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•• An Z O for all na I ⇐ G is a minimizer

• An > 0 for  all nzl ⇐ G is the UNIQUE  minimizer

•• An E O for  all n z I ⇒ Sz is a minimizer

⇒ discrete

• C- I )
" '

an Z O ⇒ I ( Sze f.
z ) is a minimizer

•• Azn =D
, Azm ,

ZO ⇒ every centrally symmetric
measure is a minimizer

( there  

egestsdiscretemini  mi Z ers )
• an 's O and an=O for Deno ⇒ there exist discrete minimizes :

( F  is a p .
d

. polynomial ) c weighted ) spherical designs
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the only minimizes of Ew are

of the form Marin = die I¥cdSz  ,

where Cd is a unit • A - simplex .
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is a polynomial , positive definite on Sid;

then there exist discrete minimizer :

if Z= Hi
, . . . ,zn3 -spherical m - design

then I
, ( II Sz

,
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More generally,
discrete minimizer , are exactly

weighted m - designs ,
if an > o

,

i. e
. If ( 2. Wisz

, ) = If (6)



Generalization
Theorem :

.

Let Flt )=¥o an CIE ft )
DB
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Matzke

park
,

viasiuk with only finitely many .

Then there exists a discrete minimizer

Amin of Ip IM ) with

# ( Supp cumin ) .EE It I
,

dim And
nz thsephspe:!:# harmonics

An > O of degree n .
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FRAME POTENTIAL : FC x.g) = lx.ly/2
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• uniform measure G

• isotropic measures :

I.d. , lx.ykdyalyt-dtllxlf.V-xc.IR
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• in particular
,

all UNTF
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• e. g. ONI



µDo - FRAME ENERGY : Flt ) = HIP

PE ( 0,2 )

The only minimizer of If I up
to symmetries)

is the ONB I cross polytope :

µ = Id %÷Ste
:

( Ehler . okoudjou )

( i.e
. only discrete )
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2K

PE2-l.NL
. p = 2K

Mini Mi ZERS :

• uniform surface measure G

discrete → • projective k - designs
( spherical 2k - designs )
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CONJECTURE !  
:

If pet 21M
,

then all minimizer

of If with Flt ) = IHP are

①is CRETE



REMARK : setting r = Hx -
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IX. YIP = ( I - Elix -

yn
' )P
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-

( So  it is in the endpoint case of the

Carillo - Figalli - Patacchini  

: 2=2 )
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Moreover
,

in this case
, for p E Gt - 2

, 2)
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Def . Zc 'S
" '

is a tight Rtt ) - design iff
• symmetric (27+1) design
• ft-11 ) distances between distinct points .
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KNOWN RESULTS :

Theorem : Let pet 21M
, p > o

.

DB
, Glazyrin ,

Matzke ,Park
,

Then EVERY MINIMIZER
Vlasiuk

Amin of the p - frame energy If

satisfies
( supp Amin ) = 0 .



KNOWN RESULTS :

Let F be real - analytic ,

Theorem : But NOT positive definite on
Sid - I

DB
, Glazyrin ,

Matzke ,Park
,

Then EVERY MINIMIZER
Vlasiuk

Amin of the energy If

satisfies
( supp Amin ) = 0 .
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,
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KNOWN RESULTS :

POLYNOMIALS :

Theorem : Let F be a polynomial
DB

, Glazyrin ,

Matzke ,Park
,

F ( t ) =n=¥ an Cn¥ ( t )
Vlasiuk

( i ) There exists a discrete minimizer with
foisted

M

# (supp Marin ) E It I dim And
h =/

an > O

( ii ) If 6 is NOT a minimizer of If
( there exists n - o i an a o )

then every
minimizer satisfies

( supp Marin )°=4 .



CAUSAL VARIATIONAL PRINCIPLE

F C t ) = max { Og 2E '

C Itt )( 2- Ill - t ) )

Conjecture :

Finster
, Schiefeneder • There exist discrete minimizes

when I  71

• All minimizer 's are discrete
when t 72

.

ARESULTS :

•• True for two values of I :

too CROSS POLYTOPE

to  ICOSAHEDRON

( DB
, Glazyrin ,

Matzke
,

Park
,

Vlasiuk )
• ( Supp Minin )° = 0

( Finster
, Schiefer eder )


