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1. Let 1p(z,y) denote the characteristic function on the unit disc D in R?. Is the
function

+ = logy(a® +4))1n(2,y)

Lebesgue integrable on R%? Explain your answer.

\/ES. (ougides tpe ?MN'\MAW«; of owk dice D

P

ng awnki  wile  vadie o é""‘ R Y I
' iN
o Ak © 3 (he} \ ré [é‘h‘ 2'”'] i
Lot ‘g\, = ~F iA\L“ We elatwe Jy&a:&

ZNL S "FP c\(%ﬂ“\\ <, o Dines Z;_&:

o ™ Jew £k be L inkepebte

= o { «»L- = ‘”’”zk‘
lndeed “Tae R TS
v Wids couverces
e A< Z 2 \‘:\‘ M(A\?\ 2 ’ Rtonte :§ws H




Question 2 of 4, Page 3 of 6 Name:

2. a) If fis a Lebesgue integrable function on R™ and ¢ is a Riemann integrable
function on R™, prove that the product fg is Lebesgue integrable on R”™.
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b) Give sufficient conditions for which the function

Pty = [ f(t,2)|d"l

]R’VL
can be differentiated under the integral sign.

(Hint: To bring a limit inside an integral, use the dominated convergence theorem.)
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3. a) Exhibit a relaxed parametrization «y for the surface of revolution S obtained by
rotating the curve

22 =(1+2)* with z € [-1,0]

about the z-axis in R®.

(Hint: First parametrize curve 22 = (1 + z)® in R? using a single parameter
t. When you search for functions f and ¢ so that z = f(t) and z = g(¢),
think about choosing simple polynomials so that the degrees of both sides of
the curve equation match.)
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b) Prove your answer in (a) gives a relaxed parametrization of S. In particular,
find a set X C U of points & on which v : U — S either:

e fails to be one-one, C*, with Lipschitz derivative at z, or

e [Dv(z)] is not one-one.

2 xh .
Explain why the set X has volume 0.
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c¢) Set up an iterated integral to compute the 2-volume of this surface of revolution.

(Your answer should have integrand in the form /p(t, 8) for some polynomial
p in ¢ and sin @ and cosf. But definitely don’t try to integrate this!)
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4. a) State Gauss’ Theorema Egregium on the area of discs D,(p) at a point p on a
2-manifold S.
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b) Show that the theorem holds at the north pole (z,y,z) = (0,0,1) of the unit
sphere 22 +y?+ 2% = 1 by computing both sides appearing in Gauss’ Theorem.

You may use the fact that the disc D,(0,0,1) on the sphere projects to a disk
of radius sinr in the xy-plane.
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