ASYMPTOTIC EXPANSIONS AND TWO-SIDED BOUNDS
IN RANDOMIZED CENTRAL LIMIT THEOREMS

S. G. BOBKOV'*, G. P. CHISTYAKOV?*, AND F. GOTZE?*

ABSTRACT. Lower and upper bounds are explored for the uniform (Kolmogorov) and L2
distances between the distributions of weighted sums of dependent summands and the normal
law. The results are illustrated for several classes of random variables whose joint distribu-
tions are supported on Euclidean spheres. We also survey several results on improved rates
of normal approximation in randomized central limit theorems.

1. Introduction

A random vector X = (X1,...,X,) in R"” (n > 2) defined on the probability space (€, §,P)
is called isotropic, if

EX;X; =6;; foralli,j <n,
where ¢;; is the Kronecker symbol. Equivalently, all weighted sums

59:91X1++07’LX77,7 9:(017707’1)7 9%++9721:17

with coefficients from the unit sphere S»~! in R™ have a second moment IESH2 = 1. In this
case, provided that the Euclidean norm |X| is almost constant, and if n is large, a theorem
due to Sudakov [30] asserts that the distribution functions

Fy(z) =P{Sy <z}, z€R,

are well approximated for most of # € S*~! by the standard normal distribution function

O(x e V2 dy.

1 x
) B V 2m /oo
Here, “most” should refer to the normalized Lebesgue measure s, 1 on the sphere. This
property may be quantified, for example, in terms of the Kolmogorov distance

p(Fa, @) = sup | Fy(@) = ©(a).

Being rather universal (since no independence of the components X}, is required), random-
ized central limit theorems of such type have received considerable interest in recent years.
For the history, bibliography, and interesting connections with other concentration problems
we refer an interested reader to [8], [9], [13]. Let us mention one general upper bound

logn

Eg p(Fyp, ®) < c(14 0y4) W’ (1.1)
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which holds true with an absolute constant ¢ > 0 for any isotropic random vector X (cf.
Theorem 1.2 in [8]). Here and elsewhere, Ey denotes an integral over S*~! with respect to
the measure s,_1, and the bound involves the variance-type functional

1
ai = UZ(X) = EVar(|X|2) (04 > 0).

Modulo a logarithmic factor, the bound (1.1) exhibits a standard rate of normal approxi-
mation for Fp, in analogy with the classical case of independent identically distributed (iid)
summands with equal coefficients. It turns out, however, that in the model with arbitrary
6 € S*! and independent components X}, the standard rate for p(Fy, ®) is dramatically
improved to the order 1/n on average and actually for most of §. Motivated by the seminal
paper of Klartag and Sodin [22], this interesting phenomenon was recently studied in [9], [10]
for dependent data under certain correlation-type conditions. The last chapters of this paper
provide a short account of these improved rates of normal approximation.

One of the main aims of this work is to develop lower bounds with a similar standard rate
as in (1.1) (modulo logarithmic factors) and to illustrate them with a number of examples of
random variables X} often appearing in Functional Analysis. These results rely on a careful
examination of the closely related L?-distance

w(Fy, ) = (/Oo (Fy(z) — <I>(a:))2dm>1/2.

—00

Similarly to (1.1), it can be shown that for the class of isotropic random vectors the inequality

1
Eow?(Fp, @) < e(1+07) — (1.2)
holds without an unnecessary logarithmic term. However, in order to explore the real behavior
of the average L2-distance, some other characteristics of the distribution of X are required.
For example, assuming that the distribution is supported on the sphere /nS"~!, the L2-
distance admits an asymptotic expansion in terms of the moment functionals (normalized
LP-norms)
1 1/ 1 1/p
— - pPN\YP _ _— . )2
= my(X) = = (E(X,Y)?)"? = NG (Z(EXZ X)) ) .
Here, Y is an independent copy of X, and the summation is performed over all indices
1 <i1,...,% < n. The second representation shows that these functionals are non-negative
for any integer p > 1. Note that m; = 0 if X has mean zero, mo = 1 if X is isotropic, and
my = 0 with odd p when the distribution of X is symmetric about the origin. The following
expansion involves the moments m,, up to order 4.

Theorem 1.1. Let X be an isotropic random vector in R™ with mean zero and such that
|X|?> =n a.s. We have

c 1
Egw?(Fy,®) = mngrO(ﬁ mi) (1.3)
with ¢ = ﬁ. Similarly, with some absolute constants ci,co > 0,

cilogn 5  co(logn)?

2
]E@p (Fg,q)) S ng Tm4.

(1.4)
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As we will see, in the general isotropic case without the support assumption, but with
bounded oy, the average L?-distance is described by a more complicated formula

By w?(Fy, ®) = \/21?”(1+81)E X2+ |Y]2
—\/21%(1+4H)E|X Y|+O(1+U4) (1.5)

which holds whenever E | X|? = n.

In the setting of Theorem 1.1, using the pointwise bound | (X,Y) | < n together with the
isotropy assumption, we have E (X Y>‘3 <n?and E (X, Y>4 < n3. Therefore, the inequalities
(1.3)-(1.4) yield with some absolute constant ¢ > 0

1 2
Bou(Fp. @) < . Bg (1, 0) < C0B1T (16)
n’ n
thus recovering the upper bounds (1.1)-(1.2) for this particular case (since o4 = 0). On the
other hand, for a large variety of examples, such bounds turn out to be optimal and may be
reversed modulo a logarithmic factor (for large n). To see this, one may use the following

lower bound which will be derived from a slightly modified variant of (1.5).

Theorem 1.2. Let X be a random vector in R™ satisfying E|X|?> = n, and let Y be its
independent copy. For some absolute constants ci,co > 0, we have

1 1+ 0}
By w?(Fy, d) > clP{\X—Y\ Siﬁ}_” * % (1.7)
n

Thus, if the probability in (1.7) is of order at least 1/n, and o4 is bounded, the right-hand
side of this bound will be of the same order. If, for example, | X| = \/n a.s., we then obtain
that Ep w?(Fp, ®) ~ 1/n. In order to derive a similar conclusion for the Kolmogorov distance,
one may refer to the next statement.

Theorem 1.3. Let X be an isotropic random vector in R™ such that |X| < by/n a.s.
Suppose that we have a lower bound at the standard rate

D
EG w2(F9a (I)) > —
n
with some D > 0. Then with some absolute constants cg,c; > 0

Co l)2 C1 (1+J£)
Eg p(Fy, F) > — .
o p(Fo, F) = (1+04)2 b2 (logn)*/n n

These estimates may be employed to arrive at the two-sided bounds of the form
c c c1logn
) L5
n

n (log n)4 vn vn

with some absolute constants ¢p > 0 and ¢; > 0. Examples where both inequalities in (1.8)
are fulfilled include the following uniformly bounded orthonormal systems in L?(Q, §,P):
(i) The trigonometric system X = (X1, ..., X,) with components

Xop_1(t) = V2 cos(kt),
Xon(t) = V2sin(kt) (—m<t<m k=1,...,n/2, n even)

< Egp(Fy,®) <

(1.8)
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on the interval Q = (—m, ) equipped with the normalized Lebesgue measure P.
(ii) The cosine trigonometric system X = (Xi,...,X,) with

X (t) = V2 cos(kt)

on the interval Q = (0, 7) equipped with the normalized Lebesgue measure P.
(iii) The normalized Chebyshev polynomials X1, ..., X,, defined by

Xi(t) = V2cos(karccost)
= \@[t"— ( ; )t"‘2(1 ) ( " )t”‘4(1 )2

1,1) equipped with the probability measure dP(t) = dt, |t] < 1.

1
n ? T/ 1—t2

= (=
iv) The systems of functions of the form
Xi(t,s)=W(kt+s), k=1,....,n (0<t,s<1)

on the square Q = (0,1) x (0,1) equipped with the Lebesgue measure P. In this case, (1.8)
holds true for any 1l-periodic Lipschitz function ¥ on the real line such that fo x)dr =0

and fo WU(z)? dr = 1 with constants ¢y and ¢; depending on ¥ only.
(v) The Walsh system
X ={X;}rz0, TCH{L,...,d},

of dimension n = 2% — 1 on the discrete cube Q = {—1,1}% (the ordering of the components
does not play any role). Here, P denotes the normalized counting measure, and

ty=[]tx fort=(tr,...,ta) €Q.
ket

(vi) Random vectors X with associated empirical distribution functions Fy based on the
“observations” X = /nf; (1 <k <n).

The paper is organized as follows. We start in Section 2 with a review of several results on
the so-called typical distributions F' which serve as main approximations for Fy (in general,
they do not need to be normal, or even nearly normal). Sections 3-7 deal with the L2-
distances w(Fy, F') only, while Sections 8-12 are mostly focused on the Kolmogorov distances
p(Fy, F). In Section 13, the examples described in items (i)-(vi) illustrate the applicability
of Theorems 1.1-1.3, thus with a standard rate of normal approximation. In Section 14 we
consider lacunary trigonometric systems and show that the typical rate is improved to the
order 1/n. Similar improved rates are also reviewed in the last section in presence of certain
correlation-type conditions. Thus an outline of all sections reads as:

1. Introduction

Typical distributions

Upper bound for the L2-distance at standard rate

General approximations for the L2-distance with error of order at most 1/n
Proof of Theorem 1.1 for the L?-distance

General lower bounds for the L?-distance. Proof of Theorem 1.2
Lipschitz systems

Berry-Esseen-type bounds

9. Quantitative forms of Sudakov’s theorem for the Kolmogorov distance
10. Proof of Theorem 1.1 for the Kolmogorov Distance

11. Relations between L', L? and Kolmogorov distances

12. Lower bounds. Proof of Theorem 1.3

PN O WD
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13. Functional examples

14. The Walsh system; Empirical measures

15. Improved rates for lacunary systems

16. Improved rates for independent and log-concave summands
17. Improved rates under correlation-type conditions

As usual, the Euclidean space R" is endowed with the canonical norm | - | and the inner
product (-,-). In the sequel, we denote by Ey an integral over S"~! with respect to the
measure §,-1. By ¢, c1,co,..., we denote positive absolute constants which may vary from

place to place (if not stated explicitly that ¢ depends on some parameter). Similarly C' will
denote a quantity bounded by an absolute constant. Throughout, we assume that X is a
given random vector in R™ (n > 2) and Y is its independent copy.

2. Typical Distributions

In the sequel, we denote by
F(I‘) :]EQF@('I) :EQ]P){SG S.’E}, z €R,

the mean distribution function of the weighted sums Sy = (X, #) with respect to the uniform
measure §,_1. It is also called a typical distribution function using the terminology of [30].
Indeed, according to Sudakov’s theorem, if X is isotropic, then most of Fy are concentrated
about F' in a weak sense (cf. [1], [3], [8] for quantitative statements).

However, whether or not F' itself is close to the normal distribution function @ is de-
termined by the concentration properties of the distribution of |X|. Note that, due to the
rotational invariance of s,,_1, the typical distribution can be described as the distribution of
the product 6; | X|, assuming that 6 = (01,...,60,) is a random vector which is independent
of X and has distribution s,,_1. In this product, 614/n is almost standard normal, so that
F is almost standard normal, if and only if ﬁ | X| is almost 1 (like in the weak law of large

numbers). This assertion can be quantified in terms of the weighted total variation distance
by virtue of the following upper bound derived in [7].

Proposition 2.1. IfE|X|? = n (in particular, when X is isotropic), then

o

/Oo (1+2?)|F(dz) — ®(dz)| < — (1 + Var(|X])).

oo n

In particular, this gives a non-uniform bound for the normal approximation, namely

|F(z) — ®(x)] <

< ﬁ (1+ Var(|X])), z€eR. (2.1)

In these bounds we shall rely on the following monotone functionals (of p)

2 1/p
UQPZﬁ(E‘pr—1)p> L op>1, (2.2)

where the particular cases p = 1 and p = 2 will be most important. If E|X|> = n, we thus
deal with a more tractable quantity

1
o3 = - Var (| X|?).
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Using an elementary inequality Var(¢) E¢? < Var(€2) (which is true for any random random
variable £ > 0), we have Var(|X|) < 03. Another similar relation

1
10’% < Var(|X|) < Vno

can be found in [8]. From (2.1), we therefore obtain the following bounds for the normal
approximation in all LP-norms

iF—ol,= ([ 1Fw - awpar) "

—0o0

including the limit case

IF = @l = p(F, ®) = sup| F(a) — 0(z)]|.

Corollary 2.2. IfE|X|?> = n, then, for all p > 1,

1+ 09 1+ 02
[F =@, < Jm [F =@, <c : (2.3)
Note that the characteristic function associated to F' is given by
f(t) = EgEe®™0 = EyEetXI0 = B J,(¢|X]), teR, (2.4)

where J,, denotes the characteristic function of the first coordinate 67 of 6 under s,,_1. Hence,
by the Plancherel theorem,

1 > 2002 dt
WHF,®) = 27T/_OO (EJu(t|X]) — e /?) s (2.5)

For p = 2, the relations in (2.3) can also be derived by means of (2.5) and by virtue of the
following Edgeworth-type approximations derived in [8] and [10].

Lemma 2.3. For allt € R,

| T (tv/n) — e 72| < %ming,ﬁ}. (2.6)
Moreover,
4
Tl — (1~ i—n) 2| < 5 minf1, 11}, 2.7)

The functions J,, have a subgaussian (although oscillatory) decay on a long interval of the
real line. In particular, as was shown in [§],

| Ju(tvn)| < 5e7/2 1 4e™/12 R, (2.8)

This bound can be used for the estimation of the characteristic function of the typical distri-
bution, by involving the variance-type functionals og,.

Lemma 2.4. The characteristic function of the typical distribution satisfies, for allt € R,
1+ agp

—t2/4
& f0] < e — s



CLT for weighted sums 7

with constants ¢, > 0 depending on p > 1 only. Consequently, for all T' > 0,

T 1+ob
Cp 1 2p
—= Hldt < — .
T/O @l < g+ —

Proof. One may split the expectation in (2.4) to the event A = {|X|> < An} and its
complement B = {|X|?> > An}, 0 < XA < 1. By (2.8),
E|J,tX)|1p < E(5e PN fgen/12) 1y
< e M2 g2,

On the other hand, recalling the definition (2.2), we have
P(4) = P{n—|X]*>(1-Mn}
1 b

< —— Eln— |X]*P= —22L . 2.9

S (@ I = G (29)
Choosing A = 3, and since |J,(s)| < 1 for all s € R, we get

E|Ju(t1X])| 1a < (209)Pn "2,
thus implying that
lf@)] <5 e P/ p g /12 4 (209,)P nP/2.

This readily yields the desired pointwise and integral bounds of the lemma. O

If | X| = v/n a.s., the typical distribution F is just the distribution of \/n 61, the normalized
first coordinate of a point on the unit sphere under s, 1, whose characteristic function is
Jn(ty/n). In this case, the subgaussian character of F manifests itself in corresponding
deviation and moment inequalities such as the following.

Lemma 2.5. For all p > 0,
p\P/2
Eq 617 < 2 (f) . (2.10)
n

This inequality can be derived from the well-known bound on the Laplace transform

")
2(n—1) }’
which follows from the fact that the logarithmic Sobolev constant for the unit sphere is equal
ton —1 (cf. [24]). Using 2P < (2)Pe”, 2 > 0, we have |z[P < 2(2)P cosh(x), # € R, and the
above bound implies

Eg ett < exp { t € R,

2

p\P
P [61]P < 2 (7) e for all ¢ > 0.
e
The latter can be optimized over ¢, which leads to (2.10), even in a sharper form.
In this connection, let us emphasize that rates for the normal approximation for F' that
are better than 1/n cannot be obtained under the support assumption as above.

Proposition 2.6. For any random vector X in R" such that | X|?> = n a.s., we have

Ey p(F,®) > =
n
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Proof. One may apply the following lower bound

1 T 2 t
F& >4ﬂ t—_”QO——>t, 2.11
o) = o | [ - (1- 5 d (211)
which holds for any 7' > 0 (cf. [4]). Since |X|?> = n a.s., we have f(t) = J,,(ty/n). Choosing
T =1 and applying (2.7), it follows from (2.11) that p(F,®) > & for all n > ng where nq is
determined by c only. But, a similar bound also holds for n < ng since F' is supported on the

interval [—+/n,\/n]. O
3. Upper Bound for the L?-distance at Standard Rate

Like in the problem of normal approximation for the typical distribution function F = EgFy,
the closeness of distribution functions Fy of the weighted sums Sp = (X, 0) (6 € S*™ 1) to F
in the metric w can also be explored in terms of the associated characteristic functions (the
Fourier-Stieltjes transforms)

folt) = EetX0 — / M@0 dFy(x), teR. (3.1)
Again, let us start with the identity
L% | folt) — fFO)P
2
Fy,F)=— St 2
2o F) =5 [~ O @2

Here, the mean value of the numerator represents the variance Eq | fo(¢)|2—|f(t)|? with respect
to s,—1. Moreover, using an independent copy Y of X, we have

Eg |fo(t)]? = B E X0 — EJ, (¢ X —Y)). (3.3)
Hence, the Plancherel formula (3.2) together with (2.4) yields

dt

Baw(Fo,F) = o [ (B0 - Y]) = (©1.01X])°) &

:g .

(3.4)

In this section our aim is to show that the above expression is of order at most O(1/n)
provided that the mean a = EX, my = mo(X) and 07 = 03(X) are of order 1. The next
statement contains the upper bound (1.2) as a partial case.

Proposition 3.1. Given a random vector X in R" with EX = a and E |X|* = n, we have

cA

Egw?(Fp, F) <
n

(3.5)
with A = 14|a|>+m3+03. A similar inequality continues to hold with the normal distribution
function ® in place of F.

If X is isotropic, then mg = 1, while |a|] < 1 (by Bessel’s inequality). Hence, both
characteristics mo and a may be removed from the parameter A in this case. However, in the
general case, it may happen that my and o4 are bounded, while |a| is large. The example in
Remark 3.2 shows that this parameter can not be removed.
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Proof. Note that, for any n > 0,
*® min{1, #?n?}

5 dt = 4n, (3.6)

—0o0
Hence, in the formula (3.4), the expectation EJ,,(¢|X —Y|) can be replaced using the normal
approximation (2.6) at the expense of an error not exceeding

0o 2 _ 2 _
[y AXTE g oY) s
n n 12 n Vn n
where we used that E |X| < y/n. Similarly, by (2.6) and (3.6),

—00

> 2 —t2|X|2/2n 2 dt > —tQ‘X|2/2n dt
| (EJu(0X))° - (Ee PG < 28 [ |ax) e &
oo o
00 2 2
< 2CE/ min{l,t|X’ }d—§
n oo n t
n Jn T n
Hence, using these bounds in (3.4), we arrive at the general approximation
Y -
? 27_[_ e t2 n 3 .

where we recall that C' denotes a quantity bounded by an absolute constant.
Introduce the random variable

, | X =Y
P — >0.
p 5 (p=0)

By Jensen’s inequality, E e #*IXI*/2n > ¢=#/2 g5 that, by (3.7),

1 00 Pt _ ot c
Egw?(Fy,F) < —E ——dt+ —.
0w (Fo, F) < 27 /Oo t2 +n

The above integral is easily evaluated (by differentiating with respect to the variable “p?”),
and we arrive at the bound

1 c
Epw?(Fy,F) < — (1 —Ep) + —. 3.8
(o) S 7= (1-Ep) + & (35)
To further simplify, one may apply an elementary inequality 1 —z < % (1—22)+(1—22)?
(z > 0), which gives

1 1 c
Eguw?(Fy,F) < —E(1—p*)+ —=E(1-p?)?+ —.
Since ) ,
n—|X n—|Y XY
g noIXP no R (XY
2n 2n n
we have

1 1 1
1-Ep?>=—-E(X,Y)=—|EX|> = = |a]%.
n n n

In addition,

)

— X2 — Y2\ ? X.Y)?
n|!+n |\>+2<,>

1—-p%)?% <2
(1=p%)" < ( 2n 2n

n2
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which implies

2 2 2 2
< Var (| X| )+2]E<X,Y> _ 04—|—2m2.

F (1 — p2)2
(1—=p%) 2 3 -
Using this estimate in (3.8), the inequality (3.5) follows immediately.

For the second assertion, it remains to apply Corollary 2.2. (|

Remark 3.2. Let us illustrate the inequality (3.5) in the example where the random
vector X has a normal distribution with a large mean value. Given a standard normal
random vector Z = (Z1, ..., Z,_1) in R*! (which we identify with the space of all points in
R™ with zero last coordinate), define

X =aZ + de, with 1§)\§n1/4, a2(n—1)+/\2:n,

where e, = (0,...,0,1) is the last unit vector in the canonical basis of R™. Since Z is
orthogonal to ey, so that |X|? = o?|Z|? + A2, we have E|X|? = n, and
4 4 2\2
2 —1 - A
o2 = Cvar(zp) = 2ol =),
n n n(n —1)

Let Z' be an independent copy of Z. Then Y = aZ’ + Ae, is an independent copy of X,
so that

1 1
m2 = E1@:<X,Y>2 = E(a4(n—1)+)\4) <2

Thus, both mgy and o4 are bounded, while the mean a = EX = Ae, has the Euclidean length
la| = A > 1. Hence, the inequality (3.5) being stated for the normal distribution function in
place of F' simplifies to
2 cA?
Egw*(Fp,®) < —
Let us show that this bound may be reversed up to an absolute factor (which would imply
that |a|?> may not be removed from A). For any unit vector § = (1,...,6,), the linear form

Sy = <X,9> =abhZ1+ -+ aby_ 12,1 + N0,

has a normal distribution on the line with mean ESp = A, and variance Var(Sy) = o?(1—62).
Consider the normal distribution function @, ,2(x) = ®(*;*) with parameters 0 < pu <1
and % <0?2<1(6>0). Ifz < HLJ’ then *=£ < x, and on the interval with these endpoints
the standard normal density ¢(y) attains minimum at the left endpoint. Hence

Buorle) = @) = [ ey = (o= T F) (T F),

T

z—p o
so that
% T — 2 T — 2
w2(<I>W,2,<I>) > / (x— M) cp( ,u) dx
’ oo o o
= 5 (n—(1-0)y) eﬂ/dng eV Pdy > ep’.
—0o0 —00

In our case, since A < n'/4 and
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we have [ESp| < 1 and Var(Sp) > % on the set Q, = {# € S"7 : |6,| < k\’}gﬁ”} with n large
enough. It follows that
N2

n .

Egw?(Fy,®) > cA’E6} 1igeq,) >

4. General Approximations for the L?-distance with Error of Order at most 1/n

We now turn to general representations for the average L?-distance between Fj and the
typical distribution function F' with error of order at most 1/n.

Proposition 4.1. Suppose that E|X| < by/n for some b > 0. Then
1 Ch

Egw?(Fy, F) = —ER + —, 4.1
where
(X2 +[Y[*)L2 LX) X Y| 1
R = 14+ — - 1+ —). 4.2
Jn (1+ 4 (\X\2+|Y\2)2) n (1+4) (42)

We use the convention that R =0 if X =Y = 0. Note that |R| <3 %, so ER < 3b.
Let us give a simpler expression by involving the functional o7 = 1 Var(] X|?) and assuming
that E |X|? = n. Since
X1 (X YR

(XP+[Y])2 2 2(XP+[Y]H)*

we may write
1 X2 —|Y|?)? X2 4 |Y]?)1/2 1 X-Y 1
_ (X" =1Y[%) +(|| Y]%) (1+7>_| ’(1+—>.
8n3/2 (|X|2 +|Y[2)3/2 vn 8n Vn 4n

As we will see, the first term here is actually of order at most o3 /n?. As a result, we arrive
at the relation (1.5).

(4.3)

Proposition 4.2. If E|X|? = n, then

1 1402
Egw?(Fy, F) = EER+C’ — 4 (4.4)
where
(xR 1 X Y] 1
k= T (1+5) ‘ﬁf@*@) (4.5)

Proof of Proposition 4.1. Let us return to the Plancherel formula (3.4). To simplify
the integrand therein, we apply the inequality (2.7) in Lemma 2.3, by replacing ¢* with #? in
the remainder term. Using the equality (3.6), the expectation E.J,(t|X — Y]) in the formula
(3.4) can be therefore replaced according to (2.7) at the expense of an error not exceeding

0o 2 _ 2 _
CE/ min{1t|X Y|}@_gE\X Y| _ b

n? ’ n t2 n? N T

—00
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As for the main term (1 — %) e t°/2 4

implies that

n (2.7), it is bounded by an absolute constant, which

t4

( Vn)J, ( Vvn) = <1 — %> (1— %) —(t?+s? )/2-1-0( mm{l t2—|—82})
= (1) e o i1, 2 4 57)).

Hence

t4 X4 Y4 2 2 2
ELUXDE = EdtX]) Juty]) = E(1- DD e

N o(n” min{l’ £ (XP+1Y?) })

n

As before, after integration in (3.4) the latter remainder term will produce a quantity not
exceeding a multiple of b/n?. As a preliminary step, we therefore obtain the representation

1 Cb
Egw?(Fy, F) = — I+ — 4.
9("')(97) o +n2 (6)
with
% X — Y[\ Pxeovp? XYY _2axaviy] dt
T e e
To evaluate the integrals of this type, consider the functions
1 > 2 2 dt
- _ 1 _ 4 —at /2 —t /2 R .
() m/—m (I—rt*)e e >t2 (>0, reR)
Clearly,
1 o 2
(1) = ———= rt2e V2t = —
V2T
and
(o rt4 —at?/2 gy
r(@) -5 Tw
1 3r
- _ =%/2 0 —
2\F \/277/ 1 2° ) =57 (1 a2>
Hence
_ Y VIR AT
@) =un() = [ (=55 TR
= (1+7)— (@2 +ra™3?),
and we get
(@) =1— (a2 +ra=3/?), (4.7)

Here, when o and r both approach zero subject to the relation » = O(a?), we get in the limit
10(0) = 1. From this,

EI = E(wrl(m)—’t/}m(%))

= E(ay” +120;,"%) —E(a)? + 110,
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which we need with

X -YP? X -v
a= n T T
XY N (X" + [V
- n ’ 2= 4n3 '
It follows that
a2 4 ;¥ (le2 + |Y|2>1/2 ( 1 X+ )
n dn (| X]2 + [Y]2)?

_ X Y[\ 1
o)t +ria?? = (’ - ‘) (1+1)

with the assumption that both expressions are equal to zero in the case X =Y = 0. As a
result, (4.6) yields the desired representation (4.1) with quantity R described in (4.2). O

In order to modify (4.1)-(4.2) to the form (4.4)-(4.5), first let us verify the following general
relation.

Lemma 4.3. Let £ be a non-negative random variable with finite second moment (not
identically zero), and let n be its independent copy. Then

(€ —n)? Var(€)
Bt Heroor < 12 e

Applying the lemma with ¢ = | X|?, n = |Y|? and assuming that E |X|? = n, we get that
X 2 Y 2\2 X 2 X 2 2
(XP = VPP, Var(XP) _ | Var(XP) _
(IX|2 + [Y[2)3/2 (E|X[2)3/2 n3/2 n1/2

In view of (4.3), this proves Proposition 4.2.

Proof of Lemma 4.3. By homogeneity, we may assume that E{ = 1. In particular,
E | —n| < 2. We have

(€—n

A\s—n)” 3/2
(£+77)3/2 Lesn>1/2) 27°E

IN

(& =) Lern=1/2)
2B (£ —n)® = 4v2Var(é).

IN

Also note that, by Chebyshev’s inequality,
P{e<1/2} = P{1—€2>1/2} < 4Var(e)?,

SO

P{¢+n<1/2} < P{E<1/2}P{y<1/2} < 16 Var(§)*.
Hence, since ‘5 ”‘ <1 for £ +n > 0, we have, by Cauchy’s inequality,

(5—)

(€ + )3/2 Lo<ean<izy < E \/Hl{o<§+ng1/2}

< VEE—nlVPIETn<1/2} < 42 Var(e).
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It remains to combine both inequalities, which yield

O (el Y < 8v2Var(¢) < 12 Var(¢)
(€ 4 )32 {erm>0r = - '

5. Proof of Theorem 1.1 for the L?-distance

The expression (4.5) may be further simplified in the particular case where the distribution
of X is supported on the sphere /n S"~!. Introduce the random variable
X, Y
= Y

n

where Y is an independent copy of X. Since |X — Y|? = 2n (1 — &), Proposition 4.2 yields:

Corollary 5.1. If | X|? =n a.s., then

VT By (Fp, F) = (1 + ﬁ) E (1 (- §)1/2) - 8% + O(%). (5.1)

Note that |£| < 1. Therefore, the relation (5.1) suggests to develop an expansion in powers
of ¢ for the function w(e) = 1 — /T — ¢ near zero, which will be needed up to the term &*.

Lemma 5.2. For all |¢| <1,
1 1 1
1-VI—e < —et -4 =343t
e < 26+8€ +16€ + 3¢
In addition,

1 1
—e2 4 =2 40.016%

1
1-Vi—e > -
€= 58713 16

Proof. By Taylor’s formula for the function w(e) around zero on the half-axis ¢ < 1,

11 1 5 w® (g;)
lovVi—e = 2oqt2, bt 3,9 4 W) 5
€= 98 Tg T T1s® T 10 €

—9/2

for some £ between zero and . Since w(® (¢) = P(1-¢) > 0, we have an upper bound

1—\/1—€§%€+é€2+%83+%54, e <0.
Also, w®)(g) < %39/2 < 461 for 0 < e < Z, so, in this interval
1—;864 w(i)z(gl)55§354.
Thus, in both cases,
1-— 1—£<15+152+i53+354 e <
-2 8 16 ’ -

To treat the remaining values % < e <1, it is sufficient to select a positive constant b such
that the polynomial

w | N

1 1 1
Q(a):§5+§52+1—653+b54
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is greater than or equal to 1 for ¢ > % On this half-axis, Q(g) > % + b% > 1 for b > 3.
Thus, the upper bound of the lemma is proved.
Now, from Taylor’s formula we also get that

11 1 5
1—-V1—e> -2+ 34 —¢ > 0.
€298 tgf T e Tt €2

In addition, if —1 < e <0, then w®) (e) < %7 50

11, 1 5 ®)
1-VI=e = se+_ft—ed4 et (14220 (51)5)

2°73 16 128 120
1 1, 1 3 4( 5 13025>
> Z _ - 32
= 98T ge g% TE (128 120
11 1
Ce4 224 — 2 40.016%

>
-2 8 16
O

Proof of Theorem 1.1 (First part). Using Lemma 5.2 with e = £ and applying Corollary

5.1, we get an asymptotic representation
VT By (F, F) = (1 + i) (5@52 + L +cE§4) L +o(i)
ol an) \8 16 8n n?

for some quantity ¢ such that 0.01 < ¢ < 3. If additionally X is isotropic, then E (X, Y>2 =n,

ie. EE2 = %, and the representation is simplified to

V7 By w?(Fy, F) = <1+ ﬁ) <%E§3+0E§4> +O(%),

thus removing the term of order 1/n. Moreover, since E¢* < E[¢]? < E&2 = %, the fraction

ﬁ may be removed from the brackets at the expense of the remainder term. Thus

1 . 1
VT By (R, F) = B +cBe' +0(—),
16 n?
which is exactly the expansion (1.3). O

Remark 5.3. In the isotropic case with |X|?> = n a.s., but without the mean zero
assumption, the above expansion takes the form

1 1 1
VT By (Fp, F) = §E§+EE§3+0E§4+O(—2>. (5.2)
n
Since the last two expectations are non-negative, this implies in particular that

Egw?(Fy, F) > 2\1/EE§+O(7112>. (5.3)

6. General Lower Bounds for the L?-distance. Proof of Theorem 1.2

Proposition 4.1 may be used to establish the following general lower bound which will be
the first step in the proof of Theorem 1.2. Recall that Y denotes an independent copy of a
random vector X in R"™.



16 S. G. Bobkov, G. P. Chistyakov and F. Gotze

Proposition 6.1. If E|X| < b\/n, then

b
E9w2(F9,F) Z ClEple—Czﬁ, (61)
where
_<!X\2+\Y\2)1/2 _2(X)Y)
SR LT xR

The argument employs two elementary lemmas.

Lemma 6.2. IfE|X|? is finite, then

E(X,Y)? > % (E|X[?)°. (6.2)

By the invariance of (6.2) under linear orthogonal transformations, we may assume that
EX;X; = \id;; where \;’s appear as eigenvalues of the covariance operator of X. Since

n n
EIXP=) XN  EXY?=) X,
i=1 i=1
the inequality (6.2) follows by applying Cauchy’s inequality.

Lemma 6.3. IfE | X P is finite for an integer p > 1, then, for any real number 0 < a < p,

X, Y)P
<2 ’ > 2\« Z 0’
(IX[? +Y]?)
where the ratio is defined to be zero in case X =Y = 0. In addition, for a € [0, 2],
2 2112
LNV 1 XPY

(XP+HYP)e = n (IXP+[YPR)e

Proof. First, let us note that
(XY P e AXTIYDP
(X2 + Y2 = (XY ])e

so, the expectation on the left is finite. Without loss of generality, we may assume that
0<a<pandr=|X|>+|Y|? > 0 with probability 1. We use the identity

> 1/ > 1/«
/ et = cur™®  where ¢, :/ e °" ds,
0 0

E = (E|X[~)?,

which gives
o0
B (X, YYo= / E(X,V) e dt.
0
Writing X = (X1,...,X,) and Y = (Y3,...,Y},), we have
E(X,Y)P e = E(X,Y)? et 3P

n

= Z (EXil...Xip et |X‘2)27

115 ip=1
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which shows that the left expectation is always non-negative. Integrating over t > 0, this
proves the first assertion.
For the second assertion, write

o0 (e}
ca B (X, V)" r™ = / E(X,Y)? et/ (XPHYP) gy = / E (X, Y;)? dt,
0 0

where
1/ 2 1/ 2
X, e—t/ |X|2/2 X, Y, e—t/ YI?/2y

Since Y; represents an independent copy of Xy, one may apply Lemma 6.2 which gives

1
E(X,Y)? > ZELXGP R

Hence,
E(X,Y)"dt > — | E|Xi|"|Vi"at
0 n Jo
1

= /OOIE|X|2|Y|2e_t1/a(|X|2+|Y|2)dt = “CEIXPYPRr
n Jo n

g

Proof of Proposition 6.1. Let us return to the representation (4.3) in Proposition 4.1
and write

EQWQ(FQ,F):\/%E(R()-FRﬂ'Fi;b,
where
Ry = 1 (X2 = YP)?
8n3/2 (|X |2 4-|Y[2)3/2
and
X2 4|V ]?)1/2 1 X-Y 1
R = (1X] \/Iﬁl) (1+8n)_! = !(HM)

_ <|X|2+¢|$/|2>”2 [(Hjn)(l_ 1_5)_1}

with the assumption that Ry = 0 when X =Y = 0. Since || < 1, one may apply Lemma
5.2 which gives

Ry >
12 /n

The expectation of the terms on the right-hand side containing ¢ and ¢ is non-negative
according to Lemma 6.3 with a = %, p =1, and with o = %, p = 3, respectively. Hence,

(IX[2 + [Y][3)/2 1
1
( * 4n &n

—)(%Gé&ﬂ%&%om&“) —1]-

removing the unnecessary factor 1 + ﬁ, we get

1 I (XP+ Y)Yz, 1
Egw?(Fy,F) > ——ERy+ E - =
o BB = e e v Gt
(IX]2+ [Y|HV2 b
+ C1 E \/ﬁ § — Cgﬁ. (63)
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Now, by the second inequality of Lemma 6.3 applied with oo = 3/2, p = 2, we have
(X,Y)?
(X2 +[Y[2)3/2
_ oA XPpP
T o ((XP 4y PR

E (X[ +[Y[)2 ¢

This gives
(PP (o Ly 5 L opr 4IXPIVE
SV 3?72 (X + [Y )2
1 (IXP-1YP)?
3372 (X2 + Y277

Thus, the summand ERj in (6.3) neutralizes the second expectation, and we are left with the
term containing &*. O

E

— (X2 + [ ) 2

= —ERy.

Proof of Theorem 1.2. We apply Proposition 6.1. By the assumption, Ep? = 1 and
Var(p?) = 5~ 07, where 07 = 1 Var(|X|?). Using

2n
X —Y|?
2UX, Y)Y = |XP+|Y]P—|X -Y|?, :1—|7,
(X,Y) = X[+ [Y[]"—| \ 3 XE+ VP
we have
¢ > (1—0) Ixoyp <a(xpvp)
> (1—a)' Lyx—yp <arn, (XP+YR A} 0 <@ A<

On the set | X|? + |Y|? > An, we necessarily have p? > 250

1— 4
Epet > (\/;)\FAP{yX—YPgaAn, yxy%m%m}

() Vi (JP’{|X YR <o) —P{XP 4|V < )\n})
= < <n}).

But, by Chebyshev’s inequality

Y

ar(| X|? of
B{IXE < dn) = Pin— X 2 (1=} < G000 =

implying
P{|X|*+|Y]* < An} < (IP’{]X]2</\ })2 < L
<An; < < An S AN w2
Hence
1—a)t 1 ot
Epet > 1= 5 (Bx —vP <o) - L %),
P& 2 NG \F({‘ |” < aAn} (1— N n2
Choosing, for example, @ = A = %, we get
1 1 ot
Epet > Py X -Y|*<-np— L.
Pe 25 {| | —4”} on?

It remains to apply (6.1) with b = 1 and replace F' with ® on the basis of (2.3). O
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7. Lipschitz Systems

While upper bounds of order n=1/2 for the L2-distance w(Fy, F) on average are provided in
(1.2) and in the more general inequality (3.5) of Proposition 3.1, in this section we focus on
the conditions that provide similar lower bounds, as a consequence of Theorem 1.2.

Let L be a fixed measurable function on the underlying probability space (Q2,§,P). We

will say that the system Xj,..., X, of random variables on (2, §,P), or the random vector
X = (X1,...,X,) in R™ satisfies a Lipschitz condition with a parameter function L, if
max | X (t) — Xi(s)| < n|L(t) — L(s)], t,s €. (7.1)
1<k<n

When 2 is an interval of the real line (finite or not), and L(t) = Lt, L > 0, this condition
means that every function Xj in the system has a Lipschitz semi-norm at most Ln.
As before, we use the variance functional o = 1 Var(|X|?).

Proposition 7.1. Suppose that E |X|? = n. If the random vector X satisfies the Lipschitz
condition with a parameter function L, then

c,  ¢o(1 —|—af11)

Egw?(Fy, F) > — - (7.2)

2
n
with some absolute constant cg > 0 and with a constant c;, depending on the distribution of
L only. Moreover, if L has finite second moment, then with some absolute constant ¢; > 0

C1 Co (1 + 02)
Egw?(Fy, F) > — . 7.3
9(0)_nVar(L) n? (7:3)
Note that, if X1, ..., X, form an orthonormal system in L?(£, §,P), i.e., the random vector

X is isotropic, and if L has finite second moment ||L||3 = EL?, then this moment has to be
bounded from below by a multiple of 1/n%. Indeed, the projection of the function n(t) = 1
in L%(Q2,3,P) to the linear hull H of X,..., X, has the form Projy(n) = > 1_; (n, X&) Xk,
and we have Bessel’s inequality
L=nl3 > IProjz(n)l5 =Y (n, Xi)* = (EXy)?
k=1 k=1

(where we used the canonical innde product (-, -) in L?(2, §,P)). By the Lipschitz assumption,
| X1 (t) — Xp(s)|? < n?|L(t) — L(s)|?. Integrating this inequality over the product measure
P(dt) ® P(ds), we obtain a lower bound

n? Var(L) > Var(X;) = 1 — (EX};)%

One may now perform summation over k = 1,...,n, which together with Bessel’s inequality
leads to ] ]
n —
Var(L) > —— > —  (n > 2).
2" 22

The Lipschitz condition (7.1) guarantees the validity of the following property, which can
be combined with Theorem 1.2 to obtain (7.2)-(7.3).

Lemma 7.2. Suppose that the random vector X = (Xi,...,X,) satisfies the Lipschitz
condition with the parameter function L. If Y is an independent copy of X, then
eV

P{X -Y]* < An} > ——, 0<A<1,
mn
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where the constant ¢ > 0 depends on the distribution of L only. Moreover, if L has finite
second moment, then

VA
6n+/Var(L)’

P{|X - Y[|* < A} > 0 <A <n?Var(L).

In turn, this lemma is based on the following general observation.

Lemma 7.3. Ifn is an independent copy of a random variable &, then for any ¢ > 0,
P{[¢ —n[ <e} > e, 0 <e < ey,

with some constant ¢ > 0 independent of €. Moreover, if the standard deviation o = /Var(§)
is finite, then

1
P{|§—n\§£}26—05, 0<e<o.

Proof. The difference ¢ — 1 has a non-negative characteristic function h(t) = |(t)|?,
where 9 is the characteristic function of £&. Denoting by H the distribution function of & — 7,

we start with a general identity

| bt = [ o a, (7.4
which is valid for any integrable function p(t) on the real line with Fourier transform p(z) =
ffo e p(t)dt, x € R. Given € > 0, here we take a standard pair

o0

et

o) = - (22) =1 (- BN

9 3

2

where we use the notation a* = max{a,0}. In this case,

| @t < 2 /[ AR () = B{l -l <),

oo €

sin u

On the other hand, since the function ** is decreasing in 0 < u < §, we have

/ T oOht) dt > % (2sin(1/2))’ / Yy > % / Y dr.

— 00 —1/e —1/e
Hence, whenever 0 < € < gq, by (7.4),

€ 1/e € 1/e0
P{|¢ —n| <e} > / h(t)dt > / h(t) dt.
7 —1/e 7 —1/e0
Since h(t) is bounded away from zero near the origin, the first assertion follows.
One may quantify this statement in terms of the variance 02 = Var(¢) by using Taylor’s
expansion for h(t) about zero. Indeed, it gives 1 — h(t) < 0*t?, and thus for € < g9 = 0,

1/e 1/o
/ h(t)dt > / (1—c%t?)dt = +
—1/e —1/c 30

> L ¢ the lemma is proved. U

; e .4
Since 530 2 G0
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Proof of Lemma 7.2. Let us equip the product space 2?2 = Q x Q with the product
measure P? = P®P and redefine X on this new probability space as X (¢, s) = X (¢), (¢, s) € Q2.
Then one can introduce an independent copy of X in the form Y (¢,s) = X(s). By the
Lipschitz condition,

X(ts) = Y(t )P = STIXR(t) — Xa(s)® < 0 |L(t) - L(s)[
k=1

Hence, if n is an independent copy of the random variable £ = L, then

P{IX —Y[* < n} > P{n’|¢ —n* < An} = P{!é—nl < f}

But, by Lemma 7.3 with £y = 1, the latter probability is at least ¢ %, where the constant ¢

depends on L only (via its distribution). An application of the second inequality of Lemma
7.3 yields the second assertion. O

To include more examples, let us now give a bit more general form of Lemma 7.2, assuming
that (Q,P) = (Q; x Qy,P; ® Py) is a product probability space.

Lemma 7.4. Let X = (X1,...,X,) : @ = R"™ be a random vector such that, for some
measurable functions L1 and Lo defined on )y and (o respectively,

max [ Xi(tr, t2) = Xi(s1, 82)| < n|La(t) = La(s1)] + [La(t2) — La(s2)] (7.5)

for all (t1,t2), (s1,s2) € Q. If'Y is an independent copy of X, then
A
P{X -YP<i}>2  o0<a<l, (7.6)
n

where the constant ¢ > 0 depends on the distributions of L1 and Ly only.

Proof. Again, let us equip the product space Q2 = Q x Q with the product measure
P2 =P®P and put X(t,5) = X(t), Y(t,5) = X(s) for t = (t1,t2) € Q and s = (51, 82) € Q,
so that Y is an independent copy of X. By the Lipschitz condition (7.5), for any k < n,

| Xk (t) = Xi(s)] < 20%[La(t1) — La(s1)| + 2 |L2(t2) — La(s2) [,

X0 =Y ()P = Y 1Xu(t) — Xi(s)?
k=1

< 2n3 ’Ll(tl) — Ll(sl)\2 +2n ’Lg(tg) — L2(82>‘2.

Putting Li(t1,t2) = L1(t1) and La(t1,t2) = La(t2), one may treat L; and Lo as independent
random variables. If L} is an independent copy of L; and L) is an independent copy of La,
we obtain that

P{X -Y[><An} > ]P’{n2 L1 — L% + |Ly — Ly < %}

> ]P’{nQ\Ll—L’1|2§E}P{\LQ—L’2|2§2}
- ]P’{]Ll—L’l\gixf/\}]P’{\Lg— ’2|§% )\}.

It remains to apply Lemma 7.3. O
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Let us now combine the inequality (1.8) of Theorem 1.2 with the inequality (7.6) applied
with A = i. Then we obtain the following generalization of Proposition 7.1.

Proposition 7.5. Under the Lipschitz condition (7.5), we have

¢ ¢ (l+ot
Egw?(Fy, F) > — — Miw’
n n
where ¢y > 0 is an absolute constant, while ¢ > 0 depends on the distributions of L1 and Ls.
A similar estimate also holds when F' is replaced with the normal distribution function ®.

The last assertion follows from the inequality (2.3), cf. Corollary 2.2.

8. Berry-Esseen-type Bounds

We now turn to the study of the Kolmogorov distance

p(Fy, F) = sup |Fy(z) — F(z)], 6es™,

between the distribution functions Fy of the weighted sums Sy = (X,0) and the typical
distribution function F' = EgFy. We are mostly interested in bounding the second moment
Eg p(Fp, F). As in the case of the L?-distance, our basic tool will be a Fourier analytic
approach relying upon a general Berry-Esseen-type bound

cpUV) < /OTMdt+;/OT|V(t)|dt, T 0, (8.1)

where U and V may be arbitrary distribution functions on the line with characteristic func-
tions U and V respectively (cf. e.g. [4], [26], [27]).

As before, we denote by fy and f the characteristic functions associated to Fy and F.
Recall that og,-functionals were defined in (2.2).

Lemma 8.1. If T'> Ty > 1, then for allp > 1,

'E — f@®)? Tg — f@)]?
¢, By p2(Fp, F) < /0 9|f9(1t352 f(t)] dt+logT/O 9\f9(t)t f(t)] gt
T 2p
Eg | fo(t)|? 1 140y,
log T —dt + — 8.2
+ log /TO ; +T2+ . (8.2)

where the constants ¢, > 0 depend on p only.

Proof. By (8.1), for any 6§ € S*~1,
cp(Fy, F) < / |f9() dt+/ t)| dt,
0

and squaring it, we get

¢ 2 (Fp, F) < (/Odethr;Q (/(]T]f(t)|dt)2.
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Let us split integration in the first integral into the intervals [0,1] and [1,7]. By Cauchy’s

inequality,
Hfe(t) — F(B)] L \2 Y fa(t) — f()?
() )" < [
while . . ,
([ IOl 4 ¢ g [0SO,
Hence
1 _
CpQ(Fg,F) < /0 Wdt
T 1fo(t) = fO)P . 2
+ 1ogT/1 tdt+T2(/O £ dt)

Without an essential loss one may extend integration in the second integral to the larger
interval [0,7]. Moreover, taking the expectation over 6, we then get

cBop?(Fy, F) < /01 & |f€(t12_ JOF dt
T T
+ logT/ Ee"f@(t)t_ OIS dt+% (/ yf(t)|dt>2.
0 0

Again, one may split integration in the second last integral to the two intervals [0, 7] and
[To, T, so that to consider separately sufficiently large values of ¢ for which |fy(¢)| is small
enough (with high probability). More precisely, since f(t) = Eq fo(t) and

[fo(t) = FOI2 < 21 fo) + 21 F (),
we have |f(t)]? < Eg|fy(t)|* and therefore
g |fo(t) — f(1)]* <A4Eq|fo(t),
It remains to apply Lemma 2.4. O

In order to control the last integral in (8.2), one may apply the upper bound (2.8) on J,
in the representation (3.3) to get that, for all £ € R,

B |fo(t)* < 5E et IX-YI?/2n 4em/12

where Y is an independent copy of the random vector X. Splitting the last expectation to
the event A = {|X — Y|? < 1 n} and its complement leads to

Eo |fo(t)? < 5e7 /8 4+ 4e /12 4 5P(A). (8.3)

The latter probability may further be estimated by using the moment functionals such as m,,.
To recall the argument (cf. also [8], Proposition 2.5), first note that, by (2.9) with A = 2,

3 3 3 (4op)?P
]P{X2 vpR<? } <IP’{X2<— }]P’{Y2<f } < 297
[XFHY < onp S PUXP s onp BRIV < onp < —2
On the other hand, by Markov’s inequality, assuming that p > 1 is integer, we have

PR (X, V)P 4P mib

1
P{HX’YHEZR} = n2p T
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Since |[X — Y2 = | X2+ |V|*> - 2(X,Y), we have

{|X—Y|2 < %} c {]X\ LY < in} U { (X,Y) > %n}
and it follows that

3 1 4% 9
B(4) < P{IXP+|YP < Tn}+P{0Y) > 2nf < = (m3) +030).
Returning to (8.3) and noting that necessarily map > mo > 1 under the assumption that
E|X|? = n, we thus obtain that

2p 2p
m2p + 02p

+ e /8,
np

cp Eg |f9(t)’2 <

Using this bound, the inequality (8.2) is simplified:

Lemma 8.2. If the random vector X in R" satisfies E|X|> = n, then for all T > Ty > 1
and any integer p > 1,

¢y Bg p*(Fy, F) < /01 s ’fe(ti; JOP dt +logT /OTO Eo ‘f‘g(t)t_ S@) dt

2p 2p
ms, + 0 1
2 7 (1 4 log T)? + T e T5/8 10g T (8.4)
n

with constants ¢, depending on p only.

9. Quantitative Forms of Sudakov’s Theorem for the Kolmogorov Distance

Let us specialize Lemma 8.2 to the value p = 1, assuming that the random vector X is
isotropic in R™ (so that mge = 1). If o9 is bounded, then choosing

T=4n, Ty=4+/logn,

the last three terms in (8.4) produce a quantity of order at most (logn)?/n. In order to bound
the integrals in (8.4), one may apply the classical Poincaré inequality on the unit sphere S*~!

Bolu(@)F < —— Eo[Vu(o)? (9.1

to the mean zero functions u;(0) = fg(t) — f(t). They are well defined and smooth on R™ for
any fixed value ¢ € R and have gradients (by differentiating in (3.1)) given by
(Vug(0),w) = it E (X, w) X0 wecn,

where we use the canonical inner product in the product complex space. By the isotropy
assumption,

[ (Vur(0), w) [ < [t E[ (X, w) | < [¢] |w]
for all w. Hence |Vu(0)[> < ¢? for any 6 € R™, so that by (9.1),

2
Eolfolt) - FOP < ——.

Applying this inequality in (8.4) together with the first bound in (2.3) in order to replace F'
with @, we obtain:

(9.2)
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Proposition 9.1. Given an isotropic random vector X in R",

log )2
Eg 0*(Fp, ®) < c(1+o2) 1B

Since 09 < 04, we thus have

1

(Bo p(Fp, @))% < c(1+04) % (9:3)

which sharpens (1.1). The latter bound will be an essential step in the proof of Theorem 1.3,
while (1.1) is not strong enough.

Let us now consider another scenario in Lemma 8.2, where the distribution of X is sup-

ported on the sphere \/n S*~!. In this case,
Eolfo(t) = F(O1? = Eolfo(O)]> = [f ()
— B (t|X — Y]) = Ju(ty/n)?

according to (3.3), while 04 = 0. Hence, in (8.4) with p = 2 we arrive at the following
preliminary bound which is needed for the proof of Theorem 1.1 in its second part. Here we
use again that my > mo > 1.

Corollary 9.2. Suppose that |X| = \/n a.s., and Y is an independent copy of X. Then

1 4ylogn 2
cEy p*(Fy, F) < / A"Q(t) dt +logn / Aall) gy (log,f) md, (9.4)
0 t 0 t n
where
An(t) = EJu (X = Y) = Ju(tv/n)?. (9-5)

10. Proof of Theorem 1.1 for the Kolmogorov Distance

To study the integrals in (9.4), assume additionally that the random vector X in R™ is
isotropic with mean zero and put

= X
n
where Y is an independent copy of X. Note that % mj} = E¢* which is present in the last
term on the right-hand side of (9.4).
Focusing on the first integral, we need to develop an asymptotic bound on A, (t) for

t €[0,1]. Since | X — Y|? = 2n(1 — £), (9.5) becomes

An(t) = By (t/20(1 =€) ) — (Ju(tvn))*.
We use the asymptotic formula (2.7),

Jn(ty/n) = (1 - Z;) el ye,(t), teR, (10.1)

where &, (t) denotes a quantity of the form O(n~?min(1,¢*)) with a universal constant in O.
It implies a similar representation
t4

(Jn(tv/m))? = (1 - %> e 4 en(t). (10.2)
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Since [{] <1 a.s., we also have

Jo(tv/2n(1 =€) = (1 - i (1-— 5)2) e 00 4 (1),

Hence, subtracting from et the linear term 1 + t2¢ and adding, one may write
4

An(t) = ¢ TE ((1 _ t: (1- 5)2) € (1 - ;—n)) +en(t)
= e PEU+V)+en(t)

with
4

= 2 um) ()

”
vV = (1 -~ (- 5)2)(et25 —1—t%).
Using E¢ = 0, E€? = % and hence E |¢]? < E£2 < %, we find that in the interval 0 <t <1,

thott 25 46
EU=—"——-—+4+— - —E&=—-— t).
5 "2 T 3 —+enl(t)
Next write
t4
V= W——(l—f) W, W =el"¢ —1—#2%
Using |e* — 1 — x| < 222 for |z| < 1, we have |W| < 2t4¢2. Hence, the expected value of
the second term in the representation for V' does not exceed 8t/n?. Moreover, by Taylor’s
expansion,
Loaeo  1oges 804 o~ 178
W=_-t —1 Rt°¢, R =
S 1167+ £ 1967 + R Z o

§k4

implying that
! 3 8
EW——+ Ef + Ct3Ee,
where C' is bounded by an absolute constant. Summing the two expansions, we arrive at

6
E(U+V) = %Eg?’ + CEE 4 e, (t)

and therefore

1
/0 A;g(t) dt < E& + cEe* +0(n™2).

Here E¢* > (E€2)?2 = n2, so the term O(n~2) may be absorbed by the 4-th moment of &.
Since E¢3 > 0, the bound (9.4) may be simplified to

4\/lognA t 1 2
cEg p?(Fy, F) < E§3+E£4+logn/ ’;( )t + (ng) md,
0 n
that is,
4y/logn A,
cEg p*(Fy, F) < logn/ ()dt+E£3 (logn)? et (10.3)
0
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Turning to the remaining integral (which is most important), let us express it in terms of
the functions g, (t) = J,(tv/2n) and

zp(a):/OTg"(at)_gmdt, 0<a<v2 T>1,

t
which will be needed with T' = 44/logn and o = /1 — €. Namely, we have
T An T ; /9 _ - 2
/ t(t) dt = Ep(v/1—¢€) +/ Tu(tvV2n) t(‘] (V)" . (10.4)
0 0

To proceed, we need to develop a Taylor expansion for & — 1/1(\/1 — {) around zero in
powers of . Recall that g,(t) represents the characteristic function of the random variable
v/2n 671 on the probability space (S*~!, s, _1). This already ensures that |g,(¢)| < 1 and

‘g;(t” < \/%Ewl‘ < \/%(E‘g%)lﬂ - V2

for all ¢t € R. Hence
|gn(at) — gn(t)] < V2|a — 1] [t] < 211,

so that
Vg (at) = gn(t Tgn(at) = gn(t
w(a)] < /O Ig(a)t g()ldH/1 g(a)tg()!dt
< 242logT < 4logT (10.5)

(since T' > e). In addition, ¥ (1) = 0 and

T
Vo) = [ dilaat = < (guoT) 1),

Therefore, we arrive at another expression

w(a)—/lam)_ldx—/lamdx—loga.

x x
For |e| <1, let

(1—6)1/2
v(e) = / 79"(Tx)dx,
1

we) = $((1-9)"2) = v(e) - 5 logll —e)

so that E¢(v/T—¢) = Eu(). Applying the non-uniform bound |g,(t)| < 5 (et 4 e/12),
cf. (2.8), we have that, for —1 <& < 1,

V2
jo(e)] < sup lgn(Tﬂf)!/1 e
V2

eV
< sup |ga(2)| log2 < slog2 (e T2 4 e 12) <
2>T/V2 n

where the last inequality is specialized to the choice T' = 4+/logn. Using the Taylor expansion
on the same interval for the log-function, we also have —log(l —¢) < e+ %52 + %53 + %54.
Combining the two inequalities, we get

. (10.6)

[N

1 1, 1., 1
u(5)§§5+152+653+§s4+%, 1<e<
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In order to involve the remaining interval % < e <1 in the inequality of a similar type,
recall that, by (10.5), |u(e)| < 4logT for all |¢| < 1. Hence, the inequality (10.6) will hold
automatically for this interval, if we increase the coefficient in front of £* to a suitable multiple
of logT. As a result, we obtain the desired inequality on the whole segment, that is,

1 1 5 134 4 C
u(e) < 58—1-18 +6€ + (clogT) e +$. —-1<e<1.
In particular,
1 1 1 c
P(V1-€) < S8+ €+ &+ (clogT) ¢ + —,
and taking the expectation, we get
1 1
Ey(v/1-€) < T 61553 + (clog T) E£4, (10.7)

where the term cn~8 was absorbed by the 4-th moment of £.

Now, let us turn to the integral

Iy g Cen S D)
" 0

t )

appearing in (10.4), and recall the asymptotic formulas (10.1)-(10.2). After integration, the
remainder term &, () = O(n"?min(1, %)) will create an error of order at most n=?log T, up
to which I, is equal to

T 44
th _pdt 1 2 2 1 ~15
- — — = —-——(1-(T"+1 ) = —— .
/0 o € t 4n( (T"+1)e 4n+0(n )
Thus,
1 _
In:—@—i—O(n 2log T).

Applying this expansion together with (10.7) in (10.4), we therefore obtain that

T
An(t 1.
/ t()dt < 6E55+clogTE§4.
0

One can now apply this estimate in (10.3), and then we eventually arrive at
Eg p*(Fp, F) < c1 (logn) E® + ¢y (logn)® EE*.

By (2.3) with p = o0, a similar inequality remains to hold for the standard normal distribution
function @ in place of F. This proves the inequality (1.4). O

11. Relations between L!, L? and Kolmogorov Distances

Given a random vector X in R, let us now compare the L? and L* distances on average,
between the distributions Fy of the weighted sums (X, 0) and the typical distribution F' =
EgFy. Such information will be needed to derive appropriate lower bounds on Ey p(Fy, F').

Proposition 11.1. If | X| < by/n a.s., then, for any « € [1,2],

b2 By w(Fy, F) < 14 (log n)*/* By p™(Fp, F) + % (11.1)
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As will be clear from the proof, at the expense of a larger coefficient in front of logn, the
last term n~* can be replaced by n~? for any prescribed value of f.
A relation similar to (11.1) is also true for the Kantorovich or L!-distance

W (Fp, F) = /OO |Fp(z) — F(z)| da

—0o0

in place of L?. We state it for the case a = 1.
Proposition 11.2. If | X| < by/n a.s., then

b
Eg W(Fy, F) < 14by/logn Egp(Fg,F)—i—%. (11.2)

Proof. Put Ry(x) = Fy(—x) + (1 — Fp(z)) for z > 0 and define similarly R on the basis
of F. Using

(Fo(~2) = F(~2))
(Fy(x) — F(x))?

< Fy(—z)* + F(—z)*,
< (1-Fy)*+ (1 - F(x))?

we have
(Fp(—2) — F(~=2))* + (Fy(x) — F(x))* < Rp(x)* + R(z)”.
Hence, given T' > 0 (to be specified later on), we have

T
W (Fp, F) = / (F9($)—F($))2dx+/ (Fy(z) — F(x))? da

-T |z|>T

IA

2Tp2(F9,F)+/ Rg(w)de—i-/ R(z)? dx.
T T

It follows that, for any « € [1,2],

WO (Fy, F) < (2T)% p®(Fp, F / Ro( dx Rt (/ R(x)2dx>§
and therefore, by Jensen’s inequality,

Eow®(Fp, F) < (27)2 Egpo‘(Fg,F)

+(/ g Ro(x /R d;p?
T

Next, by Markov’s inequality, for any x > 0 and p > 1,

Ry < (LAY (ELK0) P

xP

and

< (ELEA Y EEIXOP

EgRy(x)? T

xP
Since R = Ey Ry, a similar inequality holds true for R as well (by Cauchy’s inequality). Hence

o o0 1 &
Epw®(Fy, F) < (2T)% Egpa(Fg,F)m(E@EuX,m |2P/ ﬁdx>2
T
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When 6 = (01, ...,0),) is treated as a random vector with distribution s,,_1, which is indepen-
dent of X, the inner product (X, 6) has the same distribution as the random variable | X|6;.
Therefore, recalling Lemma 2.5 and using the assumption |X| < by/n a.e., we have

EgE|(X,0) | = E|X[* Eg|6:* < 2(20°p)?,
so that

CE|(X,0)]%  \% 25+ (22p) T
Q(EG/ ‘<27>| dx)2§ : Ot(a(2p)712)
T TP (2p—-1)z =5
Thus,

Egw®(Fy, F) < (2T)% Eg p*(Fy, F) +

22+ s <2b2p> )
(2p—1)2 T
Let us choose T' = 2b,/p in which case the above inequality becomes

a+1

a o 2 a __op
Egoja(Fg,F) S (4b\/§)2 Egp (FG’F)+W (b\/f))Q 2 QP.

To simplify, one can use /p < 2p — 1 for p > 1 together with 20+l < 8 and 277
(since 1 < a < 2), which leads to

Eow®(Fp, F) < (4b\/p)2 Eg p®(Fp, F) +8b2 27P/2,

[N4S]

IN
~

Finally, choosing p = p,, = (8 logn)/log?2, we arrive at (11.1).
Now, turning to (11.2), we use the same functions Ry and R as before and write

T
W(E), F) — /T]Fg(:c)—F(a:)]d:c—l—/l>T\F9(:1:)—F(x)da:

< 2Tp(Fy, F) —i—/ Ry(x) da:+/ R(z) dx,
T T
which gives

o
Eg W (Fy, F) < 2T Eg p(Fp, F) + 2/ R(zx) dx.
T
By Markov’s inequality, for any > 0 and p > 1,
E|(X,0)[" EgE|(X,0)
Ro(w) £ =222 R(e) = BgRy(a) < 2200
Hence
1
B W(F0,F) < 2Ty p(Fo, ) + 2B0 B[ (X,0) [ da.
T T

Here, one may use once more the bound (2.10), which yields
EgE|(X.0) = E|X]" Eg|a] < 2(t%p)""

and

4 (b*p)r/?
p—1 Tr1°~
Let us take T' = 2b\/g3 in which case the above inequality becomes

Eg W (Fy, F) < 2T Eg p(Fy, F) +

By W (Fy, F) < 4b\/p By p(Fp, F) + 81)]3_\/131 2P,

Here we arrive at (11.2), by choosing again p = p,, and using /p, < pn, — 1. O
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12. Lower Bounds. Proof of Theorem 1.3

A lower bound on Ey p?(Fy, ®) which would be close to the upper bound (1.4) may be given
with the help of the lower bound on Eg w?(Fp, ®). More precisely, this can be done in the case
where the quantity # mg + % mj asymptotically dominates n=2 (in particular, when my
is essentially larger than 1). Combining the asymptotic expansion (1.3) of Theorem 1.1 with
the bound (11.1) of Proposition 11.1 for & = 2 and b = 1, and recalling the second relation

in (2.3) on the normal approximation for the typical distribution F', we therefore obtain:

Proposition 12.1. If X is an isotropic random vector in R"™ with mean zero and such
that | X| = +/n a.s., then

Yo 2 2! 3, %@ 4 4
logn E@p (FQ,CI)) > mmg‘i‘ﬁmzl— ﬁ (121)

The relation (11.2) for the Kantorovich distance W may be used to answer the following
question: Is it possible to sharpen the lower bound (12.1) by replacing Eg p?(Fy, ®) with
Eg p(Fy, ®)? To this aim, we will need an additional information about moments of w(Fy, F')
of order higher than 2.

Lemma 12.2. If X is isotropic and satisfies | X| < by/n, then

ogn /
¢ (Bguw(Fy, F))'* < (14 04)Vb (lg\/ﬁ)‘%d‘. (12.2)

Proof. For any distribution function G with finite first absolute moment, the function
on the unit sphere S"~! of the form g(f) = W (Fy, G) has a Lipschitz semi-norm ||g||Lip < 1.
Therefore, it admits a subgaussian large deviation bound

s {W(Fp,G) >m+r} < e (=072 > (12.3)
where m = Ey W (Fy, G). Indeed, consider the elementary representation

W) = [ " |Fa(e) - Gla)] de

—00

= Sup[/ ung—/ udG],

where the supremum is running over all functions v on R with ||u||ri, < 1. For any such w,

o0
H,(0) :/ udFy = Eu((X,0))

—00
is Lipschitz on R™ and therefore on S"~1. Moreover, |¢||Lip < sup,, || HullLip < 1.

Hence, (12.3) is fulfilled as a consequence of fact that the logarithmic Sobolev constant
for the uniform distribution on the unit sphere is equal to n — 1 (cf. [24]). In particular, for
any r > 0,

St {W(Fg, F) > m 41} < e (D72
with m = Ey W(Fy, F). In turn, the latter ensures that, for any p > 2,

(]Eg W(Fg,F)p)l/p <m-+ \/T%. (12.4)
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For the proof, put £ = (W (Fy, F) —m)*. Using I'(z + 1) < 2 with z = p/2 > 1, we have

Ep &P = / sn_1{§Z"”}d7“p§/ e~ (=02 g
0 0

V2 \P (P ( VP >p

F(7+1)< = AP (A >0).
<\/n—1) 2 T \wvn-1 (420)

Thus, ||£]|, = (g £P)'/P < A. Since W (Fy, F) < £+m, we conclude, by the triangle inequality,

that

W (Fg, F)llp < [I€]lp +m < A+m,

that is, (12.4) holds.
Let us proceed with one elementary general inequality, connecting the three distances,

W (Fy, F) = /OO(F(;(:C)—F(x))de

< [ swlRue) - F@) [Fola) - F@) do = p(Fa,F) W (Fy. ).
—o0 T
Putting w = w(Fy, F), W = W (Fy, F), p = p(Fy, F), we thus have w® < W3/2p3%/2 and, by
Holder’s inequality with exponents p = 4 and ¢ = 4/3,
lwlls = (Eow?)® < (Bg W)™ (B p?) /",
By (12.4) with p = 6, we have
4
Eo W)Y < By + —
( 0 ) S Eg W+ 7
so that

4 \1/2 1/4
Jells < (BoW 4+ = ) (Bo )"

Applying Proposition 11.2 and noting that necessarily b > 1 in the isotrpic case, we get
1 \1/2 1/4
llwl|3 < 4vb (x/logn Egp—l——) (Egpz) /4,
LD
Here we employ the inequality (9.3) with F' in place of ®, i.e.

logn

B0 plFi, F) < (Bo p*(Fy, 1)) < o1 0w) “ 20

Since the last expression dominates the term in, it follows that

= (B 1 22 100 52)

and we arrive at the upper bound (12.2). O

Let us now explain how this bound can be used to refine the lower bound (12.1). The
argument is based on the following general elementary observation. Given a random variable
¢, introduce the LP-norms ||£]|, = (E [¢]P)'/?.

Lemma 12.3. If £ > 0 with 0 < ||€]|3 < oo, then

1
E¢>

> B (E&2)2 (12.5)
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Moreover,

Ple= 2= lelk} > 5 (15°)" (126)

Thus, in the case where |||z and ||£||3 are equivalent within not too large factors, ||£]1
will be of a similar order. Moreover, £ cannot be much smaller than its mean [E£ on a large
part of the probability space (where it was defined).

Proof. Let ¢ be defined on the probability space (€2, §,P). By homogeneity with respect
to &, we may assume that E¢ = 1, so that dQ = &dP is a probability measure. Then, (12.5)
follows from the Cauchy inequality (Eg¢)? < Eg&? on the space (2,5, Q).

To prove (12.6), given r > 0, let p = P{¢ > r}. By Holder’s inequality with exponents
3/2 and 3,

E 1>y < (B p!/%,
Hence, choosing r = % 1€ |2, we get
E¢? = E& e +E& ey
(E§3)2/3p1/3 12— (]E£3)2/3p1/3 n %Eg?

IN

Hence p'/3 > W E ¢2 which is the desired bound (12.6). O

We now combine Lemma 12.2 with Lemma 12.3 which is applied on the unit sphere to
£(0) = w(Fy, F) viewed as a random variable on the probability space (S"71,s, 1). Recall
that b > 1 in the isotropic case.

Proposition 12.4. Let X be an isotropic random vector in R"™ such that | X| < by/n a.s.
Assume that

Eg w?(Fy, F) >

|

with some D > 0. Then
c D?
(1+04)3b2 (logn) T /n

By w(Fy, F) > (12.7)

Moreover,

\/5} > c D3 _

5n—1{w(F97F) (1+04)503 (logn)=2

1
>
T V2n

Proof of Theorem 1.3. The lower bound (12.7) implies a similar assertion about the
Kolmogorov distance. Indeed, by Proposition 11.1 with @ = 1, we have

8

1
— Egw(Fy, F) < 14 (logn)"* Eg p(Fy, F) + -

Vb
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Using & < L - 14 (log n)'/4, we therefore obtain that

1 1
By p(Fy, F) > Eyw(Fy, F) — —
o p(Fp, IY) 14v5 (log n)1/A (Fp, F') = 3
S c D? 1
~ (1404)30% (logn)*y/n n3
To replace F' with @, it remains to recall the bound p(F, ®) < £ (1 + 03), cf. (2.3). O

In the isotropic case with |X|? = n a.s., the above lower bound is further simplified to

cD? 1
By p(Fp, F) > ——
000 F) 2 o N T
On the other hand, let us note that the rates for the normal approximation of Fy that are
better than 1/n (on average) cannot be obtained under the support assumption as above.
That is, if | X| = \/n a.s., then
c
Eq ,O(FG, (I)) > E
Indeed, using the convexity of the distance function G — p(G, ®) and applying Jensen’s
inequality, we have that Eg p(Fy, ®) > p(F, ®). It remains to appeal to Proposition 2.6.

13. Functional Examples

13.1. For the trigonometric system as in item (i) of the Introduction (with n even), the
linear forms

w3

(X,0) = V2 (0ok—1 cos(kt) + O, sin(kt)), 0= (61,...,0,) € S" 1,
k=1

represent trigonometric polynomials of degree at most 5. The normalization V2 is chosen
in order to meet the requirement that the random vector X is isotropic with respect to the
normalized Lebesgue measure P on 2 = (—m, 7). Moreover, in this case | X| = y/n, so that
o4 = 0. Hence, by Theorem 1.1, we have the upper bounds (1.6). On the other hand, since
for all kK < 5

X3 (t) — Xu(s)| < V2 |t —s| < % it—s|, tseQ,

the Lipschitz condition (7.1) is fulfilled with L(t) = % Hence, Proposition 7.1 is applicable
and yields the lower bound
Egw?(Fy,®) > ﬁ—% > 8
n o n n
where in the last inequality we assume that n > ng for some universal integer ng. This
restriction may be dropped, since the distances w?(Fy, ®) are bounded away from zero for
n < ng uniformly over all § € S*~!, just due to the property that the distributions Fj are
supported on the bounded interval [—,/ng, /no). Note that the above lower estimate (may

also be obtained by applying Theorem 1.1. Thus, for all n > 2,

D < Bpu?(Fp, @) < & (13.1)
n n
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Applying Proposition 12.4, we obtain similar bounds for the L!-norm (modulo logarithmic
factors). Namely, it gives

Cco C1
O < Ryw(Fy, @) < L
(log n)%\/ﬁ 7 vn
We also get an analogous pointwise lower bound on the “essential” part of the unit sphere.

A similar statement is also true for the Kolmogorov distance. Here, the upper bound is
provided in Proposition 9.1, while the lower bound is obtained when combining Theorem 1.3
with the left inequality in (13.1). That is,

(13.2)

€0

1
< Eg p(Fp, @) < (Eg p(Fy, ®))"/> < 2081, (13.3)

(logn)*y/n — - Vn

13.2. Analogous results remain true for the cosine trigonometric system X = (Xy,..., X,)

as in item (ii). Due to the normalization V2, the distribution of X is isotropic in R™. The

property |X| = /n is not true anymore; however, there is a pointwise bound | X| < v/2n. In
addition, the variance functional o2 does not depend on n. Indeed, write

2kt | ,—2ikt

e e
X7 = 2cos?(kt) = 14 cos(2kt) = 1+ et

B) )
so that
2 (|X|2 B n) _ Z €2ikt’ 4 (|X‘2 . ’I’L)2 _ Z 62i(k+l)t.
0<|k|<n 0<|kl,]l|<n
It follows that
4Var(|X]?) = Z E eZ(k+Dt — Z 1 = 2n.
0<|kl,]l|[<n 0<|k|<n,l=—k
Hence
= lVaw(|X|2) = 1
n 2

As before, the Lipschitz condition is fulfilled with the function L(t) = tv/2. Therefore,
with similar arguments we obtain all the bounds (13.1)-(13.3).

Let us also note that the sums Y, cos(kt) remain bounded for growing n (for any fixed
0 < t < 7). Hence the normalized sums

1 n \/g n
Sp=—7=) Xp=— cos(kt),
Vi kzl VD ;

which correspond to (X, ) with equal coefficients, are convergent to zero pointwise on 2 as
n — oo. In particular, they fail to satisfy the central limit theorem.

13.3. An example closely related to the cosine trigonometric system is represented by the
normalized Chebyshev’s polynomials X, as in item (iii), which we consider for k = 1,2,...,n.
These polynomials are orthonormal on the interval = (—1, 1) with respect to the probability
measure

P 1
dP(t) _ —1<t<1,

dt a1 — 2’
cf. e.g. [18]. Similarly to 13.2, for the random vector X = (X7, ..., X,,) we find that

4(1X)2 =n)? = Z exp{2i(k + 1) arccost}.
0<[kl,t]<n
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It follows that

4Var(|X|?) = Z E exp{2i(k + 1) arccost} = Z 1 = 2n,
0<|kl|,|l|<n 0<|k|<n

so that 0 = I Var(|X|?) = 4. In addition, for all k < n,

T n
| X5 (t) — X3 (s)| < kV2 |arccost — arccos s|, t,s €,

which implies that the Lipschitz condition is fulfilled with the function L(t) = v/2 arccost.
As a result, we obtain the bounds (13.1)-(13.3) as well.
13.4. Turning to item (iv), consider the functions of the form

Xi(t,s) = Wkt + s),

assuming that W is a 1-periodic measurable function on the real line such that

1 1
/ U(zr)de =0 and / U(x)?de = 1.
0 0

These conditions ensure that the random vector X = (Xq,...,X,,) is isotropic in R"™ with
respect to the Lebesgue measure P on the square Q@ = (0,1) x (0,1), with EX; = 0. In
fact, as was emphasized in [12], { X}, }7° ;| represents a strictly stationary sequence of pairwise
independent random variables on 2. The latter implies in particular that, if ¥ has finite 4-th
moment on (0, 1), the variance functional

1 1
o3 = EVar(\XF) = /0 U(x)tde —1

is finite and does not dependent on n. Hence, by Theorem 1.1, cf. (1.6), the upper bounds
in (13.1)-(13.3) hold true with a constant ¢; depending on the 4-th moment of ¥ on (0, 1).
In addition, if the function ¥ has finite Lipschitz constant ||¥||yp, then for all (¢1,t2) and
(s1,82) in €,
| Xkt t2) = Xi(s1,82)| < [[¥lip (K [t1 — s1] + [t2 — s2]).

This means that the Lipschitz condition (7.5) is fulfilled with linear functions L; and Ls.
Hence, one may apply Proposition 7.5 giving the lower bound

co e(l+ad)

Eg w?(Fy, F) >
ow (Fp, F') = — -

in full analogy with item (i). Hence Egw?(Fy, ®) > % for all n > ng, where the positive
constants cy, ¢y, and an integer ng > 1 depend on the distribution of ¥ only. Since the
collection { Fy} is separated from & in the weak sense for n < ng (by the uniform boundedness
of X}’s), the latter bound holds true for all n > 2. Also, as Lipschitz functions on (0,1) are
bounded, we have | X| < by/n with b = sup, |f(x)|, and one may apply Theorem 1.3.

Let us summarize: The upper bounds in (13.1) — (13.3) hold true, if ¥ has finite 4-th
moment under the uniform distribution on (0,1). The lower bounds hold under an additional
assumption that U has a finite Lipschitz semi-norm (with constants depending on ¥ only).

Choosing, for example, ¥(tf) = cost, we obtain the system Xy(t,s) = cos(kt + s),
which is closely related to the cosine trigonometric system. The main difference is how-
ever the property that X’s are now pairwise independent. Nevertheless, the normalized
sums ﬁ > p_q cos(kt + s) fail to satisfy the central limit theorem.
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14. The Walsh System; Empirical Measures

14.1. The Walsh system on the discrete cube Q = {—1,1}% with the uniform counting
measure P as in item (v) in Introduction forms a complete orthonormal system in L%(Q, P).
Note that each X, with 7 # ) is a symmetric Bernoulli random variable taking the values —1
and 1 with probability % For simplicity, we exclude from this family the constant Xy = 1
and consider X = {X,}, ¢ as a random vector in R" of dimension n = 2¢ — 1. As before, Fy
denotes the distribution function of the linear form

(X,0) =) 60:X;, 0={0;},,pcS" ",
74D

Since |X,| = 1 and thus |X| = y/n, for the study of the asymptotic behavior of the L2-
distance w(Fy, ®) on average, one may apply Theorem 1.1. Let Y be an independent copy of
X, which we realize on the product space Q2 = Q x Q with product measure P?> = P x P by

Xo(t,s) =[] tr Yolt,s)=]]se t=(t1,...,ta), s=(s1,...,54) € L.
ket ket

Then the inner product

d
(X,Y) = X, (t,s)Yx(t,s) = =1+ [] (1 + tsi)

T#D k=1

takes only two values, namely 2¢ — 1 in the case t = s, and —1 if t # s. Hence

3 1
E(X. V) = (20 —1)p32 ¢4 (1—2¢ = " (1_ >N 2
YR = -t = oy (1 ) e
and
E(XY) = -t (2t = T (1o L)
’ n+1 n+l1 ‘

In other words, m% ~ 4/n and mi ~ n as n — oo. As a result, we may conclude that all

inequalities in (13.1)-(13.3) are fulfilled for this system as well.

14.2. Here is another interesting example leading to the similar rate of normal approxi-
mation. Let eq,...,e, denote the canonical basis in R"™. Assuming that the random vector
X = (X4,...,X,) takes only n values, \/ney,...,\/ne,, each with probability 1/n, the linear
form (X, 6) also takes n values, namely, \/n6y,...,/n0,, each with probability 1/n, for any
0 = (01,...,0,) € S*"L. That is, as a measure, the distribution of (X, ) is described as

1 n
k=1

which may be viewed as an empirical measure based on the observations Zp = \/n6, k =
1,...,n. Each Zj is almost standard normal, while jointly they are nearly independent (we
have already considered in detail its characteristic functions Jy,(tv/n)).

Just taking a short break, let us recall that when Zj are indeed standard normal and
independent, it is well-known that the empirical measures G, = % > p_q 0z, approximate
the standard normal law ® with rate 1//n with respect to the Kolmogorov distance. More
precisely, E G, = ® and there is a subgaussian deviation bound (cf. [25])

P{\/np(Gn, ®) > r} <2727 7 >0.
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In particular, E p(G,, ®) < ﬁ Note that the characteristic function g, (t) = 1 S, %

of the measure G, has mean g(t) = e~°/2 and variance

1 . 1 .
B lgn(t) — g(O)FF = ~ Var(e) = = (1 - Reita2) = L (12 7).

n n
Hence, applying Plancherel’s theorem and using the identity (4.7) for the functions v, (a)

with 7 = a = 0, we also have

1
)

o — 2
™ oo

1 /Ool—e_tgdt_ 1
2mn J_o 12 nym
Thus, on average the L2-distance w(G,,, ®) is of order 1/y/n as well.

Similar properties may be expected for the random variables Z; = y/n 6 and hence for
the random vector X. Note that |X| = y/n, while

n

Y (Wno)?=1, 6es,

k=1

E(X,0)* =

SEE

so that X is isotropic. We now involve an asymptotic formula of Corollary 5.1 which yields

Egw?(Fy, ®) = \/1% (1+ ﬁ) E(1-(1-") - Snlﬁ +O(%)7

with Y being an independent copy of X. By the definition, £ takes only

(X,Y)

where £ =
two values, 1 with probability % and 0 with probability 1 — % Hence, the last expectation is
equal to %, and we get

9 7/8 1
By (Fy, ®) = 0 +0(n2).

As for the Kolmogorov distance, one may apply again Theorem 1.3, which leads to the two-
sided bound (13.3). Apparently, both logarithmic terms can be removed. Their appearance
here is explained by the use of the Fourier tools (in the form of the Berry-Esseen bounds),
while the proof of the Dvoretzky-Kiefer-Wolfowitz inequality on p(G,,, ®) in [14] is based on
the entirely different arguments.

15. Improved Rates for Lacunary Systems

An orthonormal sequence of random variables {X;}22, in L?(,3,P) is called a lacunary
system of order p > 2, if for any sequence (ay) in £?, the series > peq ar Xy converges in
LP-norm to an element of LP(2,F,P). This property is equivalent to the validity of the
Khinchine-type inequality

(Elar X1 + - + anXu?) ' < M, (a3 + -+ + a2)"/? (15.1)

for arbitrary aj € R with some constant M, independent of n and the choice of the coefficients
ay. For basic properties of such systems we refer an interested reader to the books [18, 19].

Starting from an orthonormal lacunary system of order p = 4, consider the random vector
X = (X1,...,Xy). According to Theorem 1.1, if | X|?> = n a.s. and EX = 0, then

1 1 1
cEgw?(Fp, @) < $E<X,Y>3+¥E<X, Y4, (15.2)
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where Y is an independent copy of X. A similar bound

E(X,V)® + ME (X, V) (15.3)

n3 n

1
CEgp*(Fp, @) < —2

also holds for the Kolmogorov distance. As easily follows from (15.1),
E[(X,Y) [P < M2PnP/2.
In particular,
E|(X,Y)[]? < MSn3? E(X,V)* < M{n?
Hence, the bounds (15.2)-(15.3) lead to the estimates

1 1
2 6 8
C]E@W (FQ,(P) S WMg +ﬁM4,
logn logn)?
B (o, @) < 8 argy (I gy

3/4

Thus, if My is bounded, both distances are at most of order n=*/* on average (modulo a

logarithmic factor). Moreover, if
2
Ss(n) = E(X,Y)" = ) (BX;, X, X,) (15.4)
1<i1,d2,i3<n

is bounded by a multiple of n, then these distances are on average at most 1/n (modulo a
logarithmic factor in the case of p).

For an illustration, on the interval Q = (—m,7) with the uniform measure dP(t) = 5= dt,
consider a finite trigonometric system X = (Xi,..., X,,) with components

Xor 1(t) = V2 cos(myt),
Xor(t) = V2 sin(myt), k=1,...,n/2,

where my, are positive integers such that mm’“—:l > q > 1 (assuming that n is even). Then X

is an isotropic random vector satisfying |X|> = n and EX = 0, and with M, bounded by a
function of ¢ only. For evaluation of the moment ¥3(n), one may use the identities

. _ 1 .
cost =E. e, sint = - E.ee,
i

where ¢ is a Bernoulli random variable taking the values 1 with probability % Let €1,e9,¢3
be independent copies of €. Using the property that e1e3 and e2e3 are independent, the first
identity implies that, for all integers 1 < ny < no < ng,

E cos(nit) cos(nat) cos(nst) = E.E exp{i(eini + eang + e3ng) t}
= E. 1{61711 + €929 + €3Ny = 0}
1
= EEI{€1711—|—62’/L2 :ng} = Zl{nl—l—ng :ng},

where E. means the expectation over (e1,e2,£3), and where I{A} denotes the indicator of
the event A. Similarly, involving also the identity for the sine function, we have

E sin(n;t) sin(nat) cos(nst) = —E.Eeie9 exp{i(eins + eang + e3ns) t}
= —FE 189 I{Elnl + &9ng + €33 = 0}

1
= —Ec.e1e9I{e1n1 + e2ng = n3} = 1 I{n; + na = n3},
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E sin(nit) cos(net) sin(ngt) = —E:.Eeie3 exp{i(einy + eang + e3n3)t}
= —E.c1e3 I{elnl + g9ng + e3ng = 0}

1
= —E.e1I{ein) +eang =n3z} = 1 I{ni + n2 = n3},

E cos(nit)sin(ngt)sin(ngt) = —E;Eeaes exp{i(eing + cana + e3n3)t}
= —E. e9e3 I{Elnl + eang + e3n3 = 0}

1
= —E.e9 I{51n1 + cong = ng} = 1 I{m +ng = 713}.

On the other hand, if the sine function appears in the product once or three times, such

expectations will be vanishing. They are thus vanishing in all cases where ny + ns # ng, and

do not exceed i in absolute value for any combination of sine and cosine terms in all cases

with nq1 + ng = n3. Therefore, the moment ¥3(n) in (15.4) is bounded by a multiple of
Tg(n) = C&I‘d{(il,ig,i:g) 1 <4y <19 <ig3 <n, mi, + M4y, = mi3}.

One can now involve the lacunary assumption. If ¢ > 2, the property i; < io < i3 implies
mi, + m4, < my,, so that T3(n) = X3(n) = 0. In the case 1 < ¢ < 2, define A, to be the
(finite) collection of all couples (ki, ka) of positive integers such that

q_k1 + q_k2 > 1.
By the lacunary assumption, if 1 <11 < iy <13 < n, we have
mg, + My, < (q_(iB_il) + q_(i3_i2)) Mz < My,
as long as the couple (i3 — 71,42 — 71) is not in A,. Hence,
Tg(n) < Card{(’il,ig,ig) 1< <i9<ig < n, (i3 — il,iz — il) € Aq}
< ncard(4,) < ¢qn

with constant depending on ¢ only. Returning to (15.2)-(15.3), we then obtain:

Proposition 15.1. For the lacunary trigonometric system X of an even length n and
with parameter ¢ > 1, we have

cq (logn)?

Egw?(Fy, ®) < L. Eyp*(Fp, d) < E
n

n2’

)

where the constants ¢, depend q only.

In this connection one should mention a classical result of Salem and Zygmund concerning
distributions of the lacunary sums
n
Sp = Z (ag cos(myt) + by sin(myt))
k=1
with an arbitrary prescribed sequence of the coefficients (ay)r>1 and (bg)r>1. Assume that
mmkileq>1forallkandput

n

1

2 2 2

Un = 5 Z (ag +0p) (v 20),
k=1

so that the normalized sums Z,, = S,, /v, have mean zero and variance one under the measure

P. It was shown in [28] that Z,, are weakly convergent to the standard normal law, i.e., their
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distributions F,, under P satisfy p(Fj,, ®) — 0 as n — oo, if and only if “ +b

the weak convergence was established on every subset of €2 of positive measure)

Restricting to the coefficients 01 = ag/vn, O2r = by /vy, Salem-Zygmund’s theorem may
be stated as the assertion that p(Fp, @) is small, if and only if ||0]|cc = maxj<g<y, |0k| is small.
The latter condition naturally appears in the central limit theorem for weighted sums of
independent identically distributed random variables. Thus, Proposition 15.1 complements
this result in terms of the rate of convergence in the mean on the unit sphere. It would be
interesting to describe explicit coefficients 60, for which we get a standard rate of normal
approximation (perhaps, using other approaches such as the Stein method, cf. e.g. [15]).

The result of [28] was generalized in [29]; it turns out there is no need to assume that all my,
are integers, and the asymptotic normality is preserved for real mj such that infy mmk—:l > 1.

fnn — 0 (in fact,

However, in this more general situation, the rate 1/n as in Proposition 15.1 is no longer true
(although the rate 1/4/n is valid). The main reason is that the means

EXor 1 = V2E cos(myt) = V2 M

T™my

may be non-zero. For example, choosing mj, = 2+ %, we obtain an orthonormal system with
EXor = 0, while
2v/2
EXop 1 = ——F.
kLT (2k+1 4 1)
Hence

8 1
_ 2 _ E
k=1

for some absolute constant ¢ > 0 (where Y is an independent copy of X). In this situation,
as was already mentioned in (5.3), cf. Remark 5.3, we have a lower bound

Eew (F@, )

1
+0(=).
- 2ﬁ n
Since E (X,Y)? = O(n) and E (X, Y)* = O(n?), this inequality may actually be replaced with
equality, according to (5.2). A similar asymptotic holds as well when F' is replaced with ®.

16. Improved Rates for Independent and Log-concave Summands

Let X = (X,...,X,) be an isotropic random vector in R with mean zero. If the components
X}, are independent, the normal approximation for the distributions Fy of the weighted sums
Sg =01 X1+ +60,X,, 968”71,

may be controlled by virtue of the Berry-Esseen theorem under the 3-rd moment assumption.
Namely, this theorem provides an upper bound

n
p(Fy, ®) < c ) |0:PE|X|? (16.1)
i=1
(cf. e.g. [26], [27]). Since E|X;|? > 1, the sum in (16.1) is at least
(16.1) yields an upper estimate on average

B p(Fp @) < %2 By = max E|X:f%, (16.2)

\/ﬁ’ 1<i<n

which is consistent with the standard rate.

f On the other hand,
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As it turns out, the relations (16.1)-(16.2) are far from being optimal for most of 6, as the
following statement due to Klartag and Sodin shows.

Theorem 16.1 ([22]). If the random variables X1,...,X,, are independent, have mean
zero, variance one, and finite 4-th moments, then

c 1 <
By oo, ®) < 20 gy = LS EXY (16.3)
i=1
Moreover, for any r > 0,

sn_l{np(Fg,@) > cﬁ47"} < 2e VT,

In the i.i.d. case, 34 = EX?}, and we obtain an upper bound of order at most 1/n.
In fact, in the i.i.d. case, the relation (16.3) may be further sharpened under the 5-th
moment assumption, if EX{ = 0, and if ®(z) is slightly modified to

54 -3 3
d(x) — — — R
Gla) = 0(r) — oo (7~ B)ple), R,
where p(z) = = e~*/2 is the standard normal density.
V2T

Theorem 16.2. If the random variables X1,..., X, are independent, identically dis-
tributed, and have moments EX; = 0, EX? = 1, EX] = 0, EX{ = B4, E|X1° = 35 < o0,

then
Eg p(Fp, G) < s

< s (16.4)

Moreover, for any r > 0,

ﬁn—l{n3/ *p(Fp, G) > cﬁw} < 2 exp{—r?/%}.

We refer an interested reader to [5] and [11]. In the i.i.d. case, both inequalities (16.3)
and (16.4) are sharp in the following sense. If ag = EX} # 0 and 4 < oo, then, for any
function G of bounded total variation, such that G(—o0) = 0 and G(c0) = 1, we have

Eg p(Fy,G) > —
n
with a constant ¢ > 0 depending on as and B4. Similarly, if ag =0, 84 # 3, 85 < 0o, then

Eo p(Fp. G) =~
where the constant ¢ > 0 depends on 34 and (5 only.

In the upper bounds such as (16.3), the independence assumption may be replaced with
closely related hypotheses. The random vector X is said to have a log-concave distribution,
when it has a density of the form p(z) = e~V (®) where V : R” — (—o0, 0] is a convex
function. Recall that the distribution of X is coordinatewise symmetric, if

p(e1r1, ... enZn) = p(T1,...,2n), = €R,

for any choice of signs e; = +1. The following theorem sharpening (16.1) is due to Klartag.
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Theorem 16.3 ([20]). Suppose that the isotropic random vector X = (Xi,...,X,) in

R™ has a coordinatewise symmetric log-concave distribution. For all 0 = (6,...,0,) € S*~1,
n

1y — @flry <> 6} (16.5)
i=1

Here, the total variation distance is understood in the usual sense as

oo
1B~ @lrv = [ Ipa(o) = p(o)] da.
— 0o
where py denotes the density of Sy. By the assumptions, py is symmetric about the origin
and is log-concave for any @ € S*~1. Note that, by the coordinatewise symmetry, the isotropy
assumption is reduced to the moment condition EX? =1 (1 <14 < n).
In particular, it follows from (16.5) that

C
Eo p(£y, @) < g || Fp — 2llTv < - (16.6)

17. Improved Rates Under Correlation-Type Conditions

Up to a logarithmically growing term, the improved rate as in the upper bound (16.3) can be
achieved under more flexible correlation-type conditions (in comparison with independence).
For example, one may consider an optimal value A = A(X) in the relation

Var( Z ainin> <A Z afj ((Il’j S R), (17.1)

1,j=1 1,j=1

which we call that the random vector X = (Xi,...,X,) satisfies a second order correlation
condition with constant A. This quantity is finite as long as the moment E|X|* is finite.

To relate A to the moment-type characteristics which we discussed before, one may apply
(17.1) with a;; = 0;; or (as another option) with a;; = 0,0, 0 = (01,...,6,) € S?=1. This
gives that

O'z <A, mi < sup ESg <1+A,
fesn—1
where in the last inequality we should assume that ES2 =1 for all 6 (i.e. X is isotropic). In
the latter case, necessarily A > ”T_l, so that A is bounded away from zero.

If the distribution of X is “regular” in some sense, one may also bound A from above. For

example, this is the case when it shares a Poincaré-type inequality

A Var(u(X)) < E|Vu(X)[?, (17.2)
which is required to hold in the class of all bounded, smooth functions v on R™ with a constant
A1 > 0 independent of u (called the spectral gap). We then have

4 4
A< —, AL —, 17.3
- )\% PN ( )
where in the second inequality we assume that X is isotropic.
The following relation is established in [9].
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Theorem 17.1. If the distribution of X is isotropic and symmetric about the origin,

then |
Eg p(Fy, &) < cA —2". (17.4)
n

The proof is based on the second order spherical concentration phenomenon which was
developed in [6] with the aim of applications to randomized central limit theorems. It indicates
that the deviations of any smooth function u(#) on S*~! from the mean Eyu(f) are at most
of the order 1/n, provided that u is orthogonal in L?(R",s, 1) to all linear functions and
has a “bounded” Hessian (the matrix of second order partial derivatives). Being applied to
the characteristic functions u(6) = fy(t), this property yields an upper bound

cAt?

n2

Eg|fo(t) — f(1)]* <

on every interval || < An'/° with constants ¢ > 0 depending on the parameter A > 1 only.
This estimate can be used to bound the integrals in (8.4) to get a similar variant of (17.4).

The symmetry hypothesis in Proposition 17.1 may be dropped, if A is replaced by )\1_1
which is a larger quantity according to (17.3). In addition, one can control large deviations of
the distance p(Fy, @) for most of the directions € (rather than on average). The corresponding
assertions are obtained in [10].

1/5

Theorem 17.2. Let X be an isotropic random vector in R"™ with mean zero and a positive
Poincaré constant \1. Then

1
Eg p(Fp, ) < Ayt —20 (17.5)
n
Moreover, for all r > 0,
1
sn_l{p(Fg,Cb) > c)\l_l ognr} < 2e7 VT,

The logarithmic term in (17.5) may be removed using the less sensitive L2-distance:
9 c
Egw (F97(I)) < )\%TLQ
There is an extensive literature devoted to bounding the spectral gap A; from below. In
particular, it is positive for any log-concave probability distribution on R™. A well-known
conjecture raised by Kannan, Lovasz and Simonovits asserts that A; is actually bounded
away from zero, as long as the random vector X has an isotropic log-concave distribution (cf.

[17]). The best known dimensional lower bound up to date is due to Klartag and Lehec [21]

who showed that ‘

(logn)*
for some absolute positive constants ¢ and a (one may take o = 10). Applying this bound in
Theorem 17.2, we therefore obtain:

A1 >

Corollary 17.3. Let X be an isotropic random vector in R™ with mean zero and a
log-concave probability distribution. Then with some absolute positive constants ¢ and «

Ep p(Fp, &) < 2087 (17.6)

n
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Thus, there is a certain extension of Klartag’s bound (16.6) at the expense of a logarithmic
factor to the entire class of isotropic log-concave probability distributions on R™.
One may also argue in the opposite direction: upper bounds of the form

1 B8
Eq p(Fy, @) < <1081 Oi”) . B>0,

in the class of log-concave probability distributions on R™ imply lower bounds \; > ¢ (log n)_ﬁl
with some ' > 0, cf. [9].

REFERENCES

[1] M. Anttila, K. Ball, and I. Perissinaki. The central limit problem for convex bodies. Trans. Amer.
Math. Soc. 355 (2003), no. 12, 4723-4735.

[2] H. Bateman. Higher transcendental functions, Vol. II. McGraw-Hill Book Company, Inc., 1953,
396 pp.

[3] S. G. Bobkov. On concentration of distributions of random weighted sums. Ann. Probab. 31 (2003),
no. 1, 195-215.

[4] S. G. Bobkov. Closeness of probability distributions in terms of Fourier-Stieltjes transforms. Rus-
sian Math. Surveys, vol. 71, issue 6, (2016), 1021-1079. Translated from: Uspekhi Matem. Nauk,
vol. 71, issue 6 (432), (2016), 37-98.

[5] S. G. Bobkov. Edgeworth corrections in randomized central limit theorems. Geometric Aspects of
Functional Analysis, 2256 (2020), pp. 71-97.

[6] S. G. Bobkov, G. P. Chistyakov, and F. Gotze. Second-order concentration on the sphere. Commun.
Contemp. Math. 19 (2017), no. 5, 1650058, 20 pp.

[7] S. G. Bobkov, G. P. Chistyakov, and F. Gétze. Gaussian mixtures and normal approximation for
V. N. Sudakov’s typical distributions. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI) 457 (2017), Veroyatnost i Statistika. 25, 37-52; reprinted in J. Math. Sci. (N.Y.) 238
(2019), no. 4, 366-376.

[8] S. G. Bobkov, G. P. Chistyakov, and F. Gotze. Berry-Esseen bounds for typical weighted sums. J.
Electron. Probab. 23 (2018), no. 92, 1-22.

[9] S. G. Bobkov, G. P. Chistyakov, and F. G6tze. Normal approximation for weighted sums under a
second order correlation condition. Ann. Probab. 48 (2020), no. 3, 1202-1219.

[10] S. G. Bobkov, G. P. Chistyakov, and F. Gotze. Poincaré-type inequalities and normal approxi-
mation for weighted sums. Electron. J. Probab. 25 (2020), Paper No. 155, 31 pp.

[11] S. G. Bobkov, G. P. Chistyakov, and F. Gotze. Concentration and Gaussian approximation for
randomized sums. Monograph (in preparation).

[12] S. G. Bobkov, and F. Gotze. Concentration inequalities and limit theorems for randomized sums.
Probab. Theory Related Fields 137 (2007), no. 1-2, 49-81.

[13] S. Brazitikos, A. Giannopoulos, P. Valettas, and B-H. Vritsiou. Geometry of isotropic convex
bodies. Mathematical Surveys and Monographs, 196. American Mathematical Society, Providence,
RI, 2014. xx+594 pp.

[14] A. Dvoretzky, J. Kiefer, and J. Wolfowitz. Asymptotic minimax character of the sample distribu-
tion function and of the classical multinomial estimator. Ann. Math. Statist. 27 (1956), 642—669.



46 S. G. Bobkov, G. P. Chistyakov and F. Gotze

[15] Goldstein, L.; Reinert, G. Stein’s method and the zero bias transformation with application to
simple random sampling. Ann. Appl. Probab. 7 (1997), no. 4, 935-952.

[16] G. Gromov, and V. D. Milman. A topological application of the isoperimetric inequality. Amer.
J. Math. 105 (1983), 843-854.

[17] R. Kannan, L. Lovédsz, and M. Simonovits. Isoperimetric problems for convex bodies and a local-
ization lemma. Discrete and Comput. Geom. 13 (1995), 541-559.

[18] B. S. Kashin, and A. A Saakyan. Orthogonal series. Translated from the Russian by Ralph P.
Boas. Translation edited by Ben Silver. Translations of Mathematical Monographs, 75. American
Mathematical Society, Providence, RI, 1989, xii+451 pp.

[19] S. Kaczmarz, and G. Steinhaus. Theory of orthogonal series. Warszawa, Lwow, 1935; Russian
ed.: Izdat. Fiz.-Mat. Lit., Moscow, 1958, 507 pp.

[20] B. Klartag. A Berry-Esseen type inequality for convex bodies with an unconditional basis. Probab.
Theory Related Fields 145 (2009), no. 1-2, 1-33.

[21] B. Klartag, and J. Lehec. Bourgain’s slicing problem and KLS isoperimetry up to polylog.
arXiv:2203.15551v2, 10 April 2022.

[22] B. Klartag, and S. Sodin. Variations on the Berry-Esseen theorem. Teor. Veroyatn. Primen. 56
(2011), no. 3, 514-533; reprinted in: Theory Probab. Appl. 56 (2012), no. 3, 403—419.

[23] M. Ledoux. On Talagrand’s deviation inequalities for product measures. ESAIM Probab. Statist.
1 (1995/97), 63-87.

[24] M. Ledoux. Concentration of measure and logarithmic Sobolev inequalities. Séminaire de Prob-
abilités XXXIII. Lect. Notes in Math. 1709 (1999), 120-216, Springer.

[25] P. Massart. The tight constant in the Dvoretzky-Kiefer-Wolfowitz inequality. Ann. Probab. 18
(1990), no. 3, 1269-1283.

[26] V. V. Petrov. Sums of independent random variables. Translated from the Russian by A. A.
Brown. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 82. Springer—Verlag, New York—
Heidelberg, 1975. x+346 pp.

[27] V. V. Petrov. Limit theorems for sums of independent random variables (Russian), Nauka,
Moscow, 1987. 318 pp.

[28] R. Salem, and A. Zygmund. On lacunary trigonometric systems. Proc. Nat. Acad. Sci. USA, 33
(1947), 333-338.

[29] R. Salem, and A. Zygmund. On lacunary trigonometric series. II. Proc. Nat. Acad. Sci. U. S. A.
34 (1948), 54-62.

[30] V. N. Sudakov. Typical distributions of linear functionals in finite-dimensional spaces of high
dimension. (Russian) Soviet Math. Dokl. 19 (1978), 1578-1582; translation in: Dokl. Akad. Nauk
SSSR, 243 (1978), no. 6, 1402-1405.



