WALL-CROSSING IN GENUS ZERO QUASIMAP
THEORY AND MIRROR MAPS

IONUT CIOCAN-FONTANINE AND BUMSIG KIM

ABSTRACT. For each positive rational number e, the theory of
e-stable quasimaps to certain GIT quotients W/ G developed in
[CKM] gives rise to a Cohomological Field Theory. Furthermore,
there is an asymptotic theory corresponding to ¢ — 0. For ¢ > 1
one obtains the usual Gromov-Witten theory of W/ G, while the
other theories are new. However, they are all expected to con-
tain the same information and in particular the numerical invari-
ants should be related by wall-crossing formulas. In this paper we
analyze the genus zero picture and find that the wall-crossing in
this case significantly generalizes toric mirror symmetry (the toric
cases correspond to abelian groups G). In particular, we give a
geometric interpretation of the mirror map as a generating series
of quasimap invariants. We prove our wall-crossing formulas for
all targets W//G which admit a torus action with isolated fixed
points, as well as for zero loci of sections of homogeneous vector
bundles on such W/ G.

1. INTRODUCTION

1.1. Overview. For a complex affine algebraic variety W acted upon
by a reductive group G, a choice of a character 6 of G determines a lin-
earized line bundle Ly on W, and hence a GIT quotient W) G = W/ ,G
with a canonical (relative) polarization O(6). Once such a 0 is fixed,
and under reasonable conditions on the triple (W, G, #), certain stabil-
ity conditions (depending on a parameter ¢ € Q< ) are imposed on the
moduli stacks M, . ([W/G], §) parametrizing maps of (homology) class
B from k-pointed nodal curves of genus g to the quotient stack [W/G].
This produces (relatively) proper Deligne-Mumford moduli stacks of
e-stable quasimaps, carrying virtual fundamental classes. They come
equipped with evaluation maps and with tautological cotangent /-
classes at the markings. Moreover, the same holds for an asymptotic
stability condition denoted by ¢ = 04 and corresponding to € — 0.
These structures allow the introduction of numerical invariants by
integrating natural cohomology classes against the virtual class. Ex-
plicitly, for e > 0+, let Qf ,(W/ G, 3) denote the moduli space of e-
stable quasimaps of class 5. When W/ G is projective, its (descendant)
1
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e-quasimap invariants are defined by
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for integers a; > 0 and cohomology classes v; € H*(W/ G, Q).

If W//G is only quasiprojective one may still define a good theory of
equivariant quasimap invariants in the presence of an action with good
properties by an algebraic torus, via the virtual localization formula.

For each fixed class (3 the set Q>0 is divided into stability chambers
by finitely many walls 1, 2, BT L 3 such that the moduli spaces (and
therefore the invariants) stay constant in each chamber. Here (3(Lg)
is essentially the degree on the curve class 3 of the polarization O(9).
For € € (1,00) one obtains the Gromov-Witten invariants of W/ G; we
write e = oo for these stability conditions. On the other hand, the first
stability chamber (0, 5 )] depends on 3 and the asymptotic stability
condition € = 0+ corresponds to being in this first chamber for all (.

The foundations of stable quasimaps were established in [CKM], as
a unified perspective on earlier constructions in [MOP], [CK1], [MM],
[T] in some special cases; a summary is included in §2 below. The
theory applies to a large class of targets, including a host of varieties
whose Gromov-Witten theory has received attention over the last two
decades: toric and flag varieties, as well as zero loci of sections of
homogeneous bundles on them, local targets with base a GIT quotient,
Nakajima quiver varieties etc. See §2.8 for a list and more details.

As explained in [CKM], one has in fact a Cohomological Field The-
ory in the sense of Kontsevich and Manin for each value of ¢, and
the expectation is that these CohF'T’s obtained by varying a stability
condition are equivalent. In particular, one should express the corre-
spondence between the numerical invariants via wall-crossing formulas.
The goal of this paper is to formulate such wall-crossing formulas for
the genus zero sector of the theory. What we discover is that they
turn out to be a significant generalization of Givental’s mirror theo-
rems for semi-positive complete intersections in toric varieties. At the
same time, we give a geometric interpretation to the mirror map as a
generating series for certain quasimap invariants.

1.2. Wall-crossing. The genus zero wall-crossing formulas are most
naturally expressed via generating functions for quasimap invariants.
Let the Novikov ring A = Q[[g]] be the g-adic completion of the
semigroup ring on the Lgy-effective curve classes. Let {~;} be a homo-
geneous basis of the rational cohomology H*(W/G) (equivariant, in
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the non-compact case) and let {7’} be the dual basis with respect to
the intersection pairing. Denote by t = ) .¢;y; the general element
and by 1 the unit in H*(W/)G).

Let z be a formal variable. For 0+ < e and v € H*(W/ G, A), put

3 i
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Our wall-crossing formula (see Conjecture 6.1.1, Theorem 7.3.1 and
Corollary 7.3.3) relates these series for arbitrary &1, 9 in different sta-
bility chambers (not necessarily adjacent) and invertible classes 7 of
the form v = 1 4+ O(q). The case of main interest, when v = 1 and
we consider wall-crossing from e-stable quasimap invariants for an ar-
bitrary 04+ < ¢ < 1 to Gromov-Witten invariants is stated here for
simplicity. Let
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We then make the following:
Conjecture 1.2.1. For all targets W/)/G and all € > 0+,
Sy (1) = S¢(1).
In §7 the following Theorem is proved:

Theorem 1.2.2. Assume that W admits an action by a torus T, com-
muting with the action of G and such that the fixed points of the induced
T-action on W/|G are isolated. Then Conjecture 1.2.1 holds. More-
over, if E is a convexr G-representation, then the conjecture also holds
for the E-twisted e-quasimap theories of W/ G.

The Theorem covers the genus zero quasimap theories of almost all
interesting examples of GIT targets listed in §2.8: toric varieties, flag
varieties, and local targets over them all admit torus actions as above.
Among Nakajima quiver varieties, interesting examples are the Hilbert
schemes of points on C? and on resolutions of A,-singularities, as well
as their higher rank analogues (note that we do not require that the
1-dimensional T-orbits in W//G are also isolated). Finally, zero loci of
sections of globally generated homogeneous vector bundles on all the
above targets are also covered by identifying their quasimap theories
with twisted theories of the ambient W/ G - see [CKM] and §7.2 below
for more details about this identification.
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The strategy for proving Theorem 1.2.2 uses virtual localization and
is very much inspired by Givental’s original approach to the proofs
of toric mirror theorems in [G1], [G2], [G3]. The crucial observation
that allows us to extend those arguments is that certain edge factors
in localization formulas are e-independent.

1.3. J-functions and Birkhoff factorization. The series S¢°(1) in
the Gromov-Witten case coincides with Givental’s big J-function of
W/ G by the string equation. In quasimap theory, there are analogous
big Je-functions for each stability parameter, see [CKM] and §5 of this
paper. In particular, there is a big I-function corresponding to the
¢ = 0+ stability condition. For ¢ < 1 these J*-functions may contain
both positive and negative powers of z and their relation with the S°-
operators is given by a more subtle “Birkhoff factorization” formula.
More precisely, we prove in §5 the following

Theorem 1.3.1. For all GIT targets W )| G with well-defined quasimap
theory and for every stability parameter € > 0+ there is a naturally
defined series P* = P(t,q,z) € H* (WG, A)[[z]], convergent in the
g-adic topology and satisfying

JF = SE(PF).

The series P¢ is a generating series of equivariant virtual intersection
numbers on the quasimap graph spaces QG 5(W//G). These are mod-
uli spaces of e-stable quasimaps whose domain curve has a component
which is a parametrized P*. The standard C*-action on P! lifts to the
graph spaces and the variable z appears naturally as the equivariant pa-
rameter. As the J°-functions themselves are defined via C*-equivariant
residues on graph spaces, the Birkhoff factorization formula is obtained
from virtual localization for this C*-action.

1.4. Semi-positive targets. Birkhoff factorization simplifies drasti-
cally for semi-positive targets. The triple (W, G,#) is called semi-
positive if the first Chern class of the quotient stack ¢;(Tjw/q)) is non-
negative on the semigroup of Ly-effective classes (this implies that the
GIT quotient W//G has nef anti-canonical class). A semi-positive triple
is called Fano if ¢;(Tjw)q)) is strictly positive on nonzero Lg-effective
classes, and it is called Calabi-Yau if ¢; (T[W/G]) vanishes on all Ly-
effective classes.

Elementary dimension counting arguments in §5.5 show that the J-
functions of semi-positive targets have z-expansion of the form

J(g.6,2) = Jy(a)1 + (4 JF (@)1 +0(1/2?)
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with J¢(g) € A invertible and J§(q) € H=*(W /G, A), and that
P(q,t,2) = J5(q)1.
Hence Theorem 1.3.1 has the following
Corollary 1.4.1. For semi-positive (W, G,0) and for all ¢ > 0+,
J%(q,t, 2)
J5(q)
A very special case of the above Corollary is the main result of [CZ].

Equating coefficients of 1/z gives an expression for the transformation
(1.2.1) in terms of .J§ and J;.

Corollary 1.4.2. For semi-positive (W, G, 0) and for all € > 0+,
t+ Jf
7_E<t) — +€ 1(Q)
J5(q)
1.5. Mirror symmetry from wall-crossing. For semi-positive tar-
gets the wall-crossing formula translates into the following statement.

— SE(1).

Corollary 1.5.1. Assume that Conjecture 1.2.1 holds for the semi-
positive triple (W, G,0). Then for all € > 0+,

J(q,t, 2)
J>¥(q,m°(t), 2) = —————=
R 7]
with T¢(t) = LAELACH N /) particular, this is true in all cases covered by

J5(a)
Theorem 1.2.2.

Directly from definitions, the coefficients J§(q) and J5(q) for € > 0
depend only on the first stability chamber (0, m] and are therefore
truncations of the corresponding series Iy and I; for the 0+ stability
condition. These are the first two terms in the 1/z-expansion of the
small I-function of W//G, obtained by putting t = 0 in the big I-
function

(1.5.1) ety ) :=1(q,0, 2) = I(q) + @ +0(1/2%).

The small I-function for a toric variety, or for a complete intersection
in a toric variety was introduced by Givental (it differs from (1.5.1) by
an exponential factor); quasimap theory extends the notion to general
GIT targets W//G. Geometrically, it is obtained by summing over all
classes 3 the C*-equivariant (virtual) residues of certain distinguished
fixed-point components in the unpointed graph spaces QG&J& s(W/G),
see [CK1], [CKM], and §4-85 of this paper. These residues are explic-
itly computable in general and closed hypergeometric-type formulas for
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the small I-functions are known for almost all interesting examples of
targets, such as the ones listed in §2.8.

Givental’s Mirror Theorems for semi-positive toric complete intersec-
tions [G2], and for local toric targets [G3], relate the small (Gromov-
Witten) J-function to the small /-function via a change of variables
called the mirror map on the small parameter space H=*(W/G).

Specializing Corollary 1.5.1 to € = 0+ and t = 0 and using the string
and divisor equations on the Gromov-Witten side gives precisely this
type of relation for all W/G (after restoring the omitted exponential
factors) and recovers Givental’s results in the toric cases.

Furthermore, the quantum corrections to the mirror map are given
by two-pointed quasimap invariants. For example, if W/ G is Calabi-
Yau, the classical mirror map

[ Ti(a)
q+— qe B Ip(a)

is determined by

1(9) Z%Zq 7, ﬂo2ﬁ

0(9) i B0

with the first sum only over those ~;’s which form a basis of H2(W/G).

More generally, by first taking derivatives d/dt;,,...,d/dt;, in the
equality of Corollary 1.5.1, then specializing at t = 0 and applying the
string and divisor equations on the Gromov-Witten side one obtains
the following

Corollary 1.5.2. Assume that Conjecture 1.2.1 holds for the semi-
positive triple (W, G,0). Then for every stability parameter ¢ > 0+
and every n > 1 we have

1J1(9) J1 (q) ’Yi

(15.2) e %W Zv Zq e - ¢,vjl,---,%n>8?1+n,ﬁ =

)= 12%261 — ,%1,..-,7jn>3,1+n,,8

In particular, (1.5.2) is true in all cases covered by Theorem 1.2.2.

From this perspective, Conjecture 1.2.1 and Theorem 1.2.2 gener-
alize toric mirror theorems in several different directions: they apply
to general GIT quotients W/ G rather than just those with abelian
group G, there is no semi-positivity restriction, they apply to the big
parameter space H*(W/G), and to all stability conditions € > 0+. In
addition, the transformation (1.2.1) generalizes the mirror map.
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1.6. Wall-crossing for J¢-functions. One consequence of Corollary
1.5.1 is that, in the semi-positive cases, the big J° function lies on
Givental’s Lagrangian cone Lagw g encoding the genus zero Gromov-
Witten theory of W/ G. Conjecture 6.4.2 asserts that this remains true
for general targets and Theorem 7.3.4 proves this assertion when there
is a torus action with isolated fixed points and isolated 1-dimensional
orbits. We refer the reader to §6.4 for a detailed formulation. In this
case we do not know an elegant expression similar to (1.2.1) for the
required transformation of coordinates 7°¢(t).

1.7. Further directions. With appropriate modifications, the meth-
ods introduced in this paper extend to orbifold GIT quotients and will
be used by the authors in a forthcoming work to obtain similar e-wall-
crossing formulas for such targets. In particular, we will obtain orbifold
mirror theorems more general than the ones announced in [I] for toric
orbifolds and complete intersections in them.

In a different direction, we expect wall-crossing formulas to hold in
higher genus quasimap theory as well and plan to investigate these in
future work. In particular, we conjecture in §6.3 that the wall-crossing
is trivial for Fano triples (W, G, #) of Fano index at least 2. This is
proved in [CK2] for projective toric Fanos.

1.8. Aknowledgments. Some of the ideas appearing in this work
originate from early discussions with Rahul Pandharipande on big -
functions of toric varieties and from a joint project of the authors with
Duiliu Emanuel Diaconescu and Davesh Maulik on the relation between
the small I and J-functions of the Hilbert scheme of points in C?. It is
a pleasure to thank all three of them here. In addition, special thanks
are due to Duiliu Emanuel Diaconescu for many helpful conversations
during the preparation of the paper.

The majority of the writing has been done while the first named au-
thor visited KIAS in 2011-2012. He thanks KIAS for financial support,
excellent working conditions, and an inspiring research environment.

The research of I.C.-F. was partially supported by the NSA grant
H98230-11-1-0125. The research of B.K. was partially supported by
NRF-2007-0093859.

2. STABLE QUASIMAPS

For the convenience of the reader we recall in this section the basics
of the theory developed in [CKM]. Throughout the paper we will work
over the ground field C.
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2.1. A class of GIT targets. Let W = Spec(A) be an affine algebraic
variety with an action by a reductive algebraic group G. There are two
natural quotients associated with this data: the quotient stack [W/G],
and the affine quotient W/.zG = Spec(A%).

Denote by Pic® (W) the group of G-linearized line bundles on W and
by x(G) the group of characters of G. Each character § determines a
one-dimensional representation Cy of G, hence a linearized line bundle

Lo := W x Cy € Pic®(W).

(We will often think of vector bundles in this paper as geometric objects
by identifying them with their total space.)
Associated to # we have the GIT quotient

W/ G := W/yG = Proj(©,sol (W, L§™)S),
which is a quasiprojective variety, with a projective morphism
W//G o W/aﬂ‘G

to the affine quotient.
Let
We=W?90) and W?* =W?*(0)
be the stable (respectively, semistable) open subsets determined by the
choice of linearization. The following will be assumed throughout:

(1) 0 #£ WS =Wss,

(74) W* is nonsingular.

(7i1) G acts freely on W”.

It follows that W//G is a nonsingular variety, which coincides with
the stack quotient [W*/G]. In particular, it is naturally an open sub-
stack in [/W/G]. The relative polarization over the affine quotient is
given by the descended bundle

Lg =W? Xa Lg.

We will also use the notation O(f) for the polarization. Further, by
replacing ¢ by a multiple, we may (and will from now on) assume that
O(0) is relatively very ample over the affine quotient. (Here and in the
rest of the paper the above notation is always understood as the usual
mixed construction. Namely, given a principal G-bundle P over a base
scheme or algebraic stack B, and a scheme U with G-action, we put

PxgU:=[(PxU)/G].
It is an algebraic stack with a representable morphism to B
p:PxgU —B
which is in the étale topology a locally trivial fibration with fiber U. )
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2.2. Maps from curves to [W/G]. Let (C,x1,...,x;) be a prestable
pointed curve, i.e., a connected projective curve (of some arithmetic
genus ¢), with at most nodes as singularities, together with & distinct
and nonsingular marked points on it. A map [u] : C — [W/G]
corresponds to a pair (P, @), with

P—C
a principal G-bundle on C' and
u: P— W
a G-equivariant morphism. Equivalently (and most often), we will
consider the data (P, u), with
u:C — PxgW
a section of the fiber bundle p : PxgW — C. Then [u] : C — [W/G]
is obtained as the composite
C5PxgW — [W/G].

Note also that the composition

Y W/G) - W/aG
is always a constant map, since C' is projective.

2.3. Homology class of a map to [W/G]|. Recall that L — [L/G]
gives an identification Pic® (W) = Pic([W/G]).

Let (C, P,u) be as above. For a G-equivariant line bundle L on W
we get an induced line bundle u*(P xg L) = [u]*([L/G]) on C.

By definition, the (homology) class 5 of (P,u) € Map(C, [W/G]) is

the group homomorphism
B:Pic® (W) — Z, B(L) = deg(u*(P xg L)).
To justify the terminology, note that (3 is the image of the class of the
G-equivariant cycle
P w

|

C
under the natural map HS (W, Z) — Homy(Pic%(W),Z). Further, if
we denote
Eg = u*(P Xa Lg) =P Xa Cg
and if [u] has image contained in the GIT quotient W/ G, then £y =
[u]*O(0), so B(Lyg) is the usual degree of the map with respect to the
polarization O(6).
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2.4. Quasimaps to W/ G and e-stability. Fix integers g,k > 0. We
denote by M, . ([W/G], 5) the moduli stack parametrizing families of
tuples

(C,zy,...,78), Pu)
with (C,x1,...,x,) a prestable curve of genus g, P — C a principal
G-bundle on C', and u a section of P xg W — C, of degree 3. It
contains the Deligne-Mumford stack

Mch(W//G? ﬁ)

of (stable) maps from nonsingular pointed curves to W/ G as an open
substack, however, it is in general a nonseparated Artin stack of infinite
type. To get more manageable moduli spaces, we will impose certain
stability conditions which produce compactifications of My (W /)G, [3)
over W/.¢G which are Deligne-Mumford and carry canonical perfect
obstruction theories.

For example, one such stability condition is obtained by requiring
first that the image of [u] is contained in [W*/G] = W/ G, or, equiva-
lently that the section u lands inside P xg W?, and second, that the
map

[u] : (Cyxq, ... 2) — WG
is Kontsevich stable. This of course leads to the familiar moduli stack
of stable maps M, (W) G, ).

There are other stability conditions for which resulting theory is that
of e-stable quasimaps from curves to W)/ G, developed in [CKM] (and
inspired by earlier works [MOP], [CK1], [MM]). We recall briefly the
main points, and refer the reader to loc. cit. for the details.

Definition 2.4.1. A quasimap to W/)/G is a map ((C,x1,...,zx), P,u)
to the quotient stack such that for every irreducible component C; of
C', with generic point &;, we have u(§;) € P xg W*.

Hence a quasimap has at most finitely many base points, i..e., points
on C which are mapped into the unstable locus of W by the section w.

By Lemma 3.2.1 of [CKM], the class 3 of a quasimap is Lg-effective,
in the sense that for any subcurve C’ of C', the class 3 of the restriction
of the quasimap to C” satisfies

B'(Lg) >0, with equality iff 5" = 0.
The Lg-effective classes form a semigroup, denoted Eff(W, G, 0).

Remark 2.4.2. The "nondegeneracy at generic points” imposed in the
definition of a quasimap is clearly an open condition on the base of fam-
ilies of maps to the stack [W/G]. It is shown in [CKM] that quasimaps



WALL-CROSSING IN g =0 QUASIMAP THEORY AND MIRROR MAPS 11

to W//G with given underlying pointed curve and fixed 3(Ly) form a
bounded family. Hence we have an open Artin substack

Qmap, (W) G, 3) C M, ((W/G], )

which is of finite type over the stack 9, ; of marked curves.

Definition 2.4.3. A quasimap is prestable if its base points are away
from the nodes and markings of the underlying curve.

Definition 2.4.4. The length ((z) at a point x € C of a prestable
quasimap ((C,x;), P,u) to WG is the order of contact of u(C) with
the unstable subscheme P xg W™ at u(x). Precisely, consider the ideal
sheaf J of the closed subscheme P xg W" of P xg W. Then

(2.4.1) ((x) = length, (coker(u*J — O¢)),
Definition 2.4.5. Fiz ¢ € Q-g. A quasimap
(Cyxq, ..., 2x), Pyu)
is called e-stable if it is prestable and the following two conditions hold
(1) wc(Zle x;) ® Ly is ample.
(2) el(x) <1 for every point x in C.
Here Ly = P xg Cy = u*(P Xg Lg) -

It is easy to see that e-stable quasimaps form an open moduli sub-
stack in Qmap, , (W/G, 8). We will denote it by Q; ,.(W/G, ). The

following is proved in §7 of [CKM].

Theorem 2.4.6. The stack Q; ,(W// G, B) is a Deligne-Mumford stack,
separated, of finite type, with a natural proper morphism

2k(W/ G, B) — Spec(A(W)€).

Remark 2.4.7. The description of the points in the moduli spaces when
¢ varies follows easily from the definition of e-stability. We summarize
it below.

(1) Assume (g,k) # (0,0). Then a quasimap is a stable map to
W /G in the usual sense if and only if it is e-stable for every
e > 1. When (g,k) = (0,0) the same holds with ¢ > 2. Hence
we have

WG, 8) = My (WG, 13).

(2) Fix g € Eff(W, G, 0). For each ¢ < m the length inequality
in the stability condition is always satisfied, while the ampleness
requirement imposes first that the underlying curve C' has no

rational tails (irreducible components which are rational and
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carry exactly one special point - marking or node - on them),
and second that on each rational bridge (irreducible component
which is rational and carries exactly two special points) the line
bundle £y has strictly positive degree.

Since we may want to deal with all possible degrees 3 at the
same time, it is better to reformulate the stability condition in
this case as

k
wc(z x;) ® Ly is ample for all € € Q.
i=1

We will call these either (¢ = 04)-stable quasimaps, or, as in
[CKM], stable quasimaps to W/ G; the resulting moduli stack
will be denoted

Qo W/ G, B),

or simply Q,x(W/G, ). Note that these moduli spaces are
empty for (g, k) = (0,0), (0, 1).

Assume for simplicity that (g, k) # (0,0),(0,1). Then for ev-
ery integer 1 < e < f((Ly) — 1, the moduli space of e-stable
quasimaps to W/G with fixed numerical data (g, k, 3) stays
constant when € € ( H%, %] . The underlying curve of a quasimap
parametrized by this constant moduli space is allowed only ra-
tional tails of total degree at least e + 1 (with respect to Ly),
while the length at each base point must be at most e. Hence
for each fixed class (8 the set Q- is divided into chambers by
finitely many walls 1,1, ..., @ The two extreme chambers
(1,00) and (0, m] always correspond to stable maps and sta-

ble quasimaps, respectively.

2.5. Obstruction theory. The moduli stack of e-stable quasimaps
comes with natural forgetful morphisms

Mo Q;,k(W//Gﬁﬁ) — gk, Vo Q;,k(W//Gﬁﬁ) — Bung,

where 9, ;. is the moduli stack of prestable curves and Bung is the
moduli stack of principal G-bundles on the fibers of the universal curve
T & — My .

There is a a universal family

((C€7$17 cee ,Z’k),P,U)

over QF ,(W/ G, 3), where the universal curve

m: 0 — Qg (W/G, )
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is the pull-back of &€ , via p, P is the pull-back of the universal principal
G-bundle on (the universal curve over) Bung via v, and u is a section
of the fiber bundle
0:PxgW —C*
(the universal section).
The canonical obstruction theory of Q ,(W/G, ), relative to the
smooth Artin stack Bung, is given by the complex

(2.5.1) (R*m.(uw'RT,))"

with RT), the relative tangent complex of p.
The following result is proved in [CKM].

Theorem 2.5.1. If W has only lci singularities, then the obstruction
theory (2.5.1) of Qg (W) G, B3) is perfect.

The lci condition implies that W has a (virtual) tangent bundle Ty,
in the G-equivariant K-group. Hence det(7yy) is a well-defined element
in Pic¥(W). The virtual dimension of Q¢ ,(W/G, ) is

vdim(Qg x(W/G, 3)) = B(det(Tw)) + (1 — g)(dim(W/G) — 3) + k.

Note that it is independent on €.

For classes 3 for which the moduli space Q; ,(W/G, ) contains a
point represented by a regular map u : C — W/ G, we may view 3
as the second homology class u.[C]| € Ho(W /)G, Z) and then we have

B(det(Twy)) = /B er(Twy).

Note, however, that for some Lg-effective classes it is possible that
every point of Qf ,(W/G,[3) corresponds to a quasimap with base-
points. The simplest example is when W = C, G = C* with the
natural action, linearized by the identity character (so that W/G is a
single point) and we take § # 0. For a less trivial example, consider
the conic in P? (see Example 2.8.3 below) and take the classes with
B(Ly) a positive odd integer.

2.6. Graph spaces. We will also need moduli stacks of maps for which
the domain curve contains a parametrized P!, see §7 of [CKM]. These
are called graph spaces. Even though we’ll only use later the genus zero
case of the results of this section, everything makes sense for arbitrary
genus and we treat things in this generality.

Let &, 3([W/G]) denote the Artin stack parametrizing tuples

(Cyzy,...,2k), Pu, @),
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where the new data ¢ is a morphism from C to P! of degree one (i.e,
such that ¢,[C] = [P']). Alternatively, these are all maps

C — [W/G] x P!

of class (3,1). The curve C has one irreducible component Cy such
that ¢|cg, : Co—=P! is an isomorphism, while the rest of the curve is
contracted by .

By imposing stability conditions as in §2 we obtain e-stable quasimap
graph spaces, denoted

QGG s(W/G).

In this case the ampleness part of the stability condition does not in-
volve the parametrized component. Precisely, we require as before that
the data ((C,xy,...,x), P,u) is a prestable quasimap, the length in-
equality ef(x) < 1 for every point z in C, and the modified ampleness
condition

WC’(Z T; + Z y;) ® Ly is ample,

where C" is the closure of C'\ Cp, x; are the markings on C” and y; are
the nodes C' N Cy.

In the chamber 1 < ¢ < oo we have the usual stable map theory
graph space

Gors(W)G) = QG s(W/G) = Myu(W/G x P, (8,1)).

For the other extreme chamber corresponding to € = 0+, the quasimap
graph space

QG s(W/G)

was denoted Qmap, ,(W/G, 3;P') in [CKM].
If we choose coordinates [y, (1] on P!, then we have the standard C*
action, given by

t[¢o, C1] = [tCo, 1), t e C.

It induces actions on the e-stable quasimap graph spaces which will be
of great importance for the rest of the paper.

The analogues of Theorems 2.4.6 and 2.5.1 hold for graph spaces.
The only difference is that instead of the moduli stack 90, s, of prestable
curves, we must use the analogous moduli of prestable curves with one
parametrized P!, i.e., the stack 9, x(P*, 1).
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2.7. Quasimap invariants. The condition that base-points do not
appear at the markings ensures there are well-defined evaluation maps

evi : Qp (W/)G,B8) — W/G, i=1,... k.

The moduli spaces also carry the tautological cotangent line bundles at
the markings, whose first Chern classes we denote by v;, 1 =1,...,k,
as is customary in Gromov-Witten theory. These structures exist on
the graph spaces as well.

Assume that W//G is projective. For nonnegative integers a; and
cohomology classes v; € H*(W/G,Q), the associated descendant e-
quasimap invariant of W/ G is the rational number

/ T evs )
Q5 (W) GBI 5

If W//G is only quasiprojective one may still define a good theory of
equivariant quasimap invariants in the presence of an action with good
properties by an algebraic torus, as explained in §6.3 of [CKM] and at
the beginning of §7 later in this paper.

2.8. Examples. We list here several classes of targets for which the
theory of quasimaps applies.

Example 2.8.1. Smooth toric varieties. These are GIT quotients
W/ G with W = CV a vector space and G = (C*)! abelian. Their
quasimap theory (in the projective case) was developed first in [CK1].
There are also non-compact toric targets with very interesting theo-
ries. For example, taking W = C* ¢ C, G = C* acting with weights
(1,...,1,—m), m € Z, and @ the identity character gives the GIT quo-
tient W//G = |Opn-1(—m)|, the total space of the line bundle O(—m)
on P 1,

Example 2.8.2. Type A flag manifolds. These are also quotients
of a vector space, but with G a product of GL,(C)’s and 6 given
by the determinant character on each factor (see e.g. [BCK] for this
quotient description). In particular, taking W = Hom(C",C") and
G = GL,(C) with the obvious action gives the Grassmannian G(r,n)
as W/ 4etG. The quasimap theory of the Grassmannian recovers the
stable quotients theory of [MOP)]. Projective space P"~! may be viewed
either as a special case of flag manifold, or as a toric example.

Ezxample 2.8.3. Projective varieties in general. Let X C P" ! =
C"JC* be a smooth projective variety. Then X = W/C* with W =
C'(X), the affine cone over X and we have the proper moduli spaces
of e-stable quasimaps to X. However, for € < 1 the obstruction theory
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will be perfect precisely when X is a complete intersection. (For e > 1
and arbitrary X one recovers the usual stable maps to X, with their
canonical perfect obstruction theory.)

Example 2.8.4. Zero loci of sections of homogeneous bundles.
The previous example of complete intersections in projective space gen-
eralizes as follows. Let W, G, 6 be as in the general set-up and assume
that W is smooth. Let E be a finite dimensional G-representation. Let
W x E be the corresponding G-equivariant vector bundle on W and
let

E:=W*'xgFE

be the induced vector bundle on W/G. Let s € H'(W,W x E)©
be a G-invariant global section, inducing s € H°(W//G, E). Assume
that s is regular and that its zero locus X := Z(s) is smooth. Then
X = Z/yG with Z := Z(s). Furthermore, Z has only lci singularities
(contained in the unstable locus) hence the moduli spaces of quasimaps
to X will carry perfect obstruction theories for all ¢.

For toric W/ G this construction gives precisely the complete inter-
sections in toric varieties (since the representation E splits into one-
dimensional summands), but there are many interesting targets Z /G
with £ non-split when G is non-abelian. For example, as explained
in [BCK], all flag manifolds of classical types B,C, and D are real-
ized in this fashion, with W/G a flag manifold of type A. For an-
other example, consider on the Grassmannian G(2,6) the vector bun-
dle E = Sym?(SY), where SV is the dual of the tautological rank 2
sub-bundle. E has rank 4 and first Chern class 6, and descends from
the third symmetric power of the standard representation of G Ly(C).
The zero locus of a regular section defines a Calabi-Yau fourfold of the
form Z G Ly(C) which is not a complete intersection in G(2,6).

FExample 2.8.5. Local targets. Fix again W, G, 6 as in the general
set-up, and assume W/ G is projective. Let E be a G-representation
as in the previous example and let £ := W x E denote the associated
G-equivariant vector bundle with projection

p:E&— W.

Assume that Ho(W, £)¢ = 0. (We call such a representation E concave.
One may take a general G-equivariant bundle £ on W, but most cases
of interest arise from G-representations and we restrict to those here
for simplicity.) The line bundle p*Ly gives a linearization of the G-
action on £ and the quotient £/ G is the total space of the induced
bundle £ on W/ G.
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In Gromov-Witten theory these kind of spaces are known as local
targets. Since they are not compact, a good theory of invariants requires
the presence of a torus action. Specifically, consider the torus S = C*
which acts on € by scalar multiplication in the fibers. Let C, be the
standard representation of S. Let 0 : W — & be the closed embedding
as the zero section. It is G-equivariant and 0*p* Ly = Ly, so it induces
a closed embedding of stacks

( Since the pull-back via p gives an isomorphism Pic® (W) 2 Pic®(€),
the curve classes are the same for W/ G and £/ G.) The following facts
are easy to check:

(1) The S-fixed substack in Qf ,(£/G, B) is Q ,(W/G,B). In par-
ticular, it is proper.

(7i) The fixed part of the obstruction theory coincides with the canon-
ical obstruction theory of Q . (W/G, j3)

(24i) The virtual normal bundle is R*m.&, ;. ()\), where

Egrp(N) = 0" (P ®a (€ @Cy)),

with 7 : C — Qf ,(W/G,3) the universal curve, ‘B the universal
principal G-bundle on it, and w the universal section.

The e-quasimap invariants of £ /G are defined via the virtual local-
ization formula and take values in the field Q(\).

Example 2.8.6. Nakajima quiver varieties. These form a class of
non-compact GIT targets with interesting torus-equivariant quasimap
theory, see Example 6.3.2 in [CKM]. They are holomorphic symplectic
varieties, a useful feature when applying to them the general results on
genus zero quasimap theory we prove later in this paper, see Remark
5.5.6 (i1).

3. MAPS BETWEEN MODULI SPACES AND UNIVERSAL LINE BUNDLES

There are several morphisms between various moduli spaces that we
will need.

3.1. Embeddings. The polarization O(6) gives an embedding
L W)G — Ple = Proj(Sym e (I'(W, Ly) %))

over the affine quotient Spec(A%). In particular, we have a basis of G-
equivariant global sections t,...,txy € I'(W, Ly)® which cut out the
unstable locus W* set-theoretically:

W ={weW|t(w)=0,i=0,...,N}.
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Now P with the usual polarization O(1) is itself the GIT quotient
(Spec(A®) x CN*T1) /H,
with H = C* acting only on the factor CN*! by
A (20,--,28) = (Az0,.. ., A2y), A€ H,

and linearization C,,. Here C, denotes the standard 1-dimensional rep-
resentation of H = C*, corresponding to the character n = idc-. (We
use the notation H to distinguish this group from the group C* acting
on graph spaces considered in §2.6.)

Hence we have the graph space

By,ra([Chd /H),
whose C-points we identify as usual with the data

(311) ((C7x17"'7xk)7£7 (Si)iZO ..... N;go)v

where £ is a line bundle on C and s; € I'(C, L) are global sections.
The degree d of the map

(505 )] : € — [CY/H)
is in this case the unique homomorphism
d: Picg(C"*Y~27Z — 7

with d(C,) = deg(£). The map (3.1.1) is a quasimap if and only if
the restrictions of the sections s; to every irreducible component of C
are not all identically zero. This description agrees with the earlier one
using principal H-bundles P on C, via the identification £ = P xg C,,.
Every C-point
((Cw%'la s 7$k)7 Pa“?@)
in &, 3([W/G]) induces the tuple
((C,$1,...,Ik),u*(P Xa Lg),u*(ti)i:() ..... N,(p)

which is point in &, 45 ([C'\d'/H]). Here the degree d(3) is the
homomorphism

Picg(CN*Y) — Z, C, — B(u*(P xg L))

Since the construction is natural, it will work in families as well, so
we obtain a morphism of stacks

te + g p([W/G]) — &g pae((Chd" /H]),

which is clearly equivariant for the action of C* on the graph spaces
from §2.6. It depends obviously on the choice of # and the sections

to, ...t
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It is immediate to check that tg preserves the e-stability condition
for each 0+ < ¢ < 0o0. Hence there are C*-equivariant morphisms

(3.1.2) Le - QGZ,k,B(W//G) - QGz,k,d(ﬁ) (P]XG)-

The morphism ¢, is of course the usual embedding of moduli spaces
obtained by composing a stable map with the given embedding

L X idp : WG x P — Pl x P

Finally, note that the construction works equally for the moduli
spaces without a parametrized component, since the parametrization
¢ : C — P! was simply carried along unmodified. We obtain mor-
phisms

(3.1.3) te : Qoi(W/) G, 8) — Qg (P, d(5)).

3.2. Contractions. We’'ll also need various contraction morphisms be-
tween moduli spaces with target

PYe = (Spec(A®) x CNTH) JH.

3.2.1. Contractions to the parametrized P*. The first kind we consider
applies to graph spaces and contracts everything to base-points on
the parametrized P!. Hence the target of all such morphisms will be
Drinfeld’s original “space of quasimaps”

QGo0.4(PYc)

compactifying the Hom scheme Map, (P!, PV ). If (o, (i are homoge-
neous coordinates on P! as in §4.1 and

Va2 H(P', Opi (d))

denotes the vector space of homogeneous polynomials of degree d in
Co, C1, then Map,(P',P/Y) can be identified with

(U/H) x Spec(AF),

where
Z/{ C v;B(TL-‘rl)

is the open subset of (n+1)-tuples of polynomials with no common zero
on P'. The Drinfeld compactification is simply the projectivization

PV ) x Spec(AS).
It is very easy to describe these morphisms point-wise. Let

((07 L1y axk)v Ea (Si)izo,...,Na T2 ¢ — Pl)
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be a k-pointed e-stable quasimap to P, ‘ia, of genus g > 0 and degree d,
with a parametrized P! in the domain.

Let Cy be the parametrized component of C' and let yq, ...,y € Cy
be the points where Cj meets the rest of the curve. Since ¢ contracts
all other irreducible components of C,

C\Co=C]]T]Cnm

is the union of m connected components. For ¢ = 0,1,...,m, let d; be
the degree of the induced quasimap with domain curve CZ-. Since the
class of any quasimap is Lgy-effective, the divisor

D = Z d;y;
i=1
on () is effective. Consider the degree d line bundle

L = (Lle,)(D)
on Cy. Composing the sections s;|¢, with the injection
0 — Lle, — (£Llay)(D)

gives N + 1 sections S, ..., Sy of L. Note that all sections 5; vanish
at each y; and that the cokernel of

OEB (N+1) (Soﬁ;N)E

has length d; at y;. The data
(00727 §07 R gN)

represents a point in QG q(Pc).

Informally, each connected component C;, © = 1,..., N is replaced
by a base-point at its attaching point on Cj, which keeps track only
of the degree of C;, then all remaining markings (if any) on Cy are
forgotten.

A proof that the above construction can be performed in families in
a functorial way can be found in [LLY]. Strictly speaking, the proof
is given there only for families of stable maps to PV, but one checks
easily that the argument applies equally well for e-stable quasimaps.
We conclude that for each 0+ < e < oo there is a morphism of stacks

(3.2.1) D, : QG 1. 4(Plc) — QGopa(Plc).

These morphisms are clearly equivariant for the C*-action on graph
spaces.
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3.2.2. Contractions of rational tails. The second kind of contractions
are morphisms

(3.2.2) ¢: Myp(Phe,d) — Qui(Ple,d)

(3.2.3) ¢: Gyra(Ple) — QG xa(Plc)

from stable maps moduli to stable quasimaps moduli which replace the
“rational tails” of a stable map with base points, keeping track of their
degrees. They appeared already in [MM] and are described point-wise
also in [MOP] for the case without a parametrized component in the
domain curve. For example, we spell out the case with a parametrized
P!
Let
<<C7 Ty 7xk)7 Ea (Si)izo,...,N7 P C— Pl)

be a stable map with a parametrized distinguished component. Let
Ty, ..., T; be the maximal connected trees of rational curves in the do-
main curve C satisfying the properties

(1) T; contains no markings and the distinguished component Cj is
not a component in T1};
(2) T; meets the rest of the curve C in a single point z;.

Let d; be the degree of the restriction to T; of the stable map. De-
note by C' the closure of C'\ (U'_,T;); by assumption, it contains the
distinguished Cj as a component. We then have the line bundle

!
L= Lls® O@(Z d;z;)

=1

on C', with sections S, ..., Sy obtained as the compositions

!
5;:0a BN Llg— Llg® OC'(Z d;z;).
i=1
The image of the stable map under the contraction morphism (3.2.3)
is the stable quasimap

((Ca T1y---, xk)> ‘Ca (gi)izo,...,Na (10’6')
Again, it is standard to see that the constructions can be done functo-
rially in families.
We have described the morphisms between the moduli spaces cor-
responding to the two extremal chambers for the stability parameter
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e. In fact, these can be easily seen to factor into a composition of
contractions

Cere - ink (P]XGv d) - Qz?k (P]XGv d)

(and similar ones for graph spaces) for €; > &5 in adjacent chambers,
see [MM], [T]. We will not really use these morphisms in the present
paper, but they are important for comparing higher genus e-stable
quasimap invariants as ¢ varies, see §6.3 and [MOP], [T], [CK2].

3.2.3. Replacing markings by base-points. Another variant of the above
constructions will be useful to us. Let

((07 X1ye oo 3 Tl Y15 - - - 7ym)7 £7 (Si)izo,...,N>

be a k + m-pointed e-stable quasimap to }P’gg, of genus ¢ > 0 and
degree d. Further, fix positive integers dy,...d,,. The data

(324) ((07 L1y axk)v L & OC’(Z djyj)a (gi)i:O,...,N)

j=1

is a k-pointed prestable quasimap to IP’XG, where the sections s; are
again obtained by composing s; with the injection

L— L®0c(D dy;).

J=1

For each j the quasimap has a base-point of length d; at y;. It is
possible that some of the rational components of C' are now rational
tails, i.e., they contain a single node and none of the markings x;. Each
such rational tail is part of a unique maximal tree as in the previous
subsection. Let T71,...,7T; be the set of all such trees and let eq,...¢
be their total degrees (that is, e; is the degree of the restriction to the
subcurve Tj of the quasimap (3.2.4)). We now contract these trees to
base-point of length e;, just as in §3.2.2 to obtain a k-pointed stable
(in the sense of € = 0+-stability) quasimap to ]P’XG. The upshot is that
we obtain for each 04+ < & < 0o a morphism

(3.2.5) bettsy * Qsm(Ple, d) — Qui(Ple, d+ Y d))
and similarly for graph spaces,

(3.2.6) be gy + QG jopma(Phe) — QG karsa;(Phc).
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3.3. Universal line bundles. For each 0+ < ¢ < oo consider the
composed C*-equivariant morphisms

(I)s O Lg QG;k,ﬁ<W//G) — QGO,O,d(ﬁ) (]P)Xc;)
Recall that we have the identification
QGo0.a) (PY) = P(Vy ™) x Spec(A%),

where Vyg = H°(P', Op:(d(B))) is the vector space of homogeneous
polynomials of degree d(3) in two variables (o, ¢;. Furthermore, under
this identification, the action of C* on V) is given by multiplication on
the first variable (y only. It has the canonical lifting to an action on the
(relative) tautological line bundle O(1) on IP)(V;(Bﬂ(;VH)) x Spec(A%). In
this paper, we always consider this canonical C*-linearization of O(1).

Following Givental, we define the universal C*-equivariant line bun-

dle U(Lg) on QG ; 5(W/G) by
(3.3.1) U(Lg) := (P 01.)*O(1).

Similarly, given effective classes f31, ..., we have a universal line
bundle on QG .., 5(W/G), still denoted by U(Lg) and defined as the
pull-back of O(1) via

D 0 b () © te 1 QG 41 m s(WIG) — QGoo.ap)+x dis;) (Pic)-

As ordinary line bundles, these U(Ly) on graph spaces can in fact be
defined without the use of the contraction morphisms, via the universal
principal G-bundle and the representation Cy; however it will be im-
portant in our arguments that they have the canonical C*-linearization
induced from the linearization of O(1) described above.

4. C*-LOCALIZATION ON GRAPH SPACES

One of the most important feature of the graph spaces is that the
natural C*-action on them has fixed point loci described via moduli
spaces of unparametrized quasimaps, with easy to compute virtual nor-
mal bundles. Via the virtual localization theorem of [GP], this descrip-
tion leads to useful factorization properties of generating functions for
the evaluations of certain cohomology classes on graph spaces against
the virtual class. We recall in this section the description of the fixed

point loci and of the equivariant Euler classes of their virtual normal
bundles.
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4.1. Fixed loci of C*-action on graph spaces. Fix g,k > 0, and
an Lg-effective class (. For ¢ € [0+, oo] we will consider moduli spaces

;k+0<W//G7 ﬁ)
and think of e as a distinguished (last) marking. Note that for 5 =0
and 2g + k > 2 we have
;,kJrO(W//Gv ﬁ) = MQJH-O X W//G

and all £ + 1 evaluation maps at markings are the projection onto the
second factor.
If an e-stable parametrized quasimap

(Cyxy,y ..., 2x), Pyu, )

is C*-fixed, then all markings, all nodes, all base-points, and the entire
degree (8 must be supported over the fixed points 0 and oo on the
parametrized component Cy. We have

(G sWIG)S = [T Fpici
the union over all possible splittings
9g=q1+ 92, k=k +ky 0=p0+0
with g;, k; > 0 and j; effective.

The component F j;f;f; is identified with the fiber product

(4.1.1) Zlykﬁ.(W//G,ﬂl) Xwya ng,kﬁ.(W//Ga@)

over the evaluation maps ev, at the special markings e. Under this
identification, the inclusion

. K,

it PO — QGE (W) G)
is obtained as follows: given two e-stable quasimaps to W/ G sending
the special markings e to the same point p, we glue them at 0 and oo
to the constant map P! — p € W/ G.

The unstable cases (gg, k2, 32) = (0,1,0) or (g2, ko, B2) = (0,0,0)

(and likewise for (g, k1, 1)) are included above by the following con-
ventions:

870+,(W//G,O) =WJ/G, QaH.(W//G,O) =W/G, eve:=idw)a.
This is because
QGOJ’O(W//G) = W//G X ]P)l
with fixed point loci WG x {0} and W//G x {oo}, while
QRQGooo(W/)G) =W)G

with trivial C*-action.
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For stable maps (¢ = co0) the above description covers all possibilities.
However, for quasimaps there are more unstable cases which need to
be treated separately, namely (go, k2, 52) = (0,0, 52) with §2 # 0 and

e < m (and the symmetric ones (0,0, 3; # 0)). This is because in

genus zero moduli of stable quasimaps in the chamber € = 0+ require
at least two markings. For 3 # 0, we denote by

QO,O-{-O(W//Gy ﬁ)oo

the moduli space parametrizing the quasimaps of class 3
(P!, P,u)

with P a principal G-bundle on P!, v : P! — P xg W a section such
that u(z) € W* for z # oo € P! and oo € P! is a base-point of length
B(Lg). Similarly, we have the moduli space

Qo,0+¢(W/ G, B)o

for which u has now a base-point of length 3(Ly) at 0 € P! and no
other base points. (Note that the two moduli spaces are isomorphic,
but they sit in QGoo (W) G) as different components of the C*-fixed
locus, with different normal bundles.)

In either case the regular map

Upeg : P — WG

induced by the quasimap is a constant map. We define the evaluation
map at the special marking by

eva((B', P,)) =ty (P').
With these definitions we have
Fog:,ail = Q, k+.(W//G B1) Xwya Qo 0+e (W) G, B2)oo

for k> 1and e < % ( o) and similarly

Fo05 2 Qoore(W/G, BL)o Xwye Qpre (W) G, B)

for k>1and e < VVheng—k—Oamdg<mm{51 L.

ﬁ ' B2(Lg)

F(())(?g; =~ Qoo+e (WG, B1)o Xwya Qoore( W/ G, B2)s
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4.2. Euler classes of virtual normal bundles. For the rest of the
section we restrlct to genus zero. We drop the genus from the nota-
tion and write F} k1, g; for the components of the fixed point locus in
QGG s(W/)G). T he Euler classes of their virtual normal bundles are
essentially the product of contributions from (k1, 4;) and (k, B2). The
notation H*(X) will mean cohomology with Q-coefficients throughout
the rest of the paper.

We begin with the loci Fy := Fg’; ’05 where everything is concentrated
over 0 € P, In this case only (k, ) contributes to the product. As
explained in the previous subsection, there are two cases to consider.

Assume first that either £ > 1, or if £ = 0, that ¢ > B(L ) (note that
this is always true in for stable maps). Hence Fy = Qg ,,.(W/G, ).
If Np, is the virtual normal bundle, given by the moving part of the
(absolute) obstruction theory, then its C*-equivariant FEuler class is

1, (kvﬁ) = (070)7
(42.1)  ec+(Np,) = cont g (z) =1 2, (k,3) = (1,0),
2(z — 1. ), otherwise,

where z denotes the generator of Af.(Spec(C)). The formula (4.2.1)
is well-known, see e.g., [G2] for stable maps and [CK1]|, [CKM] for
quasimaps. Note that it is the same for all targets W/ G.

In addition, we observe that in these cases the C*-fixed part of the
obstruction theory for the graph space gives precisely the obstruction
theory of Qg ;.. (W/G, ).

On the other hand, if £ =0 and ¢ < (

0 = QO,O-i—o(W//Gaﬁ)O-

, then

In this case

(4.2.2) ec-(Ng,) = contop)(2) € H*(Fy, Q) ® Q(2)

will depend on the target and needs to be calculated separately. In fact,
as we will see in the next section, what one is interested in calculating is
the push-forward to H*(W// G, Q) ® Q(z) of [Fy]"™* /cont(o (=) via the
evaluation map ev, (these will essentially be the coefficients of the so-
called small /-function of W/ G). For many of the examples of targets
listed in §2.8 closed formulas for these push-forwards are known, see
Remark 5.5.5 below.
For a general component F; ,f L g ' we have

(4.2.3) ec+(Np) = contx, g,)(2) X cont sk, g,)(—2),
with each factor as in (4.2.1) or (4.2.2).
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5. GENERATING FUNCTIONS FOR GENUS ZERO QUASIMAP
INVARIANTS

In this section we require that quasimap invariants are well-defined.
Hence we will assume either that W//G is projective, or that W/ G
has an additional action by a torus T, with proper fixed loci in the
quasimap moduli spaces, as in §6.3 of [CKM].

5.1. The J¢ and I-functions. For varying k and (3, we assemble into

generating functions the residues of the virtual classes of QGG ;. 5(W/G)

at the fixed loci Fy = Féf ’Oﬁ, paired against cohomology classes pulled

back from W/ G via the evaluation maps at the £ markings, then push-

forward to H.(W//G) using the evaluation ev, at the special markings.
Introduce the Novikov ring

A= A<<W7 G, ‘9)) = { Z aﬂqﬁ|a’ﬂ S @}7
BEER(W,G,0)
the g-adic completion of the semigroup ring Q[Eff(W, G, 6)]. In the
quasi-projective case we extend the coefficients to the field

K= Q({Aj}) = Hr joc(Spec(C), Q),

the localized T-equivariant cohomology of a point. Sometimes we will
also use the notation Q[[¢]] (or K[[¢]]) for the Novikov ring.

The generating functions will be formal functions of t € H*(W)G).
(In the case of quasi-projective targets we take t in the T-equivariant
cohomology of W//G. To simplify notation, in this section we will
only write H*(W/G) in either instance; the torus equivariant case is
discussed in more detail in section 7.)

Definition 5.1.1. Fiz e € Q. The (big) J¢-function of WG is
(5.1.1)

Ptz = > Plew). (WmResFO[QGgW(W//G)]Vir>

k>0,8>0
o W G’ vir
= 1t Y e [QO’OZEC *J/v Fo)zf)o]
k=0,8#0,8(Lg)<1/e
k * € vir
+ Z qﬁ(ev.)* Hi:l evi (t) S(L E,klz:)(W//Ga ﬁ)] '

k>1or B(Lg)>1/e,

(k,8)#(1,0)
Here 1 = [W/G] € H°(W//G) is the unit in cohomology. The

properness of the quasimap moduli spaces over the affine quotient is
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easily seen to imply that the evaluation maps ev, are proper, hence the
push-forwards are well-defined for all targets, projective or not.

For any oo > ¢ > 1 the above definition gives the usual big J-
function in Gromov-Witten theory:

(5.1.2)
t
J(t,2) =J>(t,2) =1+ —
z
k * Vi vir
8 [[ie evi (t) A (Mo ke W/G,B)]
+ ) )q (evs)s ( o  p— .
On the other hand we may also consider the (¢ = 0+)-stability con-

dition to obtain a similar generating function, called the big I-function
of W//G and introduced in [CK1],|[CKM]:

(k,8)#(0,0),(1,0

(5.1.3)

[Qo0+e(W) G, B)o]"™
ec* (NFO)

+ Y d(eva). (Hi=lk‘jv;(t) A [Qo,k;iﬂi//ﬁ,)ﬁ)]“r) .

For each ¢ > 0+, the function J¢ takes values in
H(W/G, M{{z 27"},

where we have used Poincaré duality to pass to cohomology. (For quasi-
projective targets the coefficient ring is replaced with the localized T-
equivariant cohomology Hy 1,.(W/G,A). ) This is the ring of Laurent
series

(5.1.4)

{ Z hjz’ | hj — 0 as j — oo in the g-adic topology on A}.

j=—o00

In fact this completion is needed only for the I-function I = J°F,
as positive powers of z can possibly appear only in the terms with
k= O?ﬁ 7é 07 and /B(LH) < 1/8

The first two asymptotic properties below are easily obtained from
the definitions; the third follows from a dimension counting argument
(in fact, we will see a more general statement in §5.5 below).

(1) J& = et/ + O(q) for all £ > 0+.
(2) J*=1+L+0(H).
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(3) Assume that W/G is Fano of index at least 2, i.e., that for
every 3 # 0 we have §(det Ty) > 2. Then J* =1+ £+ O(%)
for all € > 0+.

In the rest of this section we derive other properties of these gener-
ating functions from the geometry of the C*-action on graph spaces.

5.2. Polynomiality. The following construction in Gromov-Witten
theory is due to Givental; we just observe here that it applies to
quasimap theory as well, for all £ > 0+.

Consider the universal line bundle U(Ly) on QGg . 5(W/G) defined

in (3.3.1). Using the identification of each F, k;;g; with a fibered product
we immediately see that

(5.2.1) U( )lel ﬁl = ev (O(Q)) X CQQ(Q).

Define a generating function for primary quasimap integrals on graph
spaces by

& WL TP evr(t)
et i=1 €Y
(5.2.2) / L SR,
k,3>0 [QGS & s (W/ GV

Here g is a formal variable, ¢t is the equivariant first Chern class, and
the symbol [ denotes C*-equivariant push-forward to a point.

Fix once and for all a homogeneous basis {7;}; of H*(W/G) and
denote by {7'}; the dual basis with respect to the intersection pairing

on W/ G,
/ vy = 6]
w)G

(As usual, in the quasi-projective T-equivariant case the integral is
understood via the localization theorem as an integral over the T-fixed
locus in W//G, which is proper.)

If we write t = Y ¢;y;, then D¢ is an element in the ring of formal
power series A[[t;,y, z]]. Moreover, for each 3 the coefficient of ¢° in
the right-hand side is a polynomial in z.

We now apply the virtual localization theorem [GP] to D*. Using
the product expression (4.2.3) for the virtual normal bundles and the
restriction formula (5.2.1) we obtain the following factorization.

Proposition 5.2.1. Set (ge=*¥0)0 .= ¢Pe=#8(Lo) . Then
Ds :/ e OO 72 (g t, 2) T (qe" 0 ¢, —2).
W/)G

In particular, for each 3 the coefficient of ¢° in the right-hand side is
a polynomaial in z.
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5.3. The S-operator. We extend the customary Gromov-Witten the-
ory bracket notation to e-quasimap invariants: for nonnegative integers
a; and cohomology classes o; € H*(W/G) put

(Uﬂﬁl, s 70szk>;,k,ﬁ = / H 61); <Uj>w;j'

Q5 (W/G.B)

Extending by linearity, the cohomological insertions o; may be taken
from H*(W/)G, AN){{z,27'}}.
Similarly, we can consider invariants on the graph spaces

H evj(oj).

QGr /
QG5 (WG

(O1s o)y =

This time the evaluation maps €v; take values in W/ G x P! and the
cohomology classes

c=y®pc H(W|G)® H: (P = HL.(W)G x P

are pulled-back from there. Again, by linearity, we may use insertions
with v € H*(W/G,A). As in the previous subsection, the virtual
class is the C*-equivariant one and the integral is the equivariant push-
forward to a point. We will write yp for v ® p and simply  for v ® 1.

Further, we use double brackets to denote generating series of invari-
ants:

B
q

{orrt, o o NG s = Z %<Ulw?17--'7gszk7t7"'7t>(€],k+m,ﬁ
m>0,6>0

<01,...,ak,t,...,t>QG€

qﬁ
_| k+m,3>

(o1, o) = )

m>0,620

where as before t =) . t;v, € H*(W/G).

Note that all terms in the right-hand side of the second formula are
well-defined, even when k = 0, while in the first formula we must re-
strict the summation to the stable cases (or introduce by hand terms
that correspond to triples (k4 m, (3, ) which are unstable). For exam-
ple, we can write the J-functions (using the projection formula) as

(5.3.1) JE = Z%((Z(;—_iw»&.
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with the understanding that the unstable terms are defined as in (5.1.1),
by residues on graph spaces:

1 m=20,3=0

t/z m=1,3=0

Jimpir ey M =0.8#0,8(Lo) < 1/e

The following operator on H*(W//G, A){{z, 27'}}, denoted S¢(z) and
defined by

(5.3.2)
A 62 m G7 vir g
S5(2)(v) = Z %(eyl)* <[Q 2+ im_///w B)] evi(7) H ev}‘(t))
m>0,6>0 j=3

= Yl L Mo

will be very important for the rest of the paper. Here the unstable term
in ((...))5 o corresponding to m = 0, 8 = 0 is defined to be fW//G 7y, In
fact, we have a family of linear operators depending on the parameter
t € H*(W)/G); we use the notation S (z) if the t-dependence needs to
be emphasized.

By the well-known calculation of ¢ integrals on Mg, 2 We have the
asymptotic expansion

t
5°(2)(y) = e=7v + O(q).

When oo > ¢ > 1, this operator is a familiar object in Gromov-Witten

theory: its components

S5 = (25 5%

form a fundamental solution to the quantum differential equation, see
[G1]. It is well-known that S°°(z) is a unitary operator. We prove here
that this property holds for all £ > 0+.

Proposition 5.3.1. Consider the operator

(5 (=20 = 27w — Db

(0
Then
(5.3.3) (S%)*(—2) 0 S%(2) = Id.
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Proof. Consider two equivariant cohomology classes pg, poo € Hi (P1),
defined by specifying their restrictions at the fixed points:
(534> pO‘O =z, p0|oo = 07 and poo|0 = 07 poo|oo = —Z.

By definition, for arbitrary cohomology classes v,d € H*(W )/ G), the
generating series

(vpo, P = )

m>0,6>0

B .
%(7}70, t,...,t, 5p00>§fm,5
is an element in A[[z]]. We now calculate it with the virtual localiza-
tion theorem. Due to the insertions of py and p.,, only the fixed loci
kl’ﬁ ! for which the first marking lies over 0 € P! and the last mark-
mg hes over oo € P! have nonvanishing contribution to the integral
(vpo, t,. .., t, 5poo>2+mﬁ In view of the description (4.1.1) of the fixed
point loci, C*-localization gives

%

om0 = 30 Ml NG

Now the right-hand side of the above equality has the form

/ 79+ O(1/z).
ige

while the left-hand side does not have a pole at z = 0. We conclude
that both sides are constant in z and equal to fw//G 0.

The Proposition follows now immediately'

[(5°)(=2) 0 5°(2) sz ! ,v>>02<<w,%¢>>a2

i

4

Remark 5.3.2. The usual proof of the unitary property in Gromov-
Witten theory uses the string equation, as well as the splitting property
of Gromov-Witten invariants, see [G3]. While quasimap invariants sat-
isfy splitting, the usual form of the string equation fails in general, the
reason being that the universal curve over Qf (WG, 3) is not isomor-
phic to Q; .1 (W/G, 3). Nevertheless, the universal curve C, 5 is a
proper Deligne-Mumford substack in 9, x1(W /G, ) (corresponding
to a different stability condition), and one may write a modified ver-
sion of the string equation involving intersection numbers on C. This
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modified equation suffices to adapt the Gromov-Witten argument to
obtain Proposition 5.3.3. We prefer the proof given here as it is an-
other illustration of the usefulness of C*-localization on graph spaces
in the genus zero theories.

5.4. The P-series and Birkhoff factorization of J¢. Next we con-
sider yet another generating function on graph spaces:

(5.4.1)
&)
e ) € % q €
P ) = S a2 =S S Lt 1)

m!
i m>0620

By its definition, P°(t, z) is an element of H*(W /G, A)[[z]] for each t
(convergent in the g-adic topology in the sense of (5.1.4)).

Again, we apply virtual localization to P°. The calculation is similar
to the one done in the proof of Proposition 5.3.1. In this case, the fixed
loci that contribute are those of the form Ffi}ilﬁz, for which the first
marking lies over co € P!,

P = 3o Sl e a2 e

= > 2 ”_«1_3» D5

= 3o =i

= (57" (=2)(J%),

where we used the equality (5.3.1), with the convention explained there

for the unstable terms in <<Z(;’—i¢)))81 Note that the relation

(5.4.2) Pe = (5%)"(—2)(J°).
shows in particular that P° has the asymptotic form
P* =1+ O(q).

(This can easily be seen directly by calculating the § = 0 integrals.
Indeed, for B = 0 and m > 0, there is an isomorphism

QG o (W)G) = W)G x P'lm + 1],

where P![m + 1] & Mg,,41(P!, 1) is the Fulton-MacPherson space of
stable marked genus zero curves with a rigid component. Hence the
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B = 0 integrals are of the form

</ ’)/itm> (/ evf(poo)> .
wW/)G Mo,m+1(P1,1)

The second factor can be written as [5; (ev1)«(1)Npoo, hence it vanishes
except when m = 0, in which case ev; is an isomorphism and the inte-
gral is equal to 1. We deduce that the only nonvanishing contribution

is 327" (fivge ) = 1)
Using the unitary property in equation (5.4.2) we obtain the follow-
ing Theorem.

Theorem 5.4.1. For every € > 0+
JH(2) = S°(2)(P7) = Y S°(2)(v") (s P,

where (—, —) is the intersection pairing fW//G.

Observe that while the J-functions will in general depend both on
positive and negative powers of z when ¢ < 1, the operator S¢ is a
series of 1/z and P® is a series of z. Hence we may view Theorem 5.4.1
as a kind of Birkhoff factorization of the J*-functions.

On the other hand, for € > 1, the usual Gromov-Witten J-function
is only a series of 1/z, with asymptotic expansion 1 + t/z + O(1/2?).
This implies that P*>! = 1 and the Theorem becomes the familiar
result

J = 5(2)(1),

which follows immediately from the string equation.

5.5. The case of semi-positive targets. We assume in this subsec-
tion that the triple (W, G, 0) satisfies

B(det(Tw)) >0

for all Lg-effective classes 5 and will call such triples semi-positive.

In the projective case, the semi-positive triples give GIT quotients
with nef anti-canonical class. Among quasiprojective targets, the main
examples we have in mind are holomorphic symplectic quotients, such
as Nakajima quiver varieties, and local targets £/G as in Example
2.8.5 with 0 < f(det Ty ) + B(det E) for all Ly-effective (3.

First we specialize to the case t = 0. Since the virtual dimension of
QGG 5(W/G) is equal to

dim(W)G) + 1+ G(det Tw)
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and the insertion 7;p., has complex degree at most dim(W/G)+ 1, we
conclude that

(i, P*le=0) = 0
unless 7; = [pt] is the point class. Furthermore, ([pt], P%|t=o) is an
element of A = Q|[q]], of the form
(5.5.1) ([pt], Ple—o) =14+ D> agd”.

{8#0,8(det Ty )=0}

In particular, it is invertible, and it is equal to 1 if G(det Ty) > 1 for
all effective 5 # 0. We will say that the triple (W, G, 0) is a Fano triple
in this case.

Let S§(z) denote the operator S° at t = 0. Then

Si(z —Il—l—Z%Zq 1)525)

i 30
1 8/ i d\e 1
=1+ | D "0 Disg | +0(55).
i 30

Corollary 5.5.1. For semi-positive triples (W, G (9) and every e > 0+

Sl
2.5.2 =1+ i q
(5:52) {[pt], Pleo) Z ;;éo Lsa.)
Proof. Set t =0 in Theorem 5.4.1. U

Remark 5.5.2. In the very special case when W/ G is a nef complete
intersection in projective space P"* and ¢ = 0+, Corollary 5.5.1 was
obtained independently in [CZ]. Their proof is different, as it uses
localization with respect to the big torus action on P".

By their definition (5.1.1), the big J°-functions have the form
E + J¥limo + O(1/2%).
If we write the 1/z-expansion of J¢|s— as
Tli=o = J5()1 + Ji(q ) +0(1/2°),
then we deduce from Corollary 5.5.1 that
(5.5.3) Jo(q) = ([pt], P*le=0) = 14+ O(q) € A,

and

(554)  Ji(q) = J5(0) > v (Z ¢’ (v, 11)6,2,5> € ¢gH* (W) G, A).

BF#0

i
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Hence

(5.5.5) JE(t,2) = J5(g)1 + H—jl@ +O(1/2%).

This implies in particular that
PA(t, 2) = (S°(=2)) (J5(t, 2)) = Je (@)1 + O(1/2).

Since P¢ has no pole at z = 0, it follows that P*(t,2) = J5(¢)1. From
this and Theorem 5.4.1 we deduce the following extension of Corollary
5.5.1:

Corollary 5.5.3. For semi-positive (W, G, 0) we have

550 85w - Sk,

Furthermore,
t + J
(5.5.7) 1 Z% 710G, — 1.

Equation (5.5.7) allows us to easily determine, in the semi-positive
case, all primary e-quasimap invariants with a fundamental class in-
sertion in terms of the first two coefficients J§(¢q) and J5(q) of the 1/z
expansion of J|¢—.

Corollary 5.5.4. Assume that (W, G, 0) is semi-positive. Then
(a) For every i and every m > 2,

Zqﬁ(’yi,ﬂ,t,...,t>872+mﬁ:O.
B0
(b) For every i,
Jilg)
Zq 7,105 025 = < )

= J(a)
(¢) If j # i, then
Z CJB(’VZa I]-a ’Yj>6,3,ﬂ - Oa
B0
while
1+Zq 7,1 Vioss = (Jo(a )~
B#0
for every j.
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Proof. Write t = ) .t;v; as before. Part (a) follows directly from
(5.5.7), since the left-hand side is linear in t. Part (b) is (5.5.4). Using
(a) and (b) in (5.5.7), we get

t = J(q <t+Z%Zq 7Lt 036)

i B0
Fixing 7 and making t; = 0 for ¢ # j gives part (c). O
In fact, simple degree counting gives a more precise version of part
(b). For any target W//G we give a grading to H*(W /)G, A){{z,27}}
as follows:

e clements in H*(W//G) have their usual cohomological degree;
e ¢” has degree 25(det(Tw));
e 2 has degree 2.

It is immediate to check that the operator S§(z) preserves degree, hence
Se(z)(1) is an element of degree zero.

Assume now that W//G is projective, with (W, G, #) semi-positive.
As we already observed, J§(q) has degree zero. The 1/z-coefficient in

Se(z)(1) is
) € Ji (Q)
> (Z qﬁ(v,ll)o,m) = Ji( 3
i 320 o\d
which therefore has degree 2. Hence the only possibly non-vanishing

invariants (v', 1), 5 are those for which »* € HZdim=(W/G)=2(W/ Q).

Write ;
i) = f@)1+ ) fi (@D

where f5(q) € gA is a degree 2 element,
fola) = > baq”,
{B#0,8(det(Tw ))=1}
{Dy,...,D,} is a basis of H*(W/G), and f;(q) € ¢\ are of degree

Z€ro,
fi(q) = > ¢ 59"
{8#0,8(det(Tw ))=0}

We conclude

8 q j fe(q)
Zq <[pt]7 02ﬂ* Zq D 1026 Jg()
540 i) = q
where { D7} is the dual basis in Him=W/G)=2()//G).
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Note that if (W, G, ) is Fano, then J5(¢) = 1 and J;(q) = f5(q)1,
and if the Fano index is at least 2 (i.e., if 3(det Ty,) > 2 for all effective
B #0), then J(q) = 0.

Remark 5.5.5. The main point of the formulas in Corollary 5.5.4 is
that most often J¢|t—o is explicitly computable. Indeed, for many of
the examples of targets listed in §2.8 closed formulas for the “small”
I-function I|i—g = J%"|;—o are known:

e for toric varieties and complete intersections in toric varieties
the formulas are due to Givental, see [G2];

e for flag varieties of classical types A, B, C' and D, as well as zero
loci of regular sections of homogeneous vector bundles on such
flag varieties, see [BCK] and [CKS];

e the [-function of a local target £/ G over a base WG can be
written explicitly in terms of the I-function of the base (this is
easy when the bundle splits into a direct sum of line bundles
and can be seen by “abelianization” in the general case).

e a formula in the case of the Hilbert schemes of points in C?
(an example of Nakajima quiver variety) is due to the authors
together with Diaconescu and Maulik, see [CKP] for an account;
the method generalizes to other Nakajima quiver varieties.

Of course, the formulas in the case € = 0+ include the ones for any fixed
e > 0, since the corresponding J§(¢) and Ji(g) are just truncations of
Iy(q) and I1(q), respectively.

Remark 5.5.6. The situation is even simpler in the non-compact exam-
ples.

(i) Consider a local Calabi-Yau target £/G as in Example 2.8.5
with 0 = §(det Ty ) + S(det E) for all effective 5. Since the top degree
of a cohomology class is strictly less than dim(€/G), the dimension
estimate used to conclude (5.5.1) implies that J§(¢) = 1.

(ii) Consider a Nakajima quiver variety W)/ G and let —\ denote the
T-weight of its holomorphic symplectic form. Then

Jolg) =1, Ji(q) = Af(q)

with f¢(¢) € qQ[[¢]] a (non-equivariant) scalar function of degree zero.
This follows from the same dimension counting arguments and the fact
that the moduli spaces of e-stable quasimaps (and the graph spaces as
well) admit reduced virtual classes [QS . (W/ G, ()]ya of dimension one
larger than the usual virtual dimension and satisfying

[ ;,k(W//G76)]Vir - )\[ ;,k(W//Gvﬁ)];:fi
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In terms of reduced quasimap invariants we have explicitly

Fao=->¢ [ evi(pt)ens 1),
g0 71Q5(W/G.B)e

The reduced virtual classes for stable maps to holomorphic symplec-
tic varieties were introduced in [MP], [OP]. The construction works
equally well for quasimaps.

6. GENUS ZERO £-WALL-CROSSING

In this section we formulate genus zero wall-crossing formulas for
quasimap invariants when varying the e-stability parameter as equal-
ity of generating functions after certain transformations, or changes of
variables.

6.1. ”String” transformations. Let
v e H'(W/G,A)

be an invertible element of the form v = 1 + O(q). (In the quasi-
projective cases we may also take v = 79 + O(q), with vy an invertible
element in Hy,,.(W/G,Q).) For each ¢ > 0+ consider the generating
series Y, (7', 7))§,2 for the primary e-quasimap invariants with a ~-
insertion and put

(6.1.1) () = %l M. — -
We have the z-expansion
. e 1
SE(=)0) =7 + (1) +O(5).
Further,
t— 7(t) = t7 + O(q) = t + O(q),

hence 75 is invertible as a transformation on H*(W /G, A). If for a pair
of stability parameters 04+ < g1 < g5 < 00 we set

(6.1.2) TSV (t) = (7'51)*1 oT7(t),
then
(613 sy ()0) = SEE)) - (mod ).

Conjecture 6.1.1. For all v € H* (WG, A) of the form 1 + O(q),
and all 04+ < g1 < g9 < 0

L (2)(0) = SP()(3).
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For example, let us take ey = ¢ with 0+ < e < 1, &5 = 00, and
v = 1. Then, by the string equation in Gromov-Witten theory, 77° is
the identity transformation and Sg°(z)(1) = J*°(t, z). Hence

(6.1.4) 70 = (%) 7!
and we obtain the following special case of Conjecture 6.1.1:

Conjecture 6.1.2. Let J>®(t,z) be the Gromov-Witten theory (big)
J-function of W)/G, let € > 0+ be a stability parameter, and let
(6.1.5)

B
Ta(t) = ’71«'7 s :H-»ag_ﬂ- =t+ Yi %(7 ; ]]-a ta s 7t>8,2+m,5‘

i B£0,m>0
Then
Jo(1e(t), 2) = Sg(2)(1).

Note that if the e-quasimap invariants would satisfy the usual string
equation, then 7¢(t) = t. For this reason we will refer to (6.1.5) as
the string transformation. By the same token, (6.1.2) will be called a
generalized string transformation.

6.2. Semi-positive targets and the mirror map. We specialize
further to the semi-positive case. Using the results of §5.5, namely
Corollary 5.5.3, together with Corollary 5.5.4 and the discussion im-
mediately following it, we restate Conjecture 6.1.2 as follows:

Conjecture 6.2.1. Assume that (W, G, 0) is semi-positive. Then for
every € > 0+

(6.2.1) T2 (= (t), 2) = JJSqu)
with (0
ey B4 Jilg

In particular,

(¢) J° is on the overruled Lagrangian cone Lagw)c encoding the
genus zero Gromou-Witten theory of W/ G. (See for ezample [CG]| for
Givental’s symplectic space formalism in Gromov- Witten theory and
the resulting Lagrangian cone.)

(17) If the Fano indezx of (W, G,0) is at least 2, then J® does not
depend on & > 0+.

Remark 6.2.2. We explain here why the above statement generalizes
Givental’s toric Mirror Theorems in [G2].
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Consider the (most interesting) case when € = 0+, so that the right
hand side of 6.2.1 is given by the I-function of W //G. We then set t = 0
and use the string and divisor equations for Gromov-Witten invariants
in the left-hand side (recall from §5.5 that Ji(q) € HS*(W)G,A)).
When W/ G is either a semi-positive toric variety, or a semi-positive
complete intersection in a toric variety, or a local toric target, the
resulting equality coincides precisely with Givental’s toric Mirror The-
orems after multiplying by an overall factor ets=a1/2 where tgnan is the
general element of H=*(W/ G, Q).

From this we see that the classical mirror map is

Ii(q ;
(6.22)  toman — boman + Lia) _ baman + Y% > 0”00, 1ok s
Io(q) el

and in particular its ”"quantum corrections” have an interpretation as
two-pointed quasimap invariants (the second equality is given by Corol-
lary 5.5.1).

Hence Conjecture 6.1.2 , and the Theorems proved in §7 below, can
be viewed as a significant generalization of Givental’s results:

e from complete intersections in toric varieties or local toric tar-
gets to a much larger class of GIT targets;

e from semi-positive targets to targets with no restriction on the
anti-canonical class;

e from t = 0 to general parameter t, i.e., from 2-point invariants
to invariants with any number of insertions;

e from (¢ = 0+)-stability to all stability parameters e.

Furthermore, the string transformation 7¢(t) generalizes the celebrated
“mirror map”, while at the same time giving it a geometric realization
as a generating series of quasimap invariants.

Remark 6.2.3. In [J], M. Jinjenzi proposed a conjecture for writing
the mirror map via two-pointed correlators in the toric cases which is
similar to the second equality in (6.2.2), though it is not clear that the
moduli spaces he is using coincide with the moduli of quasimaps as
constructed in [CK1]. Hence Corollary 5.5.1 proves a generalization of
his conjecture to all GIT targets.

6.3. Higher genus. We plan to study wall-crossing formulas under
change of the stability parameter ¢ for higher genus quasimap invariants
in subsequent work. Here we only formulate a conjecture in the case
when the anti-canonical class is sufficiently positive.
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Conjecture 6.3.1. If the Fano index of (W, G,0) is least 2, then the
descendant quasimap invariants

<Ulw?17 s ?Uszk>§,k,ﬁ

are independent on €.

The Conjecture is inspired by the following cases which are known
to hold
e When W/ G is a Grassmannian G(r,n) [MOP] proves it for
e € {0+,00} and [T] extends it to arbitrary .
e When W//G is a projective Fano toric variety (with no restric-
tion on the Fano index), the Conjecture is proved in [CK2].

6.4. Transformations for the big J°-functions in the general
case. In this subsection we generalize Conjecture 6.2.1 to targets with
no positivity restriction on the triple (W, G, 9).
Lemma 6.4.1. For every ¢ > 0+ there exist a uniquely determined el-
ement P*¢(t,z) € H*(W/ G, A)|[[z]], convergent in the q-adic topology
for each t, and a uniquely determined transformation t — 7°°¢(t) on
H* (W) G, A) with the following properties:

(1) 7°5(t) =t + O(q).

(2) P>5(t,2) = 14 O(q).

(3) SE(2)(Pe(t, 2)) = Scy (2)(P5(7°94(8), 2)) (mod ).

We omit the proof of the Lemma, which is an elementary but te-
dious check that P> and 7°° with the required properties can be
constructed in an unique way and at the same time by an inductive
procedure in the “degree” d = (3(Lyg).

By Theorem 5.4.1 we have Jé(t, z) = S§(z)(P<(t, z)). On the other
hand, if we write

P(t, 2) = Z Cilg, {1, 2)vi

with “scalar” coefficients C;(q, {t,},2) € A[[{t;}, 2], then
SZ(2)(PoF(t,2)) = Y Ciz0,J®(t, 2),

and hence it is on the Lagrangian cone Lagwc.
Conjecture 6.4.2. For all € > 0+,
S (b, 2) = S7% ) (2) (P75 (7705(8), 2)).

In particular, the function J¢ is on the Lagrangian cone of the Gromov-
Witten theory of W/ G.
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7. GIT QUOTIENTS WITH GOOD TORUS ACTIONS

In this section we assume that a torus T = (C*)" acts on W and this
action commutes with the G-action. Hence there are induced T-actions
on the quotients [W/G], W/.gG, and W//G. Further, we assume that
the T-fixed locus (W/G)T is a finite set. The same is then true for
the fixed locus in the affine quotient, which implies in turn that the
T-fixed loci in all quasimap moduli spaces are proper. Hence we have
well-defined theories of T-equivariant e-quasimap invariants, see §6.3
in [CKM]. Furthermore, we may (and will) consider twisted theories,
as in §6.2 of [CKM].

7.1. Equivariant generating functions. Let

H3(Spec(C),Q) = Q[A1, ..., A

be the equivariant cohomology of a point. The equivariant quasimap
invariants are defined by the virtual localization formula:

ai ag\e o L*(Hj ev;f (Uj)¢?j)
<0-1w1 ) 70—k¢k >g,k,6 T ) N Vir !
(@ wyaeTe eV

where
L (Qr(W)G, B)T — Q5 (W] G, B)

is the inclusion of the fixed point locus and e(NV") is the T-equivariant
Euler class of the virtual normal bundle. These are well defined by the
properness of the fixed locus and take values in the localized equivariant
cohomology of a point,

K :=Q(Ay,...,\) = Hy),.(Spec(C), Q).

Similarly, we have the T-equivariant invariants on graph spaces.

The Novikov ring is now A = K[[¢]] and we have the equivariant
objects J°(t, z), S;(2), P*(t, z) depending on t € Hy ), .(W/G, A) and
taking values in Hy .. (W/ G, A){{z, 27" }}.

If WG is projective and we take all insertions 7,t, etc. in the
non-localized equivariant cohomology H4(W /G, Q[[¢]]), then the T-
equivariant invariants may be defined without localization and take
values in the ring Q[Aq,...,\,]. In this case, the generating functions
specialize to their non-equivariant counterparts upon setting all A\; = 0.

7.2. Twisted theories. Twisted quasimap invariants are discussed in
§6.2 of [CKM] and we refer the reader to loc. cit. for the general theory.
We recall here the specific situations needed for the present paper.
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7.2.1. Zero loci of sections of “positive” wvector bundles and twisting.
Consider the situation described in Example 2.8.4: W is smooth, W//G
is projective, and we have a vector bundle £ on W//G with a regular
section s, induced from a G-representation ' and a G-invariant section
s of W x E. We are interested in the genus zero quasimap theory of
ZJ|G, where Z is the zero locus of s. Note that (Z,G,6) is semi-
positive precisely when ((det(Ty)) > f(det(W x E)) for all effective
g.
Let W//G admit an action by the torus T with isolated fixed points.
Except in very special cases, T will not act on Z/G. Nevertheless, as
long as we restrict to insertions pulled-back from the cohomology of
W/ G, one can still express its quasimap invariants as T-equivariant
integrals on the moduli spaces with target W//G by the following con-
struction (in Gromov-Witten theory, this construction is due to Kont-
sevich).

Assume that for every quasimap (C, P,u) with C a rational curve
we have H'(C, P x¢ E) = 0. This happens for example when W x E
is generated by G-invariant global sections over the stable locus (so
that £ on W)/ G is also globally generated), see Proposition 6.2.3 and
Remark 6.2.4 in [CKM]. Following the terminology in Gromov-Witten
theory, we will call such a representation £ convez.

On either the moduli space Qf,(W/G,3), or on the graph space
QGG 3(W/G), consider the universal curve C, with projection 7, the
universal principal G-bundle 8 on the universal curve, and the univer-
sal section u : C — P xg W. We have an induced vector bundle

Efpp = u'(B xa (W x E))

on C. The H'-vanishing assumption implies that R'mEf, ; = 0 and
R, Ef . 5 is a vector bundle on Qf ,(W/G, 3), or on QG§, 5(W/G)
(T-equivariant, if we choose a T-linearization of W x E). Its fiber over
a quasimap (C, P,u) is the space of sections H°(C, P xg F).

The e-quasimap invariants twisted by E are defined by inserting the
T-equivariant Euler class of ROW*ES,,“ 5 in the integrals:

(7.2.1)

k
(o, otNeE = / (R o) [ viev; ().
Q5 . (W/G.B)V" i=1

We define similarly the graph space twisted invariants

k

(7.2.2) (o4,... ,ak>§i;’E = / A e(R'm.Eo k) H ev; (0;).
[QGg}kﬁ(W//G)]V“ =1
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Let j : Z)G — WG be the inclusion and let j; g be the induced
map on quasimap moduli spaces. By Proposition 6.2.2 of [CKM]

(G8)< Q04 (Z) G, BI™) = [Q5u(W/ G, B Ne(ROm. ok, 5)

Hence the twisted invariant (7.2.1) is equal to the quasimap invariant

(GFo)dt, - GV ok s

of the subvariety Z/G. The same argument gives the analogous equal-
ity between E-twisted graph space invariants of W /G and graph space
invariants of Z//G. Notice that the degree 3 € Hom(Pic®(W),Z) is
measured in W//G. In many (but not all) examples this will not make
a difference, as we will have Pic%(Z) = Pic®(W). In general there is
an induced map j, : Hom(Pic%(Z2),Z) — Hom(Pic® (W), Z) and

<(j*01> (1117 S (j*Uk)¢Zk>8,k,@ = Z <(j*01)1/)§“7 Sy (j*Uk)¢Zk>8,k,5'-
J«(B)=p

We now form the (equivariant) twisted generating series J=F(t, z),
SoF(2)(v), PF(t,z) by replacing the quasimap invariants by their
twisted counterparts. Equivalently, we replace in the formulas defining
the series the virtual classes [Qf ,(W/G, 3)]"" and [QGj , 5(W/G)]""
by their cap products with e(R°m.Ey k. 5). The intersection pairing is
also modified and now reads

<U1702>E Z/ 01026(2),
W/)G

so that it coincides with the intersection pairing of j*o; and j*o9 on
Z)G.

For example,

JE(t,2) = (1 + 2) eB)+ > ¢’x

(k,8)#(0,0),(1,0)

X (€Ve)« (W N ResFO([Q(}’g,kﬁ(VV//G)]Vir N e(ROﬂ'*EO’kﬁ))> ,

and
oe, FE qﬁ
SR () =re(B) + Y, X
(m,3)#(0,0)

fom (WG, B Ne(ROmEors) . 4o .
x@l)*([Q W) f)]_ J( E mwmne%(t))
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If the insertions 7, t are taken in Hy(W /G, Q|[[¢]]), then by the above
discussion the non-equivariant limits of these series will give the push-
forward by the inclusion j of the corresponding objects for Z/G re-
stricted to j*H*(W//G), and with the Novikov parameters specialized
if needed: ¢ = ¢° for j.(8') = J.

Now define the twisted Je-function, the twisted S-operator, and the
twisted P¢-series by requiring

(7.2.3) (JEE(t,2),0) = (J2E(t, 2), 0)F,
(7.2.4) (S (2)(7),6) = (57F(2)(7),6)",
(7.2.5) (P*,0) = (P=,6)",

for every § € Hy),.(W/G,Q). Since the tilde-series are divisible
by e(E), we see that JoF S&F(z2)(y), and P° will be elements in
Hi(W/JG,Ql[q]]){{z, 2~ 1}} when the insertions are taken in the non-
localized equivariant cohomology Hi(W /G, Q|[q]]).

Note in addition that the same procedure gives the twisted version
of the series (6.1.2) defining the generalized string transformation.

7.2.2. Local targets and twisting. The quasimap theory of the local tar-
gets of Example 2.8.5 can be viewed alternatively as the theory of W/ G
twisted by the inverse Euler class e~. However, if T acts with isolated
fixed points on W//G, then T x S will act with the same fixed points
on the total space of the vector bundle E (and the 1-dimensional orbits
will also be the same). Hence we may (and will) treat this case as the
untwisted theory of a target with good torus action.

7.3. The main theorems. Let W/G be acted by T with isolated
fixed points. Let E be a convex G-representation as in §7.2.1. The
statements of the results in this subsection, and the proofs we give in
the rest of the section apply both to the untwisted and the E-twisted
theories of W//G. To simplify the exposition we will drop £ from the
notation from now on. Hence, for the rest of this section, the notation
J&, 5%, P, 7512 . will mean either the generating series for invariants
of W//G, or the series for E-twisted invariants.

Theorem 7.3.1. Let 0+ < g1 < g9 < o0 be stability parameters. Let
Y € Hi oo (W) G, A) be invertible, of the form 1+ O(q). Let 75:%2(t)
be the (T-equivariant) generalized string transformation (6.1.2). Then

5712 (2)(7) = S2(2) ()

Corollary 7.3.2. The equivariant version of Conjecture 6.1.2 holds
for both the E-twisted and untwisted theories of W/)/G. The equivariant
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version of Congecture 6.2.1 holds for semi-positive (W, G, ), and when
B(det(Tw)) — B(det(W x E)) is nonnegative for all Lg-effective classes
(3, it holds for the E-twisted theory as well.

Assuming that WG is projective and v € H5x(W/G,Ql[g]]) is a
non-localized equivariant class, we may pass to the non-equivariant
limit in Theorem 7.3.1.

Corollary 7.3.3. Let WG be projective, admitting an action by a
torus with isolated fixed points. Then

(1) Congecture 6.1.1 holds for W)/G. In particular, Conjecture 6.1.2
holds and Conjecture 6.2.1 holds for W)/ G with (W, G, 8) semi-positive.

(13) If j - Z )G — WG is the zero locus of a section of a vector bun-
dle E induced by a convex representation, then Conjectures 6.1.1 and
6.1.2 hold for the quasimap theory of Z |G restricted to j*H*(W)G),
and with the Novikov parameters specialized by setting ¢% = ¢° for
J«(B") = 6. If (Z,G,0) is semi-positive, then Conjecture 6.1.2 holds
with the same restriction for insertions and the same Novikov special-
1zation.

For the proof of next result we will need that the 1-dimensional T-
orbits in W//G are also well-behaved.

Let P>(t, z) and 7°°¢(t) be the T-equivariant series from Lemma
6.4.1. As mentioned already, we will use the same notation for the
corresponding objects in the E-twisted theory and the statement in
the following Theorem includes both the untwisted and twisted cases.

Theorem 7.3.4. If the T-action on W/)/G has isolated fized points and
1solated 1-dimensional orbits, then for all € > 04,

Se(2)(P(t, 2)) = 575y (2) (PPO5(T75(E), 2)).

In particular, the function Jé(t,z) = Sg(z)(P°(t,z)) is on the La-
grangian cone of the (E-twisted) Gromov-Witten theory of W/ G.

The construction of P**(t, z) and 7°*°(t) in Lemma 6.4.1 does not
involve any inversion, hence for t € H5(W /G, Q) we may pass to the
non-equivariant limit in Theorem 7.3.4 to obtain

Corollary 7.3.5. Let W/)/G be projective, admitting an action by a
torus with isolated fized points and isolated 1-dimensional orbits. Then

(1) Conjecture 6.4.2 holds for W) G.

(6) If j : Z))G — WG s the zero locus of a section of a vector
bundle E induced by a convexr representation, then Conjecture 6.4.2
holds for the quasimap theory of Z |G restricted to j*H*(W /) G), with
the Nowikov parameters specialized by setting ¢% = ¢° for j, (8 =p0.
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The proofs of Theorems 7.3.1 and 7.3.4 use virtual localization for
the T-action on moduli spaces of quasimaps and will occupy the rest
of this section.

7.4. Fixed loci.

7.4.1. T-fixred quasimaps. Fix ¢ > 0, an effective class § # 0 and an
integer £ > 0. A T-fixed quasimap

(Cyx1,29 ..., Tymre), Pyu)

in Qf 2 m(W/G, ) must have all its nodes, markings, ramifications,
and base-points lying over the fixed locus (W/G)T. Explicitly, this
means the following. For any irreducible component ¢’ = P! of C, let
(P’,u') be the restriction of the pair (P,u) to C'. We have a rational
map

[W:C"— - —>WJG,
inducing a regular map

[U]yeg : C" — W)G

(possibly of smaller degree than the degree of the quasimap (C”, P’,u')).
Then one of the following must hold:

(1) [/]req is a constant map with image a fixed point u € (W) G)T.
We will say in this case that C' is a contracted component of
the quasimap.

(2) [t'];eq = [¢] (i-e., there are no base-points on C”) and the map
is a cover of an 1-dimensional T-orbit in W)/ G, totally ramified
over the two fixed points in the orbit. The nodes/markings on
C’, if any, must be mapped to the fixed points as well.

(3) [t]reg # [v'] and is a ramified cover of an orbit as in (2) above,
while [u/] has a base-point at one of the ramification points and
a node at the other ramification point. This possibility may
occur only when ((Ly) < e < 1.

7.4.2. Components of the fized loci. When the T-action on W/)/G sat-
isfies the additional condition that the 1-dimensional T-orbits are iso-
lated, the description of the connected components of the T-fixed loci in
the stable map moduli spaces Qgéim(W// G, (3) goes back to Kontsevich
and is well-known. They are indexed by certain decorated trees and
each such component is isomorphic to (a finite quotient of) a product
of moduli spaces of stable pointed curves My, with the factors corre-
sponding to the vertices of the tree. For general € a similar description
holds, except that each vertex factor now is a T-fixed component in
a e-quasimap space with target a fixed point p € (W) G)T, viewed as
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a GIT quotient by G. In special cases, e.g. when W/ G is a Grass-
mannian, or a toric variety, they turn out to be certain Hassett moduli
spaces M;Hd of stable marked curves with weights, cf. [MOP], [T},
[CK2].

When 1-dimensional orbits vary in families, the fixed loci can still
be indexed by decorated trees, but their precise structure is more com-
plicated, since in this case there will be factors of positive dimension
corresponding not just to the vertices of the trees, but also to the
edges. These edge moduli spaces will depend on the target and may
be difficult to identify explicitly. An example is worked out by Ok-
ounkov and Pandharipande, who treated the case of stable maps to
the Hilbert scheme of points in C? in §3.8.2 - 3.8.3 of [OP]. However,
we will only need the coarser (and obvious) information that certain
edge factors are independent on ¢ for a given target W/ G, rather than
a full description of either the edge or vertex moduli spaces.

7.4.3. Unbroken quasimaps and unbroken components. Fach marking x
of C has a fractional cotangent weight «, given by the T-representation
induced by the quasimap on the cotangent space 7;C'. If x is on a con-
tracted component, then the weight is zero. Otherwise, —na, = w for
some integer n > 1 and a weight w of the representation T),(W/G),
where € (W//G)T is the image of x. Note that the weights of
T,(W/G) are all non-zero since the fixed points are isolated.

Similarly, if z is a node of C' and C’,C” are the components of C'
incident to z, there are fractional cotangent weights ¢, and acw ,
from the T-representations 7)C" and T, C" respectively. The node x
is called a breaking node if

et g+ 0 g % 0.

As in [OP], we call a T-fixed e-stable quasimap of class 5 # 0 to
W /G unbroken if all nodes of its domain curve are non-breaking. This
implies in particular that the domain curve has no components which
are contracted. Furthermore, since we consider only quasimaps with
at least two markings, the number of markings must be exactly equal
to two and there can be no base points. Hence an unbroken quasimap
must be a two-pointed stable map f : (C,z1,29) — W/ G. The
domain curve

C=CU---U(

is a chain of P'’s with ; € C, 22 € C; and nodes

yj:CjﬂC'j+1,j:1,...,l—1.
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The weights at markings and nodes are all nonzero and satisfy

Az = —QCLy1, XCyy; = —QC 1y XLy = — Xags

and in particular o,, = —a,,. We say that the stable map connects
the fixed points u = f(z1) and v = f(z3).

If O(8) is given a nontrivial T-linearization, let w, and w, be the
weights of the T-action on the fibers over p and v respectively. Then
a localization computation as in Lemma 4 of [OP] shows that

_wﬂ + wV
B(Lg)

By the non-vanishing of a,,, we conclude also that there are no unbroken
quasimaps connecting a T-fixed point to itself.

Let M be a connected component of the T-fixed locus in the moduli
space Qf o(W /G, ). If M contains an unbroken quasimap with start-
ing weight o, and joining two fixed points p and v, then all quasimaps
in M are unbroken, with the same starting weight, and join the points
p and v. (Note, however that the number of irreducible components
of the domain curve may vary within M.) The important fact for us
will be that these unbroken components are the same for all values of
g, since they always parametrize stable maps of class .

When there are more than two markings, the unbroken components
will appear as the e-independent edge moduli spaces that were men-
tioned earlier. (There may also be edge factors corresponding to un-
broken quasimaps with only one marking, but we will not be concerned
with these explicitly.)

Oéxl -

7.5. Recursion. We divide connected components M of the fixed lo-
cus Qf ., (W/ G, 3)T into two types. We say that M is of inatial type
if it parametrizes quasimaps for which the first marking x; is on a con-
tracted irreducible component of the domain curve. We say M is of
recursion type if it parametrizes quasimaps with the first marking on
a non-contracted irreducible component. Every M is either of initial
type, or of recursion type.
Every recursion component is of the form

(751) M = M X(W)a)T M”,

where

(i) M' C My2(W)/G,By)T is an unbroken component for some
Barr 0.

(41) M" is a connected component of Qf ,,,,(W/G, 3 — Bar)".

(1i1) apy = app # apgr, where ayy denotes the cotangent weight at
the first marking in any element of M (and similarly for M’ M").
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The fiber product is taken using the evaluation map at the second
marking in M’ and the evaluation map at the first marking in M".
The component M"” may be of either initial or recursion type. In the
unstable case m = 0 and (3, = 3 we take M"” to be a fixed point in
W//G and A\ = 0.

We conclude

6,2+m(W//G 6 H M H M’ X (W) G)T H Wi

M initial M’ unbroken Qg O

Let
{0 [ e (W)G)T}
be the basis of the localized cohomology Hy...(W /G, Q) consisting of
the equivariant fundamental classes of the fixed points, i.e., 9, is equal
o (the dual of) (i,).[y], where i, : {u} — W/ G is the embedding.
For an invertible class v € Hn(W// G, A) of the form v = 1 + O(q)

we consider the components

. 0 e
S;(V) = <S§(Z)(7)76#> :Z,u(’y) + Z qﬁ<z_u¢777t7"'7t>0,2+m,ﬁ
(B,m)#(0,0)

of S;(z)() in the fixed point basis. Alternatively, these are the restric-
tions of Si(2)(y) at the fixed points,

Sa (1) = 5, (55 (2)()-
If, as in §6, {t;} are the coordinates of t in a basis of Hy,,.(W/G)
over K = Q();), then S (7) is an element of A[[t;, 1] = K{[q, t;, 1]].
Given a T- ﬁxed point u, a class § and an integer m > 0, we parti-
tion the set of connected components of Qf ,..,,(W/G,3)T into three

disjoint subsets

(7.5.2) Vi, B,m Hln (1, B,m HRec(u,ﬁ, m)

as follows:

V' (u, B, m) consists of all components for which the first marking
does not lie over .

e In(u, 3, m) consists of all components of initial type for which
the first marking lies over p.

e Rec(u, 3,m) consists of all components of recursion type for
which the first marking lies over p.

Lemma 7.5.1. For each fized 3 and each tuple k := (k;); of nonneg-
ative integers, the coefficient of the monomial ¢° ], tfi n SZ(V) s a
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rational function of z with coefficients in K. This rational function de-
composes as a sum of simple partial fractions with denominators either
powers of z, or powers of linear factors z — «, where —na is one of
weights of the T-representation T,(W ) G) for some n € Zx

Proof. Let agy, be the coefficient in the Lemma and let m = ) k; be
the total degree in the t;’s. Then

o / evy(0,)ca k
CL/g}E = - P =
(Qf o (V)G B 2= Y

= / Uevi (6,)cp
=gy A
for some cohomology class cgy pulled-back from (W/G)™*! by the
product of the remaining evaluation maps. In the case of E-twisted
theory the Euler class of the twisting bundle is also incorporated in
cs - By the formula above, agy, is apriori an element in K[[1/z]].

We apply virtual localization to the integrals in the above expression.
Each integral is a sum of contributions from the components of the fixed
point locus. We use the partition (7.5.2) to analyze these contributions.

First, the contribution from components in V' (u, 3, m) vanishes, due
to the factor evf(d,) in the integrand.

Next, each initial component M in In(u, 3, m) contributes only frac-
tions with denominator a power of z. This is because 1 restricts to a
non-equivariant class to M, which is therefore nilpotent.

Finally, if M is a recursion component in Rec(u,3,m), then the
restriction of ¢ to M is 1y + ayy, with ¥y a non-equivariant class. If
M is positive-dimensional the contribution can be written as

Z/ i evi( 0u)Can) mt
vir 2 - OéM ‘7+1 (NViI‘)'

Again, by nilpotency of vy, M contributes finitely many fractions with
denominator powers of z — ays. If M has dimension zero, then
restricts to the pure weight ay,, so the series

Z/ oy (evi(8,)can) | u
M]vnr Z‘]Jrl (NVlr)

is a geometric series and therefore the contribution is a fraction with a
simple pole at z = ;. The Lemma is proved. O




WALL-CROSSING IN g =0 QUASIMAP THEORY AND MIRROR MAPS 53

With a more careful analysis of the contributions from the recursion-
type fixed loci, the virtual localization theorem shows in fact that the
restrictions to fixed points Sj; satisfy a certain recursion relation.

For a given pu € (W) G)T, let U(u) denote the set of all components
M' C Moy(W)G, By)T (for varying By # 0) parametrizing unbroken
stable maps (C,z1,z9, f) with f(z1) = p. For such an M’ we set
Vnrr = f(ZL‘Q)

Lemma 7.5.2. S} satisfies the recursion relation

(7.5.3)
)
SEZ:REZ—F q6M/<—'u7SIi/a/z=a L Oo>
#2) ) M’GZ:U(M z—anr — o s b= M
where:

e Uy, Voo are nonequivariant cohomology classes.

e Each (q,{t:})-coefficient of R:,(2) is an element in K[1/z].

o Forv e (WJG)T, S5 (2) is S5(z) after removing the partial
fraction terms with poles at z = « (this is well defined by Lemma
7.5.1).

e The subscript M’ for the bracket means the T-virtual localiza-

tion contribution of the component M' to the intersection num-
ber on Moo2(W)| G, Bar).

Proof. We apply virtual T-localization to S;. The terms with 3 = 0
and varying m sum to Z'Z(et/zy). For each 8 # 0 and each m > 0,
the components of the fixed locus in V(u, 3, m) contribute zero, while
the components of initial type in In(u, 3, m) contribute polynomials of
1/z with coefficients (homogeneous of degree m) in K[{¢;}]. Summing
over all m, 3 gives the initial terms RZ(Z) as described in the Lemma.
The remaining part is obtained by summing over all m and 3 the
contributions of components of recursion type in Rec(u, 3, m).
The contribution of an M € Rec(u, 3, m) is

(7.5.4) e /[M]Vir eT(jl\%ir) (evf(%)ev;(g)_];gl evy,;(t) ‘M> ‘

By (7.5.1),
M =M X(W//G)T MH,
with M’ € U(u) parametrizing two-pointed maps of some class (G # 0
and M" € In(vyy, B — Bur,m) [ Rec(var, B — Bur,m). Moreover,
Qppr = Qg and Qg 7& Qg
Recall that the virtual class of the fixed locus M, respectively the
virtual normal bundle, are obtained from the fixed part, respectively
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the moving part of the absolute obstruction theory of Qg ,,,,(W/ G, 3).
In turn, the absolute obstruction theory is obtained via distinguished
triangles from the complex (2.5.1)

(R*m.(u'RT,))",
the relative cotangent complex L3, Mo and the cotangent com-

plex Ly . see Remark 4.5.3 in [CKM]. The relative obstruction
theory E* over My 42 is obtained from the distinguished triangle

E* — (B*m(w'RTY))" — g " Liunc oo - [1]

where g is the projection to Bung.
Consider the exact sequence

(755) 0 — OC! @ OC// e OC — OC’HC” — 0

coming from splitting the domain curve at the node where the unbroken
map f : C'" — W//G meets the rest of the quasimap. The complex E*
on M differs from the sum of the corresponding complexes on M’ and
M" only by a complex supported at the node, whose cohomology is
the representation 7, ,(W/G) in degree zero. Since all its T-weights,
are nontrivial, this term will only appear in the difference between the
virtual normal bundles. The complex Lg; . differs from the sum of
the complexes on the factors only by the deformation space at the node
which is the product
T, C' X T, C"

of tangent spaces at the indicated markings. It has weight o, — apr #
0, so will contribute again to the normal bundle difference.

We conclude that

[M]vir — [M/]vir % [M//]vir
and that
L (L, (W)S)

TN~ TV (N~ = 0
Furthermore, the cotangent weight at the second marking on M’ is
—ap = —ayr, hence —wé‘/[' = ayp; — Yo With 1, non-equivariant.
Hence the contribution (7.5.4) can be written as a product of two vir-
tual localization integrals on the factors,

(W [ vi(d) ) y
[M]vir (Z — Oppr — wo)eT(NX;)

[M]vir (OéM' — Yoo — ¢)eT(NJ‘\I/}I;/)
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The sum over all recursion components is then easily rearranged to
obtain the recursion part of (7.5.3).

Finally, we note that the argument works also in the twisted case,
since the exact sequence (7.5.5) shows that

H(C,P xg E)® E, = H(C', P|lor xg E) ® H(C", Plc» xg E)

as T-representations, and hence that the Euler class of the twisting
bundle in the integrand also factors. 0

Remark 7.5.3. (i) The main point of Lemma 7.5.2 is the following:
up to initial terms which are polynomial in 1/z, the ¢°-term in Sy 18
calculated from various ¢?~%-terms with 3 # 0 in S% for other v’s by
a universal formula whose coefficients are independent on € (but may
depend on 7). It is in this sense that we think of (7.5.3) as a recursion
relation. Given the initial terms R, (2), the set of all S5, u € (W/G)™
is uniquely recovered from (7.5.3).

(71) The statement of the Lemma remains valid if we substitute t by
T(ta Q) € H;‘,IOC(W//G’ A)

(23i) If the 1-dimensional T-orbits in WG are isolated, then each
unbroken component is just a point and the classes vy and 1., vanish.
The proof of Lemma 7.5.1 shows that in this case the coefficients of
S5 () have only simple poles at - where n runs over the positive
integers and w runs over the tangent weights at p (and high order
poles at z = 0). Furthermore, since the tangent weights at each fixed
point are independent, the formula (7.5.3) for v = 1 turns into the
usual Givental recursion

(756) Sa( Z Z npB(p,v u,u(n )Sf/(_w(,u, I/))

n
veo(p) n=1

obtained in [G1], [G2] for Gromov-Witten invariants. Here the first
sum is over the set o(u) of all fixed points v connected to p by a 1-
dimensional T-orbit, F(u,v) is the homology class of the orbit, and

w(p, v) is the tangent weight at p corresponding to the orbit. The
coefficients C,, ., are explicit rational functions in K = Q();) and are
independent on €.

Hence the Lemma generalizes Givental’s result in two main direc-
tions: to all e-stable quasimap invariants, and to torus actions with
not necessarily isolated 1-dimensional orbits.

7.6. Polynomiality revisited. All the generating functions Sg(z)(7)
satisfy a polynomiality property analogous to the one given in §5.2
for the Je-functions, and proved in a similar manner. However, we will
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need a slightly more refined localized version for each of the fixed-point
components S,

Lemma 7.6.1. For each u € (W) G)T the series
D(S;) == S,(q, ¢, z)S;(qe_ZyLa,t, —2)
has no pole at z = 0, i.e., it is naturally an element in the formal power
series ring Kl[q,t;,y, 2]].
Proof. For effective classes 3, (31, B2 consider the morphism

D 0b. a(s)d()) O te : QGY 24m s(W)G) — QGop.a(a)+d)+ds) (Phe)

from §3.3 and denote by Ug, g,(Lg) the universal C*-equivariant line
bundle obtained by pulling back O(1) with the canonical linearization.
Next, for a given p € (W)G)T, let
QGH24ms(W/ Gy
be the T-fixed locus in the QG§ ,,,, 3(W/G) consisting of quasimaps
for which the parametrized P! is contracted to the point u, It is a

C*-invariant substack. Denote by x the inclusion map into the graph
space. We then put

. G 21ms(W Gu ™
Resu[QG5 a4ms (W] G)™ = . <[Q | eT’fjifvir/g . ) |

the T-localization residue of the virtual class [QGj ., s(W/G)]"™ of
the entire graph space at this locus. (In the case of twisted the-
ory, we replace as usual [QGf 5, 5(W/G).]"™ by £*e(R°m,Eo24m,3) N

QG5 21 m s(W/G)ul™.)

Finally, we write vy as a g-series
=1+ Z q0"vs
B#0
with VB S H’},IOC(W//G)'

Consider the generating series

i o
(1P, Yoo e VMG = H7 LN ghg*

m ﬁ>0 ﬂ1 B220
m

/ U B (35, po)evs (Ypc) [ [ €08 (1)
Resy, [QGO 24m, ﬂ(W//G)]Vlr =1

It is defined without C*-localization and hence it is naturally a power
series in z.
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On the other hand, we can calculate it by applying virtual localiza-
tion for the C*-action on the graph space, as in the proofs of Lemma
5.2.1 and of Proposition 5.3.3. The result is

e D(S}),

where w, = w(O(0); 1) is the T-weight on the fiber of O(#) at p. (In
the twisted case, there is an additional factor given by the character
e(Z,) of the T representation of the fiber of E at y.) The Lemma is
proved. 0]

Remark 7.6.2. Since the series P° and P appearing in Theorem
7.3.4 contain only nonnegative powers of z, it is clear that (after making
appropriate adjustments to the universal bundles U(Ly)) the proof also
applies to the components of S{(z)(P(t,z)) and S°(2)(P>*(, z)),
where 7 = 7%(q, t).

7.7. Uniqueness Lemma. The following statement is an appropri-
ately generalized version of Givental’s Uniqueness Lemma, see Propo-
sition 4.5 in [G2] and Lemma 3 in [Kim]|.

Lemma 7.7.1. For j =1,2, let

{Sju | me (W)G)™}

be two systems of power series in A[[t;]|{{z, 27} = K|[q, t:]]{z, 27}
satisfying the following properties:

(1) If we write

Siw=Y_ 4"y apu) [t
5k i

for j = 1,2, then a;,x(z) are in K(z) and decompose into
sums of partial fractions with specified poles, as given by Lemma
7.5.1.

(2) The systems
{Sju | e WG}, j=1.2

satisfy the recursion relation (7.5.3).
(3) For j =1,2 and all u, the convolution

D<S]},u) = Sj,u(qv t> Z)Sjvu(qe_zyl[gatv _Z)

has no pole at z = 0.
(4) For all p,

Siu =952, mod 1/z2,
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(5) For j =1,2 and all p,
Sin = 11(e%) + O(q).
Then Sy, = Sa, for all p e (W)G)T.

Proof. For each tuple k := (k;); of nonnegative integers and each effec-
tive 3 define the bi-degree of the monomial ¢° [], tf" to be

(Z ki,B(L9)> € N x N.

(Note the reversal of ordering in the pair: the total degree in the t-
variables appears first!)

For a pair (m,d) of nonnegative integers, denote by SJ(-TZ’d) the part
of bi-degree (m,d) of S; ,,

S](-?Z’d) = Z ¢’ Z ajuk(2) H tf’”

{B:6(Lo)=d}  {k:30 ki=m}
To prove the Lemma it suffices to show that for all u € (W/G)T and
all (m,d) € N x N we have
(7.7.1) Simd = gimd,

Lp

We do so by induction on (m,d), using the lexicographic order
(m',d") < (m,d) if m" <m, orm' =mand d < d.

The base case d = 0 and all m € N holds by property (5) above. Let
(m, d) be fixed with d > 1. We assume (7.7.1) is true for all fixed points
wand all (m’,d") < (m,d). Consider the difference

A= D(S1,) — D(S2,)
and let A% be its part of bi-degree (m, d). By the induction assump-

tion

(7.7.2) Amd = (gD gy | emavd(gmD () ST (2)).

27“ 1,# 2,/1

By the recursion property (2) and the induction assumption again, the
difference

S(mvd)

Lp

S(mvd)

2,p
is a polynomial in 1/z. We write it as

z2e (é + B+ O(z)) :
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with @ > 0 and A, B € A[{t;}] homogeneous polynomials of bi-degree
(m,d). Then (7.7.2) can be rewritten as

A — 272 (9B 4 ydA + O(z)).

By the polynomiality property (3), A has no pole at z = 0. Hence

if a > 1, then we must have 2B + ydA = 0, which in turn implies

A = B = 0. By descending induction we obtain that a = 0. But then

S(m’d) _ S(m d)
1,u -

7.8. Proof of Theorem 7.3.1. For every fixed point p € (W/G)T

put

, since they agree modulo 1/z2 by property (4). O

Sl,u = <Si’%1’52(t)(z)<7)7éu>v

Sau = (S (2)(7), )
Theorem 7.3.1 will be proved if we show that
Sl,u = S2,u> v:u € (W//G)T

But this follows from the Uniqueness Lemma 7.7.1, since S}, are power
series in A[[t;, 1/z]] satisfying the five properties listed in that Lemma.
Indeed

e Property (1) holds by Lemma 7.5.1.

e Property (2) holds by Lemma 7.5.2.

e Property (3) holds by Lemma 7.6.1.

e Property (4) holds by (6.1.3).

e Property (5) holds by the definitions of the operators S¢(z) and

of the transformation 7'51’52.

7.9. Proof of Theorem 7.3.4. For every fixed point u € (W/G)T
put
S = (S5 (2)(PE(t, 2)), ).

Sou = (5751 (2) (P27(T795(8), 2)), 0,

Then S;,, are power series in A[[t;]]{{z, z7'}}. By their definition, they
satisfy properties (4) and (5) in the Uniqueness Lemma. By Remark
7.6.2, they satisfy property (3) as well.

Recall that in Theorem 7.3.4 we make the additional assumption that
the 1-dimensional T-orbits in WG are isolated. This implies that the
unbroken components of the T-fixed loci are of dimension zero.

Let o(u) denote the set of all fixed points v connected to p by a
1-dimensional T-orbit. The proof of Lemma 7.5.1 shows that each
(g, {ti})-coefficient of S; , is a rational function in z which decomposes
as the sum of a Laurent polynomial in K[z,27!] and a sum of partial

w(u v)

fractions with stmple poles at , where n are positive integers and
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for all v € o(u), w(p, v) is the tangent weight at p of the corresponding

orbit. Furthermore, S;, is regular at z = (’”n”)

Finally, we claim that for j = 1,2 the system {S;, | p € (W)G)T}
satisfies Givental’s recursion relatlon (7.5.6). Precisely,

Sju(z) = Z anﬂu, Chvin Slvy(_w(ﬂ,l/))’

VEO(M — Z+ w(#v ) n

with R; ,(z) having each (g, {t;})-coefficient in K|z, 27!] and the recur-
sion coefficients C, ., € K, not depending on j. This is very easy to
see.

For example, take j = 1. For each v € o(p) and each n > 1, write

(7.9.1) Pe(z) = PE(-@) +(z+ W)A;n(z).
For each (m,d), the part of bi-degree (m,d) of A; (2) is a polynomial
n z.

Calculating Sy ,(z) = i, (9°(2)(P°(z)) via virtual localization as in
the proof of Lemma 7.5.2 gives

n DIk w(ﬂa V)
S1u(2) = Z s %%SE(— ——)(P(2)),
VEO( ) n=1 n
where fii(z) is obtained by summing the contributions from the fixed-

point components of initial type. As power series of ¢ and t;, }?Z(z)
has coefficients in K[z,z7'. The recursion coefficients C,,,, do not
depend on ¢, or on the insertion « in S(2)(7y). Now use (7.9.1) to get

S1(2) - 3 I, i (- 4 )+

yEoM)TL 1
n v v e WM,V e, wly,v
> Zq o ety 5o (e e )y
veo(p) n n
Setting
Riu(2) - G i (D) (1)),
veo(u) n=1

gives the claimed recursion relation for S ,(z). The same argument
obviously works for S; ,(2).

Note that the proof of the Uniqueness Lemma goes through if we
allow the initial terms in the recursion relation to have coefficients in
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K|z, z7'] rather than in K[27!]. Hence we may apply it to the systems
{Sju e (W/JG)T} to conclude the Theorem.
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