progress in Probability 66, 103-110.

SERGEY G. BOBKOV, SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPO-
L1s, USA; NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF EcoNoMiIcs, RUSSIAN FED-
ERATION

E-mail address: bobkov@math .umn.edu

FRIEDRICH GOTZE, FACULTY OF MATHEMATICS, BIELEFELD UNIVERSITY, BIELEFELD, GER-
MANY
E-mail address: goetze@math.uni-bielefeld.de

HOLGER SAMBALE, FACULTY OF MATHEMATICS, BIELEFELD UNIVERSITY, BIELEFELD, GER-
MANY
E-mail address: hsambale@math.uni-bielefeld.de



	1. Introduction
	1.1. Functions of independent random variables
	1.2. Higher order Efron–Stein inequality
	1.3. Differentiable Functions
	1.4. Functions on the unit sphere
	1.5. Outline

	2. Functions of independent random variables: Proofs
	3. Higher order Efron–Stein inequality: Proofs
	4. Differentiable Functions: Proofs
	5. Functions on the Sphere: Proofs
	6. Polynomials and Edgeworth-type Expansions on the Sphere
	References

